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This work introduces a fractional-order model of gambling addiction using
the modified Atangana-Baleanu-Caputo operator. We establish solution exis-
tence/uniqueness, derive the reproduction number R, and analyze stability.
Numerical results demonstrate how fractional order v influences addiction dy-
namics. The model identifies key intervention parameters through sensitivity
analysis. The optimal control strategy is proposed to reduce progression to ad-
diction. These approaches provide new tools for understanding and managing
problem gambling behaviors.

1. Introduction

Games of chance have a long history dating back
to Egyptian civilization.!? Monetary rewards sig-
nificantly contribute to popularity, as the primary
objective of gambling is to generate financial re-
wards for lucky participants. These rewards en-
hance the appeal of chance-based games and act
as psychological and biological factors in the de-
velopment of gambling addiction in many indi-
viduals. Recently, gambling has grown into a
rapidly expanding industry with millions of dol-
lars in cash flows. The world focus on gambling
has highlighted its uncontrolled distribution in
modern society. There are several ways to gamble,
ranging from state lotteries and sports betting
(including predicting football matches) to more
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sophisticated casinos with slot machines, roulette
wheels, and poker tables. Technology has diversi-
fied gambling options, enabling various electronic
video gambling activities. Many people benefit
from gambling, but many also incur unwanted
losses. This can lead to a difficult way of life, as
individuals may try to spend more money to re-
cover from their losses. Every regular gambler en-
counters what is known as a "near-miss,” a failure
that appears extremely close to success. This of-
ten leads to repeated gambling, ultimately trans-
forming gamblers into addicted ones. Surpris-
ingly, most games have the lowest probability of
winning. Anyone from any walk of life can lead to
gambling addiction. Several factors, including so-
cial, biological, and cognitive-educational aspects,
may contribute to the progression from gambling
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to problem gambling, which is a form of addic-
tion. Problem gambling reflects a loss of control
over gambling that persists despite often severe
negative consequences.’

Gambling addiction occurs when gambling
is the daily focus of participants. Skitch and
Hodgins® defined problem gambling as a less judg-
mental way of describing a repetitive pattern of
gambling that leads to serious destructive con-
sequences and is beyond voluntary control. In
recent decades, problem gambling has become a
major public health issue. Problem gambling is
a repetitive behavior, despite harm and negative
consequences. It is an addictive behavior with
high comorbidity with alcohol problems.? In the
past two decades, the world community has grad-
ually come to accept that addiction is a type of
disease. Recently, gambling problems have been
recognized as a major public health issue in mod-
ern society. The clinical definition of problem
gambling was determined using the Diagnostic
and Statistical Manual, 4th Edition, Test Revi-
sion (DSM-IV-TR) symptom checklist (American
Psychiatric Association [APA]).5 According to a
study in Room et al., problem gambling leads
to several social and psychological problems, in-
cluding depression and alcohol and drug depen-
dence. Research findings related to problem gam-
bling suggest that this disorder is a real issue that
needs to be addressed as a public health concern.

Over the last two decades, excessive gambling
has been a primary subject of analysis and in-
vestigation in mathematics and statistics. Sev-
eral mathematical models have been formulated
to understand the dynamics of excessive gam-
bling better. For example, Do and Lee” used
a simple compartmental model to explore gam-
bling dynamics by focusing on young people’s
gambling. In that study, the basic reproduction
number was Rg = 1.466. The authors of Kong
et al.® analyzed online gambling on scale-free net-
works. Shaffer and Korn? viewed problems associ-
ated with gambling as a socially transmitted dis-
ease. In Young and Tae,'? Lee and Do examined
the dynamics of gambling among older adults.
The authors of ref.!! investigated impulsivity tra-
jectories and gambling in adolescence. The au-
thors of ref.'? focused on the reduction of atten-
tional blink for gambling-related stimuli in prob-
lem gamblers. Brown et al.'? investigated the dif-
ferences between problem and non-problem gam-
blers in electronic machine games. Coping strate-
gies in adolescents with gambling problems were
the main study objective of the paper in Gupta
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et al.'* The authors of Michalczuk et al.'® stud-
ied pathological gamblers’ impulsivity and cog-
nitive distortions at the United Kingdom’s na-
tional problem gambling clinic. Sharpe et al.'®
formulated a cognitive-behavioral model of prob-
lem gambling from a biopsychosocial perspective.
An author in C~at~alin'” provides a mathemati-
cian’s advice for safe and rational gambling, one
of which is ”understanding your game.”

Recently, mathematical models involving non-
integer order derivatives have gained significant
attention because they are more accurate and re-
alistic than classical models.'®20 An important
question that led to the birth of fractional-order
calculus in 1695 came from the letter L’Hopital
sent to Leibniz. The Riemann and Liouville def-
inition fails to explain the importance of start-
ing conditions. The Caputo derivative addresses
this problem, but when defined with a power-
law kernel, it has a notable limitation owing
to its singular nature.?’ The exponential decay
kernel definition by Caputo and Fabrizio ad-
dressed the issue of singularity but introduced
a locality problem. The first definition of a
non-singular arbitrary order derivative by Caputo
and Fabrizio significantly contributed to the con-
cept of non-singular kernel fractional calculus. A
novel fractional-order Caputo—Fabrizio operator,
derived in 2015,%2 addresses several linear and
nonlinear issues. The fractional operator is fre-
quently used in various branches of mathematics
and engineering. Many authors have applied this
fractional operator to investigate the behavior of
mathematical models (see?> and references cited
therein). Non-local and non-singular operators
are key reasons why fractional calculus is becom-
ing increasingly popular. A few years ago, signif-
icant efforts were made to find more interesting
and novel non-singular arbitrary order derivatives
based on kernels. Atangana and Baleanu studied
a well-known non-singular derivative within the
Mittag-Leffler kernel in 2016 and used it to solve
various science and engineering problems.?* This
operator was recently updated.?®

In recent years, many global issues have been
modeled using arbitrary order calculus.?® Moti-
vated by the advancement of arbitrary order cal-
culus, many authors have focused on studying
the results of nonlinear differential equations with
a fractional operator by developing various ana-
lytical, semi-analytical, and fully numerical tech-
niques to find approximate solutions.

