
 

Robust Multitask Diffusion Bias-Compensated
LMS Algorithm for Distributed Estimation with

Noisy Link and Input

Xuzhao Chai1, Linru Zhang1, Pengwei Wen1苣, Sheng Zhang2, Haiquan Zhao3

(1. School of Automation and Electrical Engineering, Zhongyuan University of Technology,

Zhengzhou 450007, China; 2. School of Information Science and Technology, Southwest Jiaotong

University, Chengdu 611756, China; 3. School of Electrical Engineering, Southwest Jiaotong Univer-

sity, Chengdu 611756, China)

Abstract:  This paper presents a robust multitask diffusion average bias compensation least mean

square (RM-DABC-LMS) algorithm for  distributed estimation in noisy input and communication

link noise. The algorithm utilizes a robust cost function based on the maximum Versoria criterion,

incorporates  bias  compensation,  and  applies  adaptive  combination  coefficients  to  reduce  noise

impacts.  Theoretical  analysis  demonstrates  the  stability  of  the  algorithm,  providing  closed-form

expressions for the steady-state mean square deviation (MSD). A compression diffusion strategy is

introduced to reduce communication cost of the RM-DABC-LMS algorithm, ensuring fast conver-

gence and  accurate  estimation.  Simulation  results  indicate  that  the  proposed  algorithm   outper-

forms existing methods in noisy environments, achieving faster convergence and lower steady-state

error.
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 1    Introduction

Distributed adaptive  learning  has  attracted   sig-

nificant  attention  for  enabling  networked  nodes

to  collaboratively  estimate  target  parameters.  It

has been widely applied in fields like system iden-

tification,  target  tracking,  and  sensor  networks

[1–7].  Major  strategies  in  distributed  learning

include  incremental  strategies  [8,  9],  consensus

approaches [10], and diffusion approaches [11, 12].
Diffusion  based  collaborative  strategies  are

favored  due  to  their  robustness  to  link  failures
and  structural  stability  [13,  14].  Some  diffusion
adaptive  algorithms have  been proposed such as
diffusion  least  mean  square  (DLMS)  algorithms
and  diffusion  recursive  least  squares  (DRLS)
algorithms [15, 16]. However, with the increasing
complexity  of  network  models  and  tasks,  it  is
more common  to   find  applications  oriented
towards  multi-tasking where  nodes   collabora-
tively  estimate  multiple  target  parameters
[17, 18].

Recently, the  research  on  multitask   dis-

tributed  estimation  has  become  increasingly  in-
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depth and  related  to  many  applications,   includ-

ing multitask  diffusion  affine  projection   algo-

rithm  (APA)  [19],  multitask  DLMS  (MDLMS)

algorithm  and  [20]  multitask  DRLS  (MDRLS)

[21] algorithm.
The  classical  multitask  diffusion  algorithms

generally  assume  that  the  input  signal  is  free
from  noise.  However,  in  real-world  applications,
random noise,  such as  measurement and quanti-
zation  noise,  introduces  estimation  bias.  To
address  these  issues,  diffusion bias  compensation
least  mean  square  (LMS)  and  recursive  least-
square  (RLS)  algorithms  were  proposed  in
[22–24], and [25]. In [26], a multitask online bias
compensation method was introduced to improve
the  bias  estimation  performance  of  the  diffusion
LMS algorithm. Theoretical analyses and simula-
tion  results  confirm  that  these  algorithms  can
achieve unbiased estimation.

Apart from input noise, link noise also signif-
icantly  impacts  network  performance.  Data
exchanged  between  nodes  can  be  affected  by
quantization  errors  or  additive  noise  during
transmission,  reducing  the  accuracy  of  weight
updates  [27].  To  mitigate  link  noise,  several
strategies  have  been  proposed,  including  an
online  adjustment  of  the  combination  coefficient
in the diffusion LMS algorithm [28, 29]. [30] com-
bines  constrained  LMS  (CLMS)  with  diffusion
techniques  to  propose  a  diffusion  bias-compen-
sated CLMS (D-BC-CLMS) algorithm. In [31], a
link-noise-resistant diffusion algorithm was devel-
oped,  and  [32] replaced  coefficients  from  a   par-
tially cooperative strategy with those from a non-
cooperative one  to  reduce  link  noise.   Addition-
ally,  [33]  introduced  a  temporal  processing  step
using smoothing techniques to effectively address
link noise.

The aforementioned  algorithms  are   primar-
ily  designed  for  scenarios  with  Gaussian  input
and  output  noise,  typically  in  traditional  sensor
networks  and  communication  systems.  However,
their  performance  significantly  degrades  in  the
presence  of  non-Gaussian  output  noise,  which  is
common in  real-world applications  such  as   envi-

ronmental monitoring,  smart  grid  state   estima-
tion, and  distributed  target  tracking.  This  high-
lights  the  need  for  a  robust  diffusion  algorithm
that can  simultaneously  suppress  impulsive   dis-
turbances,  eliminate  input-noise-induced  bias,
and  ensure  reliable  information  fusion  under
noisy  communication  conditions.  To  address
these challenges,  we  propose  the  robust   multi-
task  diffusion  averaging  bias-compensated  LMS
(RM-DABC-LMS) algorithm.

