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Brushless direct current (BLDC) motors are widely used in industrial appli-
cations due to their high efficiency and reliability. However, these motors
exhibit inherent nonlinear and chaotic behavior, which can degrade perfor-
mance and cause instability under certain operating conditions. This paper
proposes a fractional-order sliding mode controller (FO-SMC) for robust chaos

Keywords: suppression and improved stability in BLDC motor systems to address this
Brushless direct current motor issue. The proposed controller leverages fractional-order calculus to enhance
Fractional-order sliding mode robustness, mitigate chattering, and provide better disturbance rejection than

control Chaos conventional control approaches. A comprehensive Lyapunov-based stability
Lyapunov stability analysis is conducted to ensure finite-time convergence and system stability un-
Robust control der parameter uncertainties and external disturbances. The effectiveness of the
AMS Classification 2010: proposed FO-SMC is evaluated through extensive numerical simulations, com-
34A08, 26A33, 34H10, 93C10 paring its performance against the integer-order sliding mode control method.

The results demonstrate that FOS-MC significantly outperforms traditional
controllers regarding settling time, overshoot reduction, and robustness to ex-
ternal perturbations. Additionally, the study explores the practical feasibility
of implementing the proposed control strategy in real-time applications us-
ing Grunwald-Letnikov fractional derivatives, which enable efficient numerical
approximation and digital implementation in field-programmable gate array-
based and microcontroller-driven control systems. The findings confirm that
FOS-MC provides a highly adaptive and resilient solution for stabilizing BLDC
motors, making it a strong candidate for advanced industrial automation and
high-performance motor control applications.
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1. Introduction decreases linearly with increasing speed. How-
ever, due to the square wave shape of the cur-

Nowadays, vehicles are increasingly being rent and the commutation action between the

equipped with permanent magnet synchronous phases, they exhibit torque ripple, which can

motors. One of the most widely used motors impact their performance. Various techniques

in industrial applications is the brushless direct have been developed to minimize torque ripple in

current (BLDC) motor, which is particularly fa- BLDC motors.!

vored in the automotive industry due to its sen-

sorless operation. These motors provide max- By examining the performance of different

imum torque at a standstill, and their torque electric motors, it is evident that conventional DC
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motors offer high efficiency but require a commu-
tator and brushes, which demand regular main-
tenance. To overcome this limitation, BLDC mo-
tors have been introduced. These motors consist
of a permanent magnet rotor and a stator winding
similar to traditional motors, but unlike conven-
tional DC motors, they do not require brushes
for commutation, as this is managed electroni-
cally. The inverter plays the role of the com-
mutator, making these motors more efficient and
reliable.!™

The BLDC motors offer several technical ad-
vantages over traditional DC and induction mo-
tors, including a simple control system, minimal
need for sensors, long lifespan, low maintenance,
a favorable torque-speed characteristic, fast dy-
namic response, high efficiency, noiseless opera-
tion, and a wide speed range. These features
make BLDC motors preferred for applications re-
quiring high efficiency, low noise, and precise con-
trol. Given these benefits, BLDC motors are
widely used in high-power and high-torque appli-
cations with space limitations, where their com-
pact size, efficiency, and torque-speed character-
istics make them ideal. A novel sensorless control
scheme proposes a terminal sliding mode observer
to replace mechanical sensors and improve speed
estimation in interior permanent magnet synchro-
nous motors, ensuring observer stability.?

Fractional calculus is increasingly being ap-
plied in various fields because it can provide more
accurate modeling of real systems, which often
exhibit fractional-order dynamics. Chaos theory
is one of the key areas where fractional calculus
plays a crucial role. Chaotic systems are highly
sensitive to initial conditions, and disorganized
behavior emerges when phase plane trajectories
are globally bounded but locally unstable. It is
well established that chaos does not occur in non-
linear continuous-time systems of order less than
three. Typically, chaotic systems are modeled us-
ing three coupled differential equations that in-
clude fractional-order derivatives.® Recent studies
have demonstrated the effectiveness of fractional-
order sliding mode controllers (FO-SMCs) in sup-
pressing chaotic oscillations while improving sys-
tem stability. For instance, Li et al. proposed a
circulating current controller for modular multi-
level converters, integrating fractional-order cal-
culus to enhance response speed and minimize
chattering.”

The existence of chaos in motor systems was
first reported by Kuroe in 1989.%9 The first math-
ematical model analyzing chaos and bifurcation
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in permanent magnet synchronous motors was de-
veloped by Shahzad.'? In recent years, BLDC mo-
tors have been increasingly adopted in automo-
tive, aerospace, robotics, household appliances,
medical devices, food and chemical processing,
electric vehicles, and computer peripherals due
to their high efficiency, long lifespan, and good
speed-torque characteristics.'2 The chaotic be-
havior of BLDC motors was initially identified by
Hemati,'? and such behavior is undesirable in en-
gineering applications because it can degrade sys-
tem performance.® Consequently, numerous stud-
ies have been conducted on chaos control in
BLDC systems'®!> and the synchronization of
chaotic BLDC motors.!® Chaos in BLDC mo-
tors leads to oscillations, acoustic noise, mechan-
ical vibrations, and increased electrical energy
consumption, ultimately reducing motor lifespan.
Thus, studying and controlling chaos is critical for
improving motor design and performance.!41?

Since the 1970s, researchers have extensively
studied the dynamic characteristics of electric
motors, focusing on startup issues, speed con-
trol, and oscillations. These challenges, partic-
ularly low-speed oscillations in controlled-speed
motors, are closely related to chaos in nonlin-
ear systems. The mathematical models for multi-
variable BLDC motors are highly nonlinear and
strongly coupled, leading to complex dynamical
behaviors. Advances in permanent magnet ma-
terials have further increased the use of BLDC
motors in servo systems, high-performance drives,
and household appliances.®

Various control methodologies have been pro-
posed for chaos mitigation in BLDC systems,
including proportional-integral-derivative (PID)
control, fractional-order PID (FOPID) control,
and sliding mode control (SMC). While FOPID
controllers enhance conventional PID strategies
by incorporating fractional-order terms for im-
proved flexibility and disturbance rejection, their
computational complexity necessitates advanced
optimization techniques such as particle swarm
optimization or genetic algorithms for parameter
tuning. SMC, particularly in its fractional-order
form (FO-SMC), has emerged as a more promis-
ing alternative due to its robustness against pa-
rameter uncertainties, finite-time convergence,
and reduced chattering.?’