The primary reason for using non-integer
order derivative models is that many sys-
tems exhibit memory, history, or non-local ef-
fects, which are challenging to model with
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integer order derivatives. Recent studies
have confirmed the effectiveness of the mod-
ified Atangana-Baleanu-Caputo (mABC) frac-
tional derivative in solving linear and nonlin-
ear problems, such as the linear time-fractional
advection-diffusion equation,?” the spread of the
polio model including the vaccination effect,?
the hepatitis C model,?? novel solutions of frac-
tional differential equations,” the fractional-
order leukemia model®! and the waterborne dis-
ease model.??

This study focuses on fractional model-
ing of the problem of excessive gambling us-
ing the mABC non-integer order derivative op-
erator, which is a modified version of the
Atangana-Baleanu-Caputo fractional derivative
operator.

Systems of fractional differential equations are
used to represent many real-life issues. Non-
linear problems can be successfully modeled us-
ing a system of arbitrary-order differential equa-
tions. However, finding analytical results for sys-
tems of ordinary differential equations involving
nonlinear terms can be highly difficult, requiring
approximation techniques to find numerical val-
ues.

Numerous numerical schemes have been
created to obtain approximate results of
non-integer  order  differential  equations.
Some of these methods include the frac-
tional power series method,?®  exponen-
tial Galerkin method,>* spectral colloca-
tion method, and Galerkin finite element
method.36

In the current study, we apply the La-
grange’s interpolation approach based on
the modified ABC derivative to approximate
a mnovel model of excessive gambling prob-
lem.

35

The paper introduces a novel fractional-order
model for gambling addiction problem using the
modified ABC operator, addressing memory ef-
fects and non-local dynamics that classical mod-
els fail to capture. Key contributions include
the derivation of the reproduction number Ry
and stability analysis, sensitivity analysis to iden-
tify critical intervention parameters and optimal
control strategies to manage gambling addiction.
The study has some limitations, such as no demo-
graphic ageing and fixed parameters, no valida-
tion with real-world gambling addiction-reported
data, and stochastic effects (e.g., sudden pol-
icy changes) may alter dynamics. The motiva-
tion for this study comes from the need to in-
troduce a new mathematical model of gambling
problems. The mABC operator was chosen for
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its non-singular kernel and ability to model mem-
ory effects, providing a more realistic representa-
tion of gambling addiction. The modified ABC
fractional derivative operator is an acceptable op-
tion because of its ability to represent the dy-
namical systems effectively. Traditional models
fail to capture memory effects and realistic tran-
sition dynamics. The modified ABC operator
demonstrates superior performance in represent-
ing real-world problems. The study makes impor-
tant contributions to the ongoing advancement of
dynamical systems, particularly in gambling ad-
diction.

The remainder of this paper is organized as
follows. A definition of mABC fractional deriva-
tive and some of its basic properties are provided
in Section 2. The fractional model for the prob-
lem of excessive gambling and its qualitative anal-
ysis are discussed in Section 3. The numerical
scheme for approximating the proposed system is
presented in Section 4. In Section 5, we discuss
the results of numerical simulations. Finally, con-
clusion is presented.

2. Fundamental concepts

This section provides the most important def-
initions and properties applied throughout the
study. It presents a clear overview of the modified
ABC fractional calculus in the Caputo sense.

Definition 1. (3732) Let m(t) € L'(0,T) be a
function. The modified ABC' derivative of m(t) is
defined as:

m (t) = Ey (=yt”) m (0)

0 Jy (t=m)" " m ()

XEU, v (_’YU (t - 77)U) dT]
(1)

L? v € (0, 1) is the order of
1—v

derivative, and _EU is the Mittag-Leffler function
defined by:

where v, =

o0 i

X
E,(xX)=) w0 ) 2
(0 ;:0 Twir Y€€ (2)

and
_y X
Ev, U(X) - — P(UZ + 0_)7 X € (C7 (3)
where v € (0, 1), B(v) =1—-v+ % charac-
v

terized as ¢ (0) = ¢ (1) = 1. The L-transform of
equation (1) is defined as:
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L [§47C Dym (1)) (n)

_ B [2°L{m®)} () —n°"'m(0)] (4)
1—-wv n° + Yo

Definition 2. (?" 32) Let m (t) € L' (0, T) be a
function. The modified ABC integral is then ex-
press as follows:

v(1-v)

B Igm (1) =

m (t) —m (0)]
(5)
+yo [HIE (m (8) —m (0))] -
where, the Riemann-Liouville integral operator is
given by

RL v _ 1 ! s(n)
im0 = r<v>/o T

3. Model formulation

In this section, we consider a newly created model
of excessive gambling based on modified ABC
fractional differential equations. We focus on the
NAMPR model, which addresses the problem of
gambling within a population. This model com-
prises the following five types.

e N: The number of individuals who know
nothing about gambling (non-gamblers).

e A: The number of individuals who are
aware of the risks of gambling and gam-
ble without problems but are exposed to
problem gambling (no problem gamblers).

e M: The number of individuals who have
minor symptoms of problem gambling and
are at risk of addiction (minor-risk gam-
blers).

e P: The number of individuals who are
addicted to gambling and gamble perma-
nently (permanent gamblers).

e R: The number of individuals who have
stopped or recovered from problem gam-
bling (recovered gamblers).

The total population is computed as follows:

T(t) = N(t) + A(t)+ M(t) + P(t) + R(t).

All parameters in the model are assumed to have
values greater than zero and are defined as fol-
lows: all new recruits, assumed to have no aware-
ness of the risks of gambling and never having
gambled before, are recruited at a rate of A. An
individual in stage N is not introduced to gam-
bling, but contacts from gamblers urge them to
gamble with no problems, leading them to transi-
tion to stage A at time ¢t. This contact is modeled
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using a parameter «q, which is directly related to
the proportion of non-problem gamblers, minor
risk gamblers, and excessive problem gamblers al-
ready participating in gambling activities.