1) A robust cost function based on the maxi-
mum  Versoria  function  is  designed  to  suppress
non-Gaussian pulse noise.

2) Bias compensation and denoising averag-
ing methods are introduced to reduce errors from
input and link noise.

3)  The  closed-form  expression  for  steady-
state  mean  squared  error  (MSE)  and  conver-
gence condition are established.

4)  A  low-communication variant,   com-
pressed robust multitask diffusion averaging bias-
compensated  LMS  (CRM)-DABC-LMS, is   pro-
posed  by  integrating  a  compression-diffusion
strategy.

5) Simulations show that the proposed algo-
rithm  outperforms  other  multitask  distributed
algorithms in noisy environments.

 2    Multitask Network Model

N

Q

Consider a  multitask  adaptive  network   compris-
ing    nodes,  whose  topology  is  illustrated  in
Fig. 1. All nodes are partitioned into   clusters,
with  each  cluster  assigned  distinct  tasks.  Nodes
belonging to  different  clusters  undertake   sepa-
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Fig. 1    Multitask clustering network architecture diagram
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rate  tasks,  whilst  nodes  within  the  same  cluster
share identical tasks, namely{

wo
k = w

o
l , where k, l ∈ Cp

wo
Cp

∼ wo
Cq
, if Cp, Cq are connected

（1）

i k

uk,i dk,i

At each moment  , each node   may obtain
input  ,  along  with  observable  output 
associated via the following linear model

dk,i = u
T
k,iw

o

k + vk,i （2）

uk,i

k wo
k

vk,i

k i

σ2
v,i

where   denotes the input regression vector at
node  ,    represents  the  optimal  parameter
vector  to  be  estimated,  and    indicates  the
zero  mean  noise  at  node    during  time  step  ,
with variance  .

k

uk,i

Ru,k = E{uk,iuT
k,i} > 0

Assumption  1  At  each  node  , the   regres-
sion vector   is generated by a zero-mean ran-
dom process satisfying temporal stationarity and
spatial  independence,  with  covariance  matrix

.
k vk,i

Rv,k = σ2
v,iIM

Assumption 2 At each node  , the noise 
satisfies  independent  and  identically  distributed
properties in  both  time  and  space,  with   covari-
ance matrix  .

Utilising  stochastic  gradient  descent  and
local instantaneous  approximations,  the   multi-
task  diffusion  algorithm  based  on  adapt-then-
combine(ATC) combination step isφk,i = wk,i−1 + µkuk,i(dk,i − uT

k,iwk,i−1)

wk,i =
∑
l∈Nk

clk,iφl,i （3）

µk clk,i

(l, k)

C

where    denotes  the  step  size,  and    repre-
sents the non-negative combination coefficient for
integrating neighbouring node information, corre-
sponding to the  th entry of the left random-
ized matrix  , satisfying the following conditions

CT1N = 1N （4）

1N N × 1

clk,i

where    denotes  an    column  vector.  The
non-negative  combinatorial  coefficients    sat-
isfy the following conditionsclk,i ⩾ 0,

∑
l∈Nk

clk,i = 1

clk,i = 0, if l /∈ Nk

（5）

φk,i

k

In  the  combination  step,    is  received
from  the  neighbourhood  of  node  ,  involving

kinformation  sharing  between  the  node    and  its
neighbours.  During  this  process,  the  presence  of
input  noise  and  communication  link  noise  is
taken into account.

 2.1    Input Noise
When  considering  the  measurement  noise  of  the
input signal,  the  observed  input  data  is   repre-
sented as

uok,i = uk,i + ok,i

ok,i uok,iwhere   denotes Gaussian noise, and   rep-
resents  the  noisy  input  regression  vector.  The
presence of input noise leads to biased estimates
in the multitask diffusion LMS algorithm.

 2.2    Input Noise

k

l

When information is  exchanged over  a  link sub-
ject to additive noise, node   estimates the local
weight  vector  received  from  its  neighbouring
node   as follows

Ψlk,i = φl,i + ηlk,i

ηlk,i

Ψlk,i

k l

Ψlk,i

φl,i

where    denotes  the  link  transmission  noise,
while   represents the noisy intermediate esti-
mate  received  by  node    from  node  .  When
employing  the  imprecise  vector    instead  of
  during  the  combination  step,  the  multitask

DLMS  algorithm  will  incur  substantial  steady-
state error.

