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In this paper, we apply data-driven optimization to estimate key parameters
in a metric graph-based epidemiological model, with the aim of analyzing the
effect of road networks on the geographic spread of epidemics. As a case study,
we fit our model to data from the COVID-19 pandemic in Poland during 2021.
Our dataset integrates county-level daily case reports, national census informa-
tion, and traffic flow studies. This framework allows us to examine the relative
contribution of specific travel routes over time and infer unobserved transmis-
sion patterns in the presence of incomplete or unreliable case reporting. The
optimization problem that arises from the model fitting yields an objective
function resembling the Rosenbrock “banana” or “valley” function, a classi-
cal difficult benchmark for optimization algorithms. To our knowledge, this
represents the first appearance of a Rosenbrock-type function in a real-world
epidemiological context. We demonstrate that such a structure can emerge
naturally from a simple uncoupled SIR model under specific conditions: a low
initial incidence rate and a prolonged infectious period. This suggests that the
Rosenbrock behavior is an intrinsic feature of fitting compartmental models to
approximately Gaussian epidemiological data, providing a realistic yet simple
scenario with which to test optimization algorithms. We explore optimization
strategies suited to the Rosenbrock-type structure and identify a feasible pa-
rameter set for modeling the spread of COVID-19 in Poland. We use this set of
parameters to identify discrepancies between the model and the data, explore
how reducing traffic flow into urban areas can help flatten the infection curve,
and identify some patterns in the distribution of intra- versus inter-city inci-
dence rates. While recognizing the complex interplay of social and behavioral
elements that cannot be fully captured in a high-level geographic model, our
findings highlight the usefulness of metric graph-based models for understand-
ing large-scale disease transmission in structured transportation networks.
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1. Introduction

Geographic transport networks play a fundamen-
tal role in the spread of epidemics. Fluvial sys-
tems, for example, have been shown to facilitate
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the transmission of both waterborne and vector-
borne diseases; cholera can spread through con-
taminated water,!? while mosquitoes (vectors for
diseases like malaria and dengue fever) frequently
breed near rivers.** Highways provide a similar
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mechanism for the spread of vector-borne dis-
ease, transporting mosquitoes further in a sin-
gle direction than spatial diffusion alone would
dictate.? ® Regional transportation infrastructure
also contributes to the spread of disease through
the movement of infected humans - the surfaces of
vehicles like buses and ambulances can facilitate
surface-to-hand contact of Methicillin-resistant
Staphylococcus aureus (MRSA),?!? while indi-
viduals in close quarters may spread respiratory
infections like COVID-19.13"1 The movement of
infected individuals is also a well-documented
pathway of geographic spread. For example, the
recent COVID-19 pandemic spread first between
countries through the air transportation network
and then along local highway systems.!6-2!

1.1. SIR-type models

The spatial spread of infections is often stud-
ied using compartmental epidemiological mod-
els, typically using variations of the Susceptible-
Infected-Removed (SIR) system of equations??28.
One common way to incorporate geographic
structure in this type of model is the inclusion of
corridors of fast diffusion, one-dimensional lines
that facilitate faster travel than spatial diffu-
sion alone would allow.?9 3! This framework has
been used to model cholera transmission along
river systems,3%33 the movement of disease vec-
tors along highways,% and the large-scale spread of
disease along major transportation corridors.3% 3

A recent metric graph-based model intro-
duced by Besse and Faye3! consists of a network of
cities connected by one-dimensional edges, adding
a “traveling infection” component to the stan-
dard SIR model. This model is able to incorpo-
rate both geographic network structure and spa-
tial heterogeneity in the form of different param-
eters for individual vertices and edges. Compart-
mental epidemiological models incorporate re-
gional variation in many different ways, includ-
ing heterogeneity in initial conditions®6:37 (e.g.,
seeding infections in major cities) and spatially-
varying uniform parameters3®-40 (e.g., population
density, diffusion coefficient, transmission rate).
The ability to represent regional disparities is es-
pecially important for studying large-scale epi-
demics such as COVID-19, where disease bur-
den and response strategies varied significantly
across jurisdictions, especially during the begin-
ning of the pandemic.*!43 Compartmental mod-
els that incorporate geographic structure, such
as location-specific parameters®®4* or diffusion
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along a network,** have been shown to outper-
form models that assume a homogeneous struc-
ture in capturing the directional and constrained
nature of the spread of disease.

1.2. Parameter selection

Unfortunately, even the most basic SIR model has
parameters that are not easily observable from
data,?® as complex interactions between the pa-
rameters change the results of the model in un-
predictable ways. This problem is further com-
plicated by unreliable or inconsistent data that
do not correspond directly to the equations mod-
eled in SIR systems, e.g., reporting typically con-
sists of new cases, while the model’s I(t) covers
both new and ongoing cases. Fitting SIR-type
models to the COVID-19 pandemic has proven
especially challenging. The first challenge is the
vast scale of the pandemic - one study estimated
that by November 2021, 43.9% of the global pop-
ulation had been infected with SARS-CoV-2 at
least once.*® For a pandemic on such an enor-
mous scale, both the reliability of the data and
the selection of model parameters are further
complicated by inconsistent adherence to non-
pharmaceutical intervention (NPI) guidelines (so-
cial distancing, masking, hand-washing, etc.),*!
under-reporting of cases (further obscured by the
presence of asymptomatic cases),*”*? and het-
erogeneity in disease dynamics across population
groups.*743 Despite these challenges, SIR-type
models remain valuable for gaining mathematical
insight into epidemic dynamics. They clarify how
key parameters influence outbreak thresholds and
long-term behavior and help identify which mech-
anisms most affect disease spread, especially when
data are unreliable.

Even though parameter estimation in SIR
models is difficult, several strategies have been
developed to address this challenge. One com-
mon technique is nondimensionalization, in which
the system is simplified using variable substitu-
tion to reduce the number of parameters.’®>!
While useful for theoretical analysis (e.g., bifur-
cation identification), nondimensionalization re-
moves the physical meaning of the parameters
and makes fitting the model to data more dif-
ficult.  More advanced fitting often includes
statistical techniques like maximum likelihood
estimates,?6:°2 machine learning algorithms,?3 5
and Bayesian approaches.?%:57

A more direct approach, which we adopt here,
involves first approximating the differential equa-
tions using finite difference methods over short
time intervals.?®% 61 This allows key parame-
ters like transmission and recovery rates to be
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estimated algebraically from observed time series
data. This fit can then be refined using optimiza-
tion techniques involving the minimization of a
carefully selected objective function, along with a
turning point analysis, in which model parame-
ters are manually tuned to align the timing of the
infection peak with empirical observations.%-63

1.3. Study overview

Using the road network of Poland as a case
study, we develop an optimization-based method-
ology for estimating parameters to fit the model
to smoothed data. In doing so, we encounter
the following mathematically interesting compli-
cation: optimizing the 2-norm difference between
the modeled I(t) and roughly bell-shaped time
series data results in a Rosenbrock-type function
featuring a curved valley of local minima with
sharp peaks on the sides. The Rosenbrock “ba-
nana” or “valley” function is typically constructed
artificially as a difficult benchmark with which to
test optimization problems and is rarely found in
direct applications. Here, we find what may be
one of the first cases of the Rosenbrock banana
function naturally occurring in a real-world ap-
plication.

