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Nonlinear phenomena are prevalent in numerous fields, including economics,
engineering, and natural sciences. Computational science continues to advance
through the development of novel numerical schemes and the refinement of
existing ones. Ideally, these numerical systems should offer both high-order
convergence and computational efficiency. This article introduces a new three-
step algorithm for solving nonlinear scalar equations, aiming to meet these
criteria. The proposed approach requires six function evaluations per iteration
and achieves ninth-order convergence. To demonstrate the efficiency of the
technique, various numerical examples are shown. Implementations of the
method are available in both Maple and Python, and it can be readily adapted
for use in other computational environments.

Exponential method

AMS Classification:
65H05, 65Hxx
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1. Introduction

Many scientific and engineering problems require
nonlinear root-finding techniques for their solu-
tions. The field of computational science is con-
tinually evolving, with ongoing development of
numerical methods that offer higher-order conver-
gence and more efficient numerical schemes. This
has led to the establishment of a new ninth-order
nonlinear root-finding technique aimed at improv-
ing the solution of nonlinear scalar equations. An-
other advantage of this method is its high con-
verging power, which means fewer function eval-
uations are needed per iteration, thereby making
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it computationally efficient. This novel approach
has the potential to be a significant breakthrough
in computational science, offering accurate solu-
tions to nonlinear problems for various areas of
knowledge.

The Newton—Raphson (NR) method is one
of the most widely used approaches for solving
nonlinear equations, mainly because of its sim-
plicity. As a foundational method, it serves as
a basis for the development of more sophisti-
cated numerical techniques. However, achieving
an optimal rate of convergence, as conjectured by
Kung-Traub, Traub? theorem may not always
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be possible. Consequently, researchers have fo-
cused on developing algorithms with better con-
vergence rates while minimizing the number of
function evaluations per iteration. The efficiency
index E = p'/¢ introduced as a critical measure,
estimates the convergence order p relative to the
number of function evaluations per step necessary
for a numerical scheme. The aim is to maximize
this index as larger values indicate improved ef-
ficiency. Some notable recently developed non-
linear methods include the homotopy perturba-
tion approach,®>® the Adomian decomposition
method,® the variational iteration method,”® and
methods based on quadrature rules.” °

This paper is based on prior work and de-
signs a new three-step numerical method with
ninth-order convergence. This method combines
an exponential series-based scheme (ExpM)!! 14
with the classical third-order Halley method
(HM)12:15718 t5 achieve higher performance mea-
sures than existing methods. Specifically, this
method minimizes the number of function evalu-
ations while maintaining high accuracy and com-
putational efficiency. Noor et al.' developed a
novel two-step scheme with order p; ps by com-
bining two schemes of orders p; and ps. At each
iteration, the process adds new function evalu-
ations, but these have a higher order of con-
vergence. However, Noor et al.?0 presented two
schemes with third- and fourth-order convergence
that required five and eight function evaluations
per iteration, respectively. Shah et al.?! devel-
oped a three-step scheme with third-order conver-
gence at the cost of five function evaluations per
iteration. Abro and Shaikh?! developed a three-
step sixth-order convergent technique employing
seven function evaluations per iteration. Even
though these methods converge at high orders,
they incur extra computational costs in terms of
central processing unit time. A similar method
was applied in a recently published work?? to pro-
duce an effective three-step numerical technique.
The primary goal of this study is to design a novel
hybrid three-step numerical approach for solving
scalar and vector nonlinear equations. Inspired by
these methods, we combined the classical third-
order Halley scheme?* with a modified third-order
Newton scheme?? to create a novel three-step nu-
merical scheme. This led to the development of a
ninth-order method that requires just six function
evaluations per iteration: three functions, two
first-order derivatives, and one second-order de-
rivative. Several advantages are associated with
the proposed scheme over previous methods. It
provides improved accuracy such that fewer iter-
ations are necessary to reach a defined accuracy
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threshold in less computational time. Further-
more, it is more efficient than other methods in
terms of its efficiency index, demonstrating that
it can effectively solve scalar and vector nonlin-
ear equations. This paper is organized as follows:
Section 2 presents an overview of various existing
schemes, along with the formulation and conver-
gence analysis for the proposed ninth-order algo-
rithm. Theoretical comparisons and stability as-
sessments are also discussed. Section 3 explores
real-life applications and demonstrates the effec-
tiveness of the proposed scheme through numeri-
cal experiments. Finally, Section 4 discusses key
findings and highlights areas for future research
development. Numerous hybrid root-finding al-
gorithms, using different techniques, are available
in the literature?s 37 and references therein.

In this article, we present a new three-step it-
erative method with a single parameter and mem-
ory. It is designed in a modular way, making it
easier to use for solving nonlinear equations effi-
ciently.