 3    Proposed Algorithms
This  section  introduces  an  RM-DABC-LMS  to
address  the  issues  discussed.  The  algorithm
designs a  cost  function based on maximum Ver-
soria  Criterion  (MVC), with  a  normalized   ver-
sion to  improve  distributed  estimation   perfor-
mance  in  multitask  networks  in  non-Gaussian
noise conditions. The RM-DABC-LMS algorithm
uses Versoria as the cost function, effectively sup-
pressing  non-Gaussian  noise.  It  is  defined  in  the
real domain as shown below [34]

f(ek,i) =
8a3

4a2 + e2
k,i

（6）

a > 0

ek,i = dk,i − uT
ok,iwk,i−1

where   denotes the radius of the circle, and
 represents the error signal.

By  adjusting  the  parameter,  an  optimal  balance
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between  convergence  accuracy  and  robustness
can  be  achieved,  improving  the  algorithm’s  sta-
bility.

Consequently,  the  optimization  problem  for
multitask  distributed  parameter  estimation  can
be redefined as

min
wk,i

E

{
8a3

4a2 + e2
k,i

}
Jk(wk,i)The  cost  function  ,  based  on  MVC,

is defined as follows

Jk(wk,i) = E

{
8a3

4a2 + e2
k,i

}
（7）

wk,i

The derivative  of  equation (8) with  respect
to   is given as follows

∂Jk(wk,i)

∂wk,i

=

1

a(
1 +

e2
k,i

4a2

)2 ek,iuk,i （8）

The  adaptive  update  equation  for  the  RM-
DABC-LMS algorithm is as follows

φk,i = wk,i−1 + µkV k,iek,iuok,i （9）

V k,i =

1

a(
1 +

e2
k,i

4a2

)2where  .

To  improve  the  algorithm’s  stability  and
convergence  rate,  a  normalized  version  was
derived  from  the  adaptive  update  formula  as
shown below

φk,i = wk,i−1 + µkV k,iek,i
uok,i

||uok,i||2
（10）

wk,i

wo
k hk,i

Noise interference in the input signal causes
the  estimate    to  deviate  from  the  optimal
value  . A bias compensation term   is intro-
duced to correct the bias caused by input noise.
The adaptive update formula for the RM-DABC-
LMS algorithm is given by

φk,i = wk,i−1 + µkV k,iek,i
uok,i

||uok,i||2
+ hk,i （11）

The  weighting  error,  estimation  error,  and

intermediate estimation error are defined as

φ̃k,i ≜ wo

k −φk,i （12）

w̃k,i ≜ wo

k −wk,i （13）

Replace (12) and (13) into Eq. (11)

E{φ̃k,i} = E{w̃k,i}−

µkE

{
V k,iek,i

uok,i
∥uok,i∥2

}
− E{hk,i}

（14）

φk,i wk,iIf    is  an  unbiased  estimator  of  ,  it

must satisfy the following conditions lim
i→∞

E{φ̃k,i} = 0NM , k = 1, 2, · · · , N

lim
i→∞

E{w̃k,i} = 0NM , k = 1, 2, · · · , N
（15）

ek,i uok,i V k,i

V k,i

ek,i uok,i

Assumption  3 Compared  to  the  error  signal
  and  the  input  signal  ,  the  rate  of 

change  is  very  slow.  Therefore,    is  indepen-
dent of the variables   and  .

(14) and (15) can be calculated as

lim
i→∞

E {hk,i} = − lim
i→∞

µkE

{
V k,iek,i

uok,i
uok,i2

}
=

lim
i→∞

µkσ
2
o,kE

{
V k,i

}
E {wk,i}

E {∥uok,i∥2
}

（16）

hk,iThe final  deviation  compensation  term  ,
derived  using  the  stochastic  approximation
method, is

hk,i =
µkσ

2
o,kV k,iwk,i

uok,i2
（17）

Therefore, the  final  adaptive  update   equa-
tion for the proposed RM-DABC-LMS algorithm
is expressed as

φk,i = wk,i−1 + µkV k,iek,i
uok,i

∥uok,i∥2

+

µk
σ2
o,kV k,iwk,i−1

∥uok,i∥2

（18）

Under  pulse  noise  interference,  the  robust
RM-DABC-LMS  algorithm  adopts  the  following
ATC form

φk,i =wk,i−1 + µkV k,iek,i
uok,i

∥uok,i∥2

+

µk
σ2
o,kV k,iwk,i−1

∥uok,i∥2

wk,i =ak,iφk,i + ϕk,i

（19）

ak,iThe correlation coefficient   is defined as

alk,i =


µkblk,i, l ̸= k

1− µk
∑

l∈Nk/{k}

blk,i, otherwise （20）
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ak,iAdditionally,    satisfies  the  conditions
below alk,i ⩾ 0,