Y mA+M+pP

aq N T '
Individuals in stage A may transfer to stage R
by stopping any gambling activities before ad-
diction, measured using a parameter g, or they
may develop minor symptoms of problem gam-
bling. This step could be induced by the influ-
ence rate, measured in terms of the proportion

of already existing problematic gambling stages:
YoM + 3P

multiplied by a proportionality pa-
rameter as. Therefore, the overall problem gam-
bling rate is:

Vo 72M+ P

as T '
There are three possible transition directions from
stage M. Individuals in stage M may return to
stage A by minimizing the frequency and inten-
sity of their gambling, measured using a param-
eter A, transfer to stage R by stopping gambling
activities, denoted by the stopping rate ¢, or tran-
sition to the excessive gambling problem stage.
The latter step can be introduced by the influ-
ence rate, measured in terms of the proportion

in the excessive gambling stage: 737 multiplied

by a constant as. Therefore, the overall problem
Y3 P

of the excessive gambling rate is: 13 = a3

wA

oA

Figure 1. Problem gambling model flow diagram

There are also three possible transition directions
from Stage P. Addicted gamblers may recover
naturally or with the help of religion, social me-
dia awareness, school education, and professional
help. When an addicted gambler returns to be-
ing a non-problem gambler, a transition to stage
A occurs, modeled using k. Individuals in the
excessive problem gambling stage will either re-
cover or stop all gambling activities, resulting in
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a transition to stage R, modeled using the recov-
ery parameter (. As the severity of the gambling
problem decreases, an addicted problem gambler
can transition to the minimum risk stage M at
a rate 9. We assumed that recovered individuals
would not return to the gambling activities and
would never gamble again. The parameter ¢ de-
notes the natural death rate. The model assumes
no gambling problem-induced death and does not
consider the age of gamblers. The approximate
results of the gambling problem model using the
modified ABC fractional operator are obtained
using the Tofik-Atangana numerical scheme.
Figure 1 is a flow diagram of the gambling prob-
lem model, illustrating transitions between com-
partments and key parameters governing dynam-
ics. In the modified ABC fractional operator, a
model system of differential equations with posi-
tive initial conditions can be defined as follows:

*DYN(t) = &1(t) = A — 9N — N,
*DYA(t) = Po(t) = 91N + AM + kP
—(p+J2+19) A,

*DYM(t) = $3(t) = 92 A+ 6P
—(A+s+I3+19) M,

DY P(t) = $y(t) = UsM — (k+ 5+ + )P,

“DYR(t) = 5(t) = pA+ <M + (P — ¥R,
(7)

where * represents mABC. Equation (7) de-
scribes the rates of change for each compartment,
incorporating fractional-order dynamics via the
modified ABC operator. Parameters 9, 99 and
¥3 demonstrate model transitions influenced by
problem gambler interactions.

3.1. Qualitative analysis

Here, we discuss the basic behaviors of model
(7) such as solvability, existence and uniqueness,
positivity, and boundedness of solutions. For
0 <t <T < 400, system (7) can be written
as follows:

mABC DO, (t) = & (t, m (t)),

with starting solution

(8)

9)

m (0) = my,
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where, the vector-valued functions m
[0, +00) — R’ and & : R® — R such that

m (t)

and

@ (m(t))

Theorem 1. The function ¢ in (8) is Lipschitz
continuous in 1.

Proof. For the state variable N, we have
@1 (¢, N) =1 (t, N1

A M P
:Ha171 + oM + 3 N — N

T ¥
Using triangular inequality, we have
[@1(t, N) = @1 (t, N1)|| < c|[N1—NJ.

102 + Y203 + 7303
I’Y ’YT : s

IV (@) | = super [N () | = e1,

where ¢ = «

[A @) ]| = super |A(8) | = o2,
M () || = supyer [M (8) | = o3,

1P @) | = super [P () | = 04,

IR () || = supier R (1) | = o5

Thus, &4 (¢, N) satisfies the Lipschitz condition
with the Lipschitz constant ¢. Moreover, if 0 <
¢ < 1, then @; (¢, N) is a contraction. Similarly,
we can show the existence of Lipschitz constants
and the contraction principle for @9 (t), @3 (t),
@y (t), and D5 (t). Consequently, we have:

12 (t, m (1)) =P (¢, m1 (1)) [loo < nallm —millec.

(10)

and hence @ is a Lipschitz continuous func-
tion.

Theorem 2. (Solvability) The mABC frac-
tional gambling model has at least one solution
m(t) € C ([0, 7], RY).

Proof. The mABC system is equivalent to:
m (t) —mo =48 IY® (t, m(t)).

(11)
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Equation (11) has the following form:
1—-w

m () B(o)

—my = b (t, m(t))

[Tt —9)"" D (s, m((s))ds
g R e s m ()

1—v

B (v)

@ (0, m (0)) (1 + F(T;y:-l)tv) .
(12)
Define T : C ([0, 7], R®) = C ([0, 7], R®) as:

1—w
m@(@ m (t))

Tim] (t) = my +
(Y= b (s, m((s))ds
p e =9 s m () d

1—v

B (v)

@ (0, m (0)) (1 + F(erl)tv> .

