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Adaptive Neural Control for Hypersonic Vehicle
Based on Barrier Lyapunov Function
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Abstract: In this paper, an adaptive neural backstepping control method based on barrier Lya-
punov function is proposed for hypersonic vehicle considering full state constraints. The longitudi-
nal dynamic of hypersonic vehicle can be divided into two subsystems, i.e., altitude subsystem and
velocity subsystem and the controllers are designed with backstepping method, respectively. In the
designing process, the radial basis function neural networks are used to approximate the unknown
nonlinear functions of longitudinal dynamic, therefore, the accuracy requirement of hypersonic vehi-
cle model is largely reduced. In order to handle the explosion of complexity issues occurring in the
backstepping method, a tracking differentiator is introduced to calculate the differential of virtual
control law. The barrier Lyapunov function is constructed to overcome the full system dynamic
state constraints and an auxiliary system is designed for overcome the input state saturation issue.
The stability is carried out based on Lyapunov theory, and the signals of closed-loop system estab-

lished are uniformly ultimately bounded. The simulation results show that the controller designed

for hypersonic vehicle can guarantee the good tracking performance.

Keywords: hypersonic vehicle; barrier Lyapunov function; radial basis function neural network;

tracking differentiator

1 Introduction

Hypersonic vehicle is a near space flight vehicle
with the speed over five mach. A growing num-
ber of researchers have focus on the study of
hypersonic vehicle which represents the ability to
use near space. However, there are many chal-
lenges of hypersonic vehicle research field needed
to be overcome. In recent years, a large number
of research results have emerged. Normally, the
matched uncertainties and mismatched uncer-
tainties exist in the nonlinear system of hyper-
sonic vehicle. The backstepping control method
can be used to solve the matched and mis-

matched uncertainties issues. Backstepping con-
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trol method is a nonlinear control strategy widely
used in controller design for strict feedback sys-
tem of flight vehicle [1-7]. However, the differen-
tiation calculation of virtual controller is so diffi-
cult to carry out, i.e., explosion of complexity
issue. In many papers, the filtering method is
proposed to handle the explosion problem [8-12],
the differentiation of virtual controller can be
replaced by filtering signal, but so far, there is no
systematic methodology to select the control
gains and the time constants of the filters. More-
over, the estimating errors will be introduced
into the state feedback process and the state
tracking accuracy is reduced, because of the
tracking errors are defined with the signals
occurred from filters. In lots of papers, an track-
ing differentiator methodology is used to esti-
mate some unknown nonlinearity, the sophistica-
tion of tracking differentiator method is that the
stability of overall system is easy to be proved,
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and adaptability of the controller for the control
gain changes can be raised. In the controller
design process, the unmodeled dynamic issue of
hypersonic vehicle system is mostly ignored in
many papers, obviously some shortcomings exist
in this control design strategy. For example, in
the backstepping design process, the neural net-
work algorithm is introduced to approximate the
unknown unmodeled nonlinear system dynamic
[13-17], and normally, the partial parameters of
neural network are updated with adaptive laws.
With this estimation method, the accuracy
requirement of flight vehicle dynamic system
model is largely reduced.

Furthermore, for the hypersonic vehicle sys-
tem dynamic, the system input-output states are
constraints needed to be overcome. This is one of
the main challenges of control system design for
hypersonic vehicle. Input saturation caused by
the constraints of the magnitude, if these con-
straints are neglected in the control design, rate
of actuators can degrade the performance of the
control system or even lead to instability [18]. In
some papers [19, 20], the influence of input con-
straints can be properly avoided with the auxil-
iary system design. However, these strategies
cannot be applied to output constrained prob-
lems. In recent years, a barrier Lyapunov func-
tion strategy is used to handle output con-
straints in the process of controller design
[21-26]. However, input constraints are not taken
into consideration in those control schemes. Cer-
tainly, the full state constraints issues have not
been solved in aforementioned papers.

