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ABSTRACT

This article presents a novel control approach for robust fixed-time trajectory
tracking in nonlinear dynamic systems affected by external disturbances and
model uncertainties, utilizing a fixed-time disturbance observer. Initially, a
new fast disturbance observer was designed to reliably estimate external dis-
turbances and model uncertainties within a fixed timeframe, independent of
initial conditions and without requiring strict assumptions about the nature
of these disturbances and uncertainties. Based on the disturbance estimates,
a new robust fixed-time trajectory tracking sliding mode control strategy was
developed, incorporating a fixed-time sliding variable and a reaching law with
a state-dependent exponent coefficient. Using Lyapunov-based analysis, it is
proven that the tracking errors of the closed-loop system converge to a neigh-
borhood of the origin within a fixed time, independent of the initial conditions.
Finally, comprehensive simulations were conducted to validate the effectiveness
of the proposed strategy, demonstrating its advantages in achieving fast conver-
gence, avoiding singularities, reducing chattering, and compensating for model
uncertainties and external disturbances.
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1. Introduction

Nonlinear dynamical systems often experience a
decline in performance due to uncertainties and
external disturbances. Various nonlinear control
methods, such as backstepping control,1 intelli-
gent control,2,3 feedback linearization control,4,5

sliding mode control (SMC),6,7 and optimal
control,8,9 have been developed to optimize con-
trol effectiveness in complex systems affected by
model uncertainties and external disturbances.

Sliding mode control, a part of the variable
structure control family, is characterized by mod-
ifications in the control law structure as system
dynamics evolve over time.10,11 It is well-known
for its effectiveness in mitigating system imperfec-
tions. A recent work12 proposed an SMC law that
guarantees asymptotic convergence of trajectory
tracking errors. However, while linear SMC en-
sures asymptotic convergence of the system state,
it does not specify the convergence time. To ad-
dress this limitation, the terminal SMC method
was introduced in Venkataraman and Gulati,13
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ensuring finite-time stabilization of system states.
Nonlinear terminal SMC outperforms traditional

linear SMC in several ways, including lower
steady-state tracking errors, convergence within
a finite timeframe, and enhanced dynamic
response.14–19 However, general terminal SMC is
frequently afflicted with singularity problems.14,15

Effective solutions to this issue have been
proposed, broadly categorized into direct
approaches16,17 and switching methods.20,21 It
is also worth noting that terminal SMC and
linear SMC produce similar convergence rates
when system states are far from equilibrium.
To improve this, the concept of fast terminal
SMC (FTSMC) was introduced, ensuring rapid
transient convergence regardless of the distance
from equilibrium.17 Nonetheless, the convergence
time in general FTSMC may become excessively
long as initial system values increase. In high-
performance systems, a convergence time inde-
pendent of initial conditions is desirable. This
need led to the emergence of fixed-time stabil-
ity theory, which has inspired various fixed-time
control systems.22 The formation control chal-
lenge for multi-robot systems with time delay
was addressed in Wang et al.,23 considering both
undirected and directed topologies. A cooper-
ative control scheme combining fixed-time and
switching strategies to ensure consensus in first-
and second-order multi-agent systems was pro-
posed in Du et al.24 An adaptive fuzzy fixed-time
controller was designed for robots operating un-
der uncertainty, based on position tracking error
restrictions, to ensure fast system response.25

For the challenge of adaptive attitude control
in flexible spacecraft facing unpredictable dis-
turbances and actuator failures,26 developed a
continuous adaptive control technique that com-
bines the sliding mode technique with a fixed-
time control strategy, enhancing both the pre-
cision and stability of the spacecraft’s attitude.
Ahmed and Azar15 presented a fixed-time non-
singular terminal sliding variable to robustly con-
trol second-order systems, altering the control
law near the origin to avoid singularities. In
Zhang et al.,27 a terminal sliding surface tailored
for fixed-time control of submarine-launched mis-
sile attitude tracking was proposed, using a si-
nusoidal function to address singularity issues.
Ni et al.28 developed a rapid fixed-time con-
troller for energy storage devices using sliding
mode control theory and the saturation func-
tion method to avoid singularities. Fixed-time
terminal SMC techniques are also described
in Wang et al.29 and related works. Most of
these rely on the fixed-time stability principles

outlined in Zuo et al.14,22,30 To achieve rapid
convergence,31 introduced a novel fixed-time sta-
bility theorem for neural network synchroniza-
tion, providing a more precise settling time esti-
mate.

Uncertainties and disturbances significantly
affect control performance in nonlinear dynam-
ical systems. Adaptive control-based distur-
bance rejection techniques estimate and com-
pensate for bounds on disturbances and uncer-
tainties, as detailed in Zhao and Jia32 though
they tend to be conservative. Based on the
literature, disturbance observers (DOs) provide
a robust solution by addressing both model
uncertainties and external disturbances. Con-
ventional DOs for nonlinear systems33,34 typi-
cally assume slow-varying or constant uncertain-
ties, which may not hold in practice. To en-
sure robust fixed-time stability in nonlinear sys-
tems, it is essential to observe both external
disturbances and internal uncertainties within
a predetermined timeframe. While finite-time
DOs35,36 offer a generic solution for correcting
observation time, their observation time can be-
come unbounded if the initial observer error is
large. Furthermore, current observers often re-
quire prior knowledge of disturbance bounds or
assume a zero rate of change for disturbances.37

As a result, a fixed-time DO with less strin-
gent constraints on both uncertainties and distur-
bances is required for nonlinear dynamical sys-
tems. To overcome these challenges, this study
proposes a fixed-time variable exponent coeffi-
cient DO (FVECDO) that enables reliable obser-
vation of lumped disturbances, comprising both
model inaccuracies and external disturbances,
within a fixed time, under more relaxed assump-
tions.