(13)
Since @ is continuous, and the modified ABC in-
tegral preserves continuity = T is continuous.
Next, we need to show that all possible solutions
to the equation m = 6T'[m] for ¢ € [0, 1] are uni-
formly bounded in the space C ([O, 7], ]Ri) For
d € [0, 1], the equation m = 6T'[m] expands to:
1—-w

)

m (t) = dmo + 8 [B(qu (t, m(t))

FE) T o 9T B (s m() ds

Taking the supremum norm of both sides, we

have:
1—v

B(U)Ilﬁp(h m (1)) ||

mi] < 8llmol| + 5 [

= (gt s m((s s
T B0 Jo =9 12 (s m () l1d

1—-v Yo
—P(0 0) |14+ =——=—=t")].
5t @ mo) (145555
Simplify the integral:
1—wv Tv

50 P+ BT

||m\|sa||mo||+5[ 1]
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Since ¢ € (0, 1), we have:

1—vo Tv
Imil < llmoll + [1+ M@H

B | T 10T
1-v _ MW
B0 <1+r<v+1> )

Assume that
12| < Co (1 + [|[m]]).
Then,

1—-v Yo
< — |1 [ —
[|m|| < [|mol| + B(0) ( + P(U+1)T )

X (@0 + Cg (1 + [Im]])) -

1—-w Yo
k= 1 v
B<v>< +r<v+1>7>
Then

[Im| < [[mol| + & (P + Co (1 + [Im]])).
By rearranging this inequality, we obtain:

HmoH + k®y + kCs
[Im]| < -
1—-kCyp

Let

Therefore,

HWLQH + kdy + kCyp
1-kCsp '
This proves uniform boundedness.

ml| < M =

Let t1, ty € [0, 7]. From the definition of T,
we have:

Tlm] (t2) = T[m] (t1) =

B (@l m () =0 (0. m (1)
. (14)
+W(-’2 —h)
+m@0 [ty — 3],
where

Li—L = [*(ts— )" " ®(s, m((s))ds

s (2 =) = (= 9)" ) @ (s, m((s) ds.
Since @ is Lipschitz continuous in m and contin-
uous in ¢, there exists ng such that:

[D(t2, m(t2)) — (1, m(t1))ll
(15)
< ne ([t — ta] + [lm(t2 — m(t1)[]) -
Using mean value theorem, there exists xy €
(t1, t2) such that

[ (t2 = )" =(t1 = )" 71| = (v=1)(x—5)"2[ta—ta],
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to —t1)"
I = il < ol (250 4 - ).

(16)
From Equations (14) -(16), we have:

T[] (t2) = T{m] (1) ]

< L(—UT; (16 (1t — t1] + [[m(t2 — m(t1)]]))

v t2=t)" | oy
+zs’(u)r(u)”@”< TR tl))
n v Do |ty — 1Y) .

B(o)T (0+ 1)
For v € (0, 1) and t3 > t; > 0, we have:

ty = (t1 + (ta —t1))” <7 + (t2 — t1)"
= |ty — t7| < (t2 — t1)".

Thus,
|T[m] (t2) = Tim] (t1) || < c(t2 —t1)",

where
c= w(_v;) (ne + nak)
b L tur)|a|
B(v)T (v) '

Given € > 0, choose § = (¢/c)'/? such that
[to — ta| < = ||T[m] (t2) — T[m] (t1) || < e.

This holds uniformly for all m, proving equiconti-
nuity. Since T is continuous, compact, and the set
m = dT[m] is bounded, there exists at least one
fixed point m = §T[m] which solves the system.

3.1.1. Existence and uniqueness of the
solution

As shown in Theorem 2, T is continuous, m =
0T [m], ¢ € (0, 1) is bounded uniformly, and T is
equicontinuous. By Schaefer’s theorem, 7" has a
fixed point 7 = T'[rn], which is a solution.

Theorem 3. Assuming that the condition of
Equation (15) is satisfied, there is a solution of
the mABC fractional system given by Equation

(8)-

Proof. Equation (10) confirms the Lipschitz con-
dition of ®(t, m(t)). For my,ms € C([0,7], R,
we have

413

gambling problem with modified fractional operator

[ Tme](8) = Tlma) @)l = }S’?U?;%Hmz —my|
B )Ty ellmz —mallss

1—wv " )
B <B(U) TBOTw+1) )77@"7”2—7”1\!-

Define the contraction constant:
1—wv v

br) = <B<v> " B<v>r<v+1fv> e < 1.

This is always possible since ¥(v) =1 —v +
v

> 1w
P(U)> v
1—wv
i = — 1
dim K(7) = By <

We assume that supcjo, -2 (¢, m (0))] = o,
Sy ={m @) € C([0, 7], R®) : [m ()|} <wv. For
m(t) € Sy, and t € [0, 7], we have
1@ (¢, m ($)] = [ (¢, m(t)) — Po+ Pol| < nev+eo.
(17)
Furthermore, for m € {m € C([0, 7], R®)},
we have

1—wv
[m () || = max || Tm (¢)|| < Mot B

. o (e I @) + ) t°

B(v)T (v
1-v QA
TEw <”r<v+1>t)

= 71+ mallm (2) ||

(na [[m (@) + o)

_|_

We have that

1-v
T =mo+ 5 —%o

B(v)
|

1—v
71'2:7745[

+1

)

(”w

B(o) "

HON <v>ﬂ 4
1-vwv v
B(o) @k } |

v

B(v)T

Thus,

B!

1 —

According to Leray-Schauder’s alternative
theorem, system (8) has a solution.

lm (&) || <

(18)

3.1.2. Positivity and boundedness of the result

Theorem 4. The set of solutions of the system
(7) with nonnegative initial conditions defined in
the region Q = {(N, A, M, P, R) € R} : 0 <
N(t)+ A(t) + M(t) + P(t) + R(t) : T(t) < %} is

positively invariant.
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Proof. Differentiating the total population
T(t) = N(t) + A(t) + M(t) + P(t) + R(t) with
respect to time and using equations in system (7),
we obtain

mABCDUT (1) < A — T (t). (19)
Applying the Laplace transform on two sides of
the above inequality, we obtain:

L{MPCDRT(1): ) < —wL{T (1): )

B(v)s'LA{T (t); s}

+YL{T(t); s}

v+ (1 —v)s
< ASU—(U+1) + B (U) T (0) sU! )
- v+ (1—wv)sv
Implies
Av

gv—(v+1)
X
. o
TTBO T (-0
Al —v) B (v) T (0)

vy
Bv)+(1-v)v

Applying the inverse Laplace, we arrive at:

sV +

IO < g (=g B ot (1)
! (20)
B+ A-v)Y
X (A(L=v)+B(v)T(0)) Ev, 1 (—nt")
where n = vy and FE, 5(.)