Different from previous work, in this paper,
the full state constraints issue is considered based
on barrier Lyapunov function, and the input sat-
uration is overcome with an auxiliary system. All
states of hypersonic vehicle system can be con-
strained within a certain range, which is accord
with the actual engineering requirements. The
explosion of complexity raised from backstep-

ping method is handled with a tracking differen-

tiator. In the progress of controller design, the
ideal virtual controller is used to define the state
tracking error introduced into the feedback pro-
cess, and the tracking accuracy can be guaran-
teed. Considering the model perturbation and
parameter uncertainty, the adaptive radial basis
function neural network is used to approximate
the unknown unmodeled nonlinear dynamic of
hypersonic vehicle. In this paper, problem formu-
lation of hypersonic vehicle dynamic model is
described in Section 2. The adaptive radial basis
function neural network backstepping controller
design based on barrier Lyapunov function will
be proposed in Section 3, the explosion problem
arising from backstepping method will be avoided
by the tracking differentiator, moreover, the
input saturation issue will be handled with an
auxiliary system. The stability analysis for veloc-
ity subsystem and altitude subsystem will be
described in Section 4, respectively. And in Sec-
tion 5, to demonstrate its usefulness, simulation
will be carried out to verify the effectiveness of
conclusion and

controller proposed. Finally,

future works are discussed in Section 6.

2 Problem Formulation

The longitudinal dynamic model of hypersonic
vehicle in this study is given in [27]. The detail
form can be described as follow. There are five
rigid-body state variables involved in the model,
i.e., V.h,v,a,Q, while the four flexible state vari-
ables are not considered in this study. Moreover,
the control inputs are 6., i.e., elevator deflection

and @, i.e., fuel equivalence ratio.
. 1
V:E(TcosafD)—gsin(G—oz) (D
h=Vsin(d — a) (2)

v = (Tsina— 9 cos(6 —
a—mv( Tsina L)+Q+Vcos(9 a) (3)

6=0qQ (4)

— 553 —



Journal of Beijing Institute of Technology, 2025, Vol. 34, No. 6

I,Q=M (5)

where V is the velocity, h is the altitude, v is
the flight path angle, o is the attack angle, @ is
the pitch rate, m is the mass of aircraft, g is the
acceleration due to gravity, 6 is the angle of
pitch, moreover, T, D, L, M represent the
thrust, drag, lift-force, and pitching moment,
respectively. And I, is the moment of inertia
about pitch axis.

The related expressions are described as fol-

low.

1
L= ipszCL (6)
1
D= 3pV*SCy D
1
M = ZTT + ipVZSE[CM,Q -+ CM,JQ] (8)

T=Ca®+C2 0%+ Coa+ CO 9

where S is aircraft reference area, ¢ is Average
aerodynamic chord length, p= p,exp[—(h — hy)/
h)], C,=Cta+C°, C,=Ca>+Coa+CY,
Cro =050 +C5 a+CS ,Cys. =c.0,,C8 =
B+ Py, Cff =P+ Pi, Cop=0D+ 0, Cp=
B8P + Bs.

The detail information of parameter values
are described in [27]. It is easy to see that

6 = o+, the Eqs. (1)—(5) can be expressed as

. 1
V:%(Tcosa—D)—gsinfy (10
h = Vsiny (D

1
G = ——(~Tsina—L)+Q+ %cosv (12)

0=0Q (13)

,Q=M (14

The Eq. (10) is the velocity subsystem, The
Eqgs. (11)-(14) are altitude subsystem. Although
the longitudinal dynamics of the aircraft are
divided into two subsystems, but they are not

completely decoupled.

3 Controllers Design

The dynamics of model (10)—(14) can be decom-
posed into altitude subsystem and velocity sub-
system since the velocity is mainly related to
thrust force and the altitude is mainly affected
by elevator deflection. Firstly, the controller of

velocity subsystem is designed as follows.

3.1 Controller Design for Velocity Subsystem

According to the dynamic (10), we can obtain
V=, +& (15)

where fv = %(Tcosa —D)—gsiny—® is an
unknown nonlinear function.

For the velocity subsystem, the RBF neural
network is applied to approximate the unknown
nonlinear function f, in dynamic (10).

Lemma 1 Radial basis function neural net-
work (RBFNN) can be used to approximate an

unknown nonlinear function as follows.
f=W"¢(x)+e (16

where f is a unknown nonlinear function, W~ is
the optimal weight vector, ¢(x) = [¢; (@), po(x),- - -,
¢.(x)] is the radial basis function, x is the input
vector of NN, and ¢ is the construction error of
neural network with the supreme ¢,,,. Moreover,
the radial basis function ¢,(x) can be described

as
¢i(x) = exp(—(z — ¢.)'(x — ¢,)/b)) a7
According to Lemma 1, it is easy to obtain

fv =Wy () + ey (18)

where &, denotes approximate error with the
supreme &y, i.e., |ev| < ey

Lemma 2 In this paper, the barrier Lya-
punov function (BLF) is used to complete the

controller design [19], BLF can be described as

1 k2
L=-1 b 19
20g<k§—22> 19

where log(-) is the natural logarithm function, k,

denotes the smooth performance function, nor-

mally, the follow conditions can be satisfied [21]:
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(a) k, is a positive monotone decreasing
function.

