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The article addresses the solution of parabolic differential equations with in-
tegral boundary conditions using the Haar wavelet collocation method. This
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1. Introduction

Integral boundary conditions play a crucial role
in numerous mathematical and physical prob-
lems, such as heat conduction and fluid mechan-
ics. These conditions incorporate integrals of the
solution over the spatial domain, adding complex-
ity to the use of standard techniques.1 Research
has delved into optimal control problems that in-
volve integral boundary conditions in fields, like
physics, engineering, and mechanics.2,3 The heat

conduction problem with integral boundary con-
ditions is notably significant due to its non-self-
adjoint nature, which poses challenges for thor-
ough investigation.4

Certain chemical diffusion and heat conduc-
tion processes are modeled by the nonclassical
parabolic initial-boundary value problem5:

∂s

∂t
=
∂2s

∂κ2
+ a

∂s

∂κ
+ cs+ f(κ, t),

(κ, t) ∈ (0, 1)× (0, T ],

s(κ, 0) = g1(κ), κ ∈ (0, 1),
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∂s(1, t)

∂κ
= g2(t), t ∈ [0, T ],∫ b

0
s(κ, t)dκ = m(t), b ∈ (0, 1), t ∈ [0, T ],

(1)

where a, b, and c are constants, and f , g1, g2, and
m are prescribed functions.

Various physical and chemical processes
can be modeled through the problem (1), as
demonstrated in.5–11 For the purpose of self-
containment, we briefly describe some examples
here. For instance, if s denotes the concentration
of a chemical in a diffusion process, thenm(t) rep-
resents the total mass of the chemical in the region
0 < κ < b at time t. Similarly, if s represents the
temperature in a heat conduction problem, then
m(t) corresponds to the internal energy content of
the region 0 < κ < b at time t. In another exam-
ple, if s describes the distribution of impurities in
a plate over the interval 0 < κ < 1, the problem
(1) models a technological process for the exter-
nal elimination of gas. This process is applied,
for example, in refining silicon plates to remove
impurities, where m(t) represents the total mass
of impurities in the plate 0 < κ < 1. A sim-
ilar problem arises in biochemistry when b = 1
and m are constants. In this case, the condition∫ b
0 s(κ, t)dκ = m(t) reflects the conservation of
the protein.

Numerical methods play a critical role in
solving complex mathematical models that arise
in science and engineering.12,13 They enable re-
searchers to simulate real-world phenomena with
high accuracy.14,15 In biomedical sciences, numer-
ical techniques are essential for modeling biolog-
ical systems, analyzing treatment strategies, and
predicting disease progression.16 Moreover, ad-
vancements in numerical algorithms continue to
enhance computational efficiency,17 making large-
scale simulations feasible in scientific and indus-
trial applications. In view of the applications
of partial differential equations (PDEs) with in-
tegral boundary conditions, several methods are
used for the efficient solution of these problems.
For example, a finite difference method for solv-
ing second-order non-linear PDEs with two-point
boundary conditions is discussed in,18 while in,19

the author applied the finite difference approach
to novel boundary value problems. This paper
introduces a finite difference method for address-
ing second-order boundary value problems in or-
dinary differential equations (ODEs) with an in-
terior singularity.

In,20 the authors used the finite element
method to solve parabolic differential equations

with integral boundary conditions related to heat
transfer, emphasizing accurate results with mini-
mal computational cost. The study highlights the
method’s capability to effectively handle sharp
transitions over time, including boundary layers,
shock layers, and wave fronts. Additionally,21

discusses error estimates for discretization, fur-
ther reflecting the method’s established reliability.
The article22 introduces an operational matrix
method utilizing hybrid Legendre Block-Pulse
functions to solve PDEs with nonlocal boundary
integral conditions. By applying operational ma-
trices and analyzing convergence through theo-
rems and lemmas, the method reduces integro-
PDEs to algebraic systems, demonstrating accu-
racy and effectiveness through numerical exam-
ples compared to established methods. In,23 the
authors used two efficient numerical methods to
examine the Poisson equation under distinct non-
local boundary conditions. Additionally,24 em-
ploys meshless method utilizing radial basis func-
tion approximations to interpolate field variables
across subdomain boundaries. In,25 the author
addressed a specific type of Schr”odinger equa-
tion featuring logarithmic nonlinearity. In,26 the
complex nonlinear Lorenz system is analyzed for
accurate parameter estimation and effective re-
construction of the system dynamics,27 the fo-
cus was on higher-order finite-volume methods
applied to solve elliptic boundary value prob-
lems. These methods ensure accurate solutions
to PDEs by demonstrating that their bilinear
forms are uniformly elliptic, thereby achieving op-
timal error estimates. The Haar wavelets col-
location method (HWCM) has recently gained
traction and is extensively applied in various
fields such as signal processing, numerical anal-
ysis, and engineering. This method employs the
Haar function in several approaches, including the
wavelet Galerkin technique,28 meshless wavelet
schemes,29 wavelet collocation-based schemes,30

Daubechies wavelet procedure31 and other weak
and strong formulations.32–35

Many research efforts have employed diverse
Haar function-based methods to solve different
problems in science and engineering.36,37 In,38

wavelet decomposition is used to filter the orig-
inal data, effectively removing the negative im-
pact of noise, and enhancing the anomaly detec-
tion model’s performance. Recently, the Haar
wavelet approach has been employed as a math-
ematical technique for handling differential sce-
narios, particularly effective in solving parabolic
PDEs with integral boundary conditions. Haar
wavelets, which form an orthonormal basis for
square-integrable functions, are utilized directly
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in this method. The HWCM approximates the
layout of the differential equations by select-
ing the midpoints of Haar wavelets as colloca-
tion points, where the differential equations are
evaluated. The piecewise constant nature of
Haar wavelets, forming an orthonormal basis for
square-integrable functions, allows them to be di-
rectly combined to approximate the set of differ-
ential equations. The collocation points are cho-
sen at the midpoints of the Haar wavelets where
the differential equation is evaluated.