Building on the discussion above, this paper
explores a method for trajectory tracking control
with fixed-time convergence in nonlinear systems
affected by lumped disturbances. Specifically,
an FVECDO-based fixed-time trajectory track-
ing sliding mode control (FTTSMC) approach
is developed, incorporating a fixed-time sliding
variable and a reaching strategy with a state-
dependent exponent coefficient. It effectively ad-
dresses lumped disturbances, ensuring that tra-
jectory tracking errors approach an area close
to the origin within a time bound that is inde-
pendent of the system’s initial state. The key
outcomes of this research are outlined as fol-
lows:
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(i) Utilizing the error model, an FVECDO
is designed to estimate lumped distur-
bances. Unlike finite-time Dos, this ob-
server guarantees lumped disturbance es-
timation within a fixed timeframe, re-
gardless of initial conditions. Addition-
ally, compared to fixed-time DOs38,39 that
rely on known bounds of lumped distur-
bances and their derivatives, the proposed
FVECDO imposes fewer constraints on
these disturbances, making it more effec-
tive for practical scenarios.

(ii) To achieve stable, rapid, and precise trajec-
tory tracking in nonlinear dynamical sys-
tems, a novel FTTSMC utilizing a reaching
strategy with a state-dependent exponent
coefficient is proposed. This controller,
leveraging disturbance estimation infor-
mation, ensures rapid convergence both
near and far from the system’s equilibrium
point, while avoiding singularity issues.

(iii) Furthermore, fixed-time stability of the
closed-loop system is analyzed using the
Lyapunov method.

The structure of this paper is as follows: Sec-
tion 2 introduces the foundational concepts and
outlines the problem. Section 3 presents the
observer-based fixed-time control method and de-
tails the fixed-time stability of the closed-loop sys-
tem. In Section 4, the proposed control strategy
is validated through simulations. Finally, Section
5 concludes the study.

2. Problem formulation and
mathematical foundations

2.1. Problem formulation

Consider the following second-order nonlinear dy-
namical system with model uncertainties and ex-
ternal disturbances Equation (1):

ẋ1a = x2a

ẋ2a = g (x) + ∆g (x) + h (x) τ(t) + da(t)

ya = x1a

(1)

where ya denotes the output signal, x1a and x2a
signify the system’s state variables. The func-
tions g (x) and h (x) are assumed to be smooth

and nonlinear, depending on x = [x1a, x2a]
T . The

term ∆g (x) represents model uncertainties, da(t)
denotes external disturbances, and τ(t) is the con-
trol input.

Let Ξ1 = ya − ydes be the difference between
the actual output and the desired output, and let
Ξ2 = ẏa − ẏdes be its time derivative. Here, ydes
and ẏdes refer to the desired trajectory and its de-
rivative with respect to time, respectively. The

corresponding error dynamics for the system can
be expressed as in Equation (2).

Ξ̇1 = Ξ2

Ξ̇2 = G (x) + h (x)u+Da

(2)

where G (x) = g (x) − ÿdes, u = τ(t) and Da =
∆g (x) + da(t) represent the lumped disturbances
in the second-order system.

Assumption 1: The function h (x) in Equa-
tion (1) is assumed to be greater than zero. That
is, there exists a real positive value b such that
h (x) > b, ∀x ∈ ℜ2.

Assumption 2: The lumped disturbances in
the second-order system are typically unknown
but constrained by a positive constant η, as in
Equation (3):

|Da| = |∆g (x) + da (t)| ≤ η (3)

Assumption 3: The desired trajectory ydes is
twice continuously differentiable with respect to
time.

2.2. Mathematical foundations

Consider a general nonlinear system as given in
Equation (4):

ẏ = f (y (t)) , y (0) = y0 (4)

where y ∈ ℜn and f (y (t)) : D → ℜn are nonlin-
ear functions.

Definition 1.40 The equilibrium point y = 0
of System IV is said to be finite-time stable if it
satisfies Lyapunov stability, and there exists an
open region D ⊆ D0 containing the origin and a
function ŷ : D\ {0} → (0,∞) such that, for all
y0 ∈ D, the outcome y (t, y0) for t ∈ (0, ŷ (y0))
satisfies lim

t→ŷ(y0)
y (t, y0) = 0 and y (t, y0) = 0 for

any t > ŷ (y0). Specifically, when D ∈ ℜn, the
system is globally finite-time stable.

Definition 2.41 The equilibrium point y = 0 of
System IV is said to be fixed-time stable if it is
finite-time stable and its settling time T is con-
strained by a value Tmax > 0, ensuring T ≤ Tmax.

Definition 3.42 The equilibrium point y = 0 of
System IV is said to be practically fixed-time sta-
ble if it satisfies the fixed-time stability property,
and there exists a specified region Φ ∈ ℜn and a
constant T > 0 such that, for all initial conditions
y0 ∈ ℜn, the state y(t) enters the region Φ within
time T and remains in Φ for all t > T, where T
does not depend on the initial conditions.
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Remark 1. Unlike global fixed-time sta-

bility, practical fixed-time stability implies con-
vergence of tracking errors to a specific re-
gion around the origin rather than to the ex-
act origin. This concept is often more applica-
ble to real-world scenarios, such as motors and
robotic manipulator systems,42,43 especially in
controllers employing DOs or adaptive approxi-
mators.

To better understand system stability, we re-
fer to the following key lemmas:

Lemma 1.22,44 Let V (y) be a Lyapunov
function for System IV with parameters α, β ∈
ℜ+, 0 < q1 < 1, q2 > 1, and υι ∈ ℜ+, sat-
isfying the inequality V̇ (y) ≤ −αV (y)q1 −
βV (y)q2 + υι. Then, the system is prac-
tically fixed-time stable, and the residual
set is defined as: Rι = {y|V (y) ≤ min{
(υι/ ((1− υθ)β) )

1/q2 , (υι/ ((1− υθ)α) )
1/q1

}}
where 0 < υθ < 1, and the time bound for con-
vergence is given in Equation (5):

T (y0) ≤
1

α (1− q1)
+

1

β (q2 − 1)
, ∀y0 ∈ ℜn. (5)

Lemma 2.45 For any constants ς > 0 and
l ∈ ℜ, the following inequality holds Equation
(6):

0 ≤ |l| − |l| tanh
(
|l|
ς

)
≤ ϖς (6)

where ϖ denotes a constant that meets the con-
dition ϖ = e−ϖ−1, e.g ϖ = 0.2785.