(b) lim k, = k;°.

The tg;formance function can be defined as
k, = (k) — kX)e 't + k=
selected as a positive constant and seen as the

In this paper, k&, is
constraint on state error z, i.e., |z| < k,. For any
positive constant k,, the following inequality [22]
holds for all z in the interval |z| < k,, and the
inequality will be used in the stability analysis of
control system.

k2 2*
1 L 20
Og<k§—22><k§—z2 (200

Define the tracking error of velocity as

2y =V =V, =9, QD

where V, is the reference velocity, and ¥, is the
signal generated from auxiliary system con-

structed as follows

Oy + ko0, =P 22)

¥y can be used to deal with input signal sat-

uration issue. In Eq. (22), error signal
& =@ — &,, where & is the control input of veloc-
ity subsystem with considering saturation issue,
and &, is the control input signal needed to be
designed without considering saturation issue.
k.v is a positive design parameter.

The time derivative of z, can be described

as
by =V =V, —dy (23)
Invoking (15) and (22) yields
by =fo = Vit Pyt katy (24)
Considering (18), we can obtain
by = Wby (zy) +ey — Vi Py + kot (25)

The velocity controller can be designed as

D, =—kyzy — W\];QSV — k.9 + V:i_
R 2y
tanh (| ———— (26
R (Mksvze)) )

where k, is a positive design parameter, W, is
the estimation of Wy, &, is the estimation of

Evm, and &y, > 0 is design parameter. The estima-

tion errors can be defined as W, = W; — W,

Ev = Eym —Ev.

By substituting (26) into (25), it yields

2y =—kyzy + W$¢V +ev—

Zv
eymtanh [ ———— | +
((;V(kgv - Z\Q/))
z
&y tanh <V> Q7
5V(k§v - Z\Q/)

A barrier Lyapunov function can be con-
structed in a form of
kv

2 . ~2
ka ZV

Wy

(28)

1 1= = 1 .
LV_2log< ) +§W$F;1WV+2 &
where I, w, are positive design parameters.

It is easy to obtain the differentiation of
(28) as follows

5 i ~ 1 .
VE__WITOW, — —E,6,  (29)

= 2 _ 2
k2, — 22 Wy

Ly
Invoking (26) and (29) yields
ky 23 n ZVWJ Oy

L, =—
N
2y 2y

e
o oo (g )
- Zv X =~
Ev tanh (m)) - W‘TFV1WV7
1 .
—ELEy
Wy

300

The updating laws for Wy, , &, , respectively,

can be designed as follows:
X 2y
WV:R(W—%

bV \4

by — /\VWV> 31

A Zv 2y R
“_thm—%mm<%wa—%Q””4
(32)
where A, o, are the positive design parameters.
Substituting the updating algorithm (31),
(32) into (30), it yields

. k. 22 A~ .
LV = — 2 V_Vz2 + )\VW\EWV + Uvevsv+
bV v
2y Zv
—_— — tanh [ ——————
k@wﬁ”gm (M%—m”
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3.2 Controller Design for Altitude Subsystem
Based on the timescale conclusion from [14], it is
obvious that the velocity can be considered as
slow dynamic compared with the state variables
of altitude subsystem, therefore the velocity will
be treated as constant during the controller
design for altitude subsystem. For the altitude
subsystem, the flight path command is designed
as [15]
_ —ky(h—=h,) =k [(h—h,)dt+h,

Ya = v (34)

where k,, k, are positive constants, h,. is the ref-
erence altitude, if the flight path angle can fol-
altitude

low ~,, then the tracking error

h=h—h, canbe regulated to zero

exponen-
tially. According to [8], we have
f —k,(Vsiny — h,.) — k;h + h, (35)

%

Assumption 1 In (12), it is easy to know
that the term T'sina is generally much smaller
than L, which can be neglected. This assump-
tion has been used in lots of preliminary papers,
which is reasonable for controller design.