The content of the rest of the paper is or-
ganized as follows: in Section 2, the proposed
method is discussed briefly. In Section 3, the im-
plementation procedure of the proposed method
is given for 1D and 2D problems. In Section 4,
the numerical results and discussion are included.
Finally, in Section 5, some conclusions of the pro-
posed work are given.

2. Haar wavelets collocation method

The paper39 presents the Haar wavelet family for
κ ∈ [0,1):

χn(κ) =


1 ς1 ≤ κ < ς2,

−1 ς2 ≤ κ < ς3,

0 otherwise, n = 2, 3, ...,

(2)
where

ς1 =
j

q
, ς2 =

(j + 0.5)

q
, ς3 =

(j + 1)

q
,

j = 0, 1, . . . , q − 1, q = 2i, i = 0, 1, . . . , I.
(3)

In this context, i represents the upper limit
and j represents the lower limit. The index of χn

is n = q + j + 1 in Equation (2). n = 2q = 2I+1

is the maximum value of n, where I is the high-
est resolution level. For q = 1 and j = 0, the
smallest value of n is n = 2. The scaling function
presumably corresponds to n = 1 as follows:

χ1(κ) =

{
1 0 ≤ κ < 1,

0 otherwise.
(4)

In order to solve the PDE problems Equations
(32)-Equations (37), we must evaluate the follow-
ing integrals using Haar wavelets.

ℜn,1(κ) =
∫ κ

0
χn(t) dt, (5)

ℜn,v(κ) =
∫ κ

0
ℜn,v−1(t) dt, v = 2, 3, · · · .

(6)

An analytical approach for computing these
integrals is provided by Equation (2), which gives

us

ℜn,1(κ) =


κ − ς1 ς1 ≤ κ < ς2,

ς3 − κ ς2 ≤ κ < ς3,

0 otherwise,

ℜn,2(κ) =


0 0 ≤ κ < ς1,
1
2(κ − ς1)

2 ς1 ≤ κ < ς2,
1

4q2
− 1

2(ς1 − κ)2 ς2 ≤ κ < ς3,
1

4q2
ς3 ≤ κ < 1,

ℜn,3(κ) =


0 0 ≤ κ < ς1,
1
6(κ − ς1)

3 ς1 ≤ κ < ς2,
1

4q2
(κ − ς2) +

1
6(ς3 − κ)3 ς2 ≤ κ < ς3,

1
4q2

(κ − ς2) ς3 ≤ κ < 1,

(7)

ℜn,2(1) =

{
1
2 if n = 1,
1

4q2
if n > 1,

ℜn,3(1) =

{
1
6 if n = 1,
1

4q2
(1− ς2) if n > 1,

ℜn,4(1) =

{
1
24 if n = 1,
1

4q2
(1− ς2)

2 + 1
192q4

if n > 1,

(8)

where Equation (3) defines ς1, ς2, ς3, and m.
Furthermore, we need to find:∫ 1

0
ψ(κ)ℜn,2(t) dt, (9)

Consider a function ψ(κ) is provided. Evalu-
ating the integral in Equation (9) is straightfor-
ward.

The method’s complexity is linear with re-
spect to the number of collocation points due
to the sparsity of Haar wavelet basis functions.
Compared to global spectral methods, the Haar
method has lower memory requirements and
avoids large, dense matrix systems.

3. Proposed methodology for 1D and
2D problems

3.1. 1D problem with one integral BC

Consider the 1D equation40 as follows :

∂s

∂t
= γ

∂2s

∂κ2
+ f(κ, t), 0 < κ < 1, 0 < t ≤ T,

(10)
with the initial, Dirichlet boundary, nonlocal in-
tegral boundary conditions

s(κ, 0) = ℜ(κ), 0 ≤ κ ≤ 1, (11)

s(0, t) = g(t), 0 ≤ t ≤ T, (12)∫ 1

0
ϑ(κ)s(κ, t) dκ = m(t). (13)
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Where f(κ, t), ℜ(κ), g(t), ϑ(κ), and m(t) are
known functions, and the constant γ is also
known. Let us consider the following approxi-
mation using Haar wavelets:

∂2s

∂κ2
=

2M∑
i=1

µihi(κ). (14)

After integrating Equation (14) twice from 0 to

κ, calculate ∂s(0,t)
∂κ by substituting κ with 1. In-

corporate this result back into the expression for
s by rearranging its terms, which results in the
following matrix representation of s.

s = (1− L) s(0, t) + Ls(1, t) +
(
ℜ2 − LℜT

)
µ,
(15)

where

L = [κ1,κ2, ...,κ2M ]T , 1 = [1, 1, ..., 1]T ,

µ = [µ1, µ2, ..., µ2M ]T ,

ℜ =
[
ℜ1,2(1), ℜ2,2(1), ... ,ℜ2M,2(1)

]T
,

ℜ2 =


ℜ1,2(κ1) ℜ2,2(κ1) ... ℜ2M,2(κ1)
ℜ1,2(κ2) ℜ2,2(κ2) ... ℜ2M,2(κ2)

...
...

. . .
...

ℜ1,2(κ2M ) ℜ2,2(κ2M ) ... ℜ2M,2(κ2M )

 .
To determine s(1, t), we multiply ϑ(κ) by the
Equation (15) and integrate from 0 to 1 with re-
spect to κ. This process involves incorporating
the nonlocal integral boundary condition. Subse-
quently, we substitute the value of s(1, t) obtained
back into Equation (15) and apply the boundary
condition given in Equation (12) to derive the
approximation for s.

s = (1− L) g(t) +

(
L

B2
m(t)

)
+

(
LB1

B2
g(t)

)
+

(
ℜ2 −

L

B2
ℜT

ϑ

)
µ,

(16)

where

B1 =

∫ 1

0
ϑ(κ)(1− κ) dκ, B2 =

∫ 1

0
ϑ(κ)κ dκ,

and

ℜϑ =

∫ 1

0
ϑ(L)ℜ dκ.