Notation: For any real number y, the ex-
pression sig(y)a = |y|asign (y) , with sign (.) de-
notes the sign function, and a is a positive con-
stant.

3. Main results

This paper presents the design of a novel
FTTSMC using FVECDO estimation for System
I, aiming to ensure that the system states reach
a small neighborhood of the origin within a pre-
determined finite time, regardless of initial condi-
tions.

Furthermore, the controller parameters al-
lowed for effective adjustment of the upper limit
on the settling time. Figure 1 illustrates the
structure of the closed-loop trajectory track-
ing system resulting from this control strat-
egy.

Figure 1. Block diagram of the control architecture
Abbreviations: FTTSMC, fixed-time trajectory
tracking sliding mode control; FVECDO, fixed-time
variable exponent coefficient disturbance observer.

3.1. Fixed-time variable exponent
coefficient disturbance observer
design

Lumped disturbances can adversely affect the tra-
jectory tracking performance of nonlinear dynam-
ical systems. To improve performance, these
lumped disturbances must be estimated and com-
pensated for as early as possible. Therefore, this
section introduces the FVECDO for accurate es-
timation of lumped disturbances, starting with a
reformulation of the error model as follows:

Ξ̇2 = −ℓ1Ξ2 + h (x)u+ d∗ (7)

where d∗ = G (x)+ℓ1Ξ2+Da and ℓ1 denote a real
positive constant. According to Equation (7), an

auxiliary state
˙̂
Ξ2 is introduced to define an aux-

iliary system as in Equation (8):

˙̂
Ξ2 = −ℓ1Ξ̂2 + h (x)u (8)

Let Θ1 = Ξ2 − Ξ̂2 denote the error between
the Ξ2 and Ξ̂2. Substituting Equations (7) and
(8) into the derivative of Θ1 yields the following
dynamics:

Θ̇1 = −ℓ1Θ1 + d∗

Θ2 = ℓ2Θ1
(9)

where ℓ2 is a real positive constant, d∗ represents
the unknown system input, and Θ2 can be re-
garded as the system output. Using Equations
(7)–(9), the FVECDO is formulated as in Equa-
tion (10):

˙̂
Θ1 = −ℓ2ℓ3Θ̂1 + ℓ−1

2 Θ̇2 + α1χ
(
Θ̃1

)ϕ(Θ̃1)
sign

(
Θ̃1

)
+ ℓ3Θ2 + α2Θ̃1 + α3sig

(
Θ̃1

)Υ

d̂∗ = ℓ−1
2

(
ℓ1ℓ2Θ̂1 + Θ̇2

)
D̂a = d̂∗ − ℓ1Ξ2 −G (x)

(10)
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where ℓ3 ∈ ℜ+, α1 ∈ ℜ+, α2 ∈ ℜ+ and
α3 ∈ ℜ+ are observer gains. 0 < Υ <

1, χ
(
Θ̃1

)
is employed to represent the function

χ
(
Θ̃1

)
=

∣∣∣Θ̃1 + sign
(
Θ̃1

)∣∣∣ , where χ(
Θ̃1

)
= 0

if and only if Θ̃1 = 0, otherwise χ
(
Θ̃1

)
>

1. Moreover, ϕ
(
Θ̃1

)
is expressed as ϕ

(
Θ̃1

)
=(

p1 + λ1Θ̃
2
1

)
/
(
1 + µ1Θ̃

2
1

)
, with p1 > 1, λ1

, µ1 > 0, and λ1 > p1µ1. Θ̂1, d̂
∗, D̂a represents the

estimations of Θ1, d
∗, Da respective disturbances,

and Θ̃1 = Θ1 − Θ̂1 denotes the estimation error.
The observer error is defined as D̃ = Da − D̂a,
which leads to the establishment of the following
theorem.

Theorem 1. The estimation error D̃ of the
observer will reach zero within a predetermined
time. In other words, there exists a positive con-
stant TObs ∈ ℜ such that D̃ = 0 for t > TObs.

Proof. The proof consists of two steps. Step
1 provides the stability analysis of Θ̃1 using Lya-
punov theory, while Step 2 demonstrates the
fixed-time convergence of the observer error D̃.

Step 1. The Lyapunov function for Θ̃1 is se-
lected as

V1 = 0.5Θ̃2
1 (11)

Taking the time derivative of Equation (11)
and applying Equations (9) and (10) yields:

V̇1 = Θ̃1

(
Θ̇1 + ℓ2ℓ3Θ̂1 − ℓ−1

2 Θ̇2 − ℓ3Θ2 − α2Θ̃1

−α1χ
(
Θ̃1

)ϕ(Θ̃1)
sign

(
Θ̃1

)
− α3sig

(
Θ̃1

)Υ
)

= Θ̃1

(
Θ̇1 + ℓ2ℓ3Θ̂1 − ℓ−1

2 ℓ2Θ̇1 − ℓ2ℓ3Θ1 − α2Θ̃1

−α1χ
(
Θ̃1

)ϕ(Θ̃1)
sign

(
Θ̃1

)
− α3sig

(
Θ̃1

)Υ
)

= Θ̃1

(
−ℓ2ℓ3Θ̃1 − α1χ

(
Θ̃1

)ϕ(Θ̃1)
sign

(
Θ̃1

)
− α2Θ̃1

−α3sig
(
Θ̃1

)Υ
)

≤ −Θ̃1

(
α1χ

(
Θ̃1

)ϕ(Θ̃1)
sign

(
Θ̃1

)
+ α2Θ̃1

+α3sig
(
Θ̃1

)Υ
)

≤ −α1

∣∣∣Θ̃1

∣∣∣ (∣∣∣Θ̃1

∣∣∣+ ∣∣∣sign(Θ̃1

)∣∣∣)ϕ(Θ̃1)
− α2

∣∣∣Θ̃1

∣∣∣2
− α3

∣∣∣Θ̃1

∣∣∣Υ+1

≤ −α1

∣∣∣Θ̃1

∣∣∣ (∣∣∣Θ̃1

∣∣∣+ ∣∣∣sign(Θ̃1

)∣∣∣)p1
− α2

∣∣∣Θ̃1

∣∣∣2
− α3

∣∣∣Θ̃1

∣∣∣Υ+1

≤ −α1

∣∣∣Θ̃1

∣∣∣p1+1
− α2

∣∣∣Θ̃1

∣∣∣2 − α3

∣∣∣Θ̃1

∣∣∣Υ+1

≤ −α12
p1+1

2 V
p1+1

2
1 − 2α2V1 − α32

Υ+1
2 V

Υ+1
2

1

= −β1V
p1+1

2
1 − β2V1 − β3V

Υ+1
2

1
(12)

where β1 = α12
p1+1

2 , β1 = 2α2, and β3 = α32
Υ+1
2 .