1.1. Previous materials and methods

We reviewed various numerical techniques applied
to nonlinear models. Given the difficulty in ob-
taining exact analytical solutions for such mod-
els, we employed numerical methods that offer
approximations. The classical NR method!? is
typically the first to come to mind when solv-
ing nonlinear equations numerically. NR has a
second-order convergence, which is considered op-
timal . In simple terms, this entails one evalua-
tion per iteration for both the function and its
first derivative:

f(wn)’

Halley’s third-order numerical scheme, Hal-
ley3, is a precise method!%24 that calls for three
different function evaluations per iteration as fol-
lows: the function itself, its first derivative, and
its second-order derivative.

Tptl = Tp — n=0,1,2,... (1)

— _ Qf(mn)f/(mn)
o+l = In 2f"(xn)2—f(zn) [ (xn)’

n=20,1,2,...
(2)

In a recent study, a pioneering numeri-

cal scheme called the modified Halley method
(MHM) was presented. As an interpolative tech-
nique, it combines NR and HM as a correc-
tion, while also employing a finite difference ap-
proximation for estimating the second derivative.
Remarkably, MHM!" achieves fifth-order conver-
gence and requires four function evaluations per
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iteration, which consist of two function evalua-
tions and two first-order derivatives.

f(zn)
n:xn_ 3 n:071’2,... 3
e 2f(@n)f (Yn) ' (yn)
Tn+1 = Yn

2]6(-77n)f/(yn)2 - f/(ft7l)2f(yn) + f/(Tn)f(yn)flEZé/f))

Another new method proposed was based on
ExpM,'? which provides faster root convergence
compared to existing algorithms. The proposed
algorithm ExpM is particularly useful for com-
puting the real roots of transcendental equations
(13).

_f(xn)> _
7$nf’($n) , n=0,1,2,...

(5)
The following section presents the proposed
algorithm for solving nonlinear equations.

Tptl = Ty XD <

2. Proposed algorithm

Through an extensive literature review, we identi-
fied several researchers who developed the ExpM
method to improve convergence order and reduce
the number of function evaluations. Nevertheless,
our approach advanced beyond this by adopting
the HM'0 as a starting point:

o 2f(@a)f (xn)
Tntl = Tn = 5 = (@) [ T(@n)

(6)
This was combined with the ExpM method
Equation (5), described as follows:

= T ex =S @n) n=
Sp = Tn p<$nf'(3?n)>’ 0,1,2,..., (7)
Tl :xn,w. (8)

f(zn)
The aim was to develop a nonlinear scheme
that is innovative and superior in terms of conver-
gence order, while requiring fewer function evalu-
ations per iteration. Hence, by combining Equa-
tions (6)—(8), a new nonlinear scheme was ob-
tained, defined as follows for n =0,1,2,... :

_ 2f(zn) f'(zn)
2fv($n)2‘_ f(@n) f"(zn)
—f(tn)

Sp = tp €Xp (tnf/(tn ) (9)
f(tn) + f(sn)

f'(tn)

Although the proposed method shares struc-
tural similarities with the scheme introduced by

n — 4dn

Tpt1 =ty —
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n=01,2,...

Kalantari and Hans Lee,?® the modifications in-
corporated into our algorithm are both intentional
and significant. Specifically, the correction step of
the proposed method employed an exponential-
based refinement, a distinctive enhancement ab-
sent in Kalantari and Hans Lee.3® This refinement
modifies the intermediate estimate using an ex-
ponential transformation of the residual, which
contributes to a broader region of attraction, im-
proved numerical stability, and reduced sensitiv-
ity to initial guesses. These advantages are partic-
ularly important for nonlinear problems charac-
terized by steep gradients or closely spaced roots.
The effectiveness of this modification was demon-
strated through detailed polynomiographic visu-
alizations, semi-local convergence analysis, and its
application to a real-world engineering problem
involving open-channel flow. Collectively, these
results highlight that the novelty of the proposed
method lies not only in preserving the high order
of convergence and computational efficiency but
also in delivering enhanced robustness, accuracy,
and stability in practical scenarios.

The pseudocode for the proposed algorithm is
as shown below.

Input:

f(x)- Nonlinear function
f’(x)~ First derivative of f(x)
£’ (x)- Second derivative of f(x)
x0 -+ Initial approximation
maxIter -+ Maximum number
of iterations

Output:

x_root - Approximate root of f(x)
Begin:

Set x + x0
Set iter « 0
While iter < maxIter:

t = x-(2%f (x)*f’ (x))/

(2% (£ (x))2-f(x)*f° 7 (%))

s =t % exp(-f(t) / (£ * £2(£)))
x_new =t - (f(t) + £(8)) / £’ (%)
Update x + X_new

Increment iter + iter + 1

If iter == maxIter:

Print \Max iterations reached."
End

The convergence of the proposed root-finding
algorithm can be analyzed using both local and
semi-local techniques. This ensures that the
method remains robust and reliable under vari-
ous conditions.
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2.1. Local convergence analysis

Local convergence analysis examines how the it-
erative method behaves when the initial approx-
imation is sufficiently close to the root a. The
aim was to determine the order of convergence by
deriving an error equation.