The time increment is denoted by ∆t. The dis-
crete time instances are represented as tn = t0 +
n ·∆t, where t0 marks the initial time and tn de-
notes the time at each discrete step. For the time

interval [t0, t], Euler’s formula provides an approx-
imation of the time evolution.

∂s(κ, t)
∂t

≈ s(κ, t)− s(κ, t0)
∆t

. (17)

Equations (10), (14), and (17) yield the following:

s(L, t)− s(L, t0)

∆t
= γHµ+ f(L, t), (18)

where

H =


h1(κ1) h2(κ1) ... h2M (κ1)
h1(κ2) h2(κ2) ... h2M (κ2)

...
...

. . .
...

h1(κ2M ) h2(κ2M ) ... h2M (κ2M )

 .
By applying Equation (16) to Equation (18), we
obtain:(

ℜ2 −
L

B2
ℜT

ϑ − γ∆tH

)
µ =s(L, t0) + ∆tf(L, t)

−
(
(1− L) g(t) +

(
L

B2
m(t)

)
+

(
LB1

B2
g(t)

))
.

(19)

We need to find the parameter µ from this set of
equations. In the approximate solution given by
Equation (16), µ is subsequently introduced, pro-
viding an approximate solution to problem (10).

3.2. 1D problem with two integrals BC

Now, consider the one-dimensional time-
dependent diffusion equation 41 provided below:

∂s

∂t
= γ

∂2s

∂κ2
+f(κ, t), 0 < κ < 1, 0 < t ≤ T, (20)

having the initial condition defined as:

s(κ, 0) = ℜ(κ), 0 ≤ κ ≤ 1, (21)

and in accordance with the nonlocal integral
boundary condition:

s(0, t) = D1(t) + g1(t), 0 < t ≤ T, (22)

s(1, t) = D2(t) + g2(t), 0 < t ≤ T, (23)

where

D1(t) =

∫ 1

0
α(κ)s(κ, t) dκ,

D2(t) =

∫ 1

0
ϑ(κ)s(ϑ, t) dκ,

and the functions f(κ, t), ℜ(κ), α(κ), ϑ(κ),
g1(κ), g2(κ), and γ are known. After approxi-
mating the solution using Equation (15) and in-
corporating the boundary conditions from Equa-
tions (22) and (23), we obtain:

s =(1− L) (D1(t) + g1(t)) + L(D2(t) + g2(t))+(
ℜ2 − LℜT

)
µ.

(24)
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After multiplying α(L) by Equation (24) and in-
tegrating between 0 and 1, we obtain:

D1(t) =(D1(t) + g1(t))

∫ 1

0
α(L) (1− L) dκ+

(D2(t) + g2(t))

∫ 1

0
α(L)L dκ+∫ 1

0
α(L)

(
ℜ2 − LℜT

)
dκµ.

(25)

Similarly,

D2(t) =(D1(t) + g1(t))

∫ 1

0
ϑ(L) (1− L) dκ+

(D2(t) + g2(t))

∫ 1

0
ϑ(L)L dκ

+

∫ 1

0
ϑ(L)

(
ℜ2 − LℜT

)
dκµ.

(26)

From Equations (25) and (26), the values of D1(t)
and D2(t) are calculated:

D1(t) =
1

m1(1−B1)

(
g1(t)

(
B1 +

B2E1

1− E2

)
+

g2(t)

(
B2 +

B2E2

1− E2

)
+

(
ℜϑ +

B2

1− E2
ℜα−

B2ℜ
(
1 +

E2

1− E2

))
µ,

D2(t) =
1

m1(1− E2)

(
E1g1(t)

(
1 +

B1

1−B1

)
+

g2(t)

(
E2 +

B2E1

1−B1

)
+

(
ℜα +

E1

1−B1
ℜϑ−

ℜ
(
E2 +

E1B2

1−B1

))
µ,

(27)

where

B1 =

∫ 1

0
ϑ(κ)(1− κ) dκ, B2 =

∫ 1

0
ϑ(κ)κ dκ,

E1 =

∫ 1

0
α(κ)(1− κ) dκ, E2 =

∫ 1

0
α(κ)κ dκ,

ρα =

∫ 1

0
α(κ)ℜ dκ, ρϑ =

∫ 1

0
ϑ(κ)ℜ dκ,

m1 = 1− B2E1

(1−B1)(1− E1)
.

(28)

s(L, t) =(1− L)g1(t) + Lg2(t) +
1− L

m1(1−B1)(
g1(t)

(
B1 +

B2E1

1− E2

)
+ g2(t) (B2

+
B2E2

1− E2

)
+

L

m1(1− E2)

(
E1g1(t)(

1 +
B1

1−B1

)
+ g2(t)

(
E2 +

B2E1

1−B1

))
+

(
ℜ− LℜT +

1− L

m1(1−B1)

(
ℜϑ+

B2

1− E2
ℜα −B2ℜ

(
1 +

E2

1− E2

))T)
µ

+

(
L

m1(1− E2)

(
ℜα +

E1

1−B1
ℜϑ

−ℜ
(
E2 +

E1B2

1−B1

))T)
µ.

