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Abstract; In order to study the exact number and states of
fixed points in the generalized dynamical system with NAND
or NOR local functions over directed rooted trees,
structural analysis and classification discussion methods are
applied. The exact results of the fixed points in such
dynamical systems are obtained. It is proved that the fixed
points in such dynamical systems are completely determined
by the loops in the rooted trees. This work provides a
relevant advance in the knowledge of discrete dynamical
systems which constitute mathematical tools to model
simulation processes.
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0 Introduction

With the development of information technology and
computer technology, especially the emergence of
ChatGPT, computer simulations have played a more
important role in the study of complex natural and
human-made systems. They are widely applied to many
fields, from biomedicine!™™, mathematics®” to
sociology'®’.

Graph dynamical systems can be used to describe
generalized processes that occur on graphs or networks.
The wide application of these systems is the natural
framework for capturing distributed systems such as
biological networks, infectious diseases on social
networks, and the hottest field, artificial neural
networks'”'. In addition to the fields noted above,
machine vision technology whose infrastructure is a
complex graph dynamical system is also widely used in
textile intellectualization ™ and  fabric  defect
detection "', In modern textile manufacturing, textile
intellectualization meets consumers’ needs in pursuit of
smartness, fashion and distinctiveness, while automatic
fabric defect detection plays a vital role in ensuring the
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quality of textiles'™ . Both of them are closely related to

graph dynamical systems.

Given a finite (non-empty) set of elements X and a
function ¥; X — X, the pair (X, F) , or simply F, is called
a finite dynamical system. In this definition, X is the state
space and F is the evolution operator of the system. A
Boolean finite dynamical system (BFDS) " is a kind of
the simplest finite dynamical system where X and F are
Boolean. Two methods can be used in updating the state
variables: synchronous and asynchronous. The systems
with simple dependency graphs that update through these
two methods are called parallel dynamical systems
( PDSs )" and sequential dynamical systems
( SDSs ) ""**" respectively, while the systems over
directed dependency graphs are called parallel dynamical
systems over directed graph (PDDSs) *** and sequential
dynamical systems over directed graph ( SDDSs ) >’
respectively. In the above-mentioned systems, it is
usually assumed that each state variable influences itself
called self-loop during updating. However, this does not
entirely conform to real phenomena. So, generalized
dynamical systems take both possibilities of having or not
having such loops into consideration. These systems are
more general *'’.

In this work, we deal with generalized parallel
dynamical systems over directed rooted trees induced by
the Boolean function NAND or NOR. For this system,
we obtain the states of its fixed points and completely
determine the number of its fixed points.

1 Definitions and Notations

1.1 Definitions of directed rooted trees

Definition 1 A directed rooted tree T=(V, D) is a
rooted tree that is a directed graph in which all tree edges
point away from the root r .

In this paper, a vertex v € Vin a directed rooted tree
T =(V, D) may have a loop. L is defined as the set of
vertexes with a loop.

L=1{v e VlvhasaloopinT=(V,D)}. (1)

Foundation item: 2021 Shanghai Philosophy and Social Sciences Planning Project ( No. 2021BFX005)

* Correspondence should be addressed to ZHENG Jie, email: jzheng @ dhu. edu. cn

Citation; SUN Y W, ZHENG J. Fixed points in generalized parallel dynamical system with NAND or NOR local functions over directed rooted
trees[ J| Journal of Donghua University ( English Edition) , 2024, 41(2) : 214-220.



Fixed Points in Generalized Parallel Dynamical System with NAND or NOR Local Functions over
Directed Rooted Trees 215

Definition 2 Let 7 = (V, D) be a directed rooted
tree with the root r. For a vertexv € Vandv # r, if r —
v, — v, —wv,_, —v, =vis the unique directed path in T
from r to v, then we call the integer £ the distance from
the root r to v and denoted by d(r, v) .

Definition 3  Partition V into V., V, and V, as
follows.

V= irl,

V.= 1{v € V| the distance d(r, v) is an odd
number}| ,

V. ={v e V| the distance d(r, v) is an even number
and d(r,v) > 0} .

Example 1 Let T be the directed rooted tree given
in Fig. 1.