To fit our parameters to the data we first
estimate the parameters in the coupled metric
graph SIR model from epidemic, traffic, and cen-
sus data, and then refine them using optimization.
The presence of the Rosenbrock function makes
direct optimization difficult, so the initial estima-
tion is crucial. Once a suitable set of parameters
is found that minimizes the 2-norm of the largest
cities, we fine-tune the parameters at each vertex
to ensure the time of local minima and the shape
of the curves are also in agreement.

2. Methods

Poland makes a good case study for the geo-
graphic spread of COVID-19; from late Novem-
ber 2020 through April 2024, the Polish Ministry
of Health (MOH) collected daily reports on case
numbers, mortality, and other relevant statistics
for each of the 380 counties.%* This dataset has
supported extensive research on spatial patterns
of COVID-19.5566 However, no studies have di-
rectly incorporated the country’s road network.

2.1. The network structure

To construct an approximation of the road net-
work of Poland, we take the largest cities and
the cities located on major travel routes, com-
bining a few into larger metro areas to create 22
populated vertices, which are listed in Table 1.

To this network, we add four major highway in-
terchanges and border crossings into six adjacent
countries of Germany, Czechia, Slovakia, Belarus,
Ukraine, and Lithuania (we omit the Russian ex-
clave of Kaliningrad Oblast to the northeast), re-
sulting in a network of 22 populated vertices and
15 unpopulated vertices - see Figure 1 - where
the populated vertices are labeled. The length
of each edge is found using the travel distance in
km between cities along the road (measured using
Google Maps, January 2025). In the case where
an edge represents more than one road, the mini-
mum distance is used; the parallel edge structure
will be taken into account in the modeling step.

The vertices and edges make up a metric graph
- a network in which a metric (in this case, edge
length) is defined on the edges. Partial differen-
tial equations (PDEs) are used to describe motion
along the edges, which are coupled to the vertices
and each other via junction conditions. Ordinary
differential equations (ODEs) in time can be im-
plemented at the vertices and coupled with the
edges. For a more thorough overview of metric
graph structure and properties, see the textbooks

by Berkolaiko and Kuchment®%” and Kurasov.%®

2.2. Coupled PDE/ODE system

We implement the coupled PDE-ODE system first
introduced by Besse and Faye.3! In this model,
the populated vertices represent the major cities
in Poland and are assumed to be well-mixed (no
spatial effects). The unpopulated vertices act as
either insulated boundaries to the graph or ex-
changes. The cities are connected by edges, along
which infection is allowed to diffuse. The use of
diffusion-based models in epidemiology is well-
established, with numerous studies using diffu-
sion to model the transmission of infection from
areas of high concentration to areas of lower
concentration.?? 346977 Tt is not necessarily the
case that the diffusion term models the travel of
infected individuals; rather, the diffusion encom-
passes both the travel of infected individuals and
the spread of infection along a corridor connecting
the major metropolitan areas.

The following unknown functions are consid-
ered:

e S,(t): susceptible population at a given
vertex v; units of population.

e [,(t): infected population at a given ver-
tex v; units of population.

e [.(x,t): line density of traveling infec-
tion along edge e; units of population per
length.

The parameters to be determined are found
in Table 2. Without any simplifications, there
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Table 1. Vertex numbers and corresponding cities of the Poland road network

Vertex - City/ies

Vertex - City/ies

1 - Poznan

12 - Bialystok

2 - Wroclaw

13 - Szczecin

3 - Katowice, Sosnowiec, Zabrze, & Bytom

14 - Kielce

4 - Krakéw 15 - Czestochowa,
5 - Rzeszow 16 - Bydgoszcz

6 - Radom 17 - Suwalki

7 - Lédz 18 - Zielona Géra

8 - Warszawa (Warsaw)

19 - Gorzéw Wielkopolski

9 - Gdansk & Gdynia

20 - Rybnik

10 - Bielsko-Biala

21 - Swinoujécie

11 - Lublin

22 - Torun
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Figure 1. Simplified road network of Poland with E-road classification by edge.

are 3|V| + |E| + >, deg(v)? parameters, which
are first estimated using data and then adjusted
using optimization, as discussed in Section 2.3.

Here, we state the model under consideration,
offering explanations of the equations in the sub-
sequent paragraphs:
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Table 2. Description of model parameters.

Parameter Description Range Number of parameters per graph
Bo transmission rate By >0 V|
at vertex v
My removal rate at 7y > 0 \4
vertex v
de diffusion  coeffi- No restriction |E|
cient on edge e
Qu rate of exchange (0,1) V|
from incident
edges to vertex v
Ao rate of exchange (0,1)and ) Ay <1 >, deg(v) = 2|E|
from vertex v to
edge e
rate of travel from o 13 and
v edge e, to Z Vem,en < >, (deg(v)? — deg(v))
emsen adjacent edge e, m7in =" deg(v)? — 2|E|
without stopping at v " ¢» t 2"7’57”
€n.em

Junction Conditions

9
Dy -1 + KT, = AL, 4
gpre T vie = Avk @)

The following matrices appear in the junction
condition equations:

e D, = diag(d.) is a real, square matrix of
size deg(v) x deg(v).
e K, = A, + Ny is a real, square matrix of
size deg(v) x deg(v), where:
— A, = diag () is a real, square ma-
trix of size deg(v) x deg(v).
— Ny is a real, square matrix of size
deg(v) x deg(v) such that:
x For n # m (non-diagonal
terms), (Ny)nm = —vg . -
* Diagonal terms: (Ny)pp
> mtn Ven e, (sum of the abso-
lute values of everything else in
the column).
e A, =diag (AE‘@NW).

Equation 1 represents the susceptible popula-
tion in a city. Following the framework of Besse
and Faye,3! Berestycki, Roquejoffre, and Rossi,?’
and others,?%32 717277 the susceptible popula-
tion is assumed to be ambient, i.e., any movement
of susceptible individuals does not affect their
population density. The term 3,S5,[, in Equa-
tions 1 and 2 captures the transition from suscep-
tible to infected, while the term 7,1, represents
the removal of the infected population. The re-
maining terms in Equation 2, ay 3 (¢, Le(v, 1) —

(ZS‘M Ag) I,(t) describe the influx of the in-
fected population from all edges incident to the
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vertex v and the outflux through the same edges.
The rate at which the exchanges occur is governed
by parameters o, and AL, which can be specified
for each vertex-edge pair. Equation 3 describes
the propagation of the epidemic along the edge e
of the metric graph.