Define z, =+, z,=0, 2;=Q, and X =
[, 2., 2,5]", based on Al, the altitude subsystem

(12)-(14) can be written in a form of

Ty = 1T, + fi(zy) (36)

Ty = T3 (37

s = f3(X)+u (38

Y=, (39

where ¢ = %CS, fi= —%C:xl — %cosxl—i—
% L, Gs= 211 pV?2Sec,, fo= ZITT + 2[1 %

vy

Se(Cuyo + Curs,) — u.
In (36)-(39), X =[z,,2,,25]" € R*, u€R,
and y € R are the state, input and output of the

yy vy

altitude subsystem, respectively. It is obvious
that g,, g, are known constants, with out of gen-
erality, some assumptions are essential in the
sequel.

Assumption 2 The reference output y, is

bounded and smooth.

Assumption 3 The state vector X is measur-
able.

Assumption 4 The nonlinear functionsf,, f;
are unknown and bounded.

In the assumptions, it is easy to know that
y, is the reference output designed according to
the engineering practice, moreover the states can
be measured and bounded are proved in many
previous research, thus, the assumptions are rea-
sonable.

In this section, the backstepping method will
be used to design attitude controller, and the
tracking differentiators are developed to deal
with the explosion of complexity occurred from
backstepping method.

Step 1 For the dynamic (36), define the
tracking errors of flight path angle as

21 =79 —%Ya = %1 — T1a (400

The differentiation of z, is obtained as fol-
lows:

21:¢1_$1d291x2+f1_i'1d 41

Likewise, the unknown nonlinear function f,
can be estimated with RBF NN such that

fi=W"¢, +¢, (42)

where W, e, denote the optimal weight vector
and estimation error with the supreme ¢,,,,
respectively.

Substituting (42) into (41), it yields

21 :glx2+W1*T¢1 + & _-T.fld (43)
Define the other error as
Zog = Ty — Loy (44)

where z,, is the virtual controller, for the error
dynamic (43), we can obtain

21 = 012 + §1%o, +W1*T¢1 +e, =Ty (45)
The virtual controller can be designed as

Loy = gfl ( —kyz — Wl—rd)l + 24—

&, tanh (m)) (46)

1

where k, is the positive design parameter, W,, &,
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are the estimations of W, ¢,,,, respectively. The
errors can be defined as W, = Wy — W, and

21 .
is a robust

& =6, —§&,6itanh | ——————
51(k§1 - Zf)

compensator.

Substituting (46) into (45), it yields

2'51 = — k121 +912’2 + W1T¢1 +ée,—

Z1 - 21
e G S B G
Fim <61<ksl—zf)>+5 an <5l(k§1—21“))
473

The barrier Lyapunov function can be con-
structed as
ks

2 2
kbl Zl

1
2 (48)

2w,

1 1.~ -
L1:210g< )+2W1TF11W1—|—
where I, w, are positive design parameters.
k,is the constraint of z;, i.e., |z < k,. The

direct differentiation of L, can be calculated as

; 212 z 1tk 1.
Ll :kgl—zf+wlrl [’il“ra&—lgl:
2,2 4 = 1 _
k? 1_122 - W ITI_‘fl "[’1 — ;15151 (49)

Invoking (47) and (49), it yields

2
klzl g172122

- 2 _ ~2 2 2
kbl Zl kbl Zl

21W1T¢1 +

2 52
kbl Zl

L, =

21€4 Z1€1m 21
- tanh () +
kgl - Z% kgl - Zf 51(k§1 - 212)

2151 21
tanh | ———M8M | —
k-2 (51(/€§1—23)>

X ~ 1 .
WIT''W, — —£,¢, (50)
Wy
The adaptive updating laws can be designed
as follows.
W1F1< & ¢1A1W1> (51)
kl?l - Zf
i 21 Z1 A
= tanh -
o [k =z (Mk; K Z;“)) ‘ml}
(52)
Considering the above adaptive laws, we can
obtain
io=_ k.22 J12122 Zi&0
L=
k?l - Zf kfl - 212 kil - Z?
Z1E€1m Z1
tanh | ———
o (51(kflzf)>+
MWW, + 08,2, (53)

Step 2 The differentiation of tracking error

z, can be calculated as

Zy =Xy — Xy, = Ty — Loy (54)

Obviously, the calculation of the differentia-
tion term #,, is so difficult and in order to avoid
the tedious analytical computations involved in
the controller design process, the tracking differ-
entiator is used to deal with the explosion of
complexity question. &,, can be estimated with a
tracking differentiator described in [28].