(29)

From Equations (17) and (20), we obtain:

s(L, t)− s(L, t0)

∆t
= γHµ+ f(L, t). (30)

Inserting from Equation (29) the value of s(L, t)
in Equation (30).(

ℜ− LℜT − γ∆tH+
1− L

m1(1−B1)

(
ℜϑ

B2

1− E2
ℜα

−B2ℜ
(
1 +

E2

1− E2

)T

µ+

(
L

m1(1− E2)
(ℜα

+
E1

1−B1
ℜϑ −ℜ

(
E2 +

E1B2

1−B1

)T

µ,

=−
(
(1− L)g1(t) + Lg2(t) +

1− L

m1(1−B1)

(
g1(t)(

B1 +
B2E1

1− E2

)
+ g2(t)

(
B2 +

B2E2

1− E2

)))
−
(

L

m1(1− E2)

(
E1g1(t)

(
1 +

B1

1−B1

)
+

g2(t)

(
E2 +

B2E1

1−B1

)))
+ s(L, t0) + ∆tf(L, t).

.

(31)

Computing µ by solving this system of equations.
Next, substitute µ in Equation (29), the approx-
imate solution.

3.3. 2D problem with integral BC

Consider,42

∂s

∂t
=γ

(
∂2s

∂κ2
+
∂2s

∂y2

)
+ f(κ, y, t),

0 < κ < 1, 0 < y < 1,

(32)
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which is accompanied by the nonlocal integral
boundary conditions:

s(0, y, t) =α1

∫ 1

0
α(κ)s(κ, y, t) dκ + ℑ1(y, t),

0 < y < 1, 0 < t ≤ T,
(33)

s(1, y, t) =α2

∫ 1

0
ϑ(κ)s(κ, y, t) dκ + ℑ2(y, t),

0 < y < 1, 0 < t ≤ T.
(34)

Dirichlet boundary conditions and the initial con-
dition are expressed as:

s(κ, 0, t) = ℑ3(κ, t), 0 < κ < 1, 0 < t ≤ T, (35)

s(κ, 1, t) = ℑ4(κ, t), 0 < κ < 1, 0 < t ≤ T, (36)

s(κ, y, 0) = ϕ(κ, y), 0 ≤ κ ≤ 1, 0 ≤ y ≤ 1. (37)

where f(κ, y, t), α(κ), ϑ(κ), ℑ1(y), ℑ2(κ), ℑ3(κ),
ℑ4(y) are known smooth functions, parameters α1

and α2 are given, while the function s(κ, y, t) is
unknown. It is assumed that there is mutual com-
patibility between the Dirichlet boundary condi-
tions (Equations (35) and (36)) and the nonlocal
integral boundary conditions (Equations (33) and
(34)).

For the mixed fourth-order derivative, let us in-
vestigate the Haar wavelet approximation:

∂4s

∂κ2∂y2
=

2M∑
i=1

2M∑
j=1

µi,jhi(κ)hj(y). (38)

We derive this by performing two successive par-
tial integrations of Equation (38) with respect to
κ, from 0 to κ.

∂2s

∂y2
=
∂2s(0, y)

∂y2
+ κ

∂3s(0, y)

∂κ∂y2
+

2M∑
i=1

2M∑
j=1

µi,jhj(y)

∫ κ

0

∫ κ

0
hi(κ) dκ dκ.

(39)

In light of that, we consider:

∂3s(0, y)

∂κ∂y2
=

2M∑
j=1

ωjhj(y),

∂2s(0, y)

∂y2
=

2M∑
j=1

ζjhj(y),

ρi,2(κ) =
∫ κ

0

∫ κ

0
hi(κ) dκ dκ.

(40)

It is possible to write Equation (40) with the ad-
ditions of Equation (39):

∂2s(κk, yl)

∂y2
=

2M∑
j=1

ζjhj(yl) + κk

2M∑
j=1

ωjhj(yl)

+
2M∑
i=1

2M∑
j=1

µi,jρi,2(κk)hj(yl),

(41)

where the collocation points are:

κk =
k − 1/2

2M
, k = 1, 2, . . . , 2M,

yl =
l − 1/2

2M
, l = 1, 2, . . . , 2M.

(42)

The Equation (41) in matrix form can be repre-
sented as:

syy = (1⊗H)ζ + (L⊗H)ω + (ℜ2 ⊗H)µ, (43)

where as:

syy = [
∂2s

∂y2
(κ1, y1),

∂2s

∂y2
(κ1, y2), ...,

∂2s

∂y2
(κ1, yn),

∂2s

∂y2
(κ2, y1),

∂2s

∂y2
(κ2, y2), ...,

∂2s

∂y2
(κ2, yn), ...,

∂2s

∂y2
(κn, y1),

∂2s

∂y2
(κ2M , y2), ...,

∂2s

∂y2
(κ2M , y2M )]T ,

ζ =[ζ1, ζ2, ..., ζ2M ]T , ω = [ω1, ω2, ..., ω2M ]T ,

µ =[µ1,1, µ1,2, ..., µ1,2M , µ2,1, µ2,2, ..., µ2,2M , ...,

µ2M,1, µ2M,2, ..., µ2M,2M ]T ,

Following a similar approach, integrating Equa-
tion (38) twice with respect to y over the interval
from 0 to y:

sκκ = (H⊗ 1)σ + (H⊗ y)δ + (H⊗ℜ2)µ, (44)

where

y = [y1, y2, ..., y2M ]T , σ = [σ1, σ2, ..., σ2M ]T ,

δ = [δ1, δ2, ..., δ2M ]T .