The Robin junction conditions in Equation 4,
applied at the end of the metric graph line seg-
ments (vertices), have been employed in several
metric graph-based models®3% 3! and encode a
balance of fluxes at the vertices. % is the out-
ward normal derivative (taken away from the ver-
tex). I is a vector of length deg(v) with elements
I.(x0,t), where xq is the end of the edge. I, is a
vector of length deg(v) with all elements equal
to the infected population at vertex v. These
junction conditions allow for a non-uniform prob-
ability of travel from a vertex to its adjacent
edges; they allow for fluxes to go in different di-
rections, as well as acting as a source for the ver-
tex. We note that the boundary conditions in
Equation 4 do not enforce continuity across the
graph, as is typical in metric graph problems.”®
Though they occupy the same point in space,
I, (xo,t) # I, (xo,t) # I,(t). As discussed in
our previous work,?? the structure may be con-
ceived as two coupled graphs: a metric graph with
discontinuous junction conditions coupled with a
combinatorial graph with populations at the ver-
tices.

The existence and uniqueness of positive clas-
sical solutions was established by Besse and
Faye,3! who also characterized the long-term be-
havior and established the conservation of total
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population. The question of the reproduction
number of the disease on the metric graph, Ry,
is still an open problem at this time.

To validate the model—i.e., to determine
whether the inclusion of additional transport
terms is necessary—one would ideally start from
a general PDE with candidate terms and use
data to decide which terms should remain in
the model.” 8 This process may involve machine
learning or other techniques beyond the scope of
the present work. Here, we adopt the model as de-
scribed above, consistent with the previous stud-
ies.

The system of PDEs is approximated numeri-
cally using the validated methodology introduced
in our previous work.?? In brief, we use a forward
finite difference (FD) approximation in time and
a centered FD in space. This explicit numerical
scheme is easily scalable to larger networks with-
out needing to invert a large matrix.

2.3. Optimization-based parameter
estimation

We compare our model to the smoothed Ministry
of Health dataS* from the first fully recorded wave
of COVID-19 in Poland: early February through
mid-May 2021 (see Appendix A for a more thor-
ough discussion of data pre-processing). We seek
to minimize the difference between the smoothed
data and the function output I,(t) at each vertex
over time.

There are well-documented cases of under-
reporting,®! with one study estimating that only
60% of COVID cases®® in Poland were detected,
while another study claiming it may be as low as
i of all cases.* Some reasons for under-reporting,
both in Poland and worldwide, may include the
presence of asymptomatic cases,®? limited access
to testing,®? and reluctance to either be tested®?
or seek medical care.84

Though the amplitudes of the incidence rates
are unreliable due to under-reporting, it is rea-
sonable to assume that the shapes of the infec-
tion curves are more reliable than the values, in
particular, the time of peak infection and the vari-
ance. Therefore, for vertex v, we use the 2-norm
of the difference between the smoothed data and
the model output, both first normalized by their
maxima. This normalization preserves the shape
of the infection curves while under-emphasizing
the unknown amplitude. It is able to convey
the trends in the data without requiring precise
knowledge of the total number of infected peo-
ple. We discard the first and last 20 days of the
modeled period for the computation of the nor-
malized 2-norm difference, so we do not place too
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much emphasis on the small values where data
may be lacking.

As we will see in Section 3.1, the objective
function exhibits Rosenbrock-like behavior, with
steep sides and a long, corrugated valley of lo-
cal minima. This structure indicates that the in-
verse problem is likely ill-posed; there is not one
unique set of parameters that acts as a global min-
imizer. Instead, we aim to find a plausible set of
parameters that minimizes the 2-norm and quali-
tatively matches the data, particularly the timing
and width of the infection curve.62:63

For the metric graph under study, we must de-
termine or adjust the following global sensitivity
parameters:

e Adjustments (cs and ¢;) to the approxi-
mated transmission rate and removal rate
at the vertex.

Adjustment (¢ € (0,1)) to the vertex-to-
edge exchange rate.

e Edge-to-vertex exchange rate (a € (0,1)).
e Global scaling parameter for edge-to-edge
exchange c,.

Edge diffusion coefficient (d.) for the net-

work.

For the first optimization step, we assume
these six scaling parameters are constant across
the entire network. Since these global scal-
ing parameters multiply our data-informed initial
guesses (Appendix B), it is important to have a
good initial guess. Once a good global set of scal-
ing parameters is found, the individual parame-
ters can be manually adjusted to improve the fit.

A global sensitivity analysis (Appendix C)
showed that the model is highly sensitive to the
scaling cg of the transmission rates 3,. Scaling
the removal rates n, by ¢, contributes more to
the time and amplitude of the peak infection than
the cumulative infection rate, while the edge-to-
vertex transmission rate « is more influential in
the number of cumulative infections. The model
is not very sensitive to changes in the diffusion co-
efficient d., scaling of the edge-to-vertex exchange
rate by ¢y, or changes to the edge-to-edge skipping
parameter ¢, (the latter was also observed in).3°
Thus, we make some simplifications: we keep both
the edge diffusion coefficient and the global scal-
ing of the edge-to-edge skipping parameter con-
stant for the entire network.

2.3.1. Optimization methodology

Our optimization has the following two phases:
global and local. Starting with the initial guesses
described in Appendix B, we first fit a single set of
optimization parameters (cg, ¢y, cy, Cy, @) for the
entire network. As our objective function, we use
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the sum of the 2-norms of 5 major metropolitan
areas: v, V3, U4, U7, vg to find global estimates. To
avoid overfitting to unreliable fluctuations during
times of low case counts, we omit the first and last
10 days of each epidemic curve from the objective
function. We use a combination of Matlab’s sim-
ulated annealing (SA) algorithm,® a derivative-
free method that is well-suited for ill-conditioned
functions,® %7 and Matlab’s interior point algo-
rithm (“fmincon”).%5

Once a plausible set of global scaling param-
eters is found, we tailor the parameters to each
vertex. Starting with the most populated vertices,
we adjust each optimization parameter individu-
ally to not only minimize the 2-norm but also to
make sure the shapes of the curves align.5% 63 We
adjust four of the six optimization parameters at
each populated vertex: (cg(v), c,(v), ca(v), a(v)),
starting from the global values found using opti-
mization. As discussed in Appendix B, we will
not adjust ¢, at individual vertices, as the shape
of the infection curve is not very sensitive to this
parameter (also observed in our earlier study).?
We will also keep the diffusion coefficient d, uni-
form for all edges. The result is 22 x 4 = 88 local
parameters to be fine-tuned.