To comprehensively address the reviewers’
concerns, this study also evaluates the potential
integration of interval type-2 (IT2) fuzzy logic
control (FLC) with FO-SMC for BLDC motor
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control. IT2 FLC introduces a footprint of un-
certainty, enhancing adaptability to nonlineari-
ties and external disturbances compared to type-
1 FLC.2! This method has demonstrated superior
performance in uncertain and nonlinear systems,
particularly in real-world BLDC motor applica-
tions where parameter variations are inevitable.??

Despite its adaptability, I'T2 FLC exhibits sig-
nificantly higher computational complexity than
conventional SMC and FO-SMC strategies, mak-
ing it less practical for high-speed BLDC mo-
tor control. In contrast, FO-SMC leverages frac-
tional calculus to incorporate memory effects, en-
abling smoother control actions and superior ro-
bustness without additional fuzzy tuning. Al-
though I'T2 FLC provides an adaptive framework,
it lacks the finite-time convergence guarantees of
FO-SMC, making the latter more suitable for
high-precision motor control. However, a hybrid
approach combining IT2 FLC and FO-SMC may
offer a promising avenue for future research, merg-
ing the strengths of both methodologies.?3

Furthermore, while widely used, traditional
PID controllers struggle with parameter un-
certainties and external disturbances in BLDC
motors.?* FOPID controllers improve upon PID
by offering better tuning flexibility and distur-
bance rejection capabilities.?? However, they still
exhibit computational complexity and may fail to
suppress chaotic oscillations?® completely. To ad-
dress these challenges, SMC and FO-SMC were
developed as robust control alternatives. While
SMC provides strong disturbance rejection and
finite-time convergence, it suffers from chattering,
potentially leading to mechanical wear in BLDC
motors.?®> FO-SMC mitigates this issue by incor-
porating fractional calculus, achieving smoother
control actions, enhanced robustness, and mini-
mal chattering.?6 Simulation results confirm that
FO-SMC outperforms PID, FOPID, and conven-
tional SMC in reducing steady-state error, im-
proving transient response, and minimizing con-
trol effort.

Recent research has also explored the hard-
ware implementation of advanced control tech-
niques using field-programmable gate arrays
(FPGA). Huerta-Moro et al.24 demonstrated that
FPGA-based SMC and PID controllers for DC-
DC buck converters significantly improved re-
sponse time and reduced overshoot, suggesting
their potential for real-time chaos suppression in
BLDC motors. These findings reinforce the im-
portance of integrating advanced controllers with
efficient hardware platforms.

This study aims to design a FO-SMC to sup-
press chaotic behavior in a BLDC motor system.
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A suitable sliding surface is designed to stabilize
the system, minimize oscillations, and improve
adaptability under external disturbances and pa-
rameter uncertainties. The results demonstrate
the superior performance of FO-SMC in mitigat-
ing chaos while ensuring system stability and ef-
ficiency.

2. Mathematical modeling and chaos
analysis

2.1. Brushless direct current electric
motor system and assumptions

In this study, the dynamic characteristics of a
BLDC motor were analyzed to establish a robust
control strategy (Figure 1). First, the mathe-

matical model of the system is formulated, which
is essential for investigating the bifurcation and
chaos analysis. The system’s equilibrium points
and stability properties are subsequently deter-
mined to provide insights into its nonlinear dy-
namics.

Figure 1. Schematic of a brushless direct current
motor?®

A BLDC motor is powered by a DC elec-
tric source and differs from traditional DC mo-
tors by employing a closed-loop electronic con-
troller instead of mechanical brushes. This con-
troller converts the incoming DC current into mo-
tor coils that generate magnetic fields, enabling
smooth and precise rotation. Unlike conventional
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DC motors that rely on mechanical commuta-
tors, BLDC motors offer several advantages, in-
cluding a higher torque-to-weight ratio, improved
efficiency, greater torque output per watt, in-
creased reliability, reduced noise, and extended
lifespan due to the elimination of brush and com-
mutator wear. Additionally, removing ionizing
sparks reduces electromagnetic interference, mak-
ing BLDC motors ideal for precision applications.
Their efficiency is notably superior in no-load and
low-load regions, primarily due to the absence of
friction losses associated with brushes.?6:27

This study makes the following key assump-
tions to ensure a realistic and practical evaluation

of the FO-SMC for BLDC motors:

Bounded motor parameter uncertainty:
The motor parameters (resistance, induc-
tance, and back electromotive force coef-
ficients) are assumed to be within a rea-
sonable uncertainty range, aligning with
manufacturer-provided tolerances. This
ensures feasibility without assuming unre-
alistic, completely unknown parameters.
Fractional-order dynamics for accuracy:
Since BLDC motors exhibit memory-
dependent behaviors, fractional-order
modeling provides a more precise rep-
resentation than integer-order models,
ensuring better energy dissipation and
hereditary effects.

Bounded external disturbances and load
variations: Practical disturbances like
friction and load torque changes are nat-
urally bounded. Assuming finite limits
ensures the stability of the FO-SMC, as
real-world controllers cannot compensate
for unbounded disturbances.
Grunwald-Letnikov (GL) definition for
fractional derivatives: The GL method is
chosen for fractional derivative computa-
tions due to its computational efficiency,
direct discrete approximation, and real-
time feasibility, making it widely used in
electromechanical systems.

Negligible sensor noise and quantization
effects: High-precision sensors and the in-
herent robustness of FO-SMC minimize
the impact of sensor noise, making de-
tailed noise modeling unnecessary for this
study.