Bw)+(1—v)u
is the Mittag-Leffler function of two parameters
a >0 and 8 > 0 defined as:

0 i
x
E = E _—
whose Laplace transform is
B
p-1 R
E{X Ea, g (F1x"); S} o

provided that s > ||'/®. The Mittag-LefHer func-
tion satisfies

Ea, g(x) =

oa—

1
XL (B—a)

Ea, B—a (X) -
X
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and for the case a = v, f=v+1 and x = —nt?,
we have
1
By, o1 (—nt") = prr (I—=Ey 1 (—nt?)). (21)

The Mittag-Leffeler function is bounded for all
t > 0, possess an asymptotic behavior,>” intro-
ducing the relation (21) in inequality (20), it is ob-

A
vious that 7' (t) < — as t — oo. Thus, N (¢) and

all other variables of the system (7) are bounded
in the region 2.

Theorem 5. If the set of initial conditions
{N(0) > 0, A(0) > 0, M(0) > 0, P(0) >
0, R(0) > 0} € RS then, the solutions of
N(t), A(t), M(t), P(t), and R(t) are non-
negative for all t > 0.

Proof. Assume that all the state variables of the

model are continuous. Consider the first equation
of the system (7):

A M P
nMBQDwV@%:A_aﬂVW.'+W + 73 _N.
(22)

are bounded, let

is bounded by o. Then,

Since, all the solutions

YA+ M+ 3P
T

mABCDUN () > —aN, (23)
where a = ay0 + 1. Applying the Laplace trans-
form in Eq. (23) and using Eq. (4), we have:

1—-v

> —al {N (1)},
Further simplification gives:
B(v)s*L{N (t); s} B(v)N(0)sv!
v+ (1—v)s¥ v+ (1—v)s®

SYL{N (t); s} — N (0)sv~!
sV +

B(v)

1—v

> —al{N(t)}.

[B(v)s'+av+a(l—v)s’|L{N(t); s}
> B(v)s' 1N (0)

B (v) N (0) sv—1

LN (t); s} >

Bw)+a(l-v) g 4 av

B(v)+a(l—v)
Taking the inverse Laplace transform in the above
inequality, we obtain:
B (v) N (0)
B(v)+a(l—0) )

—avt?
+a(l—w)

N(t)> EU’1<B(U)

av
. B o[- v
Since 71< B(U)—l—a(l—v)t) > 0 and

N (0) > 0, then N (t) > 0. In the same way,
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it is easy to prove that the remaining state vari-
ables are non-negative for all ¢ > 0. Therefore,
the solutions of system (7) are non-negative for
all t > 0.

3.2. Stability analysis of the model

In this section, the basic reproduction number
and stability analyses of endemic and no problem
gambling equilibrium points are discussed.

3.2.1. No problem gambling equilibrium point

To find the gambling problem-free equilibrium
point of the model, we set the derivatives of all
compartments to zero and assume that there are
no individuals with gambling problem ( M
0, P =0 and R = 0). The system reduces to:

A
A—mN%r—wN:Q

(24)
A
mN%:—@mHMAZQ
Solving these equations yield:
Ey = <8’ ws, 0, 0, 0) )
P+

A .
where s = and a1y > @ to ensure posi-

a1y1L — @
tivity of Ny and a1y1 > @+ for positivity of Ag.
This equilibrium represents a state where there
are no individuals with gambling problems and
the population consists only of non-gamblers (N)
and non-problem gamblers (A).

3.2.2. The basic reproduction number

The basic reproduction number R is a critical
threshold in epidemiological models, representing
the average number of new ”infections” (in this
case, new problem gamblers) generated by a sin-
gle addicted gambler in a fully susceptible popu-

lation.
_ |ooyeq  a23q _|u =6
S i R
where
171

v=£K+0+(+ Y.
Using the next-generation matrix method, the ba-
sic reproduction number of the proposed model is
the dominant eigenvalue of FV~!. Therefore,

a1y —p— Y
(A +<s+1)

Ro = a2
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Theorem 6. The gambling problem-free equilib-
rium point Ey is locally asymptotically stable when
Ro < 1 and unstable when Ry > 1.

Proof. To prove the local stability, we consider
the Jacobian matrix of the system (7) at Ej as
follows:

J(Ey) =
a1 a2 a3 aig O
a1 0 a3 az O
0 0 ass azya O |, (25)
0 0 0 au O
0 as2 as3 as4a ass
where
ain = —(aam — ), a2 =—(p+)
_ P+ B o+
a13 = —72 , Q14 = —73
71 7
as = o1y — p — Y,
+ a1y — P —
azs = 712" v A — gyt P Y Ld
it a1
+ o171 — P —
a4 = 7360 Ld + K- Otﬂ:am—w,
§a! a1
as =0, as2 =@, as3=¢, ass=¢
a1y — P —
agz = (%WW) —(A+c+1)
171
Qv — o —
A <a2,y3w> )
171

agg=—(k+0+(+1), ass =~

In this Jacobian matrix, three of the eigenvalues
are negative, that is m; = —¢, mg = —(k+d+(+
) and mg = — (A +¢+v) (1 —Ryp) for Ry < 1.
The remaining eigenvalues can be obtained from
the characteristic equation:

m? +dim+ds = 0. (26)
Since the coefficients di = a1y1 — p > 0 for

a1y > p and da = (p+ ) (171 — p — ) > 0 for
a1y > p+1. The solutions of Equation (26) have
negative real parts. Since the I'm(m; = 0,

1, 2, 3, 4, then clearly |arg(m;)| =7 > %, v E

7 =

(0,1). According to the Matignon criterion,® the
equilibrium point Ey is stable when Ry < 1.
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3.2.3. Endemic equilibrium point

Adjusting the model equation to zero and solve
simultaneously, we get the endemic equilibrium

point E* = (N*, A*, M*, P*, R*). where
A
Y p—— , wherec=x+0+(+¢
a3y
A
(d+ azysP*) ——— — §P*
A* = O‘3’Y3w , d:§+)\+¢}
<072 Y3 *>
(%) + =P
agys A
N* = A
AT+ MY 4Pt
a1 " +
T

(8

and we have the following quadratic equation for
P*

1
pP*2 — 1—— | P"=0
ai a2< RO) )

Yaoyi
Aya(k+d+(+ )

Since P* # 0, we have P*

and b

where aq
(s + A+ vY)aim

@272 '
ag

1
— <1 — ) and P* is positive when Ry > 1.
aj RO

Theorem 7. The gambling problem-free equilib-
rium point Ey is globally asymptotically stable if
Ro <1 and unstable if Rg > 1.