Lemma 3 Considering the following system

in a form of
d, = d,
{ . ) (55)
d2 :C F(dl - ﬁ(t)ad2/<)

where d,, d, are the states of tracking differentia-

tor system, ¢ >0 is the design parameter, and

F (i, ¢,) =v(ty) + v(1s), v(:) is designed as [2§]
In(1 + |4])
W= Y e
0, b =0

where k > 0 is the design parameter. The conclu-

sion has been proved in [28], i.e., |d, — 9| and

dz—ﬁ‘ are bounded in a limited time scale.

Thus, the following tracking differentiator is used
to estimate the first-order differential of z,,.

du = d12
. 57
dyy = CfF(du - x2177d12/<1)

According to Lemma 3, we know that
¢ =d,,, moreover, the following inequality

holds

<el (58)

1

|, — 5,

where ¢! >0 is the estimate error which can
guarantee the tracking accuracy.

Define =z, =z, — x,, — ¥,, where z,, is the
virtual controller, ¥, is the signal generated from

an auxiliary system constructed as follows
Oy + ksl = (59)

In (59), error signal @ = u — u,, where v is
the control input of altitude subsystem with con-

sidering saturation issue, and wu, is the control
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input signal needed to be designed without con-
sidering saturation issue. k,; is a positive design
parameter.

Thus, we can obtain

2y = 24 + Tgy + 03 — Zoy (60)

The virtual controller x,, can be designed as

gz ks, —23) | .. %2
Y T e
61)
Substituting (61) into (60), it yields
gz (k2 —22) . . 25
= roh S g
(62)

The barrier Lyapunov function can be con-

structed as
1 k2
L,= -log <b2) (63)

where k,, is the constraint of z,, i.e., |z,| < kus.
The direct differential of (62) is calculated

as
. ZoZo
L,=——— (64)
Pk, 2
By invoking (62) and (64), we obtain
L _ kzzg ZaZ3 . G121%22
oRp -z KLz k-2
Za ca 25
—Tyy) — ——————— 65
a9

Step 3 For the dynamic (38), f, is consid-
ered as an unknown nonlinear function, as done
previously, an RBF NN can be used to approxi-
mate f;. The differential of 2z, can be described
as

— Ty, _193:f3+u_j"3'v_793 =
W3*T¢3 + &3 — i.’i’u + ka3'l93 + Uy (66)

2, = iy

where W}, e, denote the optimal weight vector
and the approximation error with the supreme
€1.m, respectively.

Likewise, ,, can be estimated with a track-

ing differentiator in a form of

o = s 6
dgy = C;F(dSI - xSvadSZ/CS)

— 558

According to Lemma 3, we know that ¢ =

ds,, moreover, the following inequality holds

ggg (68)

|j73v - jjgu‘
where € > 0 is the estimate error.
Obviously, the overall control law u in (66)

can be designed as

za(kiy — 23)

Ug = — Ks2s — ké e - W;¢3 — k,s05—
k2 z
2 tanh b3 sd 3
ot <6a<k53 - z§>> T T 50, - =)
(69)
Substituting (69) into (66), it yields
k2 2 B
2y = — kyzy — % +W3T¢3+53_
b2 2
k2.
tanh v
s R (53<k§3 - z_f.)) *
&, tanh kii’ +
° 63(k§3 - Zg)
. Zs
— -— 70
) 70

A barrier Lyapunov function can be given as

1 k2
L, = B log ( = é

2 52
ka %3

> + %W;F;Iﬁfg + 2;3
(71
where I, w; are positive design parameters. k,;
is the constraint of z;, i.e., |z;] < k3. The direct

differential of (71) is given by
Z3Zs

= 2 52
k’b3 ZIS

Ly

x ~ 1 .
+ WIIT'W, + —£46, (72)
W3
Substituting (70) into (72), it is rewritten

as

23W§¢3

2 __ ~2
ka ZS

ksz2 2023

B 2 __ 2 - 2 __ ~2
ka ZS ka 22

iy = N

23

kQ
— . tanh 3
K, — 2 (53 Fan (20 (63<k§3—z§))>+

Z3E4 k2
tanh b3
ke —a <63(k§3—z§))+

23 .4 . o 11R
k2 — 52 (x:}v - 17371) + Ws Fs st
b3 T %3
1 _ . 22
— &8 — S35, 2
Ws 2(k§3 - 292,)

(73

The adaptive updating laws can be designed
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as
W, =TI, ( - A3W3> (74)
kbs —Z3
I Z3 Z3 R
_ tanh _
T [k — (63(% - z)) ""‘5‘”’}

(75>
Considering the adaptive laws, (73) is
rewritten as

- ksz2 %%
2 2 2 2
ka — %3 kw — %

%5 €, — €, tanh L +
k2, —22 0 8y (k2, — 232)
B (a0 )+ ANWIW,

2 2 \"3v
kb3 23

Ly=

%
2(ki; — 23)?