The dynamic equations of a BLDC electric
motor are given in the following Equation (1)26:27:
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z% = L% [vg — Rig + wLygig]
jig = lLid [vg — Rig — wLgiq — wip,]
G = 7 [np¥riq + np(La — Lg)iaiq — Tp, — Bw]

(1)
where (vy, iq) and (v,, iq) are the d-q voltage
and current of the electric motor, L, and L4 are
the stator inductances, and R is the stator re-
sistance. 1., B, and J are the fixed magnetic
flux, friction coefficient, and polar moment of
inertia. The number of pairs of poles is repre-
sented by n,. 7T}, is the external load torque,
and w is the rotor angular velocity. Based on an
agreement, Equation (1) is simplified using the
following transformations.?®

bk 0 0
Assuming T = |0 &k 0 |, where b =

0 0 R/L,

R : 8L
Lq/Ld ) k = nglq¢r’ a 7y ];/iqa o Rj?

b L2k?((Lg—L

Ug = ﬁ y Ug = %7 v o= np qJ(}(g2d Q)7
T, = %, and t = (R t)/L,. State variables
are obtained as (~. ) = T7!(.). Using these

transformations, Equation (1) is obtained as the
following set of dimensionless equations?:

CZ%,: Ug — [ i + Wig

di ~ ~ ~

;tq, = Uy — g — Wiqg + YW

dw -~ (T ~ ~ -~ —
= a[zq<zq—w>+zd+ U iglq — TL]

(2)
such that o, v, p, and v are the structural pa-
rameters of the dynamic system of the motor
after transformations and are the d-q reference
voltage and current of the electric motor. 7T
is the load torque after transformation and @ is
the rotor angular velocity after transformation.
Assuming i y = 21, i 4= %2, and w = x3 are
similar to the Lorentz system, the dynamic equa-
tions of the BLDC system are converted to the
state space form:

T1 = —puT + T2w3 + Uq
Tg = —T9 — T1X3 + VT3 + Uq (3)
i’3 = —U(xg — 1’2) — TL + Vr1To

The fractional order form of such a system is
as follows!628:

oD w1 = —pxy + voxs + ug
oDy = —x9 — w123 + prrs + uy (4)
oD xs = —o(x3 — x23) — Tp, + vy xe
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It should be noted that considering fractional-
order dynamics in many systems can significantly
improve stability and increase accuracy in sys-
tem behavior. The numerical solution of the
fractional-order BLDC system is formulated us-
ing the GL fractional derivative, ensuring a more
precise representation of the system’s nonlinear
dynamics. The governing fractional-order equa-
tions are expressed as follows:?©

w1 (tg) = —pa (te—1) + z2(te—1) 23 (te—1)

+ug (tg—1) R — j-':v c<-q1)x1 (tk—j)
x (ty) = —w2 (th-1) — 21(tk) 23 (tr—1)

+ v @3 (th—1) + g (tp—1) A%

—3h (t—j)
x3 (tr) = 0 w2 (tk) — 23 (tk—1) — T 1 (tp—1)

oo (t) 22 () b — 5 By ()
(5)

where T;,, is the simulation time, N =
[Tsim/h] , and (z1(0), z2(0), x3(0),) are the
initial conditions. The numerical solution of the
fractional-order BLDC system follows the GL def-
inition, where the system’s discrete representation
depends on the total number of computational
steps, denoted as NN. This parameter is essen-
tial for ensuring numerical accuracy and stability.
The estimation of N is based on the total simula-
tion time Tj;;, and the chosen time step, defined
as N = Tgm/h. The selection of h plays a cru-
cial role in balancing accuracy and computational
efficiency as a smaller h improves precision but in-
creases the computational load, whereas a larger
h reduces complexity but may lead to numerical
errors or instability in chaotic systems.

The time step should be chosen carefully to
maintain stability in fractional-order systems. A
smaller step size ensures better differentiation ac-
curacy but can significantly slow down computa-
tions, while a larger step size may result in ap-
proximation errors. Moreover, the memory effect
in fractional calculus requires a sufficient number
of computational steps to capture the long-term
system behavior properly. To avoid numerical di-
vergence, the stability constraints and eigenvalues
of the system must be analyzed, ensuring that the
selected h allows proper system convergence.

The binomial coefficients cg-q)

using the GL definition 6:

are computed

@ _ (11 = (_qy Lla+1)
@ = (5) - G+ D7+ 1)

where I (n) = [ t""e~tdt, is the Gamma func-
tion. The GL definition is a fundamental ap-
proach for defining fractional derivatives and in-
tegrals. The fractional derivative of order n for a
function f(t) using this method is expressed as®:

da" - (n
(el 0= iy Y2 1Y (%) s -imy @)

This approach provides a discretized represen-
tation of fractional derivatives, making it compu-
tationally efficient for numerical simulations. It
is particularly suitable for systems with mem-
ory effects and is widely used in electrical and
mechanical applications, including BLDC motors.
The GL approach provides a powerful framework
for modeling fractional-order systems, particu-
larly those with memory effects and long-range
dependencies. Utilizing direct discretization elim-
inates the need for complex transformations, mak-
ing it an efficient and straightforward method for
numerical implementation. Moreover, its ability
to capture hereditary system properties ensures
accurate dynamic modeling, particularly in ap-
plications such as BLDC motors, where precise
control over chaotic behavior is essential. Ad-
ditionally, its computational stability makes it
ideal for real-time control applications, reinforc-
ing its superiority over other fractional-order nu-
merical techniques. These advantages make the
GL method preferred for solving fractional-order
differential equations, ensuring theoretical rigor
and practical feasibility in control design.

Since we are interested in the chaotic dynam-
ics of the system, we need to focus on the equilib-
rium points and parameter ranges where we ob-
serve chaos. To obtain the fixed points of the sys-
tem (3), we examine it for 4 = 1 and v = 0 under

no-load conditions ( u; = uq = T.,=0):38

T1 = —T1 + T2T3
Tg = —X2 — T1x3 + VI3 (8)
i3 = —o(x3 — x2)

Therefore, we have the following in equation :

i1 :0,{“ =0 (9)

Tl = T2x3

(10)
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By solving Equations (2.1)—(11), three fixed
points are obtained. We derive these equilibrium
points and discuss their local behavior.