Let a be a simple root of (z), i.e., f(a)
0, f'(a) # 0. Expanding f(z) in a Taylor series
around «, we obtain:

F(@) = F(@)(a—a)+ T

Similarly, the derivatives are:

(x — a)2+0((x - a)3)

fl@) = f(@) + f(@)(z — a) + O((z — ),
f'(z) = f"(a) + Oz — ). '
The error at the nth iteration is defined as
en = Tn — a. The following theorem guarantees
that the nonlinear three-step scheme presented in

Equation (9) for solving f(z) = 0 has ninth-order
accuracy.

Theorem 1. Let a be the root of a sufficiently
differentiable function f : 0 — R, where 6 C R
is an open interval. Then, the three-step scheme
presented in Equation (9) has ninth-order conver-
gence.

Proof. The proof of this theorem is similar to
that of proof of Theorem 1 in Kalantari and Hans
Lee.?® For simplicity, we include the main steps
of the proof.

Let « be the root of f(z) = 0, ; be the jth
approximation to the root provided by Equation
(IX), and

(10)

be the error term after the jth iteration. Us-
ing Taylor’s expansion for f(z;) about o, we ob-
tain:

ej::Uj—oz

Flas) = (@)es+ 50" @)+ (). (11)

Here, go(e?) describes the asymptotic behavior
of a function Equation (10) as e, — 0, particu-
larly focusing on the dominant order of smallness.
It represents an upper bound on the rate at which
the function shrinks near the root. Expanding
f (z;) using Taylor’s series about «, we also have:

1
f(@;) = f'(a) + f"(a)e; + §f'"(04)632- + (e}
(12)
Multiplying Equations (11) and (12), we get:
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2

(@) e; + 5 (@) 1 (0) &

f(x5) f (x5)
1

+5 (@ 7@+ 7 (@) & + eled).

Now, the Taylor expansion of the denominator
in the fractional term in the first step of Equation
(9), multiplied by its numerator, results in:

=€ 4f/2 (Oé)
4

7" (@) (51 (@) £" (@) = 61" (a) ) €]

2f (z5) f' (x;)
2f"(x;)° — f () f"(x;)

3
J

/"™ (@)e

J

1
4f7 (a)
+ @(e),
Following the proof of Theorem 1 in Kalantari
and Hans Lee,3® we obtain:

e =e( gj))) £ (e,

where ¢ is a constant. Hence, the proposed
algorithm has ninth-order convergence. ]

Theorem 2. Let f : I — R. Suppose o € I
is a simple root of f(x) = 0 and § is a suffi-
ciently small neighborhood of «. Let f"(z) ex-
ists and f"(x) # 0 in 6. Then the iterative
Equation (9) produces a sequence of iterations

{zn, : n =0,1,2,...} with the order of conver-
gence nine
Proof. Let
_ ., JO)+ f(s)
R =t=""pa
where
_ —f(t) o 2f@)f (=)

s =texp (tf’(t)> and t =z 2]”(:1:)2 - f(x)f”(m)'

As in Abbasbandy,® we observed that:

R(a)=a, R'(a)=0,...,R®(a) = 0,R(a) £ 0.

Hence, the proposed algorithm has conver-
gence of order nine. O

2.2. Semi-local convergence analysis

Semi-local analysis examines the behavior of the
algorithm when the initial guess is not arbitrarily
close to the root. It ensures that the algorithm
converges for a broader class of functions.

Kantorovich-type conditions: To ensure semi-
local convergence, we verified whether the func-
tion satisfies the following:

(i) The function (z) is continuously differen-
tiable in a neighborhood around the root,
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and the first and second derivatives are
well-behaved. That is, there exists a con-
stant L such that |f"(x)| < L|f'(z)].

(ii) The initial guess xp must satisfy
|f(z0)f'(z0)] < #, ensuring that the
error does not grow uncontrollably.

Sensitivity to initial conditions: although a
higher order of convergence reduces sensitivity to
initial conditions, the algorithm may still behave
unpredictably for functions with closely spaced
roots. Nevertheless, it tends to be more stable
than Newton-type methods.

If the function satisfies smoothness and
bounded derivative conditions, the method is
guaranteed to converge for a broad range of ini-
tial guesses. The exponential correction step ex-
pands the region of attraction, improving robust-
ness. The summary of the convergence properties
is provided in Table 1.