∑
l∈Nk

alk,i = 1

alk,i = 0, if l /∈ Nk

（21）

In  multitask  networks,  assigning  equal
weights  to  all  nodes  within  a  neighbourhood  is
suboptimal. This  approach  overlooks  task   corre-
lations  and  variations  in  node  states,  which  can
result  in  imbalanced  information  fusion  and
degrade network performance. Therefore, the fol-
lowing adaptive combination coefficients  [35]  are
used

blk,i =
ϑ−2

lk,i∑
j∈Nk

ϑ−2

jk,i

=

∥ ψk,i + µkgk,i−1 −ψl,i∥−2∑
j∈Nk

∥ ψk,i + µkgk,i−1 −ψj,i∥−2

（22）

gk,iwhere   is given by the following formula

gk,i = [dk,i − uT
ok,iψk,i+1]uok,i + σ2

o,kψk,i+1 （23）

In consideration  of  the  impact  of   communi-
cation  link  noise  on  multitask  networks,  this
paper adopts  a  sliding  average  denoising   strat-
egy to  mitigate  link  noise  during  the   combina-
tion phase

ϕk,i = (1− γ
′
)ϕk,i−1 + γ

′ ∑
l∈Nk/{k}

alk,iψlk,i （24）

γ
′

0 < γ
′
< 1

where    represents  the  forgetting  factor,  with
.  A  summary  of  the  proposed  RM-

DABC-LMS algorithm is provided in Tab. 1.

 4    Performance Analysis

φ̃′
k,i w̃′

k,i ϕ̃′
k,i k i

This section analyses the performance of the pro-
posed RM-DABC-LMS algorithm based on mean
and mean  squared  error.  The  weight  error   vec-
tors  ,  , and   for node   at time step 

are defined as follows

φ̃′
k,i ≜ wo

k −φk,i （25）

w̃′
k,i ≜ wo

k −wk,i （26）

ϕ̃′
k,i =

∑
l∈Nk/{k}

alk,iw
o

k − ϕk,i （27）

 4.1    Mean Stability
wk,i

wo
k

The  algorithm’s  estimate    converge  to  the

true weight   in the mean sense, i.e.,

lim
i→∞

E {wk,i} = wo

k （28）

ϕk,i

Substituting  the  adaptive  update  Eq.  (18)

and  the  denoised  mean  estimate    into  the

weight  error  vector (25), (26),  and (27)  results

in

w̃′
k,i = ak,iφ̃

′
k,i + ϕ̃

′
k,i （29）

φ̃′
k,i = γ′

∑
l∈Nk/{k}

alk,iφ̃
′
k,i−

γ′
∑

l∈Nk/{k}

alk,iηlk,i + (1 + γ′)ϕ̃′
k,i

（30）

φ̃′
k,i = w̃

′
k,i−1 − µkV k,i

uok,i
||uok,i||2

vk,i−

µkV k,i

uT
ok,iuok,i − σ2

o,kIM

||uok,i||2
w̃′
k,i+

µkV k,i

oT
k,iuok,i − σ2

o,kIM

||uok,i||2
wo

k

（31）

MM

NN

φ̃′
i w̃

′
i ϕ̃′

i

For computational simplicity, an   block

diagonal  matrix  and  an    block  vector  are

introduced. First, the global weight error vectors

,  , and   are defined as follows

 

Tab. 1  Summary of RM-DABC-LMS algorithm
 

a k µk γParameters:  ,  ,  , 

V k,i = 0NM Wk,i = 0NM φk,i = 0MNInitialisation:  , ,

i = 1, 2, 3 · · ·
k = 1, 2, 3 · · ·

ek,i = dk,i − uT
ok,iwk,i−1

For 

　For 

　　

V k,i =

1

a(
1 +

e2k,i

4a2

)2
　　

φk,i = wk,i−1 + µkV k,iek,i
uok,i

∥uok,i∥2
+ µk

σ2
o,kV k,iwk,i−1

∥uok,i∥2

　　

alk,i =

µkblk,i, l ̸= k

1− µk
∑

l∈Nk/{k}
blk,i, otherwise　　

ϕk,i = (1− γ)ϕk,i−1 + γ
∑

l∈Nk/{k}
alk,iψlk,i　　

wk,i = ak,iφk,i + ϕk,i　　

　end

end
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φ̃′
i = col{φ̃′

1,i, φ̃
′
2,i, · · · , φ̃′

N,i}
w̃′
i = col{w̃′

1,i,w̃
′
2,i, , · · · , w̃′

N,i}
ϕ̃′
i = col{ϕ̃′

1,i, ϕ̃
′
2,i, · · · , ϕ̃′

N,i}
（32）

H
′
H ′

h M ′ V ′ F ′

O′ U ′ V i

and  the  following  matrix  ,  ,  ,  ,  ,

,   and 

H ′ =H ′
i ⊗ IM

H ′
h = diag {H ′

i} ⊗ IM
M ′ = diag {µ1IM , µ2IM , · · · , µNIM}
V ′ = col {ηl1,iIM ,ηl2,iIM , · · · ,ηlN,iIM}