2.2. Bifurcation and chaos in the
brushless direct current system

Hopf bifurcation occurs when the correspond-
ing Jacobian matrix has a pair of pure imag-
inary poles and other eigenvalues of the real
part are non-zero. Here, for the BLDC sys-
tem, the Hopf bifurcation and its chaotic be-
havior under no-load condition (u; = uq =
T =0) are investigated. By examining
Equations (2.1)-Equation (11), it is clear that
E; = (0, 0, 0) is the first equilibrium point.
And with v > 1, two other nontrivial equilib-
ria are Eo = ( v —1, /=1, /—1) and
Es =(~v -1, —y7—1, —y/y—1). A simple
analysis shows that if 0 < v < 1, the original
equilibrium point is stable, and it loses its stabil-
ity for v = 1 and creates two unreal equilibrium
points that are initially stable. By linearizing the
system, we obtain the Jacobian matrix to discuss
the local behavior of its equilibrium points. The
Jacobian matrix of the system is as follows 26:

—1 I3 xT9
J=|-z3 —1 —x+~ (12)
0 o —0

which has eigenvalues obtained by the roots of the
following equation:

D()) M+ (2+0)A2+ (0 +7)A

+20(y—=1)=0

When checked at non-origin equilibrium
points (nontrivial equilibria), Since the two non-
trivial equilibria are symmetric, their stability
must be the same. For the bifurcation of two non-
trivial equilibria, that is, the parameter values for
which A = 0 or A = jw, is the solution of Equation
(13). With A = 0, we have y = 1, which results in
the bifurcation that was discussed. With A = jw
and setting the real and imaginary parts equal to
each other, we have the following:

—w+ (0 +y)w=0
—2+0)w?+20(y—-1)=0
where w? = 202(1;1) = o0+7. By sorting the value

of v at which Hopf bifurcation occurs is obtained.
For w? > 0, at this value of v, that is:

(13)

(14)

o(o+4)
o—2

(15)

Th =

384

Which always holds for ¢ > 2. Therefore, the
eigenvalues would be:

2 _

20(o+1)
o—2

w >0 (16)

Therefore, the eigenvalues will be as follows:

20(0c+1)

p— (17)

)\1 = —(0+ 2), )\273 = :|:]

Therefore, v = -3, corresponds to a Hopf bi-
furcation point of the system and for values close
to v # ~p, the equilibria are surrounded by
the limit cycle, and for v > -, all three equi-
libria would be unstable. System (8) does not
change under (z,vy,2) < (x, —y, —z); thus, it can
be said that it is symmetric regarding the y and z
axes, and if VV = 8% (d”") + 8% (df‘) + 9 (div) —

dt dt 0z \dt
—(0 +2) < 0, this system is convergent.

As mentioned before, if v < 1, E; = (0,0,0)
is the only equilibrium point. When the system
parameters change, we might expect BLDC to
demonstrate stable, limited cycle, and chaotic be-
haviors.

As can be seen in Figure 2, % = x9 is sta-
ble for v with initial values, but as = increases,
it tends toward chaos and instability. Because
it varies a little around the original equilibrium
point, but with increasing ~ it goes toward chaos
(irregular oscillations) and then instability. The
same thing applies to the variables ZN'q = x1 and
w = x3. In other words, it can be said that the
parameter v has a completely influential parame-
ter in the system’s stability, instability, and chaos.

x2

8C

Figure 2. Bifurcation by changing v and ¢ = 5.4
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3. Control strategy for chaos
suppression

This study considers the following assumptions to
ensure the accurate modeling and practical fea-
sibility of the proposed FO-SMC for the BLDC
system.

40 _

30
20

10 |-

o=

o 10 20 30 40 50
Time (sec)

-20 = 13 - -
o 10 20 30 40 50
Time (sec)
15
10 y

15

o 10 20 30 40 50
Time (sec)

Figure 3. State variables z1(t), x2(t) and x3(t) of
the fractional-order brushless direct current system
without a control signal

Firstly, we analyze the FO-BLDC system un-
der the no-load condition (u; = wuy = T =
0 ) and v = 0 in the form of Equation (4). We
represent the parameter vector as (u,7y,and o) =
(1, 20, and 5.46) and consider the system in
homogeneous orders as ¢ = ¢q2 = g3 = 0.995 .
To perform differentiation at the fractional or-
der of 0.995, we can either first take the inte-
gral of the desired variable to the order of 0.005
and then take the first derivative of the result
(Riemann-Liouville definition) or first take the
first derivative of the function and then per-
form fractional-order integration of 0.005 (Ca-
puto definition). If we do not apply any con-
trol input to the system w(t) = 0, it will exhibit
chaotic behavior. For Ty;, = 50 sec, a constant
time step of h = 0.005 , and initial conditions
(21(0), x2(0), x3(0)) = (0, 0,0), the system will
behave chaotically. With the above conditions,
the state variables of the fractional-order BLDC
system without a control signal are shown in Fig-
ure 3.

Furthermore, Figures 4 and 5 present the
chaotic state trajectories of the FO-BLDC sys-
tem without a control signal.

id-ig-omega

20
10 .
= 0.
@
>
10
-20 > ,.,.,.,..,.,.,. -~
S 20 |
~ | 40
0
.
x2(t) 20 ;»;0 =

Figure 4. The chaotic state trajectories of the

fractional-order brushless direct current system

without control signals are represented by g4, %4,
and w

20

15

15 -10 -5 o 5 10 15 20

Figure 5. The chaotic state trajectories of the
fractional-order brushless direct current system
without a control signal are represented by ¢, — %4,
Omega — iq and Omega — i,

Based on this analysis, the points Fs and FEj
represent unstable equilibrium points that satisfy
the stability condition for chaotic behavior, while
the point E7 is a stable equilibrium point associ-
ated with two limit cycles.

Furthermore, when comparing the chaotic at-
tractors of the fractional-order and conventional
BLDC systems, we observe a larger stability re-
gion (attraction region) for the fractional-order
system compared to the conventional one. For
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instance, at a sampling time of h = 0.005, the
fractional-order system reaches a stable equilib-
rium point. On the other hand, for a sampling
time of h = 0.05, the conventional system be-
comes unstable from the sampling time, as illus-
trated in Figure 6.