As this model is a complex interconnected
system, the parameters are adjusted one at a
time, in order of vertex population. We note that
this population-prioritized tuning procedure has
the potential to introduce bias, as larger cities
act as sources for the smaller cities. In future
work, this limitation could be mitigated through
alternative approaches like Bayesian hierarchical
modeling®® 57 or multi-objective optimization.3®

3. Results

In this section, we first present some mathemat-
ically interesting objective functions we encoun-
tered as a result of optimization. The objec-
tive functions confirm that the inverse problem is
likely ill-posed, with many local minima. There-
fore, we present our strategy for selecting a set
of parameters using a combination of global opti-
mization and local tuning. We then present the
particular parameters chosen to model the early
2021 wave of COVID-19 in Poland. Having a
plausible set of parameters, we run a few mod-
eling experiments and uncover some geographic
trends that are not easily observed from the data
alone.

3.1. Rosenbrock “banana” function

This is a difficult optimization problem, as is
confirmed by the appearance of a Rosenbrock-
type function as part of our objective function for
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the optimization. Sometimes called the Rosen-
brock banana function or the Rosenbrock val-
ley function, the typical Rosenbrock function is
constructed as an artificial problem that is dif-
ficult to optimize due to its long, curving val-
ley and sharp peaks on either side.8%?0 The clas-
sic Rosenbrock function of the form f(z1,x2) =

"5(33% — x9) + (21 + 1), with k = 75 is plotted in
Figure 2.

120
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(a) Top view.

f(z,y)

(b) 3D surface plot.

Figure 2. Classic Rosenbrock banana function with
K =T5.

We believe we have found the first example
of a Rosenbrock-type objective function observed
in a real-world optimization problem. The ob-
jective function for wvg is plotted in Figure 3 as
a function of varied fBg and ng. It is even more
complex than the standard Rosenbrock function,
as the valley not only has sharp slopes on ei-
ther side, but one of the slopes also has both a
peak and another valley (as (s decreases). In
addition, the valley of local minima is corru-
gated, indicating that there are many combina-
tions of g and 7ng which will minimize the func-
tion. This landscape results in multiple saddle
points and local minima whose objective values
are close to that of the global minimum. The
valley is shallow along one direction and steep
along the other, leading to an ill-conditioned Hes-
sian matrix. These features complicate the appli-
cation of Newton-type and other gradient-based
optimization algorithms. Outside of the valley,
steep gradients can cause such algorithms to over-
shoot the optimal region and oscillate across the
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valley rather than converge directly toward the
minimum, typically resulting in slow, zigzagging
convergence. To mitigate these difficulties, tech-
niques such as step-size limitation in line search
methods,”! conjugate gradient algorithms that al-
ternate descent directions,” and preconditioned
quasi-Newton methods?>? are commonly em-
ployed. An alternative approach chosen in this
article is to use stochastic global optimization al-
gorithms, such as Genetic Algorithms (GA)%4 9
and Simulated Annealing (SA),%6:37:97:98 which
are more effective at escaping local minima and
exploring complex, multimodal landscapes. Be-
tween these two, we select simulated annealing
due to its theoretical guarantee of global conver-
gence, provided the cooling schedule is sufficiently
slow.?”

4.5

N N w w &
o o
2-norm error

o

o
3

22 24 26

n

(a) Top view.

2-norm error

(b) 3D surface plot.

Figure 3. 2-norm error for vg between the Ministry
of Health data and modeled data for the network
model.

Even in the absence of edge coupling (Equa-
tions 1 and 2 with A = @ = v = 0), the SIR
model exhibits Rosenbrock-like behavior. This
simple version is easy to implement, as it con-
sists of comparing a Gaussian function with the
output of a simple coupled system of ODEs, mak-
ing it a good way to test optimization algorithms.
One of the more striking examples can be seen in
Figure 4. In this case, the model is scaled with
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S(0) = 1 to reduce the parameters we need to
fit. The objective function plotted in the figure
is for an epidemic with an initial infected popu-
lation of I(0) = 1E — 5 = 0.001% of the pop-

_(@—b?
ulation, fit to a Gaussian f(z) = e 202 with

o =10 and b = 35. The most interesting behav-
ior in terms of Rosenbrock features occurs when
1 is much smaller than £, which is characteristic
of a very long infectious period. Note the line of
maxima (the worst Gaussian fit) where 8 = 1007
and the minima curve. A minimum of this func-
tion exists at (3,n) ~ (0.49,8E — 4), but like the
classic Rosenbrock function, it is difficult to find
using standard optimization techniques due to the
sloping valley with steep sides.

%1073
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n

2-norm error
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07 08 09

(a) Top view.

(o2} <]
o o

N
o

2-norm error

20

(b) 3D surface plot.

Figure 4. 2-norm error of the classic SIR model fit
to Gaussian with ¢ = 10, max day = 35.

In “typical” SIR applications, 8 and n are of
similar magnitude,?* making Ry % = 0(1).
This construct allows for the exploration of in-
terventions that reduce Ry below 1, causing the
infection to die out. However, the Rosenbrock
behavior of the objective function appears when
B > n, with Ry on the order of 100 or more.
There may be some epidemics that fit the pro-
file of a long infectious period with a small ini-
tial infected population. For example, some STIs
may go undetected or untreated for long periods
of time, are often non-fatal, and may continue to
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spread for years; this behavior is characteristic of
a very low 7. A high 8 may occur in communities
with high contact rates and/or when a disease is
highly contagious. For example, the probability
of gonorrhea transmission is about 50% per sex
act;% paired with lack of access to treatment,'%0
this disease fits the profile. The low initial in-
fected population occurs when the population is
taken to be the entire population of a city (a nat-
ural choice for geographic studies), rather than a
smaller group.

3.2. Results of parameter estimation

Because our Rosenbrock objective function is cor-
rugated and has many local near-minima, we fit
to just one plausible combination, which can be
found in Appendix D. Without knowing the pre-
cise parameter values, it is hard to tell which pa-
rameter value is “right.” We find good agree-
ment between the model and the data in terms
of both the 2-norm and the shape of the curves.
The fine-tuning of the parameters to ensure that
the shape of the curves match was guided by our
global sensitivity analysis, which can be found in
Appendix C. For example, we know the time of
peak infection at a particular vertex is highly sen-
sitive to both 8 and n with some dependence on
a, d, and A. Figure 5 shows a subset of highly
populated vertices, with the rest in Figure A15 in
Appendix D. The non-normalized data is found
in Figure 6. As expected, the amplitudes are off,
but the shapes generally match. We note that we
do not claim that the amplitudes we achieve are
fully representative of the actual COVID num-
bers in Poland, just that we find a possible set of
parameters under which to explore the plausible
geographic progression of the epidemic.