Proof. Assume the Lyapunov function:

L(t) = M(t) + P(t).
Taking the modified ABC derivative both sides
and using Equation (7), we have:

YoM + 3P
2 T

“DVL(L) = A+ 6P

P
—(/\+<+a3737+¢)M

P
+a3%M—(m+5+C+¢)P

At the gambling problem-free equilibrium point
Ejy, we have:
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a1y — o — Y

*DYL(t) = azy2M —(Ats+y)M
171

_,_aﬂgpw —(k+C+Q)P

a171
= (RO — 1)(A + <+ )M

a1 —p— P

+lag =0T oy ch )| P

a171

All the model parameters are nonnegative;
it follows that *DyL(t) < 0 for Ry < 1 and
a p— —
ygma—w < (k+C+1). *DYL(t) = 0 it
m

and only if M = P = 0. Thus, by LaSalle’s invari-

ance principle, the gambling problem-free equilib-

rium point FEj is globally asymptotically stable in
a positively invariant region if Rg < 1.

4. Numerical method

In this section, we use an approximation tech-
nique for the system in (1). By applying the
fundamental theorem of modified ABC fractional
calculus, system (7) can be written as:

( _1—U

mf(ta m(t))

We are producing a numerical scheme for this
system with the help of Lagrange’s interpo-
lation polynomials. Setting t = t,11, n =

T
0,1, 2, ..., M with h = —

, we have:
M1 (£) =m(0) + })’zvq))f (tn, m(t,))
B b e =T s

or equivalently,
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1—v

Mp+4+1 (t) =m (0) + m

f(tn, m(tn))

(29)

The function f (s, m(s)) can be approximated
over (t;, t;+1) using the Lagrange’s interpolation
polynomial as:

f(tiv ;Ln(tl)) (t _ ti—l)

f (s, m(s))
f(tic1, m(ti1))
h

(t—ti)

Substituting it into Equation (29), we obtain:

1—wv

B (v)
f(ti, m ()
h

Mp+1 (t) =m (0) + f (tna m (tn))

I

B(v)T (v) 2= f iy, mten)
h 2
—}gzvq)’f (0, m (0)) <1 + F(Jil)tio .
(30)

where I} = ftii“ (tns1 — g)”fl (¢ —ti—1)ds and

I, = ftii“ (tns1 — )" ' (¢ — i) ds. Computing
these integrals, we finally get the approximate
solution as:

1—-w
Mp+1 (t) =m (O) + mf (tna m (tn))
[ RV f (ti, m(t)) ]
“Twry AP
+m Liz1 RS (tica, m(tioa))
I'v+2)
| (€-D) |
1—v Yv v
_B(U)f(o, m (0)) <1+ o+ 1) (nh) ) :

gambling problem with modified fractional operator

where
A=n—-i+2+v)(n+1-14)"

B=(n—-i+2+2v)(n—1)"

C=m+1—10i"

D=(n—i+1+v)(n—1i)P

5. Graphical results and discussion

The graphical results validate the theoretical pro-
cesses. The choice of the fractional order v in the
modified ABC fractional derivative, which is in
the range (0, 1], is primarily owing to its math-
ematical consistency with integer-order deriva-
tives. In this section, we implement the proposed
technique to solve system (7) with the initial solu-
tions and model parameters provided in Table 1.
The approximate results were obtained using the
numerical scheme presented in Section 4. Due to
the lack of organized data on excessive gambling,
no real data have been provided for our model re-
sults. Therefore, the approximate values are not
estimated based on real data, and the results are
obtained using assumed parameter values and ini-
tial conditions. The gambling problem-free equi-
librium point exists when a1y > p + . The
fractional order v influences transient dynamics
but not equilibrium point stability. The basic re-
production number is then computed to be Rg =
1.4826 and unstable gambling problem-free equi-
librium point is Ey = (2.7583, 15.6306, 0, 0, 0).
Ro > 1 means that on average each problem gam-
bler spreads addiction to more than 1 person. In-
terventions must reduce Ry below one. Some key
strategies are to reduce transmission ag &7y, in-
crease recovery rates, A, & ¢ and raise awareness.

5.1. Optimal control analysis

We consider the system (7) by adding the con-
trol variable ¢(t), which ranges from 0 to 1, where
zero corresponds to the absence of application of
any control mechanism, and one refers to the case
where there is a fully controlled scenario. The in-
termediate values ¢(t) € (0, 1) quantify the effect
of applying the intervention mechanisms. The
control directly reduces the progression to addic-
tion by a factor of 1 — ¢. The control variable:

e Represents interventions like counseling,
self-exclusion programs, and early treat-
ment

e Reduces the transition rate from M to P.
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Table 1. Value of the model parameters for equation (7)

Parameter Value Source | Parameter Value Source
Ny 200 Assumed | Ay 75 Assumed
My 42 Assumed | Py 14 Assumed
Ry 0 Assumed | A 0.33  Calculated
aq 0.7 101X 0.07 10
Y1 0.2 Assumed | p 0.02 Assumed
Yo 0.3 Assumed | ¢ 0.015 Assumed
Y3 0.4 Assumed | k 0.34 10
s 0.5 Assumed | § 0.014 Assumed
Qs 0.2 Assumed | ¢ 0.01 Assumed
P 0.001 Assumed
The modified fractional-order system with mABC
derivative: YA+ M + v P
d N AM P
“DYN(t) = A — ag NLATMEP Taa [0‘1 T A
YoM + 3P
*DYA(t) = alN’Y1A+V2TM+73P +A\M + kP — <p+a2T +@ZJ> A}
YoM + 3P
_ (p+a272M;’73P _’_w) A + dp |:042TA+(5P