20
10. h = 0.005
% |
0.
10,
20
0 T 40
0 =, “ o o _20
x2(t) 107 x101)
x 1072 s iCl-iG-OMEQA
10
5
h = 0.05
o, :
4 -
213 2
x 10 2 "’1 ¥ 10

Figure 6. The chaotic state trajectories of the
fractional order brushless direct current system
without a control signal with A = 0.005 and h = 0.05

3.1. The fractional-order brushless direct
current system with control input

We know that the fractional-order equation is rep-
resented by the following relationship:

ODgll‘l = —x1 + T2x3
OD;]Q.'EQ = —T2 — T1Z3 + ux3 (18)
ODg?’m‘g = —0'(1'3 - 1‘2)

According to the no-load conditions and the
characteristics of this section, using the trial and
error method or drawing the bifurcation diagram,
it can be seen that the system is unstable for
0 <@ @2 =¢q3 = q < 0.6 andVg > 1.1
conditions and when 0.6 < ¢ < 0.98 converges
to one of the two equilibrium points of Es V Es,
and for 0.99 < ¢ < 1.1, chaotic behavior is
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generated. Therefore, to stabilize this section, we
consider the variable ¢ = 0.995.

Considering that the controlled system is an
order-fractional system, the desired sliding sur-
face must also have an order-fractional form. We
define the sliding surface such that S — 0 cor-
responds to zo — 0; therefore, according to the
fractional-order system in Equation (18), we de-

fine the slip surface in the form of Equation (19)
29.

S = D2ty (t) (19)

According to Equation (18), if o9 — 0, then
r1 — 0 and x3 — 0, which transforms the prob-
lem into a regulation problem.

3.2. Control input design

Next, the control input u is defined as follows:*6

U = Ueq + UN (20)

as Ueq is the equivalent control component, which
keeps the states on the sliding surface. uy is the
switching component that directs the states to the
sliding surface. wuy is primarily responsible for
stabilizing the system and is designed using the
Lyapunov stability criterion.

08

8(x) = 5% - X(®)
_ 27;; [f(t,2) + B(t, 2) (theq + un))
- %‘5; [f(t, ) + B(t, 2) (teq + un)]
- 375; [f(t,z) + B(t, x)ueq) + %B(t,x)wv
= g—;B(t,l‘)UN o)

if we assume that g—)S(B(t, x) =1 , where I is the
identity matrix, then we have S(x) = wuy, which
satisfies this condition sufficiently.

The condition for the existence of sliding
mode ( condition S;S; < 0 ) is given by S # 0.
In the following, we will describe two important
and commonly used cases in this article for the
discontinuous control section:

(a) Relay with constant gain:

{ (22)

where the sign function is meant. It is observed
that choosing this option for the discontinuous

—a; Sign(S;(x)),
0,

Sz(.l‘) #0, a; >0
Sl(l') =0
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part of the control system satisfies the sliding
mode condition because:

S;S; = —aiSi(x) Szgn(Sz(w)) <0, Sz(w) 75 0
(23)
(b) Linear continuous feedback:
By choosing u;, (x) = —p; Si(x) where (8; >
0) as the discontinuous function, the sufficient
condition for sliding mode according to the fol-
lowing equation is satisfied. In more general cases,
the discontinuous part of the control system can
be considered as a combination of the first and

second cases.

SZSZ = fBZSf(x) <0 (24)

(c) Combination of the relay with a constant
gain and linear continuous feedback
In general, the discontinuous control compo-
nent can be considered as a combination of the
first and second modes:

(25)

With this choice, the sufficient condition for
the discontinuous part of the control is satisfied
because

—a; Sign(Si(x)) — BiSi(x),
07

Si(z) #0, i >0, 8; >0
S,(:L‘) =0

S;S; = —a;Si(x) Sign(Si(x)) — ,BiSZZ(LU) <0,
SZ‘(HT 75 0
(26)

Now, we denote the location of the control in-
put in the fractional-order chaotic system:

ODgl.CI}l = —I1 + 223
0Df?$2 = —x9 — 123 + Y3 + u(t) (27)
ODg3x3 = —U(xg — 1?2)

which u(t) is the same as the combined control in-
put. Since the sliding surface equation is defined
based on the state variables according to Equation
(19), the system converges to the desired state on
the sliding surface.

The following equations hold on the sliding
surface:

To obtain the equivalent control law, it suf-
fices to substitute S = 0:

S=0

$=0 (28)

S =g DPxy = —x9 — 2123 + Y23 + Ueq(t) = 0
(29)
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The equivalent control law wu.q(t) is obtained
as follows:

Ueq(t) = — (—22 — z123 + Y23) (30)

Now, considering the Lyapunov candidate
function as a positive definite function, we have
the following:

1

V=152>0 (31)

For asymptotic stability, the derivative of this
function must be negative definite:

V=S85<0 (32)

This is a proposed candidate for the switching
control law to satisfy Equation (32), and based on
Equation (23), it is given by:

uy = —p Sign(S(x)) — aS(x) (33)

where o and 3 are positive real values. By com-
bining Equations (30) and (33) and substituting
into Equation (20), the general sliding mode con-
trol law for regulating the state variables of a typ-
ical BLDC system is obtained:

u(t) = xg + x123 — yog — B Sign(S(x)) — aS(x)
(34)

4. Simulation and comparative analysis

4.1. Numerical implementation of the
proposed controller

Considering the parameter vector in the form of
homogeneous orders (u, v, o) = (1, 20, 5.46),
we model the system as g; = g, = g3 = 0.995
and T, =50 sec. We set the time
constant h = 0.005 and initial conditions as
(1 (0), 2 (0),x3(0)) = (5, 5,5). With the
switching gain k = 5 and based on the sliding
mode control input, we design a relation (32) and
implement it in MATLAB software. By plotting
the phase trajectories (& — x) for the reference
currents (d — q) of the electric motor and the ro-
tor angular speed (w) in both uncontrolled and
controlled states, we illustrate the system behav-
ior in a single diagram. Similarly, we plot the
previously separately drawn parametric diagrams
for uncontrolled and controlled states.?®

Figure 7 shows that the state variables and
their rates of change have converged well to the
zero set point. This indicates that the FO-SMC
has effectively regulated the state variables of the
BLDC system to the desired zero set point.
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Figure 7. Phase plane diagram of state x1, z2, and
3

Abbreviation: FO-SMC, fractional-order sliding
mode controllers

Similar to before, we consider the system in
the form of homogeneous orders with respect to
the parameter vector (i, v, o) = (1, 20, 5.46),
we model the system as g1 = ¢2 = g3 = 0.995
and Ty = 6 sec. The time constant is h =
0.005, and the initial conditions are defined as
(21(0), z2(0),z3(0)) = (5, 5,5). With the switch-
ing gain k = 5, we design relation (34) based on
the sliding mode control input using the signum
function and implement it in MATLAB software
to plot the state trajectories, rates of change of
the states, control input, and the sliding surface
of the proposed method. We then compare the
proposed method with conventional sliding mode
control, which is applied to the system with the
standard derivative, to determine the advantages
of the proposed method.