Next, we solve Equation (12) and demonstrate

that V1

(
Θ̃1

)
= 0 can be achieved in fixed time.

The following expression, denoted as Equation
(13), can be obtained:

TObs ≤ lim
V1(Θ̃10)→0

∫ V1(Θ̃10)

0

dV1

β1V
p1+1

2
1 + β2V1 + β3V

Υ+1
2

1

≤
∫ 1

0

dV1

β2V1 + β3V
Υ+1
2

1

+ lim
V1(Θ̃10)→0

∫ V1(Θ̃10)

0

dV1

β1V
p1+1

2
1 + β2V1

≤
∫ 1

0

dV1

β2V1 + β3V
Υ+1
2

1

+ lim
V1(Θ̃10)→0

∫ V1(Θ̃10)

0

dV1

β1V
p1+1

2
1

=
2

β2 (1−Υ)
ln

(
1 +

β2
β3

)
+

2

β1 (p1 − 1)
(13)

Step 2. Referring to Equations (7) and (10),

the observer error D̃ takes the form of

D̃ = d∗ −G (x)− ℓ1Ξ2 − d̂∗ + ℓ1Ξ2 +G (x)

= d∗ − d̂∗

(14)
Subsequently, Equation (14) can be further

reduced to Equation (15) by applying the estima-
tion of d∗ as specified in Equation (10):

D̃ = d∗ − ℓ−1
2

(
ℓ1ℓ2Θ̂1 + Θ̇2

)
= d∗ − ℓ−1

2

(
ℓ1ℓ2Θ̂1 − ℓ1ℓ2Θ1 + ℓ2d

∗
)

= ℓ1Θ̃1

(15)

Given that Θ̃1 (t) = 0 holds for t > TObs as es-
tablished in Step 1, it follows from Equation (15)

that D̃ (t) = 0 is also true fort > TObs. As a re-

sult, Da can be reliably approximated by D̂a in a
fixed time, finalizing the proof.

3.2. Fixed-time trajectory tracking sliding
mode control law design

In this section, employing the obtained distur-
bance estimation, a novel robust FTTSMC is pro-
posed for a nonlinear dynamical system subjected
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to lumped disturbances. This controller utilizes a
fixed-time sliding variable and a fixed-time reach-
ing method with a state-dependent exponent coef-
ficient. Furthermore, it is demonstrated through
Lyapunov-based analysis that the closed-loop sys-
tem’s tracking errors, irrespective of the initial
conditions, settle in a fixed time to an area close
to the origin. Consequently, a fixed-time sliding
variable for the system in Equation (2) is em-
ployed as follows:

s = Ξ2 + ϑ1|Ξ1|Ωsign (Ξ1) + ϑ2 tanh (Ξ1/υ1 )
(16)

where tanh (·) represents the hyperbolic tangent
function, and υ1 ∈ (0, 1), ϑ1, ϑ2 > 0, and Ω > 1
denote the control parameters. Differentiating
the sliding variable in Equation (16) and employ-
ing Equation (2), we arrive at Equation (17):

ṡ = G (x) + h (x)u+Da + ϑ1Ω|Ξ1|Ω−1Ξ2

+ (ϑ2/υ1 )
(
1− tanh2 (Ξ1/υ1 )

)
Ξ2

(17)

A state-dependent exponent coefficient reach-
ing law is designed as Equation (18):

ṡ = −α4χ(s)
ϕ(s)sign (s)− α5s− α6sign (s) (18)

where α4 ∈ ℜ+, α5 ∈ ℜ+ are controller gains,
χ (s) is employed to represent the function
χ (s) = |s+ sign (s)| , and χ (s) = 0 if and
only if s = 0, otherwise χ (s) > 1. More-
over, ϕ (s) the time varying exponent is ϕ (s) =(
p2 + λ2s

2
)
/
(
1 + µ2s

2
)
, with p2 > 1, λ2, µ2 > 0

and λ2 > p2µ2. Furthermore, α6 is selected as
shown in Equation (19):

α6 =

α∗
6 +

∣∣∣D̂a

∣∣∣+ η, 0 ≤ t ≤ TObv

α∗
6, t > TObv

(19)

where α∗
6 ∈ ℜ+. By integrating the observer es-

timation, the fixed-time sliding variable in Equa-
tion (19), and the reaching law in Equation (18),
the FTTSMC law is formulated as given in Equa-
tion (20):

u = −h(x)−1 [ua + ub] (20)

where

ua = G (x) + D̂a + ϑ1Ω|Ξ1|Ω−1Ξ2

+ (ϑ2/υ1 )
(
1− tanh2 (Ξ1/υ1 )

)
Ξ2

(21)

ub = α4χ(s)
ϕ(s)sign (s) + α5s+ α6sign (s) (22)

Theorem 2. Applying the FTTSMC law in
Equation (20) to the nonlinear system in Equa-
tion (2) facilitates the convergence of trajectory
tracking errors to a minimal residual set, with set-
tling time satisfying Equations (23) and (24):

Tr
′ ≤ 2

β5
ln

(
1 +

β5
β6

)
+

2

β4 (p2 − 1)
(23)

T ′ ≤ Tr
′ +

2

χ1 (Ω + 1)
+

2

χ2
(24)

Proof. The controller constructed using slid-
ing mode control theory has the characteristic
that the control process can be divided into two
stages. Accordingly, the proof will be carried out
in two stages.