*'DfM(t)Z <a M>A+5P

—[Ats+ - e +u| M

*DYP(t) = (1 — c)az P — (k+d+C+)P

*DYR(t) = pA+cM + (P —yYR

The main objective is to find the optimal control
unit ¢(t) such that the following control objective
function is minimized:

T 1
/ [AlM (t) + A P(t) + 5Bc2(t) dt
: (32

J(u)
where:

e Ay, Ay > 0: Weights for at-risk and ad-
dicted populations.

e B > 0: Cost weight for control implemen-
tation.

e T Final time

To solve the new system, we need to derive the
necessary optimality conditions for the problem.
To do this, we define the Hamiltonian function:

H = A M(t) + Ay P(t) + %B&(t)

A M P
N% + YoM + 3

+dy |A— oy T

—wN}

418

- {A—i—(—i—(l—c)ag%TP—i—w} M]

+dp [(1—0)043%TPM— (m+5+(+¢)P]

+dg[pA+ <M + (P — ¢YR] (33)

where dy, da, dy;, dp and dgr are adjoint vari-
ables. To obtain the necessary optimality condi-
tions:

OH

“DVP,; _

0t (t) ad@l (t)

. 0OH

0D de, (1) = —ﬁ(t) (34)

0H

—(t)=0, +=1, 2, 3, 4, 5.

60 ( ) Y ? ) ) ) )
where &1 = N(t), P2 A(t), = M(t),
¢y = P(t) and 95 = R(t). The transversahty
conditions:

di(T) =0, i€ {ds,}.

Accordingly, the optimal control ¢ * (¢) of a new
dynamic system, which minimizes the objective

functional (32), is characterized by
—d(t
M ( ))) 7 1> ]

cx* (t)
min (max <0 as
(35)

LM () (dp()
B
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5.2. Sensitivity analysis

Performing a sensitivity analysis on the gambling
model helps to identify which model parameters
most significantly influence the system’s behav-
ior. Next, we calculate the normalized sensitivity
index for R with respect to the model parameter
p as:

p _ IR

Ro 3]) ’

The sensitive parameters and their sensitivity in-
dex are shown in Table 2.

Sp =

Table 2. Sensitivity indices of Rg

Parameter Sensitivity index
a1 +0.1765
1% +1.0000
Y2 +1.0000
Y —0.0200
16 —0.1681
A —0.8140
S —0.1744
1 +0.1765

Table 2 discusses the sensitivity of the ba-
sic reproduction number Ry. The parameters
a1, a9, v1 and 72 have positive imapcts, which
means decreasing these parameters leads to a re-
duction in the value of Ry a7 has a positive but
relatively weak influence on Rg. To reduce Ry,
prioritize decreasing the parameters oo and 7s.
The parameters p, A, ¢ and ¥ have negative
imapcts, which means increasing these parame-
ters leads to a reduction in the value of Ry. For
instance, a 42.8571% decrease (from 0.7 to 0.4)
in oy decreases Rg by approximately 13.2402%.
A 40% decrease (from 0.5 to 0.3) in ay decreases
Ro by approximately 40%. A 33.3334% decrease
(from 0.3 to 0.2) in 75 decreases Ry by approxi-
mately 33.3334%. Similarly, a 28.5714% increase
(from 0.07 to 0.09) in A decreases Ry by approx-
imately 18.8722%.

Figure 2. Effects of a parameter A on the basic
reproduction number Ry

419

Figure 3. Effects of a parameter as on the basic
reproduction number R

=)

Figure 4. Effects of a parameter ¢ on the basic
reproduction number Ry

Figures 2-4 indicate the effects of senstive pa-
rameters on the basic reproduction number. To
stabilize the gambling problem-free equilibrium
point, limit interactions between aware individu-
als and problem gamblers and promote awareness
of gambling risks.

200

=0 =010—v = 0.20—¢ = 030—v = 040 —v = 0.50

150

80 100

Figure 5. The approximate solutions of N(¢) with
different fractional order values

In Figure 5, we plotted the approximate
results of the system (7) using the numeri-
cal scheme presented in Section 4 for differ-
ent fractional order values v. The graph con-
firms that the order of fractional differential
equations significantly affects the simulation
of the system using the proposed scheme. A
small change in the fractional order value can
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have a significant impact on the system results.

=1 =02—y = 04— = 06— =03

t

Figure 6. The approximate solutions of N(t) with
different values y; when v = 0.95

Figure 6 examines how the parameter -, (weight

of non-problem gamblers A on no gamblers V)
affects the solution N(¢) with time intervals.
Higher 7 (e.g., 71 = 0.8) accelerates the de-
cline of N(t), as more individuals transition
to start gambling. Conversely, lower v; (e.g.,
7 = 0.2) slows the decline, reducing recruitment
into gambling activities. Public awareness cam-
paigns (reducing 71 ) could slow gambling uptake.

200

—12=03—7=05—2% = 07—y =09

Figure 7. The approximate solutions of N(t) with
different values o when v = 0.95

Figure 7 tests the impact of <9, which
is the influence of minor-risk gamblers.
Early intervention for minor-risk gamblers
may indirectly protect the new gamblers.
250
[—v=025—v=045—v=065—v=08j

200

150

A(t)

100

50

20 40 60 80 100

t

Figure 8. The approximate solutions of A(t) with
different fractional order values

Some non-problem gamblers may show interest in

420

gambling frequently. For a few weeks, they will
gamble with no problem but may show signs of
addiction and will move to the addiction stage.
Figures 8-9 confirm the behavior of no problem
gamblers and minor-risk under varying fractional
order values. Due to several factors, peaceful
gambling can transition into excessive gambling
activities.