By integrating Equation (43) twice over the inter-
val from 0 to y, we obtain:

s =(s(L, 0)⊗ 1) + (sy|y=0 ⊗ y) + (1⊗ℜ2)ζ

+ (L⊗ℜ2)ω + (ℜ2 ⊗ℜ2)µ,
(45)

where

sy|y=0 =[
∂s

∂y
(κ1, 0),

∂s

∂y
(κ1, 0), ...,

∂s

∂y
(κ1, 0),

∂s

∂y
(κ2, 0),

∂s

∂y
(κ2, 0), ...,

∂s

∂y
(κ2, 0), ...,

∂s

∂y
(κn, 0),

∂s

∂y
(κ2M , 0), ...,

∂s

∂y
(κ2M , 0)]

T .
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Equation (45) makes it simple to get the value
of sy|y=0. To do this, simply substitute L for 1
in Equation (45), find sy|y=c, and then put this
value back in Equation (45). We get:

s =(s(L, 0)⊗ 1) + ((s(L,d)− s(L, 0))⊗ y)

+
(
1⊗

(
ℜ2 − yℜT

))
ζ +

(
L⊗

(
ℜ2 − yℜT

))
ω

+
(
ℜ2 ⊗

(
ℜ2 − yℜT

))
µ,

(46)

where

ℜ =
[
ℜ1,2(1) ℜ2,2(1) ... ℜ2M,2(1)

]T
.

In the same way, from Equation (44), we de-
rive:

s =(1⊗ s(0, y)) + (L⊗ (s(1, y)− s(0, y)))

+
((
ℜ2 − LℜT

)
⊗ 1
)
σ +

((
ℜ2 − LℜT

)
⊗ y
)
δ

+
((
ℜ2 − LℜT

)
⊗ℜ2

)
µ.

(47)

The expression below results from applying the
boundary conditions described by Equation (33)
to Equation (34) within Equation (46).

s =(ℑ3(L, t)⊗ 1) + ((ℑ4(L, t)−ℑ3(L, t))⊗ y)

+
(
1⊗

(
ℜ2 − yℜT

))
ζ +

(
L⊗

(
ℜ2 − yℜT

))
ω

+
(
ℜ2 ⊗

(
ℜ2 − yℜT

))
µ,

(48)

The expressions
∫ 1
0 α(κ)s(κ, y, t) dκ and∫ 1

0 ϑ(κ)s(κ, y, t) dκ can be derived from Equa-
tion (48) and are presented as follows:∫ 1

0
αs dκ =

(∫ 1

0
αℑ3(L, t) dκ ⊗ 1

)
+(∫ 1

0
α(ℑ4(L, t)−ℑ3(L, t)) dκ ⊗ y

)
+(∫ 1

0
α dκ ⊗

(
ℜ2 − yℜT

))
ζ+(∫ 1

0
αL dκ ⊗

(
ℜ2 − yℜT

))
ω+(∫ 1

0
αℜ2 dκ ⊗

(
ℜ2 − yℜT

))
µ,

(49)

∫ 1

0
ϑs dκ =

(∫ 1

0
ϑℑ3(L, t) dκ ⊗ 1

)
+(∫ 1

0
ϑ(ℑ4(L, t)−ℑ3(L, t)) dκ ⊗ y

)
+(∫ 1

0
ϑ dκ ⊗

(
ℜ2 − yℜT

))
ζ+(∫ 1

0
ϑL dκ ⊗

(
ℜ2 − yℜT

))
ω+(∫ 1

0
ϑℜ2 dκ ⊗

(
ℜ2 − yℜT

))
µ,

(50)

where

α = [α(κ1), α(κ2), α(κ3), ..., , α(κ2M )]T ,

ϑ = [ϑ(κ1), ϑ(κ2), ϑ(κ3), ..., , ϑ(κ2M )]T .
(51)

The integral boundary conditions, denoted as
Equations (33) and (34), result from multiplying
α1 by Equation (49) and α2 by Equation (50).
After substituting these derived expressions into
Equation (47) and rearranging, we derive an al-
ternative expression for s.

s =((1− L)⊗ℑ1(y)) + (L⊗ℑ2(y))+(
α1 (1− L)

∫ 1

0
αℑ3(L, t) dκ ⊗ 1

)
+(

Lα2

∫ 1

0
ϑℑ3(L, t) dκ ⊗ 1

)
+(

(1− L)α1

∫ 1

0
α(ℑ4(L, t)−ℑ3(L, t)) dκ ⊗ y

)
+(

Lα2

∫ 1

0
ϑ(ℑ4(L, t)−ℑ3(L, t)) dκ ⊗ y

)
+(

(1− L)α1

∫ 1

0
α dκ+

(L)α2

∫ 1

0
ϑ dκ ⊗

(
ℜ2 − yℜT

)
ζ +(

(1− L)α1

∫ 1

0
Lα dκ+

(L)α2

∫ 1

0
Lϑ dκ ⊗

(
ℜ2 − yℜT

)
ω +((

(1− L)α1

(∫ 1

0
αℜ2 dκ

)T

+

(L)α2

(∫ 1

0
ϑℜ2 dκ

)T

⊗
(
ℜ2 − yℜT

)
+((

ℜ2 − LℜT
)
⊗ℜ2

))
µ.

(52)
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From Equations (17), (44), and (43), we have:

s(L, t)− s(L, t0)

∆t
= γ

(
(H⊗ 1)σ+

(H⊗ y)δ + (1⊗H)ζ + (L⊗H)ω+

((ℜ2 ⊗H) + (H⊗ℜ2))µ
)
+ f(L, t).

(53)

According to Equation (53), a system of 4M2

equations involving 4M2 + 8M unknowns is pro-
duced by Equation (52). By setting Equations
(48) equal to (52) and substituting κ = 0, κ = 1,
y = 0, and y = 1, we derive another system of 8M
equations with 4M2 + 8M unknowns. The Haar
coefficients for the unknowns µ, ζ, ω, σ, and δ
are determined by solving both sets of equations
simultaneously. These coefficients subsequently
substitute the solution of the given problem ei-
ther in Equation (48) or Equation (52).