The proposed root-finding algorithm exhib-
ited high stability due to its rapid convergence
and reduced function evaluations per iteration.
Stability was analyzed using fixed-point theory
and the basin of attraction, ensuring that small
perturbations in the initial guess do not lead to
divergence. The method’s high-order accuracy al-
lowed for faster convergence while minimizing nu-
merical errors. Polynomiography results in Sec-
tion 5 indicate that the method has wider and
smoother basins of attraction, reducing sensitiv-
ity to initial conditions compared to NR and HM.

In the following section, we present several
numerical examples to illustrate the proposed al-
gorithm, and comparisons are made to show its
accuracy and efficiency.

As mentioned in Section 1, the efficiency in-
dex E is defined as F = p'/¢, where is the order of
convergence of the method and ¢ is the number of
function evaluations per iteration. The proposed
method has ninth-order convergence (p = 9) and
six function evaluations per iteration (¢ = 6), con-
sisting of three function evaluations (x), two first
derivative evaluations (f’(x)), and one second de-
rivative evaluation (f”(z)). An explicit calcula-
tion gives E = 9/6 ~ 1.4422.

The computational complexity of an iterative
root-finding method is determined by the follow-
ing: (i) the number of function evaluations per
iteration, (ii) the arithmetic operations per iter-
ation, and (iii) the convergence order and total
iterations required. As mentioned earlier, each it-
eration requires six function evaluations. As each
step involves only a constant number of opera-
tions, the arithmetic complexity per iteration is
(1), and the number of iterations required to reach
a precision € is approximately k = O(logg(é)).
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Thus, the proposed algorithm has an optimal log-
arithmic complexity of O(log(é)).

As discussed previously, we have proven
that the semi-local convergence of the proposed
method has a ninth-order rate. We assumed that:
(i) f € O3 is on an open interval D C R, (ii)
a € D is a simple root of f: f(a) =0, f'(a) #0,
and there exists 0 > 0 such that: f/(x) # 0 for

all x € B(a,d) C D, ]}/,/((;”)) , and ‘ (?ES)
bounded in B(«,d). Now, the goal was to prove
that the method converges « from an initial point
xo € B(a,0), under these assumptions. The key
ideas in the proof consist of analyzing the error

en = T, — o and showing that

are

lenti] < Klen|”
for some constant K > 0, when |e,| is suf-
ficiently small but not necessarily infinitesimal
(semi-local).
In the literature, numerous root-finding algo-
rithms exist (see, e.g., [39-43]) each with its own
limitations.

3. Numerical experiments

In this section, the practical applicability of the
proposed scheme is demonstrated using numerical
examples.

Example 1. Consider the nonlinear equation
to illustrate the proposed algorithm:

sin?(z) — 22 4+ 1 = 0. (13)
An approximate solution of Equation (13) is

r ~ 1.404491648215341226035086817786868077

(14)

Using the proposed algorithm with the initial

guess g = 1, we obtained the following values in
the first iteration:

2f (o) f' (o)

to = zo— = 1.352266356364,

2f'(x0)* — f (o) f" (o)
to)
So = tg exp (tof’ (t0)
f(to) + f(s0)
f'(to)
The function value and absolute error after
the first iteration are:

) 1.40790110417003320,

r] = to—

|f(z1)| = 0.00353271303535116810231715,

L7 T01 _ .2872756590641623253773259

T

respectively. Repeating this process, we have:
Iteration 2

= 1.4030669959818645244254.
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Table 1. Summary of convergence

Analysis type Result

Local convergence
error analysis
Semi-local convergence
basin of attraction
Practical implications

Ninth-order convergence (ef) confirmed via Taylor expansion and
The method is robust under smoothness conditions and has a large

Faster convergence than the Newton—Raphson; better stability for
distant initial guesses

t1 = 1.4044916466908547473726183272184,
s1 = 1.4044916482153412286835185849637,
w2 = 1.40449164821534122520772018543,
|f(2)| = 0.000000000000000002053915,

P27 T (.00101435436464643787660.

x2
Iteration 3

to = 1.404491648215341226035086817786868,
s3 = 1.40449164821534122603508681 7786868,
x4 = 1.404491648215341226035086817786868,
| f(z3)| = 0.0000000000000000000000000000,

T3 7 %21 _ ().000000000000000000589086.

T3

It is evident that f(x3) = 0, hence confirming
the approximate root as:

x = 1.40449164821534122603508681 7786868

as stated in Equation (14).

This example demonstrates that the proposed
algorithm rapidly converges to the approximate
root.