F ′
i = col

{
uo1,i

∥uo1,i∥2

v1,i,
uo2,i

∥uo2,i∥2

v2,i, · · ·,
uoN,i

∥uoN,i∥2

vN,i

}
O′
i=diag

{
uo1,io

T
1,i−σ2

o,1IM

∥uo1,i∥2

,

uo2,io
T
2,i−σ2

o,2IM

∥uo2,i∥2

, · · ·,
uoN,io

T
N,i−σ2

o,NIM

∥uoN,i∥2

}
U ′
i = diag

{
uo1,iu

T
o1,i − σ2

o,1IM

∥uo1,i∥2

,

uo2,iu
T
o2,i − σ2

o,2IM

∥uo2,i∥2

, · · · ,
uoN,iu

T
oN,i − σ2

o,NIM

∥uoN,i∥2

}

V i = diag


1

a(
1 +

e2
1,i

4a2

)2 ,

1

a(
1 +

e2
2,i

4a2

)2 , · · · ,

1

a(
1 +

e2
N,i

4a2

)2


（33）

IM

MM col{·} ⊗
where    represents  the  identity  matrix  of  size

,    indicates  a  column  vector,  and 

refers to the Kronecker product.

w̃′
k,i =H

′
h

T[(INM −M ′V iu
′)w̃′

k,i−1−
M ′V i(F

′
i −O′

iw
o

C(k))] + ϕ̃
′
i

（34）

φ̃′
k,i =(INM −M ′V i

′u′)w̃′
k,i−1−

M ′V i(F
′
i −O′

iw
o

C(k))
（35）

ϕ̃′
k,i=(1−γ′)ϕ̃′

k,i−1 + γ′H
′T(INM −M ′V iu

′)w̃′
k,i−1−

γ′H
′TM ′V i(F

′
i −O′

iw
o

C(k))− γ′H
′TV ′

（36）

Through  (34)  and  (36),  the  recursive  form

of the global weight error vector is derived as

w̃′
k,i =(INM −M ′V iu

′)(H
′T
h + γ′H

′T)w̃′
k,i−1−

(F ′
i −O′

iw
o

k)(H
′T
h + γ′H

′T)M ′V i−
γ′H

′TV ′ + (1− γ′)ϕ̃′
i−1

（37）

For  the  sake  of  analysis,  let  us  define  the

symbols

Li = (1− γ′)ϕ̃′
i−1 （38）

Pi = γ′H ′TV ′ （39）

Qi =M
′V i

(
γ′H ′T +H

′T
h

)
(F ′

i −O′
iw

o

k) （40）

w̃′
k,i

Using the above symbol definitions,  the  for-

mula for the estimated value   simplifies to

w̃′
k,i=(INM−M ′V iU

′
i )(H

′T
h +γ′H

′T)w̃′
k,i−1−

Qi − Pi +Li
（41）

Taking the expectation of both sides of equa-

tion (41) yields

E{w̃′
k,i} =(H

′T
h + γ′H ′T)·

[(INM −M ′E{V i}E{U ′})E{w̃′
k,i−1}]+

E{Li}
（42）

Based  on  the  zero-mean statistical   proper-

ties of noise, it can be concluded that

E {F ′
i} = 0NM , E {V ′} = 0NM , E {O′

i} = 0NM
（43）

Regardless of the initial conditions, the RM-

DABC-LMS  algorithm  converges  in  expectation

if the following conditions are met

ρ((INM−M ′E{V i}E{ui})(γ′H
′T+H

′T
h )) < 1（44）

γ′ = 1 H ′ = IN µkWhen   and  ,  the  step  size 

satisfies the following condition

0 < µk <
2

E{V i}λmax(Ru,k)
（45）

γ′ = 0

µk

When  ,  the  RM-DABC-LMS  algo-

rithm  converges  asymptotically  in  mean  if  the

step size   satisfies the following condition

0 < µk < (1 +
1

ak,k
)

1

E{V i}λmax(Ru,k)
（46）

 4.2    Mean Square Analysis
This section  focuses  on  the  mean  square   perfor-

mance of the RM-DABC-LMS algorithm.

w̃
′T
i

Multiplying  both  sides  of  Eq.  (37)  by  its

transpose    and  then  taking  the  expectation

results in  the  following  after  a  series  of   deriva-
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tions

w̃′
iw̃

′T
i =

(INM −M ′V iu
′)(H

′T
h + γ′H

′T)w̃′
k,i−1w̃

′T
k,i−1×

(H
′T
h + γ′H

′T)T(INM −M ′V iu
′)T−

(INM −M ′V iu
′)(H

′T
h + γ′H

′T)w̃′
k,i−1Q

T
i−

(INM −M ′V iu
′)(H

′T
h + γ′H

′T)w̃′
k,i−1P

T
i +

(INM −M ′V iu
′)w̃′

k,i−1L
T
i−

Qiw̃
′T
k,i−1(H

′T
h + γ′H

′T)T(INM −M ′V iu
′)T−

Piw̃
′T
k,i−1(H

′T
h + γ′H

′T)T(INM −M ′V iu
′)T+

Liw̃
′T
k,i−1(H

′T
h + γ′H

′T)T(INM −M ′V iu
′)T+

QiQ
T
i +QiP

T
i −QiL

T
i + PiQ

T
i + PiP

T
i −

PiL
T
i −LiQT

i −LiP T
i +LiL

T
i

（47）

R′ = E
{
γ′H

′T +H
′T
h

}
Let  ,  and  take  the

expectation of both sides of (47)