Stage 1. By selecting a Lyapunov candidate
V2 = 0.5s2 and using Equation (17), the time de-
rivative of this Lyapunov candidate yields the ex-
pression in Equation (25):

V̇2 = s
(
G (x) + h (x)u+ D̂a + ϑ1Ω|Ξ1|Ω−1Ξ2

+(ϑ2/υ1 )
(
1− tanh2 (Ξ1/υ1 )

)
Ξ2

)
(25)

If Assumption 2 holds, Equation (26) can be
obtained

V̇2 = s
(
−α4χ(s)

ϕ(s)sign (s)− α5s− α6sign (s) + D̃
)

≤ −α4 |s| (|s|+ |sign (s)|)ϕ(s) − α5|s1|2 −
(
α6 −

∣∣∣D̃∣∣∣) |s|

≤ −α4 |s| (|s|+ |sign (s)|)p2 − α5|s|2 −
(
α6 −

∣∣∣D̃∣∣∣) |s|

≤ −α4|s|p2+1 − α5|s|2 −
(
α6 −

∣∣∣D̃∣∣∣) |s|
(26)

by using Equation (19). For 0 ≤ t ≤ TObs, the
estimation error of the lumped disturbances sat-

isfies
∣∣∣D̂a

∣∣∣+η ≥
∣∣∣D̃∣∣∣, which implies α6−

∣∣∣D̃∣∣∣ ≥ α∗
6.

Furthermore, Theorem 1 states that the estima-
tion error of the lumped disturbances is zero for

t ≥ TObs, implying that α6−
∣∣∣D̃∣∣∣ = α∗

6. According

to this approach, Equation (26) can be recast as
follows:

V̇2 ≤ −α42
p2+1

2 V
p2+1

2
2 − 2α5V2 − α∗

6

√
2V

1
2
2

= −β4V
p2+1

2
2 − β5V2 − β6V

1
2
2

(27)

where β4 = α42
p2+1

2 , β2 = 2α5, and β6 = α∗
6

√
2.

Based on earlier analysis, Equation (27) replicates
the structure of Equation (11). As a result, will
be attained, regardless of its initial value, within a

specific timeframe Tr
′ ≤ 2

β5
ln
(
1 + β5

β6

)
+ 2

β4(p2−1) .

Stage 2. The convergence of the tracking er-
ror is demonstrated in this stage. As previously
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stated, the state-dependent exponent coefficient
reaching law in Equation (18) ensures that s = 0
is attained within a specific timeframe. Therefore,
from Equation (16) it follows that:

Ξ2 = −
(
ϑ1|Ξ1|Ωsign (Ξ1) + ϑ2 tanh (Ξ1/υ1 )

)
(28)

Consider the Lyapunov function defined as
V3 = 0.5Ξ2

1. By differentiating it with respect
to time, we get:

V3 = Ξ1

(
−ϑ1|Ξ1|Ωsign (Ξ1)− ϑ2 tanh (Ξ1/υ1 )

)
= −ϑ1|Ξ1|Ω+1 − ϑ2Ξ1 tanh (Ξ1/υ1 )

≤ −ϑ1|Ξ1|Ω+1 − ϑ2 |Ξ1|+ ϑ2ϖυ1

≤ −χ1V
Ω+1
2

3 − χ2V
1
2
3 + ϑ2ϖυ1

(29)

where χ1 = ϑ12
Ω+1
2 and χ2 =

√
2ϑ2. According

to Lemma 1, the trajectory tracking error Ξ1 ap-
proaches an area near zero within a fixed-time
duration Ts

′ ≤ 2
χ1(Ω+1)+

2
χ2
.Moreover, the closed-

loop system will reach a vicinity of zero within a
fixed time T ′ ≤ Tr

′ + Ts
′.

Remark 2: The fixed-time sliding mode vari-
able in Equation (16) employs a hyperbolic tan-
gent function rather than a signum function to
mitigate chattering. A smaller increases the ap-
proximation accuracy to the sign function. How-
ever, setting this parameter too low can cause
spikes in the control output, adversely affecting
system performance. Additionally, as shown in
Equation (29), the parameter ϑ2ϖυ1 negatively
impacts error convergence performance. There-
fore, the gain ϑ2 should be chosen as a small con-
stant to optimize the trade-off between reducing
chattering and ensuring timely convergence.

To reduce chattering in the control generated
by α6sign (s), the sign function can be substi-
tuted with a hyperbolic tangent function. Addi-
tionally, to mitigate the chattering resulting from

α4χ(s)
ϕ(s), a variable gain represented as ψ (s) is

designed. Consequently, the control law in Equa-
tion (22) is modified as follows:

ub = ψ (s)χ(s)ϕ(s)sign (s) + α5s+ α6 tanh (s/υ1 )
(30)

where ψ (s) = [1 + c1 − 1/ (1 + c2|s|c3) ] c4. c2, c3 >
0, c4 > 1, and c1 < 1/c4 represent real values.
The stability analysis is unaffected by ψ (s), as
it is positive. When the sliding mode variable in
Equation (16) is far from zero, ψ (s)approaches
(1 + c1) c4 > 1, which improves the convergence

rate. Conversely, as the sliding mode variable ap-
proaches zero, ψ (s) approaches ι = c1c4 < 1, re-
sulting in reduced chattering. However, this may
slow the convergence rate. This issue is addressed
by inserting the linear term α5s. Therefore, the
proposed scheme ensures rapid convergence dur-
ing the transient state and reduces chattering in
the steady state.

By substituting Equation (22) with Equation
(30), the inequality in Equation (26) from the
proof of Theorem 2 can be rewritten as shown
in Equation (31):

V̇2 = s
(
−ψ (s)χ(s)ϕ(s)sign (s)− α5s− α6 tanh (s/υ1 ) + D̃

)
≤ −ιχ(s)ϕ(s) |s| − α5|s1|2 −

(
α6 −

∣∣∣D̃∣∣∣) |s|+ α6ϖυ1

(31)
Given that ϕ (s) =

(
p2 + λ2s

2
)
/
(
1 + µ2s

2
)
≥

p2 is true when p2 > 1, λ2, µ2 > 0 and λ2 > p2µ2,
it follows that:

− ιχ(s)ϕ(s) |s| = −ι|s+ sign (s)|(p2+λ2s2)/(1+µ2s2) |s|
≤ −ι(|s|+ |sign (s)|)p2 |s|

≤ −ι|s|p2+1

(32)
By substituting Equation (32) into Equation

(31) and based on the previous analysis, we ob-
tain:

V̇2 ≤ −ι|s|p2+1 − α5|s1|2 −
(
α6 −

∣∣∣D̃∣∣∣) |s|+ α6ϖυ1

≤ −χ3V
p2+1

2
2 − χ4V2 − χ5V

1
2
2 + α6ϖυ1

(33)

where χ3 = ι2
p2+1

2 , χ4 = 2α5 and χ5 = α∗
6

√
2.