The model captures the timing of peak infec-
tion to within at most 4 days in all cases except
va1 (Swinoujscie), where highly oscillatory time-
series data made fitting difficult — see Figure A15
in Appendix D (though va; has the lowest popu-
lation and was, therefore, assigned the lowest pri-
ority in our fitting procedure). Notably, we did
not fit the amplitudes of our curves; neverthe-
less, the relative amplitudes align fairly well. The
most populated vertex, vg (Warszawa) exhibits
the highest peak by far, as expected, and the
groups {v1,v2,v3,v4} ({Poznaii, Wrocltaw, Ka-
towice, Krakéw}), {vr,vo} ({L6dz, Gdansk }),
and {vi3,vi6} ({Szczecin, Bydgoszcz}) form clus-
ters with similar dynamics in both the model and
the data. The model underestimated the relative
contribution of vs and vee (Rzeszéw and Torurl)
while overestimating the infection at vg, v14, and
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voo (Radom, Kielce, and Rybnik), relative to the
data.

3.3. Application: flattening the curves

During the early phases of COVID-19 spread,
there was worldwide discourse'%1:192 around what
people can do to “flatten the curve,” lowering
the peak infection rate while causing the peak
to occur later in time.'37105 The intention was
to lower the number of people needing care at a
given time so the healthcare system would not
be overwhelmed. Some non-pharmaceutical in-
terventions (NPIs) aimed at reducing the spread
of COVID include mask-wearing, social distanc-
ing, hand washing, and quarantine after contact
with an infected individual. Due to the severity of
the pandemic, Poland, like many other countries,
implemented temporary stay-at-home orders or
lockdowns beginning in the spring of 2020 to min-
imize non-essential human contact. These mea-
sures restricted public gatherings, closed schools
and businesses, and significantly altered patterns
of human mobility.!%6

As an application of our model, we explore
how reductions in travel between cities can further
reduce or delay the epidemic peak. We note that
the data to which we have fit the model already
includes the flattening effect of the NPIs imple-
mented in Poland (lockdowns, social distancing,
masking, etc.), though these interventions were
not always adhered to uniformly.*! Our analysis,
therefore, explores the effect of further limiting
inter-city travel while still allowing for some es-
sential traffic flow. Keeping the same parameters
found in Section 3, we uniformly reduce the «
terms over the whole network by 50%, 80%, and
90%, respectively, and compare the results to the
original model, with the results shown in Figure 7.

To quantify how well the reductions flatten
the curve, we use a Kolmogorov-Smirnov (K-S)
methodology!?” to explore whether a particular
reduction in « will affect the overall distribution
of the infection in a statistically significant way.
We find that a traffic reduction of 90% or more
statistically changes the distribution at a signif-
icance level of 5% - the probability distributions
and the empirical cumulative distribution func-
tions are shown in Figure 8.

3.4. Intra- versus inter-city infections

The cumulative infected population on each
edge ([ [I¢(z,t)dzdt, the integral of the non-
normalized left panel of Figure A17 in the Appen-
dix) is plotted on top of the network structure in
Figure 10. The infected population on each edge
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is not directly correlated to edge length, popu-
lation of incident vertices, or traffic density (see
Figure A12), but rather is a feature of the com-
plex model system.

We see high population on the edges inci-
dent to vg (Warszawa), especially the edge con-
necting it to another highly populated vertex, v7
(Lodz). Vertices vg (Gdansk & Gdynia) and vi3
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(Szczecin) are mid-sized metropolitan areas, yet
have a highly populated edge between them; edge
vg — v13 is a long edge with a higher traffic den-
sity than the other edges incident to either vg or
v1s3, indicating that a fairly large proportion of
the modeled infected population originally from
Warszawa was likely redirected to this edge.

To better assess the directionality of these
spatial dynamics, we analyze the contributions of
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intra-city infections versus inter-city, represented
by two of the terms in Equation 2. For each ver-
tex, we define the intra-city incidence (those in-
fections arising from interaction between the sus-
ceptible population and the current infected pop-
ulation at that vertex) as:

TR
v [ as oL
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The integrand (3,S5,(t)I,(t) is often called the
force of infection.'®® We can compare this to the
other positive term in Equation 2, the inter-city
incidence (infections coming in from the edges).
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We note that these are not distinct popula-
tions; the incoming population (), ()le(v,t))
merges with the existing infected population (I,),
contributing to increasing I, and therefore the
intra-city term. An outflow term ensures the I,
population does not grow too large. Both the
intra- and inter-city measures are normalized by
the vertex population to allow meaningful com-
parisons across cities of different sizes. The com-
parison between intra- and inter-city incidence is
found in Figure 9.
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To illustrate the range of patterns found in
the figure, we highlight three representative cities.
Vertex v; (Poznan) experienced the highest in-
flow relative to its population and only a moder-
ate intra-city incidence. This could plausibly re-
flect real-world patterns in Poznan, a well-known
hub for education, with over 20 universities and
roughly one in five inhabitants of the urban area
being university students.'% Such a population
tends to be relatively mobile, with students and
faculty arriving from cities across the country and
abroad.

Vertex vs (Rzeszéw) is the opposite: it has a
high infection rate inside the city and relatively
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low inter-city incidence. Contributing features in
the model likely include a low value of «, low pop-
ulation on the incident edges (see Figure 10), and
two out of its five adjacent vertices being unpop-
ulated.

Vertex v1p (Bielsko-Biala) is balanced - the
intra- and inter-city incidences have similar mag-
nitudes compared to the other vertices, and both
are high. In general, the intra-city incidence con-
tributes significantly more than the inter-city in-
cidence to the normalized infection inflow.

4. Conclusion

In this paper, we applied a data-driven optimiza-
tion methodology to estimate key parameters in
a metric graph-based epidemiological model, us-
ing data from an early 2021 wave of COVID-19 in
Poland as a case study. We found that this prob-
lem is a difficult optimization problem, as indi-
cated by the presence of a Rosenbrock-type func-
tion. We were able to make the Rosenbrock be-
havior appear for a simple, uncoupled SIR model,
thus showing that the Rosenbrock behavior is an
intrinsic feature of fitting certain SIR models to
approximately Gaussian data and not a result of
the complex network structure. This discovery
provides a real-world test case with which to test
optimization algorithms rather than using the ar-
tificially constructed classic Rosenbrock function.

Having found a plausible set of parameters
for COVID-19 in Poland, we presented two appli-
cations: reducing traffic inflow into the cities to
flatten the infection curve and the identification
of some particular patterns in the distribution of
intra- versus inter-city incidence rates.