E{w̃′
iw̃

′T
i } =E{(INM −M ′V iu

′)R′w̃′
k,i−1w̃

′T
k,i−1×

R
′T(INM −M ′V iu

′)T+

(INM −M ′V iu
′)R′w̃′

k,i−1L
T
i+

Liw̃
′T
k,i−1R

′T(INM −M ′V iu
′)T+

QiQ
T
i + PiP

T
i +LiL

T
i}

（48）

Substituting  (39)  and  (40)  into  Eq.  (48)

results in

E{w̃′
iw̃

′T
i } =E{(INM −M ′V iu

′)R′w̃′
k,i−1w̃

′T
k,i−1×

R
′T(INM −M ′V iu

′)T+

(INM −M ′V iu
′)R′w̃′

k,i−1L
T
i+

Liw̃
′T
k,i−1R

′T(INM −M ′V iu
′)T+

M ′V iR
′(F ′

i −O′
iw

o

k)(F
′
i −O′

iw
o

k)
T×

R′TV
T

iM
′T + γ′2H ′TV ′V ′TH ′ +LiL

T
i}

（49）

vec(XWY ) = (Y T ⊗X)vec(W )

By applying  the  Kronecker  product   prop-

erty  , we obtain

vec(E{w̃′
iw̃

′T
i }) = (R′T(INM −M ′V iU

′)T⊗
(INM −M ′V iU

′)R′vec(Ew̃′
k,i−1w̃

′T
k,i−1)+

vec(M ′E{V i}R′(F ′
i −O′

iE{wo

k})×
(F ′

i −O′
iE{wo

k})T ×R′TE{V i
T}M ′T)+

γ′2vec(E{H ′TV ′V ′TH ′}) + vec(E{LiLiT})−
vec(M ′R′E{V i}E{U ′w̃′

k,i−1}LiT)−

vec(LiR′TE{V T

i}E{U ′Tw̃′T
k,i−1}M

′T)

（50）

X ′
iBy defining  , Eq. (50) is simplified as

vec(E{w̃′
iw̃

′T
i }) =X ′

ivec(E{w̃′
k,i−1w̃

′T
k,i−1})+

vec(E{QiQ
T
i }) + vec(E{LiLi

T})+
γ

′2vec(E{H ′TV ′V ′TH ′})−
vec(M ′R′E{V i}E{U ′w̃′

k,i−1}LT
i )−

vec(LiR
′TE{V i

T}E{U ′Tw̃′T
k,i−1}M

′T)

（51）

and

X ′
i =R

′ ⊗R′
[
IN2M2 − INM ⊗M ′E

{
V i

}
E {u′} −

M ′E
{
V i

}
E {u′} ⊗ INM+

(M ′E
{
V i

}
⊗M ′E

{
V i

}
)×

(E {u′} ⊗ E {u′}]
（52）

iAs   approaches  infinity,  the  proposed  RM-

DABC-LMS  algorithm  reaches  steady-state,  the

following steady-state equations are derived

vec(E{w̃′
∞w̃

′T
∞}) =

(IN2M2 −X ′
∞)−1vec(E{Q∞Q

T
∞})+

(IN2M2 −X ′
∞)−1γ

′2vec(E{H ′TV ′V ′TH ′})
（53）

Tr(XY ) =

[vec(Y T)T] vec(X)
Using  the  matrix  property 

,  the  steady-state  mean  square

deviation  (MSD)  for  all  nodes  in  the  multitask

network is obtained

MSD∞ =
1

|V |
Tr(E{w̃′

∞w̃
′T
∞}) =

1

N
[vec(INM)]Tvec(E

{
w̃′

∞w̃
′T
∞

}
) =

1

N
[vec(INM)]T(IN2M2 −X ′

∞)−1×

[vec(E{Q∞Q
T
∞})+

γ′2vec(E{H ′TV ′V
′TH ′})]

（54）

where

vec(E{QiQ
T
i}) + γ′2vec(E{H ′TV ′V

′TH ′}) =
vec(M ′E{V i}R′(F ′

i −O′
iE{wo

k}×

(F ′
i −O′

iE{wo

k})TR
′TE{V T

i}M
′T)+

γ′2vec(E{H ′TV ′V
′TH ′}) =

vec(M ′E{V i}R′G′R
′TE{V T

i}M ′T + γ′2V ′
r )
（55）

V ′
r G′The formulae for   and   are expressed as

V ′
r = E

{
H

′TV ′V
′TH ′

}
=

diag

∑
l∈N1

a2

l1,iRη,1,
∑
l∈N2

a2

l2,iRη,2, · · ·,
∑
l∈NN

a2

lN,iRη,N


（56）
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G′ = (F ′
i −O′

iE {wo

k} (F ′
i −O′

iE {wo

k})T =

diag

{
σ2
v,k(Ru,k+σ2

o,kIM)