Fig. 1 T = (V,D) of Example 1

Then, we can easily get

V=ir, Uiy Uyy *t0s ”13} ’

V, = {”1, Vys U35 Ugy Vg, Vygs ”11}’
V, = 1o, v5, v, v;, v, ”13} s
L= {7}2’ Usy Uyy Vg Vyps UIZ}'

1.2 Definitions of generalized parallel dynamical
system over directed graph (GPDDS)
Let F) be the set { (a,, a,, -
i=1,2, -, nl.
Definition 4 Let G = (V, D) be a directed graph
with vertex set V = {v,, v,, -*-, v,| whose vertex v, may

,a,) |a =0or1,

n

have a loop and give a Boolean function f; {0, 1}" —

{0, 1} . Then a map is expressed as
F:F, —F, (2)
F(al,az,---, an“.’ (ln):<a:,(l;,"', d;,“‘, a,‘;)’ (3)

where a; given by the local functions f, over the states of
the vertexes in /,(i) = {j € V: (v, v,) € D}, i=1,
2, ---, nis the updated state of the vertex », . This map
constitutes a discrete dynamical system [ F, G] called
GPDDS when all the vertexes are updated in a
synchronous manner.

Definition 5 Let [ F, G] be a GPDDS over the
graph G = (V, D) associated with F. Let (a,, a,, -,

a,) € F) be a binary state satisfying that
[F9 GJ(al,az,-“ ,(17'),(4)

, a,) is called a fixed point of [ F', G] .

, (1”) = (a], Ayy

then (a,, a,, -

Example 2 Let [ F, G] be the GPDDS over the
graph G = (V, D) shown in Fig. 2 associated with a
map:

F.F,—F;, (5)

F(al,az,%):(al\/‘z’ al’az)- (6)

Fig. 2 G = (V, D) of Example 2

The phase portrait of this system is illustrated in
Fig. 3, where it can be easily checked that every state
converges to the state (1, 1, 1) which is a fixed point of
the system.

Fig. 3 Phase portrait of Example 2

The above is the definition and example of GPDDS
over a directed graph and its fixed point. Now let us
define the GPDDS over a directed rooted tree 7= (V, D)
associated with a Boolean function NAND or NOR.

Definition 6 Let 7= (V, D) be a directed rooted tree
with V= {v,, v,, -*-, v,| . Then a map is expressed as

[NAND, T]:F, —F;, (7)
[NAND, 7] (a,, a,, - ya,), (8)

where a; = N\ a, and,(i)=1{je Vi(v;,v,) eDf, i=

jelyty

1, 2, ---, n, constitute a discrete dynamical system
called a NAND-GPDDS over T .

Dually, for a GPDDS associated with NOR, we
have Definition 7.

Definition 7 Let T'= (V, D) be a directed rooted
tree with V=1{v,, v,, -=-, v,} . Then a map is expressed
as

ca)= (ay, a5,

[NOR, T].F, —>F;, (9)
I:NOR, T:| (a]’ @y, ’ a,l,>’ (10)

where a; = a; and I,,(i) = {j € V: (v;, v,) € D}
1D

jely(i
constitutes a discrete dynamical system called a NOR-
GPDDS over T'.

Definition 8 Let [ NAND, 7] be a generalized
parallel dynamical system over a directed rooted tree T =
(V, D) associated with NAND. Let (a,, a,, >+, a,) €

F’, be a binary state satisfying that
[NAND, T] (a,, a,, -

’ a”): (a:a a;a

,a,). (11)

Then (a,, a,, -+, a,) is called a fixed point of

va,)= (ay, a4y, o
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[ NAND, T].
Denote the set of fixed points of [ NAND, 7] by

Fix[ NAND, T] . That is

Fix[ NAND, T] ={(a,, a,, -

(a,, ay, =+, a,)=(a,, ay, *

. a,) | [NAND, T]
sa) i (12)
And dually we have Definition 9.