03€3€5 —

(76)

4 Stability Analysis

The overall control system is consisting of two
control subsystems, i.e., velocity control subsys-
tem and attitude control subsystem, the stabil-

ity analysis are carried out respectively.

4.1 Stability Analysis for Velocity Subsystem
Based on the results from [17], the following
inequality holds

1

0< Inl—ntanh(5

><cn5,neR 77

where ¢, is selected as 0.2785, § is a positive
constant.
Considering the inequality (77), (33) can be

described as

k22 PR .
YV L NWIW, + 0y ELEy + v mby

(78

iy < —tvE
Tk -2
For easy reference, we quote the following

inequalities here:

2

o1 1.
WIW, <5 Wi =5 HWV (79
1 1.
Evéy < 553," - 58?, (80)

The inequalities can be found in references

[8], the reasonable has been proved.

Invoking (78), (79) and (80), we obtain

. kvz 1 ~ 1
L, <— m - §AV”WV”2 - §Uv5€+
1 PR S
5)\V||Wv + 39vEVm + ¢, Evm0y (81)

Considering the inequality (20) in Lemma 2,
(81) is given by
. k2
L, <—kylog (W

2 52
ka ZV

1 ~ 1
) = MW - o+

1 1 .
5)‘V||W‘; 7+ §Uvgém + ¢ Evndy
(82)
Consider (33), we have
Ly < =G Ly +Cy (83)
. . Av 1
with (v =min |2ky, )\max(rv_1)70'vwv , Cy = §>\v
HW; *+ iavgém + C'rIEV'm(SV.
Multiplying (83) by e‘v', we have
d
&(Lveq"t) < Cpetv? (84)

Integrating above inequality, we obtain

Co\ . Oy
— ) evt 4 2 (85)
Co ) ¢ ¢y

Therefore, we have

1 2
oo [ P
QOg(

2 52
ka ZV

Ly < (LV(O)

)gLV(onV (86)

lzv| < kyy /(1 — e 2Ev@+ovicy)) < K, (87)

Likewise, we obtain

ie

2
< \/W(LV(O)+CV/CV) (88)

&y < V2(Ly (0) + Cy /Cy) (89)

According to the analysis above, the conclu-
sion can be obtained as follows.

Theorem 1 Considering the velocity subsys-
tem consisting of the plant (15), controller (26),
and the adaptive updating laws (31), (32), all
the signals in the closed-loop system are uni-
formly ultimately bounded with the control
parameters selected reasonably. Furthermore, the

velocity tracking error z,, RBF NN parameters
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estimation errors WV, £, can converge to the
compact set described as (88), (89).

4.2 Stability Analysis for Altitude Subsystem

Choose the Lyapunov function in a form of

L=L,+L,+ L, (90)

where L,, L,, L, have been defined as (48),
(63), (71), therefore we knowL > 0. Further-
more, the differential of (90) can be described as
L=L,+L,+L,=
klzf kzzg k3Z,§

- 2 52 - 2 _ ~2 - 2 52
kbl Zl kb2 22 ka 23

Z1€, Z1€1m Z1
— tanh ( ) +
kgl - Z% kgl - Zf 51 (klfl - 212)

% €3 — Es,, tanh Fig +
k-2 0 0 (k3 — 23)
>\1W1TW1 + Ulélél + >\3W;W3 + 0353§3+

22 . q . 23
(28, — &a,) +
2 _ 2 \72v 2v 2 .2
ky — 23 kbs 23

(&5, — @)~
Z z

— 91D
2(k§2 - Z%)Z Q(kgs. - Z%)z

Based on the inequality (77), we can obtain

2 2 2

k2l k2l Rszg e b4
2 _ .2 2 .2 2 _ .2 ImE=n =1

kbl 21 kb2 22 ka %3

53m01,53 + )\1W1TV~V1 + 0.6.6, + )\3W3TV~V3+

L<

A~ Z . .
03€3€5 + Tizg(m;@ — &)+
Z3 . d . Z§
-z ) T g
z;
2(kz, — 22)

[—1pt]
(92)

Consider the following inequalities
o 1 1. -
WIW, < S [We = SIW e o9

1 1
élél < 55?771 — 55? (94)

I 1 1, =
WIW, < S IWS [ = SIW e s

e2 (96)

N
)
|
|
™

€3€s

The inequalities have been proved and used

in Previous works.