Example 2. Further reinforces the applica-
bility of the proposed method by solving a tran-
scendental equation with an initial approximation
zo = 5. The stopping conditions are |f(z)| < € or

%‘ < 8, where e = 107200 § = 107600,

2% + 2 — 10000 = 0

Following the proposed algorithm as demon-
strated in Example 1, we obtained the following
values during the iteration:

to = 6.308777130,
s2 = 6.308777130,
r3 = 6.308777130,
f(xs) =0,

€T3 — X2

=0.

T3
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The approximate solution is z = 6.308777130.
This example further highlights the simplicity of
the proposed algorithm. It can be easily applied
to real-world problems involving nonlinear equa-
tions.

Expanding its utility to engineering applica-
tions, Example 3 examines the open-channel flow
problem, originally discussed as Example 3 in
Kalantari and Hans Lee.?® It remains a challenge
to relate water flow to elements like drainage
ditches, gutters, sewers, and canals, all of which
affect flow dynamics within open channels. The
flow rate in such cases refers to the volume of wa-
ter that passes through a certain region over a
given time. A particularly problematic scenario
arises when the channel is poorly maintained.
The water flow in an open channel with uniform
flow conditions is determined by Manning’s equa-
tion:

Wh 2/3
©= W + Qh} ’
where m is the slope of the channel, n is the
Manning’s roughness coefficient, W is the channel
width, and A is the depth of water. The equation
above can be simplified to determine the water
depth (h) in the channel for a given quantity of
water, as follows:

TWh[ (15)

2/3
W+ 2h] —Q (16)

In Kalantari and Hans Lee,38 the authors con-
sidered the parameters: @ = 14.15m3/s, W =
4.572 m,n = 0.017, and m = 0.0015, with the ini-
tial guess hg = 8.5m. Substituting these values
into Equation (16) yields:

F(h) = YX"Wh

n

{Wh

—14.15.

(17)
Applying the proposed algorithm, the follow-
ing results were obtained:
Iteration 1: 1.446410377, f(h) = 0.25324599,
Iteration 2: 1.465091222, f(h) = 0.2 x 107,
and
Iteration 3: 1.465091220, f(h) = 0.
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From this, we obtained an approximate value
of h = 1.465091220. However, Equation (17) was
also solved in Kalantari and Hans Lee,® where
the approximate solution was obtained after four
iterations using the same data. Therefore, the
proposed algorithm is more efficient than the one
presented by Kalantari and Hans Lee.38

Lastly, Example 4 presents a performance
comparison between the proposed algorithm and
existing methods, highlighting its efficiency. Con-
sider the following equations:

Eq :sin’(z) —2? +1 =0,
Eqo : 2% + 2 — 10000 = 0,
2/3
Eqs : 28.69285373z | —————— |  —14.15
1 $[45724—2$} :
Eqy:e®—3x—2=0.

Table 2 shows the number of iterations re-
quired to reach an approximate solution of the
equation using the proposed algorithm versus var-
ious numerical methods. The stopping criterion
is e = 10720, 5§ = 10799 as in Example 2

Table 2 shows that the proposed algorithm ex-
hibits convergence that is equal to or faster than
that of the existing methods.

The effectiveness and versatility of the pro-
posed algorithm are demonstrated through a se-
ries of illustrative examples. Example 1 serves
to elucidate the step-by-step implementation of
the proposed algorithm, highlighting its computa-
tional framework and underlying logic. Example
2 emphasizes the simplicity and user-friendliness
of the algorithm, showcasing its ease of under-
standing and applicability, even for users with
limited experience. Its practical relevance is fur-
ther reinforced in Example 3, which applies the
algorithm to a real-world problem in civil and
environmental engineering, namely open-channel
flow. This example illustrates the algorithm’s
ability to address challenges in modeling water
flow through elements such as drainage ditches,
gutters, sewers, and canals, which significantly
influence fluid dynamics in open channels. Fi-
nally, Example 4 offers a comparative analysis
between the proposed method and several well-
established algorithms, including the NR method,
HM, MHM, numerical methods from refs.[38] and
[1,2] the enhanced method from ref. [44] the
ninth-order root-finding method from ref. [3§]
and the ninth-order memory-based iterative tech-
nique from ref. [44] This comparative study un-
derscores the superior efficiency and accuracy of
the proposed algorithm in solving nonlinear equa-
tions. As observed in Table 2, the proposed algo-
rithm demonstrates equal or superior convergence
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speed compared to these existing methods, show-
casing its efficiency and robustness. While Table
2 demonstrates that the proposed method typi-
cally requires fewer or equal iterations compared
to existing methods, it is important to note that
the number of iterations alone does not fully cap-
ture an algorithm’s overall effectiveness. There-
fore, several additional performance metrics have
been evaluated to provide a more comprehen-
sive assessment. The proposed method not only
achieved ninth-order convergence with fewer iter-
ations but also exhibited a high-efficiency index
(~ 1.4422), low computational cost, and robust
stability, confirmed through both local and semi-
local convergence analyses. Its effectiveness was
further supported by polynomiographic visualiza-
tion (Section 5), real-world application (Exam-
ple 3) in open-channel flow, and favorable com-
parisons with established methods across multi-
ple performance metrics. These comprehensive
results affirm the practical utility and numerical
superiority of the proposed method.