Equation (33) can take three forms:

V̇2 ≤ − (1− δ0)χ3V
p2+1

2
2 − δ0χ3V

p2+1
2

2

− χ4V2 − χ5V
1
2
2 + α6ϖυ1

(34)

V̇2 ≤ −χ3V
p2+1

2
2 − χ4V2 − (1− δ0)χ5V

1
2
2

− δ0χ5V
1
2
2 + α6ϖυ1

(35)

V̇2 ≤ −χ3V
p2+1

2
2 − (1− δ0)χ4V2 − δ0χ4V2

− χ5V
1
2
2 + α6ϖυ1

(36)

where δ0 ∈ (0, 1). In the case of inequality in

Equation (34), if − (1− δ0)χ3V
p2+1

2
2 +α6ϖυ1 ≤ 0

is true, it can be rewritten as:

V̇2 ≤ −δ0χ3V
p2+1

2
2 − χ4V2 − χ5V

1
2
2

(37)
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It can be observed that the form of Equation

(37) is the same as that of Equation (12), and the
convergence area of the sliding variable is deter-
mined as shown in Equation (38):

lim
t→T ′

r1

|s| ≤

√
2

(
α6ϖυ1

χ3 (1− δ0)

) 2
p2+1

(38)

where T ′
r1 can be expressed as:

T ′
r1 ≤

2

χ4
ln

(
1 +

χ4

χ5

)
+

2

δ0χ3 (p2 − 1)
(39)

By applying an analogous evaluation to Equa-
tions (35) and (36), the ultimate fixed-time sliding
variable is expected to reach the region defined
below.

Φ =

 lim
t→T ′

r

∣∣∣∣∣∣|s| ≤ min


√
2

(
α6ϖυ1

χ3 (1− δ0)

) 2
p2+1

,

√
2

(
α6ϖυ1

χ4 (1− δ0)

)
,

√
2

(
α6ϖυ1

χ5 (1− δ0)

)2


(40)

The upper bound for the fixed convergence
time is represented as:

T ′
r ≤ max



2

χ4
ln

(
1 +

χ4

χ5

)
+

2

δ0χ3 (p2 − 1)
,

2

δ0χ4
ln

(
1 +

δ0χ4

χ5

)
+

2

χ3 (p2 − 1)
,

2

χ4
ln

(
1 +

χ4

δ0χ5

)
+

2

χ3 (p2 − 1)


(41)

4. Simulation and discussion

In this section, the developed control technique,
FTTSMC, is implemented on two systems: a
single inverted pendulum (SIP) system and a
robotic manipulator system. Example 1 focuses
on the SIP, a benchmark nonlinear system, to
verify fixed-time convergence and robustness un-
der relatively simple dynamics. Example 2, on
the other hand, involves a more complex robotic
manipulator, highlighting the scalability of the
proposed controller in handling high-dimensional
nonlinear systems. Simulations are conducted us-
ing MATLAB/Simulink software, employing the
Runge–Kutta solver with a time step of 1 millisec-
ond (ms), to illustrate the efficacy and superiority
of the proposed control approach.

4.1. Example 1

Consider the SIP from Zuo14 as an example. Its
dynamics can be expressed in the same form as
Equation (1), with g (x) , h (x), and Da defined
as follows:

g (x) =
9.8 sin (x1a)− 0.05 sin (x1a) cos (x1a) (x2a)

2/1.1

0.5× [4/3− 0.1cos2 (x1a) /1.1 ]

h (x) =
cos (x1a) /1.1

0.5× [4/3− 0.1cos2 (x1a) /1.1 ]

Da = sin (10x1a) + cos (x2a)

(42)
where x1a denotes the SIP’s angular position, x2a
its angular velocity, and u represents the input
force. During the simulations, the initial con-
ditions are configured as x1a (0) = 1 rad and
x2a (0) = 0.5 rad/s, with the desired angular po-
sition set to ydes = sin (πt/2 ) rad. The proposed
controller, FTTSMC, is compared with Li and
Cai’s46 fixed-time controller, Yang and Yang’s47

finite-time controller, and Moulay’s variable expo-
nent coefficient fixed-time controller from Moulay
et al.48 to highlight the benefits of the proposed
technique. The parameters of our FVECDO-
based controller are selected as: ℓ1 = 0.03, ℓ2 =
12, ℓ3 = 21, α1 = 1, α2 = 1, α3 = 1, α5 =
1, p1 = 1.3, λ1 = 0.4, µ1 = 0.1,Υ = 0.6, ϑ1 =
1.5, ϑ2 = 0.3,Ω = 1.2, υ1 = 0.001, p2 = 1.25, λ2 =
0.25, µ2 = 0.1, c1 = 0.4, c2 = 5, c3 = 0.5, c4 =
1.5, α∗

6 = 0.6. Below are the sliding variable and
the control formulation presented by Li and Cai46:

s = sig(Ξ1)
b1 +

ā2b2
2b2 − 1

sig
(
Ξ2 + ā1sig(Ξ1)

b1
)2−1/b2

(43)

u = −h(x)−1

[
G (x) + ā1b1|Ξ1|b1−1

(
ϕ̄

ā1
+ Ξ2

)
+c1sig(s)

o1 + c2sig(s)
o2 + k′

eρ̄s − 1

eρ̄s + 1

]
(44)

ϕ̄ =
1

ā2
sig

(
Ξ2 + ā1sig(Ξ1)

b1
)1/b2

+
ā1b2

2b2 − 1

(
Ξ2 + ā1sig(Ξ1)

b1
) (45)