Definition 9 Let [ NOR, T] be a generalized
parallel dynamical system over a directed rooted tree T =

(V, D) associated with NOR. Let (a,, a,, -, a,) €
F’ be a binary state satisfying that
[NOR, T] (dl, Ay, (ln) = (a,, Ayy "0ty a,,)- (13)

Then (a,, a,, *++, a,) is called a fixed point of [ NOR,
T].
Denote the set of fixed points of [ NOR, T] by

Fix[ NOR, T] . That is
Fix[NOR, T] ={(a,, a,, -

(a, ay, -

,a,) | [NOR, T]
ya,)=(a,, ay, =+, a,)t.  (14)

2 Fixed Points in NAND-GPDDS and
NOR-GPDDS

2.1 Necessary and sufficient conditions for existence
of fixed points

Lemma 1 ( necessary condition). For a NAND-
GPDDS over a directed rooted tree 7' = (V, D), if (a,,
a,, -+, a,) € F,is a fixed point of [ NAND, T], then
a,=1forallv, € L.

Proof Let [ NAND, T] be a GPDDS over a directed
rooted tree = (V, D), and (a,, a,, -, a,) € F,is a
fixed point of [ NAND, T] . Suppose that there exists a
vertex v; € L, a; =0, (v, v,) € Dand [NAND, T](a,,
ay, v a, -, a)=(al, al, - a, -, a') . Then
a; =NAND(q,, a;) = 1 whatevera, = O ora, = 1. Since
a, # ajl , (a,, a,, -+, a,) cannot be a fixed point of
[NAND, T], it is a contradiction. Therefore, if (a,,
a,, -+, a,) is a fixed point, we have a;=1 for all v, € L.

And dually we have Lemma 2.

Lemma 2 (necessary condition). It is for a NOR-
GPDDS over a directed rooted tree T = (V, D) . If (a,,
a,, =+, a,) € F;is a fixed point of [ NOR, T], then
a, =0forallv, e L.

By the proof, we can further know that Lemma 1
and Lemma 2 are true for NAND-GPDDS and NOR-
GPDDS over all directed graphs ( not necessary for
directed trees) .

Theorem 1 Let [ NAND, 7] be a GPDDS over a
directed rooted tree 7= (V, D) . Then [ NAND, T] has
a fixed point if and only if L &V, orL C V.

Proof If L = (7, it is easy to get the states (a,, a,,
-, a,) € F) satisfying

_[(Odfn eV Uy, Lty eV UV,
Gty eV TET 0, i, eV, (15)

o 0

which are two fixed points of [ NAND, T] .
We consider the case L # (.
Firstly, if [ NAND,T] has a fixed point (a,, a,,

-, a,) € Fy, thenr ¢ L. Suppose V={v,, v,, =+, v,}
and v, is the root of the tree T'. Ifv, € Land [ NAND, T]
(a|9 (12, Tty a‘j, Tty a‘,;):(a:’ (l;, Tty a,'l’ Tty a,]l)’

then a! = NAND(a,) =a, , which implies a, # a!. This is
a contradiction to that (a,, a,, -+, a,) is a fixed point
of [NAND, T].

Secondly, if [ NAND, T] has a fixed point (a,, a,,
-+, a,) € F), then T cannot have the structure as shown
in Fig. 4.

¥ 3

Fig. 4 TImpossible structure in 7

By Lemma 1, v,, v, € L, a,
[NAND, T](a,, ay, -+, a;, =+, a,) = (ay, ay, *+,
a', -+, a) . Thena = NAND(q,, a,) =1 A1 =0,
which implies ¢, = 1 and a; = 0. It is a contradiction to
that (a,, a,, *+, a;, -, a,) is a fixed point of
[NAND, 7] .

Thirdly, ifv,, v, € V, (v, v;) € Dand (q,, a,,
-, a,) € F,is a fixed point of [ NAND, T], then T has
one of the following cases.

1) Ifa,=a; =1, thena, = 0 since a; = NAND(a,) .

2) If @, =a; =0, then a, = 1 since a; = NAND(a,) .

3) By Lemma 1, a;, = a;
NAND(aq,,a;) .