4. Implementation

In this section, we discuss the implementation
of the proposed algorithm using various software
tools such as Maple and Python, along with sam-
ple computations.

4.1. Maple implementation

Prop_Alg := proc (a, Eq, max_iter)
local i, al, £, r, yi1, zi;

0; al := evalf(a);

f := unapply(lhs(Eq), x);

if f(al) = O then return al end if;
i = 0;

i =

do
i = i+1;
yl := al-

2xf (a1)*(D(£)) (a1)/ (2x(D(£)) (a1) "2
-f(a1)*((De@2) (£f)) (al));
zl := ylxexp(
-£(y1)/(y1x(D(£)) (y1)));
r := yl1-(f(y1)+£(21))/(D(£)) (y1);
printf (\Iteration %a = Y%a.
f(x) = %a, AbsError = %a \n",
i, r, f(r), abs((r-al)/r));
if max_iter == i then return r
else al :=r
end if
end do
end proc

Example 5. Recall Example 1 for sample
computations using the Maple implementation.
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Table 2. Number of iterations

Eq Root NR HM MHM NM1 NM2 EM Sania9 MBIT9 PM

Eq; 1.404491648 11 7 5 5 4 5 3 3 3 (Example 1)
Eq, 6.308777130 12 8 6 5 6 5 3 3 3 (Example 2)
Eqs 1.465091220 10 7 ) 4 4 4 3 3 3 (Example 3)
Eq, 2.125391199 10 8 6 4 4 4 3 3 3

Notes: NM1 and NM2 represent the numerical methods proposed in refs. [38] and [1, 2], respectively. EM
indicates the enhanced method from reference [44]. RFM refers to the ninth-order root-finding method from
ref. [37], which introduced a new three-step numerical scheme for solving nonlinear scalar and vector
equations. MBIT denotes the ninth-order memory-based iterative technique from ref. [37], in which the
authors proposed a novel three-step, memory-based method for solving nonlinear equations. Sania is a
Ninth-order method by Sania. Abbreviations: Eq, equation; HM, Halley’s method; MHM, modified Halley’s
method; NR, Newton Raphson method; PM, proposed method.

> Prop_Alg(1l, sin(x)"2-x"2+1 = 0,3);
Iteration 1 = 1.403066996.
f(x) = .35327132e-2,

AbsError = .2872756591
Iteration 2 = 1.404491649.
f(x) = -.2e-8,

AbsError = .1014354910e-2
Iteration 3 = 1.404491649.
f(x) = -.2e-8,

AbsError = 0.
1.404491649
Example 6. Consider with x0 = 0.8.
> Prop_Alg(0.8, 10xxxexp(-x"2)-1 =
Iteration 1 = 1.531609079.
f(x) = .466791835,
AbsError = .4776735063
Iteration 2 = 1.679628729.
f(x) = .5200e-5,

AbsError = .8812640999%e-1
Iteration 3 = 1.679630611.
f(x) = -.12e-8,

AbsError = .1120484461e-5
Iteration 4 = 1.679630611.
f(x) = -.12e-8, AbsError = 0.

1.679630611

4.2. Python implementation

Consider the transcendental Equation (13) from
Example 1 for sample computations using the
Python implementation, as follows.

import numpy as np

import math

t=x- (2% f(x) x»df(x)) / (2 %
(df (x))**2 - f£(x) * ddf(x))

S =t * math.exp(-£(t) / (¢t * df(t)))
if t * df(t) != 0 else t
x_new =t - (£(t) + £(s)) / df(t)

print(f"Iteration {iteration}:
x = {x_new:.15f}, f(x) =
{f (x_new) : .15e}")
if abs(x_new - x) < tol:
print ("\nConverged to root:",
X_new)
print("Total iterations:",
iteration)
return x_new
X = X_new
print ("\nMaximum iterations reached.
Root may not be accurate.")
return x

# Example: Solve sin"2(x) - x"2 + 1 =0
initial_guess = 1.0 # Start near an
expected root

root = ninth_order_method(initial_guess)

Output of the implementation:

Iteration 1: x = 1.403066995981864,
f(x) = 3.532713035351298e-03
Iteration 2: x = 1.404491648215341,
f(x) = -4.440892098500626e-16
Iteration 3: x = 1.404491648215341,
f(x) = -4.440892098500626e-16
Converged to root:
1.4044916482153413