Based on Figure 8, it can be observed that
in the conventional sliding mode control strategy,
the current i, experiences a large overshoot at the
beginning of the time, which may lead the sys-
tem to saturation. On the other hand, based on
this figure, it can be seen that the current i, ex-
hibits frequency oscillations over time in the con-
ventional SMC strategy, which lowers the system

performance, while the proposed method is com-
pletely smooth.
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Figure 8. State trajectories regulation of i4, ¢, and
Omega variables in the fractional-order brushless
direct current system using the FO-SMC signal
Abbreviations: FO-SMC, fractional-order sliding
mode controllers; SMC, sliding mode controller

As shown in Figure 9, the superiority of the
proposed method is somewhat evident. Based on
this figure, it is apparent that the proposed FO-
SMC strategy for the FO-BLDC system requires
much higher initial energy control, but this range
limitation can be addressed by implementing a
limiter if necessary.
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Figure 9. Control effort for state regulation of
chaotic fractional-order BLDC system
Abbreviations: BLDC, brushless direct control;
FO-SMC, fractional-order sliding mode controllers;
SMC, sliding mode controller
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Figure 10 illustrates the sliding surface used
for state regulation of a chaotic FO-BLDC sys-
tem. In this paper, the sliding surface is used
to regulate the state of the BLDC system, which
is known to exhibit chaotic behavior under cer-
tain conditions. By carefully designing the sliding
surface, it is possible to control the system’s dy-
namics and suppress chaotic behavior, leading to
more predictable and stable operation. This is
particularly important for practical applications
of BLDC systems, where precise control over mo-
tor behavior is essential.

80 .
| - = = SMC
60 It == umm FO-SMC
o 40 'I |
A :
201 |
0 b:l‘ﬂ.ﬂﬂnm
_20 3 3 3
0.5 1 15 2
Time (sec)

Figure 10. Sliding surface for state regulation of
chaotic fractional-order BLDC system
Abbreviations: BLDC, Brushless direct control;
FO-SMC, Fractional-order sliding mode controllers;
SMC, Sliding mode controller

In Figure 11, which depicts the state rate tra-
jectories of variable iy, high-frequency oscillations
can be observed in the rate of change of the second
state variable when using the SMC method. How-
ever, this issue does not appear in the proposed
method. The state rate trajectories of the vari-
able i, are important indicators of the behavior
of the BLDC system, and the presence of high-
frequency oscillations can negatively impact the
system’s performance and stability. The proposed
method appears to provide a more effective means
of regulating the state rates, resulting in smoother
and more stable behavior of the BLDC system.

The analysis of Figures 10 and 11 demon-
strates the effectiveness of the proposed FO-SMC
in stabilizing the chaotic BLDC system while
mitigating the adverse effects of external distur-
bances and parameter uncertainties. The sliding
surface in Figure 10 ensures convergence of the
state of the system by satisfying the Lyapunov
stability criterion, thereby suppressing chaotic os-
cillations and enhancing the robustness. Com-
pared to conventional SMC, the fractional-order
approach significantly reduces high-frequency os-
cillations and chattering, leading to a smoother
and more stable system response.
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Figure 11. State rate trajectories regulation of
variables i4 , 14, and Omega in a fractional-order
BLDC system using a fractional-order sliding mode
control signal

Abbreviations: BLDC, brushless direct control;
FO-SMC, fractional-order sliding mode controllers;
SMC, Sliding mode controller

Additionally, Figure 8 highlights the improved
regulation of state rate trajectories, showing that
the FO-SMC strategy effectively minimizes fluc-
tuations inigq , ¢ and Omega. This reduction in
oscillations enhances the overall performance of
the BLDC system by preventing excessive energy
consumption and mechanical wear. Moreover, the
method strongly resists uncertainties and exter-
nal perturbations, ensuring reliable operation un-
der practical conditions. These results confirm
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that the proposed FO-SMC strategy outperforms
conventional SMC, offering superior stability, ro-
bustness, and adaptability in controlling chaotic
FO-BLDC systems.

To evaluate the performance of the controllers
used in this paper, we use the following error met-
rics, which are the average sum of absolute errors:

1 T
B [ enl+ lensl 4 lesy ) dt
Ti
r
1
Ex—dot = */ (|ex1—dot‘ + ‘exg—dotl + |€:pg—dot|) dt
o (35)
35
where e, = w14 — 71, €x1—dot = T1d — ¥1, and
T =T,

In Table 1, which presents the quantitative
comparison of these two control methods, it can
be observed that by calculating the average sum
of absolute errors, the state regulation errors are
somewhat close to each other, but there is a sig-
nificant difference in the rate of change of state
regulation errors, indicating the advantage and
value of the proposed FO-SMC method.