4) By Lemma 1, a, = a]

= a; = 1. Suppose

. 1
=1, soa, = 0since a; =

1. If @; = 1, then al.l =

NAND(a,, a;) =1 A 1 =0. It is a contradiction to that

(a, ay, -+, a,, -+, a;, ==+, a,) is a fixed point. So a,=0.
For other cases except for the cases in Fig. 5, it is

easy to check they are impossible.

: a=1 a‘ 0 a=1
(Ya,0 (a1 (a0
PN PN PN

Fig. 5 Four possible cases in T

(a0
,

a I

R ., )

¥ A

From the above analysis, we know if [ NAND,T]
has a fixed point (a,, a,, -, a,) € F}, then every
directed path from the root r to a leaf v of T'must be a0 —
1-0-1----statechainoral —0-1-0 — --- state
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chain as shown in Fig. 6.

So if [NAND, T7] has a fixed point, then L € V, or
L CV . Conversely, if LSV, orL CV_, we can find a
fixed point (a,, a,, -
or Fig. 6(b).

, a,) € F; shown as Fig. 6(a)

=
—
~
=
s
e
—
~
/v
=

&7

x.
Py

(=}

O\ - /O\ o \
/U\O/U\

[}

—
<

~

—
w\

() (b)
Fig. 6 State chain; (a)0-1-0-1---;(b)1-0-1-
0=

Thus we finish the proof for Theorem 1.

And dually we have Theorem 2.

Theorem 2 Let [ NOR, T] be a GPDDS over a
directed rooted tree T'= (V, D) . Then [ NOR, T] has a
fixed point if and only if L C V,or L C V, .

2.2 Characterization of fixed points

Theorem 3 For a NAND-GPDDS over a directed
rooted tree T' = (V, D), (a,, a,, -, a,) € F)is a
fixed point if and only if either of the following two
conditions is satisfied.

DLCV anda, = {]’if”’EV‘” i= 1,2 - n
° i 0,ifv,eV, UV, T

2)LCV anda, = {O’ﬁ”iev"’ i=1,2, -, n.
¢ ' 1,ifv,eV, UV, T

Proof By Theorem 1 and Lemma 1, if [ NAND, T']
has a fixed point, then T' should satisfy the following
conditions.

1) r ¢ L, where ris the root of T = (V,D) .

2) LSV, orLCV,.

If (a,, a,, -, a,) € F, is a fixed point of
[ NAND, T] where T satisfies the above two conditions,
then (a,, a@,, -+, a,) should satisfy the following
conditions.

3)a, =1ifv, € L.

4) Ifv,isaleaf in Tand r — - —w, — - — v, —
-+ —p, is the unique directed path from the rootrtowv,,
thena, — - -a,isa0-1-0-1
—-+orl-0-1-0---- sequence.

From the above four conditions, we can know that
Theorem 3 is true. In fact, if L = @, then we can easily
get the state of fixed points as shown in the proof of
Theorem 1. If L € V and L # @, thena, = 1 for allv,
L whose distance d(r, v,) is always an odd number.

— Q. — =@, —
L J

Because of theO — 1 — 0 — 1 — --- state chain in condition
4), we can infer that ¢, = O for all vertex v, € V, and the
rootr, and a; = 1 for all vertex v, € V,. Namely, a, =
1,ifv, e V, . . i
0.ifv, e V.UV, i=1,2,-+,n. Similarly, if L C V,
0,ifv, e V,,

and L # @, we canlnferthatai={l’ifvi eV U V”L=

1,2,---,n.

Thus we finish the proof for Theorem 3.

And dually we have Theorem 4.

Theorem 4 For a NOR-GPDDS over a directed
rooted tree T'= (V,D) ,(a,,a,, =-,a,) € F,is a fixed
point if and only if either of the following two conditions
is satisfied.

DLCV anda, = {O’if”" Sl i
WG iy eV UYL T ST

2)LCV anda, = {]’if”" TP S
¢ i 0,ifv, e V. UV, T

2.3 Number of fixed points

By Theorem 1 and Theorem 3, we can get the
number of fixed points in a NAND-GPDDS.