Code Execution Successful

def f(x):
return np.sin(x)**2-x**2+1
def df(x):
return 2#*np.sin(x)*np.cos(x)-2*x
def ddf(x):
return 2*(np.cos(x)**2- np.sin(x)**2)-2Total iterations: 3
def ninth_order_method(x0, tol=1e-10,
max_iter=20): x = x0

for iteration in range(l, max_iter + 1):
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5. Polynomiography via the proposed
method

The aim of this section is to represent poly-
nomiographs generated using our proposed
method as outlined in Equation (9). A poly-
nomiograph is an image produced through the
process of polynomiography, a term coined by
Kalantri in 2005. It is defined as “the art and
science of visualization in approximation of the
zeros of complex polynomials, via fractal and
non-fractal images created using the mathemati-
cal convergence properties of iteration functions.”
The concept of a “fractal,” introduced by Benoit
Mandelbrot, describes a geometric shape in which
each part has the same statistical properties as the
whole. Although both polynomiographs and frac-
tals can be created using various numerical algo-
rithms, they differ significantly in their structural
scale. A “polynomiographer” can systematically
adjust the structure and pattern by applying dif-
ferent numerical algorithms to various complex
polynomials.  Generally, polynomiographs and
fractals belong to different categories of graphi-
cal objects.

To create polynomiographs over the complex
plane C, we begin by defining a rectangular re-
gion R with dimensions [—2, 2] x [-2, 2], setting a
precision threshold of e = 1073, and an iteration
limit of m = 15. Each point 2y within this region
undergoes an iterative process, and the point cor-
responding to zg is colored based on how closely
the truncated orbit converges to a root or fails to
converge. The image resolution depends on the
discretization of the rectangle R. For example, a
2000 x 2000 grid results in a high-resolution im-
age. The colors in polynomiographs are typically
linked to the number of iterations required to ap-
proximate the zeros of the complex polynomial
to a specified accuracy using a chosen numerical
algorithm. The fundamental algorithm for gener-
ating polynomiographs is outlined in Algorithm 1
below.

Algorithm 1. Polynomiograph’s generation

Input:
p € C—Polynomial
A e C—Area

m—M aximumnumbero fiterations
I—TIterationmethod

€ —Accuracy

Colormap|0...C' — 1]—ColormapwithC
colors.

Output : Polynomiograph forthecomplex
polynomialpinareaA

forzg € A, do

1=0
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whileimdo

zm+1) = 1(z)

iflzn+1) — 2n| < then
break

t=1+1

colorzgbymeanso f colormap

In iterative algorithms, a stopping criterion
is crucial for determining whether the process has
reached convergence or divergence. This criterion,
known as a convergence test, evaluates the algo-
rithm’s progress in finding a solution. The typical
form of a convergence test is

|zit1 — 21| <e (18)
where z;11 and z; are successive points in the
iteration, and ¢ > 0 is a predefined accuracy
threshold. The convergence test (zjt1,2i,€) in-
dicates TRUE if the method converges to a root
and FALSE otherwise. In this study, we used this
convergence test Equation (18). The color varia-
tions in the polynomiographs represent the num-
ber of iterations needed to approximate the root
within the specified accuracy €. By modifying the
parameter m, which limits the maximum number
of iterations, it is possible to generate numerous
visually appealing polynomiographs. The explo-
ration of polynomiography and its artistic impli-
cations is covered in references.?> 47
Here, we present some examples of the fol-
lowing complex polynomials using our developed
algorithms and compare them with the poly-
nomiographs obtained by using other well-known
two-step iterative methods:

(i) p1(z) =23 — 22 —2—1, Area[-2,2]
(ii) pa(z) = 22 — 23 — 22 — 2 — 1, Area [-2, 2]
(iil) p3(z) = 2° —2* =22 — 22 — 2 — 1, Area [-2,
2]
(iv) pa(z) =20 =22 — 24— 23 —22 — 21, Area
['27 2]

The colormap used for coloring the iterations
in the generation of polynomiographs is presented

in the following figure.

Figure 1. The colormap used for generating
polynomiographs

The colormap shown in Figure 1 illustrates
how points move toward the solutions of a poly-
nomial. Different colors represent different roots,
allowing one to see which point converges to which
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solution. Lighter colors indicate that the point
converges quickly, while darker shades denote that
more steps are required. The fuzzy or mixed-color
edges between regions show areas where a small
change can direct a point to a different solution.
This creates an image that is both complex and
beautiful, with patterns that resemble fractals.

Example 7. Polynomiographs for the polyno-
mial 22 — z — 1 via the proposed method.