Invoking (92) and (93)-(96), we have

i< ky 22 _ k22 _ k22 _
h k§1 - Z% kgz - Zg k§3 - Zi
1 ~ 1 ~ 1 1
5)‘1HW1||2 - §>‘3HW3||2 - ialgf - 5035§+
1
€1mCy01 + €5, C 05 + 5)\1||W1* 24
1 *||2 2 1 2
5)‘3HW3 + 50-181771. + 503€3m_
7]@3 j s (T, — 3,) — kgijzz(xg” —i5,)—
2 2 3 3
Z; %
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2(kz, — 22)°  2(k2, — 22)°

Consider the following inequalities

2 . . d 1 25 L, ae
— L — <z— 22— +- (98)
B s ) S —ay T2
23 . . d 1 Zf 1 d\2
(g — o732 — 4= (99
A A
Therefore we have
i< ky 22 kyz2 kyz3
R L T R A
1 - 1 - 1 1 .
5/\1H"V1||2 - 5)‘3HW3||2 - 5‘715? - 5035§+
1
E1nCy01 + EanCyfs + S M WP+
1 1 1
5/\3HW§ *+ §Ul€fm + 5035§m+
1 1
S0 + 5 (e (100)

Consider the inequality (20), (100) can be

rewritten as

L<—klo Fiy —k,lo Fia -
STEROR -z T -

k2, 1, 1o
tutog (522 ) = GAIWAIE - AW

2
ka 2:3

1 1
50@'? — iagéi + €1mCy01 + €50, 05+
]' *[|2 ]' * |2 ]' 2
§>\1HW1 + §>\3HW3 + 501517”4'
1 1 1
§U3€§m + 5(5?)2 + 5(5?)2 (101)
Thus we have
3
L<=) ¢L+C (102)
i=1

with
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. A
¢, = min |2k, m,alwl

<2 = 2k2
. As
<3 = m1n[2k3, m, 0'3@3]
1 a2 1 |2
c :Elmcn(sl + €smcn63 + 5)‘1 ||W1 + 5)‘3 HWS +
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Furthermore, we can obtain
L<—CL+C (103)

where ¢ = min[(,, (;,¢s]. It is easy to know that C
is a bounded constant.
Based on (103), we have

L < (L(0) — g)e‘“ + ¢ (104)
¢ ¢
Likewise, we have
21| < Ky /(1 — e—200+6/0) < Ky, (105)
|2,] < Ko/ (1 — e—200+C/0) < (106)
23] < kpa/(1 — e—2E@+€/0) < Ky (107)
. 2
< =
]W1 < \/ s (B0 + /0 (108)
12, < V2(L(0) + C/¢) (109
. 2
< |
]WZ < \//\min(lzl)(L(O) +C/0) (110
&, < V2(L(0) + C/¢) (11

Theorem 2 Consider the closed-loop control
system consisting of the plant (15), virtual con-
trollers (46), (61) and the actual controller (69),
and the NN adaptive updating laws (51), (22),
(74), (75). If the control gain and tuning param-
eters can be selected reasonably, all the signals in
the closed-loop system are uniformly ultimately
bounded. Besides, tracking errors can converge
uniformly to the following set described as (105) -
(111).

5 Simulation

In this section, the simulation will be carried out
for proving the effectiveness of control strategies,
The control gains are selected as k, = 2.k, =8,
k,; = 1.2, the auxiliary system parameters are
designed as k,, =10, k,, =15, the state con-
straints are designed as k., = 5,k,, = 0.09,
k,, = 0.5, k,; =0.8. The differentiator
ters are selected as k, = 0.5, (, = 0.3, kK, = 0.6, (, =

parame-

0.2. Moreover, the updating laws parameters are
selected as I', = 0.5, A, = 0.9, w, = 1.5, 0, = 0.3,
[,=065 )\ =075 w =8, 0,=0.2, I, =02,
As =05, w; =10, 0, =09, §, =9, =, = 1. The
numbers of NN nodes are selected as N, = 20,
N, =20 and N, =20, with their centers being
evenly spaced in [—0.5,0.5] x [-9.7,9.7] x [—4.5,
4.5] x [0.1,1.2][<0.5,0.5] x [0.5,0.5] and [—0.5,
0.5] X [—9.7,9.7] x [—4.5,4.5], respectively.