4. Numerical results and discussion

In this section, we present numerical experiments
on various one- and two-dimensional parabolic
PDEs with integral boundary conditions using an
effective Haar wavelet collocation method. These
experiments indicate that the proposed method
yields accurate solutions, particularly when the
parameters of the integral boundary conditions
are negative.

Problem 1. Consider the problem presented in
Equation (10), where the functions are defined as
follows:

f(κ, t) = −e(t+κ)(γ − 1),

ℜ(κ) = eκ,

g(t) = et,

m(t) =

∫ 1

0
ϑ(x)ex+tdx,

(54)

with the exact solution:

s(κ, t) = eκ+t. (55)

Table 1 presents the numerical results for Test
Problem 1 obtained using the proposed Haar
wavelets method. The parameter values used
in Table 1 are ϑ = −50, γ = 2, and T = 1.
To evaluate the effect of different parameters on
the accuracy of the proposed method, various
values of M and dt are considered, specifically
M = 4, 8, 16, 32, 64 and dt = 0.05, 0.005, 0.0005.
These results were generated with different values
ofM and dt. The table indicates that even with a

coarse selection of collocation points, the method
achieves satisfactory accuracy, which improves
as M increases and dt decreases. Additionally,
Figures 1-2 depict the method’s performance in
terms of L∞. It is evident from these figures that
the method’s accuracy remains relatively stable
regardless of the increase in collocation points M
or changes in ϑ.

Table 1. The numerical results generated using
Haar wavelets for Test Problem 1 with parameters
ϑ = 1, T = 1, and γ = 1

dt = 0.0005 dt = 0.005 dt = 0.05
M \L∞

4 2.4349e− 04 2.1402e− 04 2.1902e− 03
8 2.1342e− 05 2.6395e− 04 2.3891e− 03
16 2.2141e− 05 2.5393e− 04 2.2890e− 03
32 2.5340e− 05 2.3393e− 04 2.1889e− 03
64 2.6340e− 05 2.1393e− 04 2.5889e− 03

Table 2. The numerical results generated using
Haar wavelets for Test Problem 2 with parameters
ϑ = −50, γ = 2, and T = 1

dt = 0.0005 dt = 0.005 dt = 0.05
M \L∞

4 3.5616e− 04 4.2593e− 04 7.5728e− 03
8 3.7148e− 05 6.8963e− 04 6.8353e− 03
16 6.2383e− 05 7.7280e− 04 7.8397e− 03
32 7.6387e− 05 8.5852e− 04 7.6956e− 03
64 8.5374e− 05 8.7694e− 04 8.7802e− 03

Problem 2. Consider the problem presented in
Equation (10), where the functions are defined as
follows40:

ℜ(κ) = cos
(π
2
κ
)
,

g(t) = e
−π2

4
t,

m(t) =
2

π

(
e

−π2

4
t

)
.

(56)

The theoretical solution of this problem is:

s(κ, t) = e
−π2

4
t cos

(π
2
κ
)
. (57)

Table 2 presents the numerical results of the
Haar wavelet method for Test Problem 2 with
varying values of M and dt. The parameter val-
ues used in Table 2 are ϑ = 1, γ = 1, and
T = 1. Furthermore, different values of M (M =
4, 8, 16, 32, 64) and dt (dt = 0.05, 0.005, 0.0005)
are considered to assess their influence on the ac-
curacy of the proposed method. The accuracy
of the method improves as M increases and the
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Figure 1. Comparison of exact and approximate and the L∞ error norm with respect to M using Haar
wavelets for Test Problem 1

time step size dt decreases. Table 2 presents a
comparison of the numerical results obtained us-
ing the proposed method with those from other
numerical methods. The results indicate that the
proposed method achieves improved accuracy.

Figure 3 illustrates the connection between ϑ
and the method’s accuracy as measured by the
L∞ norm. The data reveal that as ϑ rises from
−50 to −10, the error decreases, signifying an im-
provement in the numerical solution’s precision.

Table 3. A comparison of Haar wavelets with the results in40 at ϑ = 1, γ = 1, T = 1 for Test Problem 2

dt HWM Implicit Galerkin Keller-Box RKC Saulyev I
0.0500 1.49e− 03 9.1e− 03 9.9e− 02 9.4e− 02 9.8e− 02 9.6e− 03
0.0250 7.46e− 04 2.3e− 03 3.0e− 02 2.4e− 02 3.7e− 02 2.5e− 03
0.0100 2.98e− 04 3.8e− 04 4.9e− 03 4.1e− 03 6.1e− 03 3.9e− 04
0.0050 1.49e− 04 9.4e− 05 1.2e− 03 1.0e− 03 1.5e− 03 9.6e− 05
0.0025 7.46e− 05 2.3e− 05 3.1e− 04 2.5e− 04 3.5e− 04 2.5e− 05
0.0010 2.98e− 05 4.1e− 05 5.0e− 05 4.0e− 05 6.0e− 05 4.3e− 06
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However, when ϑ reaches 20, there is a notable
increase in the L∞ norm, which is considerably
higher than the error observed for the other ϑ
values. Where in Figure 4, the relationship be-
tween ϑ and condition number κ is given. It can
be seen from the figure that the condition num-
ber increases slightly when ϑ increases toward 50
from 0.