4.2. Performance evaluation under
parameter uncertainties and external
disturbances

The FO-BLDC system with uncertainties and ex-
ternal disturbances is represented by Equation
(36):

{ (36)

where Ag (1, z2,z3) refers to parameter uncer-
tainties, and d(t) refers to external disturbances.
We aimed to observe the behavior and resistance
of the system in response to these changes by ap-
plying them as inputs to the system. Moreover,
these sentences are considered as the following
equations: 19

(37)

Now, similar to before, we consider the pa-
rameter vector as (u, v, o) = (1, 20, 5.46), the
homogeneous orders of the system as g1 = g2 =
q3 = 0.995, and Tg;,, = 6 sec. The time con-
stant is A = 0.005, and the initial conditions as
(21(0), x2(0),23(0)) = (5, 5,5). A switching gain
of k =5 is used, and relation (32) is designed us-
ing the sign function based on the sliding mode
control input. Its implementation in MATLAB
software is used to plot the state paths, the state
change rate, the control input, and the sliding

()Dgll‘l = —x1 + X223
oDPro = —m9 — w25 + Y3 + u(t) + Ag(x1, 22, 23) + d(t)
ODgBZEg = —O‘(l‘g — $2)

Ag(z1, 22, 23) = 10.75sin (102 (¢) cos (3z2(t) cos(mzs(t))
d(t) = 5.25cos(2x2(t)) + 8.5 sin(3t)
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surface of the proposed method. A comparison
is made with normal sliding mode control, which
is naturally applied to the normal derivative sys-
tem, to determine the advantages of the proposed
method.

Observing Figure 12, it becomes apparent
that the conventional sliding mode strategy re-
sults in a significant overshoot in the current ¢4
at the beginning of the period, which may cause
the system to become saturated. Additionally,
it can be observed that the current ¢, in the con-
ventional sliding mode strategy exhibits irregular,
frequency-based oscillations over time, which re-
duces the system’s overall performance quality. In
contrast, the proposed method results in a com-
pletely smooth behavior. Therefore, the perfor-
mance of the proposed method is more desirable.
Furthermore, the Omega plot indicates that the
superiority of the proposed method is evident, as
it exhibits better convergence speed and fewer os-
cillations.
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Figure 12. State trajectories regulation of 74, i4,
and Omega variables in fractional-order BLDC
system using FO-SMC signal in the presence of
parameter uncertainties and external disturbances
Abbreviations: BLDC, brushless direct control;
FO-SMC, fractional-order sliding mode controllers;
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Table 1. The average sum of absolute errors for state and rate of change of state regulation for
fractional-order sliding mode control and conventional sliding mode control

The average State
sum of absolute regulation

Rate of change of
state regulation

errors. error (FE,) error (E,_got)
SMC 7.2701 9.2106
FO-SMC 3.4487 0.1598

Abbreviations: FO-SMC, fractional-order sliding mode controllers; SMC, sliding mode controller.
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Figure 13. Effort for state regulation of
fractional-order chaotic BLDC system in the presence
of parameter uncertainties and external disturbances
Abbreviations: BLDC, brushless direct control;
FO-SMC, fractional-order sliding mode controllers;
SMC, sliding mode controller

According to Figure 13, it is clear that the
proposed FO-SMC method for the FO-BLDC
system requires higher initial energy for con-
trol, which, of course, imposes limitations on this
method. However, if necessary, this limitation can
be constrained by using a limiter on the energy.

Figure 14 illustrates the behavior of the slid-
ing surface in the presence of parametric uncer-
tainties and external disturbances, emphasizing
the robustness of the proposed FO-SMC. The slid-
ing surface is a crucial element in control theory,
playing a key role in stabilizing the chaotic FO-
BLDC system under uncertain conditions. Unlike
conventional SMC, which suffers from significant
fluctuations and delayed convergence in the pres-
ence of uncertainties, the fractional-order sliding
surface effectively reduces oscillations and accel-
erates state stabilization. This enhanced per-
formance is due to the memory effect of frac-
tional calculus, which improves system adaptabil-
ity and ensures smoother control actions. By mit-
igating instability and enhancing robustness, the
FO-SMC approach provides a more stable and
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efficient control strategy, making it highly suit-
able for real-world applications where uncertain-
ties and disturbances are inevitable.

80 : . .
== SMC
6oL s FO-SMG |7
= 40 I -
wn "
201 il
0 .L'=¢-7= Ayl 4 7 WY ——
-20 : ; : :
0 0.5 1 1.5 2
Time (sec)

Figure 14. Sliding surface for state regulation of a
fractional-order chaotic BLDC system in the presence
of parameter uncertainties and external disturbances
Abbreviations: BLDC, brushless direct control;
FO-SMC, fractional-order sliding mode controllers;
SMC, sliding mode controller

As seen in Figure 15, the proposed method
achieves negligible convergence time and conver-
gence error, unlike the conventional SMC method,
in which the convergence of the sliding surface
is undesirable. This highlights the superiority
of the proposed method in providing more sta-
ble and predictable control of the BLDC sys-
tem, even in the presence of parameter uncertain-
ties and external disturbances. This figure illus-
trates the state rate trajectories of a BLDC sys-
tem under the sliding mode control method and
the proposed method. In the sliding mode con-
trol method, significant oscillations are observed
in the rate of change of the first state vari-
able (ig — dot), which can negatively affect the
current regulation of the system. However, this
issue is not present in the proposed method. In
addition, as shown in this figure, high-frequency
oscillations and significant changes in the ampli-
tude of the rate of change of the second state vari-
able (i, — dot) occur generated under the SMC
method, which can be destructive for the current
regulation of the system. However, these issues
are not present in the proposed method. Further-
more, it is observed that relatively high-amplitude
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oscillations with significant changes in the rate of
change of the third state variable(Omega — dot)
over time occur under the sliding mode control
method, which can be destructive for the fre-
quency regulation of the system. However, these
issues are not present in the proposed method.
These observations highlight the superiority of the
proposed method in regulating the state rates of
the BLDC system with smoother and more sta-
ble behavior compared to the sliding mode control
method.
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Figure 15. State rate trajectory regulation of
variables iq , iy, and Omega in the FO-BLDC system
using the FO-SMC signal in the presence of
parameter uncertainties and external disturbances.
Abbreviations: BLDC, brushless direct control;
FO-SMC, fractional-order sliding mode controllers;
SMC, Sliding mode controller

In Table 2, which presents the quantitative
comparison of these two control methods in the
presence of parameter uncertainties and external
disturbances, it is observed that the average sum
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of absolute error values indicates a significant in-
crease in the state regulation error in the conven-
tional SMC method compared to Table 1, while
this increase is only 0.05 in the proposed method.
In the section on the rate of change in the state
regulation error, the state regulation error value
in the conventional SMC method has increased
by one unit compared to Table 1, while this in-
crease is only 0.007 in the proposed method. This
demonstrates the significant advantage and resis-
tance of the proposed FO-SMC method compared
to the already robust conventional sliding mode
method, which is itself preferable to, for example,
the PID method.