The reference velocity V. of velocity subsys-
tem simulation is achieved through a filter pre-
sented as follows.

V. 0.3 x 0.2

V. (s+03)(s>+2x0.7x 025+ 0.22)

where V, is the command signal, which climbs
from 8850 ft/s to 8950 ft/s (1 ft=0.3048 m) in
20 s, and then climbs to 9150 ft/s. Moreover, the
reference altitude h, of altitude subsystem simu-
lation is achieved through a filter presented as
follows.

h, 0.5 x 0.2*

he  (s+0.5)(s2+2x 0.9 x 0.25 + 0.22)

where h, is the command signal, which climbs
from 85000 ft to 87000 ft in 40 s, and then
descends to 84000 ft.

In the simulation, the initial condition is
denoted in the Tab. 1.

Tab. 1 The initial values

States Value Units
h 85000 ft
% 8850 ft/s
v 0 ©)
0 0 ©)
Q 0 (°/s)

The simulation results are shown in Figs. 1-13.
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In Fig. 1, it is easy to see that the flight
velocity of hypersonic vehicle can track the veloc-
ity reference accurately. The velocity tracking
error is shown in Fig. 2, and bounded within a
certain range. The upper bound is 5 ft/s, the
lower bound is 5 ft/s. The Fig. 3 denotes the
input signal of velocity subsystem, we can see
that the fuel equivalence ratio is bounded within
0.1 to 1.2 by the saturation segment, compared
with the desired fuel equivalence ratio shown in
Fig. 4.

The altitude of flight vehicle can track the
reference trajectory well, the altitude can climb
from 85000 ft to 87000 ft within 30 s, and main-
tain a level flight at an altitude of 87000 ft, then

descends to 84000 ft within 30 s. The desired
changes design of flight altitude can simulate the
maneuvering of aircraft to avoid interception.
Moreover, the flight path angle tracking is shown
in Fig. 6, and the flight path angle tracking error
can be bounded within —0.09° to 0.09° form
Fig. 7. Compared with desired elevator deflec-
tion, i.e., designed control input shown in Fig. 8,
the actual elevator deflection input of altitude
subsystem is bounded within —20° to 20° by the
saturation segment in Fig. 9. In Fig. 9, it is easy
to see that the elevator deflection exceeds the
constraint, i.e., 20°, occurring from the progress
of climbing from 85000 ft to 87000 ft. And this
shows that the auxiliary system introduced in the
control system design have played an important
part to deal with the input saturation. The eleva-
tor deflection curve oscillation during the initial
time can be seen, the reason is that the approxi-
mation errors for unknown unmodeled nonlinear
dynamics by neural networks are convergent, but
there is an oscillation process.

In the control system design, the tracking
differentiator method is used to estimate the dif-
ferential of virtual controller for overcoming the
explosion of complexity raised from backstep-
ping methods. The differential of virtual con-
troller x,, obtained from tracking differentiator is
shown in Fig. 10, the signal is smooth and con-
vergent. Likewise, the differential of virtual con-
troller x,, obtained from tracking differentiator is
shown in Fig. 11. In this paper, the unknown
nonlinear function is approximated by the RBF
NN, and the estimation values norm of RBF NN
weight can be found in Fig. 12 and Fig. 13.

6 Conclusions

In this paper, the control system design issue has
been studied for hypersonic vehicle longitudinal
dynamic. Because of the strong nonlinearity, cou-
pling and dynamic model uncertainty, there are
lots of difficulties for control system design.

Firstly, the backstepping design method is used
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in the process of controller design, the tracking
differentiator is constructed for dealing with the
explosion of complexity in the backstepping, the
results of simulation can explain the effective-
ness of tracking differentiator. Secondly, for the
constraint issue of system states, the barrier Lya-

punov function is applied to design the con-

trollers of velocity subsystem and altitude sub-
system respectively. Currently, this method has
been applied to the design of control systems for
various aircraft [29-32]. Thirdly, the RBF NN is
used to approximate the unknown nonlinear

functions of system dynamic, the accuracy

requirements of the system dynamic model have
been reduced. Furthermore, the flexible modes of
hypersonic vehicle are needed to be considered in
the further research work.
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