4.1. Future work

There are a number of potential directions in
which this work could be extended. First, we
ailm to couple the metric graph framework to a
surrounding two-dimensional spatial domain?" to
better capture the effect of a transportation net-
work on rural spread. Second, we intend to incor-
porate transport terms along the edges to more
accurately model directed traffic flow, comple-
menting the existing diffusion-based framework.
We also plan to introduce source/sink terms at
international border crossings in order to study
the effect of cross-border movement on epidemic
dynamics and containment strategies. Allow-
ing susceptible mobility or incorporating infection
during travel are further natural extensions that
would better capture more realistic mixing across
cities.

As the model is extended and calibrated in
finer spatial detail, regularization techniques such
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as Tikhonov regularization may prove useful for
stabilizing parameter inference and avoiding over-
fitting in high-dimensional settings. Further-
more, we plan to investigate uncertainty quan-
tification approaches to better characterize con-
fidence in parameter estimates and model pre-
dictions, which will enhance the robustness and
interpretability of the framework. Finally, we
plan to undertake a more granular location-based
sensitivity analysis, which may yield deeper in-
sight into the interplay between network topology,
parameter heterogeneity, and the most effective
means to slow the spread of an epidemic.!!®
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Appendix A. Data pre-processing

The daily raw data are highly oscillatory, indicat-
ing inconsistent daily reporting - see Figure A1l.
In order to get data suitable for use in parame-
ter estimation, we pre-process using a Gaussian-
weighted moving average filter to smooth the
data.

In the SIR model, the I(t) and R(t) terms
represent the currently infectious population and
the removed population (deaths + recoveries) at a
given time ¢, respectively. These values are rarely
directly available from data. For the Poland MOH
data,* as with most typical epidemic datasets,
the data come in the form of daily new case
counts. The MOH dataset contains both deaths
and recoveries, but it is not obvious how under-
reporting impacted these numbers.

We can approximate I(t) as follows: let
N(t) be the reported number of new cases at
time t. Then the rolling sum of new cases for
n days, where n is the average infection du-
ration, is an approximation for I(f). We let
n = 6, accounting for the average duration of
viral shedding of 5 days*® and average time to
death of 14.8 days,'!'! which is consistent with
other studies of early COVID-19 in Poland where
deaths lagged behind new cases by 2-3 weeks.!!?
The case fatality rate can be approximated from
the data as deaths/(deaths+recoveries) ~ 2.6%.
Therefore, the average duration of infectiousness
can be approximated using the weighted average
(0.026)(14)+(1—0.026)(5) ~ 5.6, which we round
up to 6. Later COVID-19 variants likely have dif-
ferent properties.

R(t) is the cumulative removed population at
time t. Let M be the reported removed cases
(deaths + recoveries). Then R(t) ~ > 7=0 M(7).
The removed cases likely suffer from wunder-
reporting, as it is difficult to track all recoveries,
but the scaling parameters in our optimization
adjust for under-reporting.

Appendix B. Parameter selection

Here, we discuss our initial guesses for the model
parameters. The initial guesses were then ad-
justed as described in Section 2.3.

Infection and removal rates (8 and 7)

To find an initial guess for S and 7 at
each vertex, we adapt a finite-difference-based
methodology,?® %861 in particular the first-order
approximation described in a recent paper by
Schmitt.?® This methodology, is a good first guess
before optimization, as it requires only approx-
imate exponential growth rates and has been
validated on COVID data in France.® Similar
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methodology has been employed in many other
epidemic modeling studies.?? 5861

To follow Schmitt’s methodology, let P be the
total population at a given vertex v, which we as-
sume is constant over the modeling period. We
work over a short time period on which we assume
S~ P,a=0,and A\ = 0, temporarily decoupling
all edges and vertices. On this short timeline, the
infected population I and the removed population
R grow at each vertex as follows:

d
“I=(BP—-n)I
g (BP —n)
d

—~R=nl

dtR nl,

where P is the total population at vertex v. Thus,
we can approximate 8 and 1 from data as follows:
R(t+1)— R(t)
At
I(t+1)—1I(t) _
where At = 1 for daily case data. Note that val-
ues of I and R are not directly available and have
to be computed from the data as described in Ap-
pendix A. At each vertex, $ and 7 are multiplied
by optimization parameters cg(v) and ¢, (v) to be
determined through model fitting.

~nl(t)

Vertex to edge ()

AY is the rate at which individuals leave vertex v
to travel on edge e. We use traffic data from a
2022 Polish government report'!® to inform this
parameter. Most of the edges in our network may
be classified in terms of the main European E-
roads through Poland, as shown in Figure 1. If the
edge is part of an E-road, we associate a number
with the traffic density on that E-road from the
report.!!3 The roads that are not part of the E-
road network may be classified by type (express-
way, highway, etc.), with traffic density also given
in the report.'® When an edge represents multi-
ple routes, the traffic densities are added together
to account for multiple edges.

Then the initial guess for \! is the traffic den-
sity on edge e divided by the sum of the traffic
densities on all edges incident to vertex v, multi-
plied by an unknown scaling parameter for each
vertex, cy\(v) € (0,1), to be determined through
model fitting.

Edge m to edge n skipping parameter (v, ., )

We also use the traffic data''® to estimate the
vertex skipping parameter. For a given edge e,,,
Ve, e, Tepresents the rate at which traffic leaves

edge e, to travel to the adjacent edge e,,. We esti-
mate it as the traffic density on e, divided by the
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Figure A11l. The raw data are highly oscillatory.

sum of the traffic density on all adjacent edges ex-
cluding e,,. As noted in our previous coupled 2D
study,?” the model is not particularly sensitive to
uniform changes in v .~ across edge pairs. Be-
cause of this insensitivity and in order to avoid
overfitting, we do not introduce a separate scal-
ing parameter for each vertex. Instead, we find
the single global scaling constant ¢, € (0,1) to be
determined through model fitting.

Edge to vertex («)

ay, € (0,1) is the rate at which individuals who
reach the end of an edge leave to go to the incident
vertex. Since we have no data to inform this pa-
rameter and no strong reason to assume that the
rate varies across edges incident to the same ver-
tex, we assign a single value a(v) € (0,1) at each
vertex to be determined through model fitting.

Diffusion coefficient, (d)

We start with an initial guess of uniform d. for
each edge. We find that d. ~ 0.09 is a good
fit for the model. This somewhat low diffusion
coefficient helps to capture stay-at-home orders,
which were ongoing in Poland at this time (see
Section 7 for a more thorough discussion). It is
also qualitatively consistent with a recent study of
the geographic spread of COVID-19 in the United
States.!4 which found that COVID had a low dif-
fusion rate from rural areas to cities; the other
direction (cities to rural areas, which is not part
of our model) was much higher, which could be
accounted for in the 2D version of the model.°
The diffusion coeflicient is kept constant for each
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edge in the network to reduce the number of pa-
rameters and mitigate overfitting.