Figure 4. Polynomiograph for the polynomial p3(z)
using Method IX

Example 10. Polynomiographs for the poly-

nomial 2% — 2% — 2% — 22 — 2 — 1 via the proposed

method.

Figure 2. Polynomiograph for the polynomial p;(2)
using Method IX

Example 8. Polynomiographs for the polyno-

mial 23 — 22 — 2 — 1 via the proposed method. Figure 5. Polynomiograph for the polynomial p3(z)

using Method IX

Example 11. Polynomiographs for the poly-
nomial 26 — 2% — 2% — 23 — 22 — 2z — 1 via the
proposed method.

Figure 6. Polynomiograph for the polynomial py(2)
using Method IX

Table 3 presents the outstanding performance

Figure 3. Polynomiograph for the polynomial ps(2)  f the proposed iterative method applied to four

using Method IX different polynomials. The performance was eval-

Example 9. Polynomiographs for the polyno- uated based on three key metrics: average num-

mial 2% — 23 — 22 — 2 — 1 via the proposed method.  ber of iterations (ANI), average area index (CAI),
512
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and computation time (in seconds). The results
clearly demonstrate that the proposed method
efficiently handles increasing polynomial com-
plexity while maintaining an exceptional balance
between accuracy and computational efficiency,
making it a highly reliable approach for solving
polynomial equations.

Table 3. Dynamical analysis of the proposed
method

Polynomial ANI CAI Time
D1 2.6811 0.9902 31.021
D2 3.0728 0.9809 129.023
D3 3.3573 0.9741 145.432
D4 3.5653 0.9699 210.098

Abbreviations: ANI, average number of
iterations; CAI, convergence area index.

To further highlight the advantages of the pro-
posed method, we analyzed both numerical re-
sults and graphical representations using poly-
nomiographs in Figures 1-6. The ANI values
showed a controlled and gradual increase from
2.6811 for p; to 3.5553 for py4, illustrating that
the iterative method remains computationally
feasible even as polynomial complexity increases.
Unlike other methods that may require exces-
sive iterations for higher-degree polynomials, the
proposed method ensures stability without expo-
nential growth in iterations. This efficiency was
further confirmed by the polynomiographs, where
the speed of convergence, depicted by the color
of each point, highlights the method’s ability to
quickly approximate polynomial roots.

Moreover, the CAI values remained impres-
sively high, with only a slight decrease from
0.9902 for p; to 0.9699 for p4, proving that
the method consistently delivers accurate results
across all tested polynomials. These accuracy
trends align with the polynomiographs, where
regions with minimal color variation indicate a
steady and predictable convergence pattern. The
ability of the method to maintain high accuracy
while efficiently converging further emphasizes its
superiority over traditional iterative techniques.

Although computation time increases from
31.021 s for p; to 210.098 s for py, this is a nat-
ural consequence of the increasing complexity of
the polynomial equations. Importantly, the poly-
nomiographs further validate that the proposed
method successfully converges in all cases, demon-
strating its robustness and adaptability to vary-
ing polynomial structures. Compared to alterna-
tive approaches, this method ensures a favorable
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trade-off between computational time and accu-
racy, making it particularly well-suited for real-
world applications that demand both precision
and efficiency.

In summary, the proposed iterative method
stands out as a highly effective and reliable ap-
proach for solving polynomial equations. By
seamlessly integrating numerical data with graph-
ical insights from polynomiographs, we confirm
that the method maintains exceptional accuracy,
exhibits a stable and controlled iteration growth
pattern, and efficiently handles increasing com-
putational demands. With further optimization,
such as adaptive iteration strategies or parallel
processing, the method could become even more
powerful, solidifying its position as an optimal
choice for complex mathematical computations.

6. Conclusion

Nonlinear phenomena appear in various fields, in-
cluding economics, engineering, and scientific re-
search. With the rapid expansion of computa-
tional science, the development of new numer-
ical schemes and the improvement of existing
ones remain crucial. These numerical methods
should ideally offer higher convergence rates while
being computationally efficient. In this study,
we proposed a new three-step iterative algorithm
for solving nonlinear scalar equations, addressing
both convergence efficiency and computational
cost. The proposed method was shown to have
ninth-order convergence while requiring only six
function evaluations per iteration. Several numer-
ical examples were presented to demonstrate its
effectiveness and superior performance over clas-
sical methods. The algorithm was implemented in
Maple and Python, showcasing its practicality in
widely used computational tools. Additionally, it
can be extended to other software environments,
making it adaptable for various applications.

Future work will focus on reducing computa-
tional cost, extending the algorithm to systems of
nonlinear equations, and exploring adaptive step-
size techniques to improve robustness. The pro-
posed method provides a reliable and efficient ap-
proach to solving nonlinear equations, contribut-
ing to the advancement of numerical analysis and
computational mathematics.
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