The parameters in the above expressions are
selected as: ā1 = 3, ā2 = 0.1, b1 = 1.1, b2 =
1.1, c1 = c2 = 1, o1 = 5/3 o2 = 5/9 , k′ = 2, ρ̄ =
100. Furthermore, the control law developed by
Yang and Yang,47 along with the sliding variable
s, is stated as:

s = Ξ1 + ā1sig(Ξ1)
b1 + ā2sig(Ξ2)

b2 (46)
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u = −h(x)−1

[
G (x)− 1

ā2b2
sig

(
Ξ2

(
1 + ā1b1|Ξ1|b1−1

))2−b2

+c1sig(s)
o1 + c2sig(s)

o2 + k′
eρ̄s − 1

eρ̄s + 1

]
(47)

The parameters in the above expressions are
selected as follows: ā1 = 5, ā2 = 0.1, b1 =
1.1, b2 = 1.1, c1 = c2 = 1, o1 = 5/3 ,o2 = 5/9, k′ =
2, ρ̄ = 100. The parameters for Moulay’s variable
exponent coefficient fixed-time controller are set
as in Moulay et al.48 The angular position track-
ing of the SIP and the angular position tracking
error are illustrated in Figures 2 and 3, respec-
tively. Additionally, the angular velocity tracking
of the SIP and the angular velocity tracking er-
ror are depicted in Figures 4 and 5, respectively.
The figures demonstrate that among the four con-
trollers, the proposed FTTSMC exhibits superior
performance, with faster convergence and better
steady-state control accuracy in the presence of
lumped disturbances. Furthermore, Figure 6 dis-
plays the lumped disturbances and their estima-
tion, highlighting that the FVECDO performs
exceptionally well by accurately estimating the
lumped disturbances within a fixed-timeframe.

Figure 2. Angular position tracking results

Figure 3. Position tracking errors over time

Figure 4. Angular velocity tracking results

Figure 5. Angular velocity tracking error over time

Figure 6. Estimated lumped disturbances

Three distinct sets of initial state condi-
tions IV1 = [x1a, x2a] = [1 rad, 0.5 rad/s] , IV2 =
[x1a, x2a] = [3 rad, 0.0 rad/s] ,IV3 = [x1a, x2a] =
[5 rad, 1 rad/s] are used in the second phase of the
SIP simulations to assess the effectiveness of the
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proposed control approach under external distur-
bances and model uncertainties. The parameters
of the FTTSMC scheme are tuned based on the
earlier analysis. Tracking errors for angular po-
sition are shown in Figure 7, and tracking errors
for angular velocity under various initial condi-
tions are shown in Figure 8. It is noteworthy that
the convergence time remains unchanged regard-
less of the initial conditions, which reinforces the
fixed-time attributes discussed in this study and
illustrates the practical utility of the fixed-time
controller.

Figure 7. Position tracking errors under different
initial conditions
Abbreviation: IV: initial values.

Figure 8. Velocity tracking errors under different
initial conditions
Abbreviation: IV: initial values.

4.2. Example 2

The dynamic model of a standard two-link robotic
manipulator, as presented in Zhai and Xu,49 is de-
scribed by the following Euler–Lagrange formula-
tion:

M(qι) q̈ι + Zι(qι, q̇ι) q̇ι +Gι(qι) = τ + τd (48)

where the symbol M(qι) ∈ ℜn×n represents the
inertia matrix, which is always positive definite.
qι ∈ ℜndenotes the position vector, while q̇ι ∈ Rn

and q̈ι ∈ Rn represent the velocity and acceler-
ation vectors, respectively. τ ∈ ℜn stands for

the actuator inputs applied to the system. The
matrix Zι(qι, q̇ι) ∈ Rn×n accounts for centripetal
and Coriolis forces. Gι(qι) ∈ ℜnrepresents the
gravity vector, and τd ∈ ℜn indicates the exter-
nal disturbance matrix. Assume that the model
parameters are expressed as M(qι) = M0(qι) +
∆M(qι), Zι(qι, q̇ι) = Zι0(qι, q̇ι) + ∆Zι(qι, q̇ι),
and M(qι) = M0(qι) + ∆M(qι), Zι(qι, q̇ι) =
Zι0(qι, q̇ι) + ∆Zι(qι, q̇ι), Gι(qι) = Gι0(qι) +
∆Gι(qι), represent the nominal val-
ues. ∆M(qι), ∆Zι(qι, q̇ι), ∆Gι(qι) and
∆M(qι), ∆Zι(qι, q̇ι), ∆Gι(qι) represent the un-
known components. The involved matrices are
defined as shown in Equation (49):

M (qι) =

[
m11 m12

m21 m22

]
,Zι (qι,q̇ι) =

[
z11 z12
z21 z22

]
,

G(qι) =
[
g1 g2

]T
(49)

where qι = [qι1, qι2]
T represents the joint

angle position vector of joints, m11 =
(m1 +m2) l

2
1 + m2l

2
2 + 2m2l1l2 cos (qι2) +

J̄1,m12 = m21 = m2l
2
2 + m2l1l2 cos (qι2) ,m22 =

m2l
2
2 + J̄2, z11 = −m2l1l2 sin (qι2) q̇ι2, z12 =

−m2l1l2 sin (qι2) (q̇ι1 + q̇ι2) , z21 = m2l1l2 sin (qι2)
q̇ι1, z22 = 0, g1 = (m1 +m2) 9.8l1 cos (qι1) +
m29.8l2 cos (qι1 + qι2) , g2 = m29.8l2 cos (qι1 + qι2) .
l1, l2,m1 and m2 are the length and mass of the
joints, J̄1 and J̄2 indicate the inertia of the two
links. The rigid two-link robotic manipulator
is depicted in Figure 9. The parameter values
are m1 = 0.5kg,m2 = 1.5kg, l1 = 1m, l2 =
0.8m, J̄1 = 5kgm2 and J̄2 = 5kgm2.