B.1. Model parameters

The populated vertices along with the vertex pa-
rameters are found in Table 3. The edge-based
parameters (diffusion coefficients and the traffic
densities used to find the relative values of \Y and
vy at vertex v) are plotted on the network in

€m,En

Figure A12.

B.2. Initial conditions

We begin our model at ¢t = 0 representing Febru-
ary Ist, 2021, roughly the beginning of a wave of
COVID-19 in Poland. The initial susceptible pop-
ulation, S,(0) is found using 2021 census data.'!®
For the initial infected population, I,(0), we use
the Gaussian-smoothed COVID data on Febru-
ary lst. Since early COVID spread was largely
driven from the cities outward rather than the
other way,''* we avoid over-emphasizing the min-
imal rural-to-urban spread and start with zero ini-
tial infected population on the roads, I.(z,0) = 0.

Appendix C. Sensitivity analysis

To assess the model’s sensitivity to the six global
scaling parameters (cg, ¢,, «, cx, ¢, and d.),
we employ the Morris Method0116-118 Thig ap-
proach was chosen because it requires fewer model
evaluations than variance-based methods like the
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Table 3. Populated vertices along with their initial conditions and parameter values. The skipping parameter
v? is scaled by ¢, = 0.306 at all vertices, including the unpopulated ones, while the diffusion coefficient is kept
constant for all edges at d. = 0.09.

Vertex S((JO) 1(0) B -5(0) Ul a A
1 - Poznari 454,442 670 0.41 0.33  0.88 0.08
2 - Wroctaw 571,100 504 0.43 0.34 0.88 0.05
3 - Katowice, Sosnowiec, Zabrze, & Bytom 704,112 570 0.43 0.34 0.95 0.05
4 - Krakéw 701,725 470 0.44 0.34  0.88 0.05
5 - Rzeszéw 186,080 230 0.46 0.36  0.55 0.05
6 - Radom 186,894 124 0.44 0.34  0.80 0.05
7 - Lo6dz 581,453 600 0.44 0.36  0.60 0.06
8 - Warszawa (Warsaw ) 1,610,924 1,941 0.45 0.36  0.886 0.05
9 - Gdansk & Gdynia 629,924 1,204 0.46 0.39 0.65 0.05
10 - Bielsko-Biata 152,621 123 0.41 0.31  0.88 0.05
11 - Lublin 308,636 331 0.45 0.39 0.88 0.05
12 - Bialystok 264,085 367 0.45 0.39 0.88 0.05
13 - Szczecin 339,467 435 0.46 0.38  0.70 0.10
14 - Kielce 175,855 152 0.42 0.32 0.88 0.05
15 - Czestochowa 193,876 149 0.45 0.36  0.88 0.05
16 - Bydgoszcz 291,460 613 0.41 0.35 0.80 0.08
17 - Suwalki 65,475 51 0.46 0.38  0.88 0.05
18 - Zielona Géra 127,869 216 0.50 0.43 0.88 0.05
19 - Gorzéw Wielkopolski 106,383 196 0.51 0.43 0.88 0.05
20 - Rybnik 122,801 62 0.42 0.33  0.88 0.05
21 - Swinoujscie 35,295 54 0.50 0.41  0.88 0.05
22 - Torun 171,744 374 0.44 0.39 0.88 0.06

10.00 30.00 50.00 70.00
Traffic density

Figure A12. The edge traffic densities were used to find the relative values of \V (vertex to edge) and v
(skipping parameters).

Sobol sensitivity analysis.''% 117119 We study the e Total cumulative infection,
effect of the parameters on several global indica-

T le
tors: /0 (Z;Iv(t)—i-/o Z:Ie(ac,t)dx> dt.

e Maximum infected population, We also explore the effects of the parameters
l . .
e on the local solution at Warszawa and Poznan
maxy ( E I,(t) —I—/ g I (z,t) dx). (v =1,8):
v 0 e o ’ ’
e Time t of maximum infection. e Maximum infected population, max; (1, (t)).
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e Time ¢ of maximum infection %t vertex v.

e Total cumulative infection, / I,(t) dt.

0
Six input parameters were varied: cg €
[1,6],¢, € [1,35],a € [0.3,0.95,cx €

[0.1,0.95],¢, € [0.1,0.5],d € [0.07,1.2]. We per-
formed n = 100 runs sampled using Latin hyper-
cube sampling!'” to ensure an even distribution
across the parameter space.!17:120

Figure A13 shows the absolute mean and stan-
dard deviation of the elementary effects (EE) of
each variable divided up by indicator: peak in-
fection rate, time of peak infection, and cumu-
lative infections for Poland (the entire network),
Warszawa (the most populated city), and Poznani
(a city of medium population). Somewhat un-
surprisingly, the amplitude of the peak infection
and the time of peak infection at individual ver-
tices depend highly on the transmission rate [
and removal rate 1, with a small influence from
the diffusion coefficient d. The time of the peak
infection in the entire network, however, depends
fairly heavily on the diffusion coefficient d, with
an increase in diffusion rate causing the peak to
occur earlier. This suggests a strong influence
from the edges in the metric graph - a rich area
for future exploration. Interestingly, the cumula-
tive infections are influenced by many of the pa-
rameters. The high standard deviations indicate
possible nonlinear effects, which could also be ex-
plored in the future. Table 4 shows the signed
means of the EEs to give an indication of the di-
rection of influence, i.e., increasing the recovery
rate 7 (roughly equivalent to reducing the dura-
tion of infection) leads to a decrease in the peak
infection rate.

After global optimization, our method in-
volves adjusting the parameters at each vertex.
Therefore, we briefly consider the effect of per-
turbing B at each vertex. In this example, we
vary each 3, by a constant amount while keeping
the rest of the parameters fixed at the values se-
lected for the model (Table 3). Unsurprisingly,
w(EE) of B, at vertex v is several magnitudes
larger than for any other vertex. The interesting
scenario in this case is to look at the effect of vary-
ing 3, on the entire network. Figure A14 contains
the signed means of the EE for the peak infection
rate, time of peak infection, and cumulative infec-
tions for the entire network. Figure Al4a shows
that the strongest effects on peak infection rate
occur when changing 8 at vy (Krakéw) and ws
(the metropolis made up of Katowice, Sosnowiec,
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Zabrze, & Bytom), two highly populated adja-
cent vertices with a short edge in between. No-
table effects also arise from changes in § at vy
(Lodz), vs (Warszawa), vg (Gdansk & Gdynia),
and ve (Wroctaw). Increasing the transmission
rate at v2 (Wroclaw), and to a lesser extent at
vg (Warszawa), has the greatest effect in reduc-
ing the time to peak infection (Figure Al4b). A
weaker but similar effect occurs at vg (Gdarisk &
Gdynia), where higher § shifts the peak earlier.
The effects in Figure Al4c (cumulative infections)
largely mirror the population distribution across
the vertices.