∥uok,i∥2
2

+
E
{
uk,io

T
k,iw

o
kw

oT
k ok,iu

T
k,i

}
∥uok,i∥2

2

+

E{ok,ioT
k,iw

o
kw

oT
k ok,io

T
k,i}

∥uok,i∥2
2

−
σ4
o,kw

o
kw

oT
k

∥uok,i∥2
2

}
=

diag
{
σ2
v,k(Ru,k + σ2

o,kIM)

∥uok,i∥2
2

+
σ2
o,kTr(Ru,k)w

o
kw

oT
k

∥uok,i∥2
2

+

(1 +M)σ4
o,kw

o
kw

oT
k

∥uok,i∥2
2

−
σ4
o,kw

o
kw

oT
k

∥uok,i∥2
2

}
（57）

 5    The Low Computational Cost RM-

DABC-LMS Algorithm
In wireless sensor networks (WSNs), a key chal-

lenge  is  the  high  communication  cost  between

nodes. To mitigate  this  and reduce  overall   com-

munication  costs,  we  propose  a  low-communica-

tion-cost  RM-DABC-LMS algorithm  that   lever-

ages a compressed diffusion strategy.

slk,i = C
T
k,i

φlk,i

CT
k,i

i

k

To  reduce  communication  cost  in  [36,  37],

the local estimates are compressed to 

, then diffusion to neighbouring nodes, where

 is a randomized projection vector. However,

this  compressive  diffusion  strategy  does  not

account  for  communication  link  noise.  Here,  the

compressed information received by node    from

neighbouring node   is represented as follows

zlk,i = slk,i + ηlk,i （58）

ψk,i

l ∈ Nk/ {k} φk(t),

l ∈ Nk/ {k}
zk,i l ∈ Nk/ {k} i

The  objective  is  to  estimate  { ,

}  of  the  local  weight  vectors  {

}  from  the  noisy  compressed  signals

{ ,  } at node  .

min
ψ̃k

||slk −CT
iψk||Solving  the  cost  function 

with the stochastic gradient descent method, the

following update equation is obtained

ψ̃lk,i = ψ̃lk,i−1 + ςk
Ck,i

||Ck,i||2
eψ̃k,i （59）

ςk > 0

eψ̃k,i = δlk,i −CT
k,iψ̃lk,i−1

where   represents the stride. The error sig-

nal is denoted by  .

kAs a result, at node   the combination step

(19) becomes

wk,i = ak,iφk,i +
∑

l∈Nk/{k}

alk,iψ̃k,i （60）

 6    Simulation Results

N = 16

To evaluate the performance of the proposed RM-

DABC-LMS algorithm, a multitask network with

  nodes  was  used,  as  shown  in  Fig. 2(a).

The filter length was set to 64. The input noise-

free regression  model  and  the  input  noise   fol-

lowed  zero-mean  Gaussian  white  processes  with

variances of  1.0 and  0.1,  respectively,  as   illus-

trated in Fig. 2(b).
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σ2 u
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Fig. 2    Emulation  profiles: (a) multitasking  network  topology;

(b)  input  variances  (top)  and  noise  variances  (bot-

tom)
 

η(n) =

p(n)A(n) p(n)

P (p(n) = 1) = Pr P (p(n) = 0) =

1− Pr A(n)

σ2
A = k′σ2

y σ2
y

k′

Impulse  noise  was  modelled  as 

,  where    was  a  Bernoulli  process

with probabilities  , 

.  The process   was a zero-mean white

Gaussian process with variance  , and 

represented  the  variance  of  the  output  signal  in

the unperturbed  state.  The  proportionality   fac-

tor    determines the  pulse  noise  intensity   rela-
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Pr = 0.01

tive to  the  original  signal  variance.  The   perfor-

mance metric used was MSD, and all experimen-

tal  results  were  averaged  over  100 independent

runs. During  simulation,  the  pulse  noise   occur-

rence  probability  was  set  to  ,  and  all

parameter vectors were initialized as zero vectors.

In  the  first  experiment,  MSD  simulation

curves  were  plotted  to  compare  the  RM-DABC-

LMS  algorithm  with  several  alternatives,  as

shown in Fig. 3. The algorithms compared under

impulse noise conditions include the RM-DABC-

LMS,  M-DABC-LMS,  M-DABC-LMS  (no

impulse  noise),  M-DMABC-LMS  and  DLMS

algorithms (μk = 0.003, 0.001, 0.002, 0.0035).
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Fig. 3    Performance  comparison  of  the  RM-DABC-LMS  algo-

rithm with  different  algorithms  in  a  pulsed  noise   envi-

ronment
 

By  adjusting  the  step  size  parameter,  the

steady-state error  of  these  algorithms  was   com-

pared  at  identical  convergence  rates.  As  seen  in

Fig. 3,  under  pulse  noise,  the  M-DABC-LMS

algorithm  exhibits  significantly  higher  steady-

state  error  than  the  RM-DABC-LMS algorithm,

resulting in a marked performance deterioration.