Figure 9. Architecture of a two-link robotic
manipulator

By defining x = [x1a, x2a]
T = [qι, q̇ι]

T ,
Equation (48) can be reformulated in a man-
ner consistent with Equation (2), with matri-
ces g (x) , h (x), and Da defined as follows:
g (x) = M−1

0 (x1a)(−Zι0(x)x2a−Gι0(x1a)), h (x) =

M−1
0 (x1a)Da = M−1

0 (x1a) (ld −∆M(x1a) ẋ2a
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−∆Zι(x)x2a−∆Gι(x1a) The disturbance term in
the model is expressed as given in Equation (50):

τd =

[
6 sin(2t) + 2 cos(πt) (Nm)

5 cos(2t) + sin(πt) (Nm)

]
(50)

The desired trajectories for the system are de-
fined as shown in Equation (51):

ydes =

[
0.2 cos(0.7t) + 0.2 cos(0.5t− 0.2) (rad)

0.2 cos(0.5t− 0.2)− 0.2 cos(0.7t) (rad)

]
(51)

To illustrate the improved effectiveness of the
proposed FTTSMC controller in the presence
of lumped disturbances, a comparative assess-
ment is carried out against Boukattaya et al.’s50

controller. Based on Theorem 2, the proposed
FTTSMC controller for the ith degree of freedom
in the system described by Equation (48) is for-
mulated as given in Equation (52):

ui = −h (x)−1
i [uai + ubi] (52)

where

uai = G(x)i + D̂ai + ϑ1Ω|Ξ1i|Ω−1Ξ2i

+ (ϑ2/υ1 )
(
1− tanh2 (Ξ1i/υ1 )

)
Ξ2i

(53)

ubi = ψ (si)χ(si)
ϕ(si)sign (si) + α5si + α6 tanh (si/υ1 )

(54)
The parameters of our FVECDO-based con-

troller are selected as:ℓ1 = 0.03, ℓ2 = 12, ℓ3 =
21, α1 = 1, α2 = 1 , α3 = 1, α5 = 1, p1 = 1.3, λ1 =
0.4, µ1 = 0.1,Υ = 0.6, ϑ1 = 1.5,ϑ2 = 0.3,Ω =
, υ1 = 0.001, p2 = 1.25, λ2 = 0.25, µ2 = 0.1, c1=
0.4, c2 = 5, c3 = 0.5, c4 = 1.5, α∗

6 = 0.6.
As outlined in Ref.,50 Boukattaya et al.’s con-

troller is structured as follows:

s = q′1 + b′1
∣∣q′1∣∣α′

sign
(
q′1

)
+ b′2

∣∣q′2∣∣β′
sign

(
q′2

)
(55)

u = Zι0(qι, ι)ι +Gι0(qι) +M0(qι)ÿ
′
d

− M0(qι)

b′2β′
∣∣q′2∣∣2−β

(
1 + b′1α

′∣∣q′1∣∣α−1
)
sign

(
q′2

)
−M0(qι)

(
k′.s+

(
b̂0 + b̂1 |qι|+ b̂2|q̇ι|2 + ξ

)
sign(s)

)
(56)

˙̂
b0 = λ0 |s|

∣∣q′2∣∣β′−1

˙̂
b1 = λ1 |s| |qι|

∣∣q′2∣∣β′−1

˙̂
b2 = λ2 |s| |q̇ι|2

∣∣q′2∣∣β′−1

(57)

The parameters of the Boukattaya et al.’s50

controller outlined above are stated as:α′ =

2, β′ = 5/3 , ξ = 2, b′1 = b′2 = 1,k = 2, λ0 =
λ1 = λ2 = 1. The initial conditions for the
joint positions are selected as qι1 (0) = 1rad, and
qι2 (0) = 0.2 rad. Figures 10 and 11 show the
position tracking performance and tracking error
curves, respectively, for each joint of the robotic
manipulator. These provide a clearer compar-
ison between control strategies. Compared to
the alternative control method, the proposed con-
trol approach clearly demonstrates better perfor-
mance, as evidenced by its shorter convergence
time and enhanced steady-state tracking accu-
racy. These simulation results clearly showcase
the improved performance and efficiency of the
proposed control technique compared to other
control methods. Figure 12 shows the lumped dis-
turbances and their estimation. The control in-
puts for the proposed FTTSMC and Boukattaya
et al.’s50 controller are shown in Figures 13 and
14, respectively. As demonstrated in Figure 13,
the FTTSMC method effectively mitigates chat-
tering. Boukattaya et al.’s50 controller also gen-
erates a continuous control input, as depicted in
Figure 14, by utilizing tanh (x/ε ) , ε > 0 instead
of the function.50 The comparison between the
figures highlights that the proposed approach de-
livers better control performance with lower con-
trol input signals compared to the alternative con-
troller.

Figure 10. Position tracking for (A) joint 1 and (B)
joint 2
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Figure 11. Position tracking errors for (A) joint 1
and (B) joint 2

Figure 12. Estimation of lumped disturbances for
(A) joint 1 and (B) joint 2

Figure 13. Control inputs for the proposed
fixed-time trajectory tracking sliding mode control

Figure 14. Control inputs for Boukattaya et al.’s
controller

5. Conclusion

The study introduces a robust trajectory track-
ing control approach for uncertain nonlinear dy-
namic systems by leveraging a fixed-time DO.
First, a novel FVECDO was designed using fixed-
time stability theory to accurately estimate the
combined uncertainties arising from modeling in-
accuracies and external disturbances. Utilizing
the information from this DO, a sliding mode
control strategy was proposed that ensures fixed-
time convergence for trajectory tracking. This
approach incorporated a reaching law with a
state-dependent exponent coefficient in conjunc-
tion with a sliding variable designed for fixed-
time convergence. The developed controller ex-
hibited key advantages, including high robust-
ness, reduced chattering, and avoidance of singu-
larities. Lyapunov theory was employed to com-
prehensively analyze the system’s fixed-time sta-
bility and control precision. Finally, simulations
comparing this method with other control strate-
gies demonstrated its effectiveness and low sensi-
tivity to the system’s initial conditions. Future
work will explore the controller’s performance in
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the presence of measurement noise and additional
nonlinearities, such as dead zones and input satu-
ration, along with experimental validation of the
proposed approach. In addition, the proposed
fixed-time control framework could be extended
to fractional-order systems, which may further en-
hance control precision and robustness in complex
nonlinear environments.
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