−50 0 50
8.4083
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x 10
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ϑ

L
∞

 

Figure 2. Comparison of the L∞ error norm with
respect to ϑ using Haar wavelets for Test Problem 1

Problem 3. Consider the problem described by
Equations (20 - 23), where the functions are spec-
ified as follows:

f(κ, t) =
−2(κ2 + t+ 1)

(t+ 1)3
,

ℜ(κ) = κ2,

g1(t) = −
∫ 1

0
α(κ)

(
κ

t+ 1

)2

dx,

g2(t) =

(
1

t+ 1

)2

−
∫ 1

0
ϑ(κ)

(
κ

t+ 1

)2

dx, (58)

where, α(κ) = 1 and ϑ(κ) = 1. The theoreti-
cal solution of this problem is:

s(κ, t) =
(

κ
t+ 1

)2

. (59)

Figure 4. Comparison of the ϑ versus κ using Haar
wavelets for Test Problem 2

The numerical outcomes of the suggested
Haar wavelet approach for Test Problem 3
are shown in Figure 5. The figure shows
that the accuracy improves as the num-
ber of collocation points M increases. The
method achieves good accuracy even with coarse
nodes while maintaining a small time step.
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Figure 3. Comparison of exact and approximate and the L∞ error norm versus ϑ using Haar wavelets for
Test Problem 2
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Figure 5. Comparison of the L∞ error norm versus
M using Haar wavelets for Test Problem 3

Problem 4. Consider the steady-state problem of
Equation (32), where the functions are specified as
follows:

f(κ, y) = 2eκ+y,

ℑ1(y) = ey −
∫ 1

0
ϑ(κ)eκ+ydκ,

ℑ2(y) = ey+1 −
∫ 1

0
α(κ)eκ+ydκ,

ℑ3(y) = eκ,

ℑ4(y) = eκ+1,

(60)

where the exact solution is:

s(κ, y) = eκ+y. (61)

We select M = 16 and dt = 0.005, using ϑ
values of −10, 0, 2, and 10 to generate numer-
ical results for different values of α, specifically
α = −10, −3, −2, 0, 2, 3, and 10, as shown in Ta-
bles 4 and 5. These tables present the numerical
errors and condition numbers for various values
of α, demonstrating that only slight variations in
the error norm occur when the parameters α and
ϑ are varied. In Tables 4 and 5, for ϑ = −10 and
ϑ = 0, the L∞ error norms and condition num-
bers show minor fluctuations as α changes, with
a slight increase in error as α moves further away
from zero.

Tables 4 and 5 emphasize the importance of
selecting an appropriate parameter ϑ to obtain
accurate solutions when using the Haar wavelet
method for 2D integral problems. Figure 6
presents a comparison between the exact solution
and the numerical solution obtained with the pro-
posed method.

Negative values of α and ϑ influence the inte-
gral boundary conditions in a way that introduces
a smoothing or damping effect on the solution,
particularly near the domain boundaries. This
regularizing behavior reduces the influence of

sharp gradients or discontinuities, which often
challenge numerical methods. The Haar wavelet
basis, with its compact support and localized
resolution, is particularly effective in capturing
these smoother variations. Additionally, the non-
local nature of the boundary conditions, com-
bined with negative parameter values, tends to
suppress high-frequency components, thereby en-
hancing the accuracy and stability of the Haar
wavelet collocation method in such scenarios.

Table 4. The numerical results generated using
Haar wavelets for Test Problem 4

ϑ = −10 ϑ = 0
α L∞ κ L∞ κ

−10 2.6598e− 05 5.3441e + 08 3.8218e− 05 5.3696e + 08
−03 3.3559e− 05 5.3452e + 08 2.7566e− 05 5.3271e + 08
−02 3.5066e− 05 5.3504e + 08 2.5162e− 05 5.3221e + 08
00 3.8785e− 05 5.3660e + 08 2.8558e− 05 5.3133e + 08
02 4.3805e− 05 5.3893e + 08 6.8019e− 05 5.3597e + 08
03 4.7036e− 05 5.4041e + 08 3.9434e− 04 5.3866e + 08
10 2.2494e− 04 5.5670e + 08 2.9504e− 04 5.6261e + 08

Table 5. The numerical results generated using
Haar wavelets for Test Problem 4

ϑ = 2 ϑ = 10
α L∞ κ L∞ κ

−10 4.3238e− 05 5.3938e + 08 2.2439e− 04 5.5741e + 08
−03 3.5767e− 05 5.3567e + 08 2.5779e− 04 5.5929e + 08
−02 3.4646e− 05 5.3548e + 08 2.5701e− 04 5.6030e + 08
00 6.7483e− 04 5.3623e + 08 2.7761e− 04 5.6309e + 08
02 2.5416e− 05 5.3965e + 08 7.5130e− 05 5.6705e + 08
03 8.5762e− 05 5.4213e + 08 8.7342e− 05 5.6948e + 08
10 8.4653e− 05 5.6667e + 08 4.4201e− 05 5.7578e + 08

Problem 5. Consider the time-dependent prob-
lem in Equation (32), along with the functions:

f(κ, y, t) = −3(−t2 + 2κ + 2y),

ℜ(κ, y) = κ3 + y3,

ℑ1(y, t) = y3 + t3 − α1

∫ 1

0
α(x)(t3 + y3 + x3)dx

ℑ2(y, t) = 1 + y3 + t3 − α2

∫ 1

0
ϑ(x)(t3 + y3 + x3)dx,

ℑ3(κ, t) = κ3 + t3,

ℑ4(κ, t) = κ3 + 1 + t3,
(62)

where α1 and α2 are both set to 1. The exact
solution is given by:

s(κ, y, t) = κ3 + y3 + t3. (63)

We select ϑ values of -10, 0, 2, and 10, and set
dt = 0.0005 with T = 1 to investigate how the
accuracy of the proposed method depends on ϑ.
The numerical results for different values of α
(i.e., α = −10,−3,−2, 0, 2, 3, 10) are presented in
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Figure 6. 3D view of results of Test Problem 4, exact (left) and numerical (right)

Tables 6 and 7.