Additionally, in multitask network environments,

the RM-DABC-LMS algorithm based on normal-

ized  MVC  shows  lower  steady-state error   com-

pared  to  other  approaches.  Overall,  the  RM-

DABC-LMS algorithm  demonstrates  robust   per-

formance under  impulse  noise,  effectively   reduc-

ing  steady-state  error  while  maintaining  high

estimation accuracy.

Fig. 4  shows  the  performance  curves  of  the

µk = 0.003, 0.01, 0.02, 0.04

RM-DABC-LMS  algorithm  under  different

parameters.  The  simulation  results  for  various

step  sizes  ( )  reveal

that as the step size increases, the algorithm con-

verges  faster  but  with  higher  steady-state  error.

This  highlights  the  trade-off between  rapid   con-

vergence and low steady-state error, emphasizing

the significant  impact  of  step  size  on  both   con-

vergence  rate  and  steady-state  performance.

Additionally, Fig. 4  presents  MSD curves  of  the

RM-DABC-LMS  algorithm  for  different  link

noise  variances.  At  the  same  convergence  rates,

the steady-state MSD increases as the link noise

variance rises.
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Fig. 4    MSD  simulation  curves  of  the  RM-DABC-LMS  algo-

rithm:  (a)  different  step  sizes;  (b)  different  link-noise

variances
 

Simulation  results  demonstrate  that  while

the  RM-DABC-LMS  algorithm  can  mitigate

noise effects to some extent,  increased link noise

reduces  its  performance.  Therefore,  practical

applications  must  balance  algorithm  robustness
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with communication link noise levels to optimize

performance.

µk

σ2
η,k

In  the  third  experiment,  the  network  MSD

behavior  of  the  RM-DABC-LMS  algorithm  is

shown in Fig. 5.  As seen in Fig. 5(a), the simu-

lated learning  curves  align  closely  with   theoreti-

cal  results  for  various  step  sizes  ,  confirming

the accuracy of the theoretical predictions. Addi-

tionally,  as  illustrated  in  Fig. 5(b), the   simu-

lated  curves  converge  to  the  theoretical  steady-

state  MSD curve  with  different   values.  The

results  indicate  that  the  algorithm  achieves  the

expected  estimation  performance  under  stable

conditions.
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rithm: (a) step sizes; (b) link noise variances
 

Fig. 6  shows  the  MSD  simulation  curve  for

the  low  communication  cost  RM-DABC-LMS

algorithm.  The  results  demonstrate  that  using  a

compressed  diffusion  strategy  significantly

reduces  communication  costs  while  maintaining

the same steady-state error as the standard RM-

DABC-LMS algorithm, effectively balancing com-

munication efficiency and performance.
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Fig. 6    Performance  comparison  of  the  low-communication-

overhead  RM-DABC-LMS  algorithm  with  different

algorithms under various step size conditions
 

µkAs  the  step  size    increases, the  low   com-

munication  overhead  algorithm  converges  more

quickly  but  results  in  higher  steady-state  errors.

Large  step  sizes  lead  to  rapid  convergence  but

higher  errors,  while  smaller  step  sizes  converge

slowly but with lower errors. By carefully adjust-

ing the  step  size,  optimal  estimation   perfor-

mance can be achieved.

Fig. 7  shows  how  MSD  changes  with  the

number  of  iterations  for  different  compression

ratios.  As  iterations  increase,  the  MSD for  each

ratio decreases  before  stabilizing.  Higher   com-

pression  ratios  result  in  smaller  reductions  in

MSD.  Notably,  at  a  compression  ratio  of  1.14,

the  MSD  approaches  that  of  the  uncompressed

case. This  highlights  a  balance  between commu-
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nication  efficiency  and  algorithm  performance,

reducing  communication  load  while  maintaining

good performance.

 7    Conclusion
This  paper  introduces  a  robust  RM-DABC-LMS

algorithm.  By  incorporating  bias  compensation

and  sliding-average  denoising  mechanisms,  the

proposed  RM-DABC-LMS  algorithm  achieves

improved  robustness  and  steady-state  perfor-

mance  in  noisy  distributed  environments.  In

addition, the compressed diffusion strategy effec-

tively  reduces  the  network  communication  load

while maintaining  satisfactory  estimation   accu-

racy.  Both  theoretical  analysis  and  simulation

results  confirm  the  effectiveness  of  the  proposed

algorithms in terms of convergence behavior, esti-

mation accuracy, and communication efficiency.
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