70 \

T T T
=0 = (.25=v = 0.35=v = 0.45=v = 0.55=v = 0.65

60r
S0r
240p
< 30r

W0r

2 4 60 80 100

t

Figure 9. The approximate solutions of M (t) with
different fractional order values

120

¢ = 0.1 = 0.05 =g = 0.01=¢ = 0.005

T
—s=05—

40

60 80 100

t

Figure 10. The approximate solutions of M (t) with
different values of recovery rate ¢ when v = 0.5

Figure 10 evaluates how the recovery rate ¢
(transition from M to R) affects M(t). Higher
recovery rate (e.g., ¢ = 0.5) rapidly reduces M (t),
as more quit gambling. Lower recovery rate (e.g.,
S 0.005) increases the risk of gambling in
the population. Strengthening recovery programs
(e.g., counseling, religion activities) reduces the
risks of gamblers. Early decision to stop daily
gambling is highly recommended, especially for
young gamblers. Numerical results of the behav-
ior of minor risk gamblers in relation to the re-
covery parameter ¢ are shown in Figure 10. It is
clearly visible that as the recovery rate ¢ increases
from 0.005 to 0.5, the number of individuals in the
risk gambling stage decreases.
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s—h [—v=06—v=05—v=08—v=095

6 Il Il Il Il
0 20 40 60 80 100

t

Figure 11. The approximate solutions of P(t) with
different fractional order values when Ry > 1

The large number of addicted gamblers can
result from a daily focus on reward values. To
reduce this number, individuals must focus on re-
ducing their daily investment in gambling activi-
ties and return to their previous non-problematic
stage. Figure 11 indicates the dynamics of ad-
dicted gamblers under different fractional or-
der values. The graph is plotted when the ba-
sic reproduction number is greater than one.

v =095—0v=0.15—0=055—v=03—v=0.1

0 20 40 60 80 100

Figure 12. The approximate solutions of P(t) with
different fractional order values when Ry < 1

Figure 12 shows the behavior of addicted pop-
ulation with several fractional order v when the
basic reproduction number Ry < 1. Since Ry < 1,
gambling problems will not persist (GPFE is sta-
ble).

300 T T

2501

—_ o
[y =3
=) >

Population

=
=

<

w
-
|
—‘X'}
==)
Q
L Q
=
=

0 20 40 60 80

Figure 13. Solutions of the system (7) for
Caputo-Fabrizio (CF) and mABC with
v =035 a =1

Figure 13 depicts the solutions of N(t) and R(¢)
obtained by the CF and mABC approaches.
The reader may see from these illustrations
that our model solutions are found to be in
good agreement under both fractional opera-
tors. Figure 14 shows the results of A(t) and
M (t) obtained by the CF and mABC derivatives.

100

T T
=mABC =CF —CF=mABC

80 <—-A(t), = 01

Population
= f=23
= =

——M(t). = 0.005

0 20 40 60 80 100
t

Figure 14. Solutions of the system 7 for C-F and
mABC with v = 0.70

) = .65 == = (.7

v=085—v=09 |

0 1 1 1 1
0 20 40 60 80 100

t

Figure 15. The approximate solutions of R(t) with
different fractional order values

Figure 15 demonstrates the dynamics of recov-
ered individuals with different values of v. Also,
Figure 16 shows the effects of recovery rate .

140

207 —¢ = 0.0025—¢ = 0.005— = 0.0075—¢ = 0.015] ]

0 Il Il Il Il
0 20 40 60 80 100

t

Figure 16. The approximate solutions of R(t) with
different values recovery rate ¢ when v = 0.75
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‘—M (t) with control===M(t) without control

80
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M (t)

401

20

20 40 60 80 100

t

Figure 17. Minor risk infected population with
control and without control

Figure 17 confirms the minor risk gamblers
with and without the control measures, it can
also be seen that when using the control mea-
sures, the minor risk population increases, this is
due to the fact that the highly addicted popu-
lation is reduced because of the control impact.

140

[
=
T

=3
=
T

=4
T

P(t) + M (t)

‘—P(t) + M(t) with control===P(t) + M (t) without control| -

=N
S
T

40 1 1 1 1
20 40 60 80

100
t

Figure 18. Total addicted population with control
and without control

Figure 18 indicates the total addicted popula-
tion with and without control strategy. From this
figure, we confirmed that the total number of the
addicted population is reduced due to the control
strategy.

‘—P(t) with control=—=P(t) without control| ]

40 60 80

[

100
t

Figure 19. Permanent addicted population with
control and without control

422

Figure 19 shows the highly addicted gamblers
with and without the control measures, as we can
see from the graph with control ¢(t), the addicted
population P(t) reduces significantly. Interven-
tions (e.g., counseling) reduce P(t) by lowering
Ro to less than unity.

6. Conclusion

In the present study, the problem of excessive
gambling model has been investigated by one of
the robust nonlocal fractional operator. The mod-
ified ABC fractional derivative operator is ap-
plied to present a system of differential equations,
with approximate results achieved using numeri-
cal method. This study considers a determinis-
tic problem gambling model under positive initial
conditions, including non-negative model param-
eters. The fractional order is v, and consider-
ation was given to the dimensional consistency
between the rest of the model parameters. As a
result, several significant features of the proposed
fractional version of the model have been docu-
mented, such as the model formulation, the exis-
tence/uniqueness of the solution, invariant region,
stability analysis, and most importantly, the ba-
sic reproduction number. It should be noted that
the fractional-type dynamical system under inves-
tigation comprehends the behavior of the model
more correctly than the variant of the integer or-
der. Figures 5-14 demonstrate how fractional or-
der v and sensitive parameters influence addiction
dynamics, guiding targeted interventions. A com-
parative analysis between the fractional time de-
rivative approach of mABC and CF models has
been done. The comparisons are given in Fig-
ures 13-14. It is evident that these two operators
are very effective for approximating fractional sys-
tems of differential equations, and the solutions
are in good agreement under both derivatives.
All the computations in the study were performed
using MATLAB R2016a computational software.
As a recommendation, the mathematical model-
ing of the problem of excessive gambling needs
to be continued because of its significant social,
economic, and political impacts. A better un-
derstanding of mathematical modeling research,
including different factors of problem gambling,
can inform policy-making and therapy for highly
addicted individuals. Future work should incor-
porate stochastic effects and validate parameters
based on confirmed real-world data, including dif-
ferent factors of gambling addiction.
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