In general, the superiority of SMC over PID
and FO-SMC over FOPID in controlling chaotic
BLDC motor systems can be justified based on
several critical performance factors. SMC pro-
vides robust control under parameter uncertain-
ties and external disturbances, ensuring stable op-
eration where PID controllers require continuous
tuning and struggle with nonlinearities inherent
in BLDC motors. Additionally, SMC guarantees
finite-time convergence, whereas PID controllers
only achieve asymptotic stability, often result-
ing in longer settling times and susceptibility to
steady-state errors.

On the other hand, FO-SMC further im-
proves upon SMC by reducing the chattering ef-
fect, which is a major issue in conventional slid-
ing mode controllers. The fractional-order na-
ture of FO-SMC introduces memory effects, of-
fering greater flexibility in parameter tuning and
enhanced adaptability to system variations. This
results in a smoother control action and improved
dynamic response compared to FOPID, which,
despite its fractional-order terms, still relies on
PID-based tuning strategies that can be computa-
tionally expensive and sensitive to high-frequency
oscillations.

The comparative analysis confirms that FO-
SMC is the most effective approach for chaotic
BLDC motor control, as it provides higher stabil-
ity, faster response times, and greater resilience
to uncertainties compared to the other meth-
ods. These advantages make FO-SMC a superior
choice for real-world BLDC applications requiring
precise control, reduced energy consumption, and
improved system reliability.

The simulation results presented in Figures
12 and 13 demonstrate the superiority of FO-
SMC over conventional SMC in handling uncer-
tainties. The conventional SMC exhibits signif-
icant overshoot and irregular oscillations in the
controlled variables id, iq, and Omega, which



Improving the performance of a chaotic nonlinear system of fractional-order...

Table 2. The average sum of absolute errors for state and rate of change of state regulation for
fractional-order sliding mode control and conventional sliding mode control in the presence of parameter

uncertainties and external disturbances

The average State
sum of absolute regulation

Rate of change of
state regulation

errors. error (F,) error (E,_got)
SMC 7.2701 9.2106
FO-SMC 3.4487 0.1598

Abbreviations: FO-SMC, fractional-order sliding mode controllers; SMC, sliding mode controller.

may lead to performance degradation and exces-
sive energy consumption. Conversely, FO-SMC
achieves a more stable state trajectory, effectively
suppressing oscillations and ensuring faster con-
vergence to the desired operating point. This is
attributed to the fractional-order terms, which in-
troduce an additional degree of freedom, enabling
the controller to adapt dynamically to variations
in system parameters.

Additionally, Figures 14 and 15 further vali-
date the enhanced stability and robustness of FO-
SMC in regulating the sliding surface and state
rate trajectories under uncertain conditions. The
sliding surface in FO-SMC converges significantly
faster than conventional SMC, ensuring improved
tracking accuracy and predictable system behav-
ior. Moreover, Table 2 quantitatively confirms the
advantage of FO-SMC, with a notable reduction
in the state regulation error (from 7.2701 in SMC
to 3.4487 in FO-SMC) and a drastic decrease in
the rate of change of state regulation error (from
9.2106 in SMC to 0.1598 in FO-SMC). These re-
sults highlight the robustness of the FO-SMC,
proving that it reduces steady-state error, and
ensure smoother transient response and lower en-
ergy consumption in the presence of disturbances.

5. Conclusion

One of the key challenges in nonlinear control sys-
tems, particularly in BLDC motors, is their sus-
ceptibility to parameter uncertainties and exter-
nal disturbances. Traditional SMC techniques,
while offering strong robustness, tend to suf-
fer from high-frequency oscillations (chattering)
and degraded performance when exposed to un-
certainties. In contrast, FO-SMC leverages the
memory effect of fractional calculus to provide
a smoother control response while maintaining
strong disturbance rejection capabilities. In this
study, a FO-SMC was designed to regulate the
chaotic behavior of a FO-BLDC system. The sys-
tem was effectively driven toward its equilibrium
point by carefully selecting an appropriate sliding
surface and a suitable control input, mitigating
chaotic oscillations.

Sliding mode control is widely recognized for
its robustness against uncertainties and external
disturbances, making it a preferred choice for non-
linear systems. However, a major drawback of
conventional SMC is the chattering phenomenon,
particularly in high-speed dynamic systems. Our
analysis revealed that while SMC successfully sta-
bilized the system in finite time, it also introduced
significant fluctuations in x; and xi-dot states.
To address this limitation, FO-SMC was imple-
mented, leading to a smoother system response
and reduced state oscillations. Additionally, FO-
SMC improved system adaptability and enhanced
resistance to uncertainties and disturbances.

The superiority of FO-SMC over conventional
SMC was demonstrated through both qualita-
tive (graphical) and quantitative (Tables 1 and 2)
comparisons. The key advantages of the proposed
approach are summarized as follows:

e Fractional-order integration enhances sta-
bility: Transforming the system into a
fractional-order framework inherently in-
troduces a fractional-order integration op-
eration, which helps reduce system errors
and improves stability.

e Innovative hybrid control strategy: Un-
like conventional methods, the proposed
FO-SMC approach integrates a linear con-
tinuous term alongside relay control (as
described in Equation (32)), resulting in
smoother control behavior and signifi-
cantly reducing chattering effects.

e Improved adaptability and robustness:
Leveraging fractional-order dynamics in
the controller significantly enhances the
system’s adaptability while increasing its
resilience to parameter uncertainties and
external disturbances.

These findings highlight the effectiveness of
fractional-order control methodologies in sup-
pressing chaotic behaviors, ensuring smooth op-
eration, and enhancing the robustness of nonlin-
ear systems. The proposed FO-SMC framework
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presents a viable solution for improving stabil-
ity, efficiency, and control precision in practical
BLDC motor applications.
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