A more in-depth location-based sensitivity
study is planned, as some spatial patterns are be-
ginning to emerge that could potentially open the
door to richer analysis. Examining the EE under
changes to location-specific parameters might of-
fer hints or perspectives that could be relevant for
informing the control of the infection.!?

Appendix D. Selected additional
results

Agreement between the normalized model results
and the data at the most populated vertices was
presented in Figure 5. Figure A15 shows the rest
of the vertices.

The susceptible population at each vertex,
Sy(t) is plotted as a function of time in Fig-
ure A16. The reduction in population from S, (0)
is the portion of “native” infections. The plot
shows that the susceptible population is not de-
pleted, despite large spikes in the infected popu-
lation.

D.1. Edge population

Having a metric graph model allows us to gen-
erate granular model data that is not typically
available, namely the infected population on each
edge. In Figure A17, some population dynamics
are shown for the nine edges with the highest in-
fected populations. The left panel shows the edge
infected population over time ([ I.(z,t)dx) as a
percent of the total population on all edges at
time ¢, while the right panel shows the contribu-
tion of each edge to its incident vertices over time
(0 D ¢jeny Le(v,1)) as a percent of the total con-
tributions at time ¢ (note that the other 39 edges
are not pictured).

We can see some interesting behavior in this
figure. The edge connecting v; with v1g (Poznan
with Bydgoszcz) initially contributes the highest
percent to its incident vertices, but over time its
influence decreases slightly. This behavior is seen
in the infection curves as well (both the data
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EE

o
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0 1000 20000 5000 O 1000
Poland Warsaw Poznan

(a) Peak infection rate.

0 10 20 0 200 4000 50 100
Poland Warsaw Poznan
(b) Time of peak infection.
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Poland « 104 Warsaw Poznan
(c¢) Cumulative infections.

Figure A13. Elementary Effects (EE) for the global scaling parameters: absolute mean and standard
deviation organized as a tornado plot, with the parameters in ascending order of influence.
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Figure A14. Signed means of the elementary effects of some national-level indicators found by applying the
Morris Method to 3,.
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Table 4. Signed mean EE, showing the directionality of the elementary effects.

Peak Infection Rate Time of Peak Cumulative Infections
Poland Warszawa Poznan Poland Warszawa Poznan Poland Warszawa Poznan

B 1,935 2,342 631 3.0 387 114 16,242 11 64

n -2,100 -6,206 -1,750 2.3 -417 -122 -39,370 19 32

a -1.5 23 5.3 -0.07 4.5 1.4 -8,907 -3.9 -1.4

A -0.02 -10 -2.2 0.06 -3.5 -1.1 3,526 2.9 1.2

v =0 ~0 ~0 ~0 ~0 ~0 0.5 ~0 ~

d -39 -22 -6.3 -9.3 -10 -3.4 3,467 0.06 -0.7

50
Days Days

(a) Vertices group 2.

V15

Days Days Days

(b) Vertices group 3.

Figure A15. Agreement between the smoothed data (solid black line) and the model (dotted blue line) for

the vertices not shown in Figure 5. The top-right corner of each panel denotes the vertex.

and the model, see Figure 6) - these two metro- early 2021 wave of COVID. Other highly influen-
politan areas experienced early peaks during this  tial edges (though their relative influence switches
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Figure A16. Susceptible population at each vertex over time.

over time) include the edge connecting v; with vg
(L6dz with Warszawa), v; and ve (Poznan with
Wroctaw), vg with v13 (Gdansk & Gdynia with
Szczecin), vy with vy (Poznan with Lédz), and
vg with v1; (Warszawa with Lublin). Figure A18
shows the percent that each vertex contributed to
the total infected population on the roads, pre-
sented as a complement to Figure A18 which is
normalized by population.

D.2. Mobility effects on vertex
populations

The population at each vertex is influenced
by both local transmission and the movement of
infectious individuals along the edges. To explore
the effect of edge-based mobility on the vertex
population, we approximate the attack ratio (or
attack rate) at each vertex AR, defined as the
fraction of the total population at each vertex
that will be infected over the course of the mod-
eled wave of infection.'?!"123 Since the susceptible
population does not travel, we have

Sy(0) — Sy (Ts)
Sy(Tso)

AR, =
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where T, is the limiting time of the epidemic.

When S(0) & N (as is the case here; our ini-
tial conditions make up less than 0.25% of the
population), AR ~ ry := %"‘)).123’125 This
quantity reflects the portion of infections that
originated natively within the vertex, without ac-
counting for individuals passing through, whereas
I,(t) includes the transient component. There-
fore, AR, provides a more intuitive “home-based”
representation of the geospatial distribution of an
infection.

We can compare this attack ratio to the “de-
coupled attack ratio,” which we will denote A~Rv,
that would be observed if the vertex was not con-
nected (a, = A = 0) while keeping the same
local transmission and recovery rates, (5, and 7.
In this case, AR, is the solution to the nonlinear
equation!?3-125

ARy =1 eSS0

Figure A19 compares the modeled vertex at-
tack ratios with the corresponding theoretical val-
ues from the uncoupled system. Across all ver-
tices, the two quantities are very close, with dif-
ferences generally less than 3%. This agreement
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Figure A17. Left: Edge infected population over time ([ I.(x,t) dz) as a percent of the total population on
all edges at time ¢. Right: Contribution of each edge to its incident vertices over time (a, Y I.(v,t)) as a
percent of the total contributions at time ¢.
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Figure A19. A comparison between the attack ratios from the model and decoupled SIR model shows that
the addition of the transient edge populations reduces the attack ratios by no more than 3%.

indicates that the coupled model preserves the
standard epidemic final-size relation at the local
level, even in the presence of mobility along the
edges. In other words, while transient infections
contribute to local dynamics, they do not substan-
tially alter the distribution of epidemic burden at
each vertex. This result provides a consistency
check: the coupled model largely reproduces the
classical attack ratio relationship while allowing
more nuanced network effects to be captured.

The attack ratios can also be used to deter-
mine which cities are most affected by the network
structure. For the particular set of parameters
chosen, all cities experience lower attack ratios
under the coupled model. Vertices vy, vi3, and
V9o experience the biggest difference in attack ra-
tio between the two models, whereas vertices vig
and vi9 experience the smallest improvement.
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