Theorem 5 For a NAND-GPDDS over a directed
rooted tree = (V, D) , the number of the fixed points of
[ NAND, T] is equal to

| Fix| NAND, T] | =

2,if L=0,
L,if L@, LSV orLCV,,

0,if LAV, #@and LNV, # @, (16)
0,if LNV #0,
where Fix[ NAND, T] = {(e,, a,, -+, a,) € F,
| [NAND, 7] (a,, a,, -+, a,) =(a,, a,, -, a,)} is

the set of fixed points of [ NAND,T] .

Proof

Step 1 If L =@, then by Theorem 1, [ NAND, T'] has
fixed points. By condition 4) in the proof of Theorem 3,
we know (a,, a,, -+, a,) satisfying

{0, ifo, e V.UV,

@ = 1, ifv, eV, o
B l,ifvieVeUVr,._12 17
a;, = O, lf v, € V(,’ rL=1,2,,n, ( )

which are two fixed points of [NAND,T]. So
| Fix[ NAND, T] | =2.

Step2 If L # @ and L € V,, then by Theorem 1,
[ NAND, T'] has a fixed point. By the conditions 1) -
4) in the proof of Theorem 3, we know (a,,a,, ", a,)
satisfying

0,ifv, e V, UV,
a;, = ’ (18)

1,if v, € V

0

which is the unique fixed point of [ NAND, T]. So
| Fix| NAND, T] | = 1.

Step 3IfL # @and L C V,_, we have proof similar to
Step 2.
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Stepd If LNV # @and L NV, # @, then by
Theorem 1, [NAND, T] has no fixed point. So

| Fix[NAND, T] | =0.

Step SIfL NV, # @, then by Theorem 1, [ NAND,
T7] has no fixed point. So| Fix[ NAND, T] | =0.

Thus we finish the proof for Theorem 5.

And dually we have Theorem 6.

Theorem 6 For a NOR-GPDDS over a directed
rooted tree T'= (V, D) , the number of the fixed points of
[ NOR, T] is equal to

2,if L= 0,

Lif L#0,LCV orLCV,,
0,if LNV, #@and LNV, =0, 1)
0,if LNV, #0,

| Fix[NOR,T] | =

where Fix[ NOR,T] ={(a,, a,, -
T:I (a,, a,, *, an> = (a,, a,,
fixed points of [ NOR, T] .

,a,) € F!1 [NOR,
, a,)} is the set of

3 Example to Explain Theorem 3 and
Theorem 5

Example 3 Let 7,,T,,T, and T, be the directed
rooted trees in Fig. 7. By Theorem 3 and Theorem 5,

[NAND, T,] or [NAND, T, ] has no fixed point;

[ NAND, T, ] has one fixed point (0,1,1,0,0,0,1,
1,1) € Fy;

[ NAND, T, ] has two fixed points (0,1,1,0,0,0),
1,1,1) € F)and (1,0,0,1,1,1,0,0,0) € F,.

And by Theorem 4 and Theorem 6,

[NOR,T,] or [NOR, T, ] has no fixed point;

[NOR, T,] has one fixed point (1,0,0,1,1,1,0,
0,0) € Fy;

[NOR, T, ] has two fixed points (1,0,0,1,1,1,0,
0,0) € F,and (0,1,1,0,0,0,1,1,1) € F,.

Fig. 7 Directed rooted trees in Example 3: (a) T, ; (b) T, ; (¢) T3 ; (d) T,

4  Conclusions and Future Research
Directions

In this work, we deal with generalized parallel
dynamical systems over directed rooted trees, whose local
evolution operator is the Boolean NAND or NOR
function. We solve the existence problem of fixed points,
get the well-defined state of fixed points, and count the
exact number of fixed points in such GPDDS. It is also
proved that fixed points in such dynamical systems are
completely determined by the loops in the rooted trees.

The future work will focus on studying the periodic
orbits problem in such NAND-GPDDS and NOR-
GPDDS. Meanwhile, this work lays a foundation for
studying the fixed-point problems of GPDDSs ( not
necessary for directed rooted trees) .
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