Table 6. The numerical results generated using
Haar wavelets for Test Problem 5 with dt = 0.0005
and T = 1

ϑ = −10 ϑ = 0
α L∞ κ L∞ κ

−10 7.8361e− 05 7.6785e + 07 2.3985e− 04 7.5307e + 07
−03 2.3467e− 04 7.8718e + 07 8.2108e− 05 4.7640e + 07
−02 2.4293e− 04 7.7328e + 07 6.7607e− 05 4.6673e + 07
00 2.6320e− 04 7.5864e + 07 8.5138e− 05 4.2737e + 07
02 2.7061e− 04 7.6323e + 07 3.6215e− 04 4.3677e + 07
03 2.7821e− 04 7.5311e + 07 2.5000e− 03 4.6090e + 07
10 5.3735e− 04 7.3153e + 07 7.5906e + 35 7.5623e + 07

Tables 6 and 7 display the error and condition
number κ against various values of α and ϑ. All
simulations used parameters T=1 and dt=0.0005.
The results indicate that, as expected, higher val-
ues of α lead to increased error variability in the
non-deterministic case due to the propagation of
rounding errors. For a fixed α, larger values of
ϑ also result in inaccuracies due to the enhanced
stiffness phenomenon.

Table 7. The numerical results generated using
Haar wavelets for Test Problem 5 with dt = 0.0005
and T = 1

ϑ = 2 ϑ = 10
α L∞ κ L∞ κ

−50 3.2004e− 04 4.5696e + 08 3.4810e− 04 4.6848e + 08
−30 2.7565e− 04 2.6229e + 08 3.5476e− 04 3.3919e + 08
−10 2.5726e− 04 5.2507e + 07 7.2413e− 04 8.5954e + 07
−03 2.1362e− 04 4.7381e + 07 3.3986e + 13 7.7049e + 07
−02 2.3705e− 04 4.5438e + 07 7.2951e + 19 7.5279e + 07
00 3.6899e− 04 4.3639e + 07 7.7906e + 35 7.2383e + 07
02 5.4200e− 02 4.3476e + 07 6.3430e + 55 7.3907e + 07
03 4.2767e + 02 4.1867e + 07 2.5365e + 67 7.6128e + 07
10 6.3430e + 55 7.2669e + 07 4.5071e + 180 8.1231e + 07

It is important to note from Tables 6 and 7,
that when ϑ = 0 and α = 10, the error escalates

to an extremely large value of 7.5906× 1035, cor-
responding to a κ value of 7.5623×107. Moreover,
for ϑ = 10 and α = 10 the error becomes signifi-
cantly larger, reaching 4.5071×10180, alongside a
κ value of 8.1231× 107. This suggests a complete
failure of the simulation at these parameter val-
ues. Overall, the findings illustrate the impact of
parameter choices on solution behavior, empha-
sizing the importance of selecting suitable values
to ensure numerical stability and precision. Addi-
tional studies, such as evaluating the convergence
of the method, could provide a deeper insight into
the problem.

Figure 7 shows the numerical results of the
proposed method in terms of the comparison be-
tween the L∞ norm and the values of parameters
α1 and α2, while Figure 8 compares the exact and
numerical solutions.

5. Conclusions

The aim of the article is to numerically solve
partial differential equations with integral bound-
ary conditions using the Haar wavelets collocation
method. It has investigated the method’s efficacy
and accuracy concerning nonlocal parameters α
and ϑ. The numerical findings have indicated
that the Haar wavelets approach has performed
effectively and efficiently in addressing parabolic
differential equations with integral boundary con-
ditions, particularly when both α and ϑ have been
negative. However, convergence has failed for the
numerical methods when α and ϑ have exceeded
3. Maintaining α negative while keeping ϑ posi-
tive with equal magnitude or ensuring α magni-
tude has been greater than ϑ has enhanced ac-
curacy. The collocation method has guaranteed
that both the differential equation and integral
boundary conditions have been met at designated
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Figure 8. 3D view of results of Test Problem 5, exact (left) and numerical (right).

points, resulting in a set of algebraic equations
that can be solved efficiently. The compact sup-
port and orthogonality of Haar wavelets have been
particularly effective in managing non-smooth so-
lutions and capturing steep gradients, making
them well-suited for various parabolic problems

involving integral boundary conditions. The Haar
wavelet method maintains accuracy in the pres-
ence of noisy data or discontinuous coefficients,
thanks to the localized support of Haar functions.
However, when applied to irregular domains, the
method would need to be extended using domain
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decomposition or adaptive techniques. These en-
hancements are suggested as promising avenues
for future research to broaden the method’s ap-
plicability to real-world problems. Numerical
tests have confirmed the method’s effectiveness
in terms of accuracy, integration, and computa-
tional efficiency, highlighting its practical applica-
bility to real-world problems. The Haar wavelets
collocation method has presented a promising ap-
proach for numerically treating PDEs with inte-
gral boundary conditions, providing a valuable
tool for researchers and practitioners across vari-
ous fields of science and engineering.

5.1. Future Work

This section outlines several avenues for extend-
ing current research. Specifically, we propose ap-
plying the Haar wavelet collocation method to
two- and three-dimensional problems to assess
its scalability and generality. Additionally, the
use of adaptive Haar bases is recommended for
handling complex or irregular domains more ef-
fectively. To enhance the method’s robustness
in practical scenarios, integrating noise-filtering
techniques is also suggested. Finally, we recom-
mend exploring hybrid approaches that combine
Haar wavelets with other numerical schemes to
improve flexibility and computational efficiency.
These recommendations aim to guide future in-
vestigations and broaden the applicability of the
proposed method.
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39. Aziz I, Šarler B. The numerical solution of
second-order boundary-value problems by collo-
cation method with the haar wavelets.Math Com-
put Model. 2010;52(9-10):1577-1590.

40. Tatari M, Dehghan M. On the solution of the
non-local parabolic partial differential equations
via radial basis functions. Appl Math Model.,
2009;33(3):1729-1738.
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