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Uncertain incommensurate fractional nabla difference systems (IFDSs) in re-
current neural networks (RNNs) are analyzed using fuzzy number theory to
address input uncertainties. Fuzzy number theory and its operations are re-
investigated, and the H-differenceable concept is introduced. The existence of
a unique H-differenceable solution for incommensurate RNNs is proved. A re-
cursive algorithm is proposed to obtain fuzzy solutions. Illustrative examples
with 2-dimensional IFDSs are provided to validate the framework for integrat-
ing fractional calculus, fuzzy dynamics and incommensurate RNNs.

(co) I

1. Introduction

Discrete equations offer notable advantages over
continuous-based models in specific scenarios,
such as digital signal processing and neural net-
works. For nonlinear discrete models, the recur-
sive nature of solutions can, under appropriate
conditions, eliminate the need for a separate ex-
istence analysis. In addition, it introduces re-
cursive methods for obtaining exact or numerical
solutions.!®

Recent research has witnessed a growing inter-
est in incommensurate fractional differential sys-
tems. However, the body of research on discrete
incommensurate fractional difference systems re-
mains relatively undiscovered (see Refs.® and
references therein). Abbes et al.? explored an in-
commensurate fractional discrete macroeconomic
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system, Al-Taani et al.l® investigated a discrete

memristive model with incommensurate orders,
and Shatnaei et al.!! studied the stability of non-
linear incommensurate fractional order difference
systems. Despite these advances, there remains a
critical gap in addressing uncertainty in such sys-
tems, particularly when fuzzy inputs are involved,
a limitation that motivates our work.

In this paper, we focus on a type of dense re-
current neural network (RNN) described by dis-
crete incommensurate nabla fractional difference
equations.

Let z; : Ny — R, ¢ = 1,...,v, be the inputs
of a neural network. These inputs can represent
signals or image information. Let w;; € R de-
note the weights and p; denote the bias terms.
We consider an incommensurate fractional nabla
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RNN with v neurons and activation functions g;.
These RNNs can be expressed as:

Vzi(t) =q1(z1), a1 € (0,1],

: (1)
V%x,(t) =q.(2,), oy € (0,1],

where z; = wix1(t — 1) + - + wpx(t — 1) + p;.

Typically, for ¢ > 0, z;(t) represents the out-

put at the time step ¢. Using vector notation, let

a = |ai,...,o)7, and define p, &, and f in a

similar fashion. We can rewrite Equation (1) in
vector form as

VEE(t) = GWEE - 1) + ) (2)

where W = (w;;) is a v x v matrix and V9
is a diagonal matrix with the fractional nabla
operators V% on the diagonal, ie., V¥ =
Diag[V*,..., V.

Remark 1. Putting @ = [0,...,0]”, we obtain
Z(t) = qWz(t — 1) +p) (3)

which is a layer of classical NN with v neurons.

Putting & = [1,...,1]7, we get
Z(t)=2(t—1)+qWz(t—1)+p) (4)

which is equivalent to an RNN. Therefore, for

a; € (0,1), it is an RNN with memory. Such
NNs are widely used in data classification.’?

If in System Equation (1) all orders are the

same, i. e., a; = « for all ¢« = 1,...,v, then
it is a commensurate system. In this case @ =
[, ...,a]T. Commensurate systems are much eas-

ier to investigate than incommensurate systems,
since in a commensurate system

VIWZ(t) = WVIE(L),
while this equality does not hold for an incom-
mensurate system.

The central problem addressed in this paper is
how fuzzy-valued inputs affect the outputs. This
represents a problem of uncertainty.

Interval analysis, stochastic analysis, and
fuzzy theory have proven to be valuable tools
for analyzing uncertainty. In particular, statis-
tical analysis has not yet been employed for un-
certainty analysis in incommensurate fractional
differential /difference systems. In contrast, fuzzy
theory and interval analysis have been utilized in
a limited number of studies. For example,3
harnessed fuzzy theory to investigate state uncer-
tainties in incommensurate fractional nabla differ-
ence systems (IFDSs). Refs.!% 16 applied interval
analysis to address the uncertainties of the param-
eters. Moreover, Ref.!” explored a fractional PI
observer for IFDSs with parametric uncertainties.
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However, for commensurate fractional differ-
ential equations, numerous studies'®2° have es-
tablished a robust framework for fuzzy theory and
uncertainty analysis.

In this paper, we use fuzzy theory to address
the uncertainty in IFDSs that arise in the dense
RNN described by Equation (2).

We apply the state-of-the-art method of con-
verting a fuzzy number to an interval using 7-
cuts. In this regard, we carefully define what a
fuzzy number is in relation to the r-cut represen-
tation. Then, we obtain the corresponding arith-
metic operations using Zadeh’s extension theory.
However, we find that for operations such as the
difference, there are inconsistencies. Also, the
generalized H-difference suffers from other incon-
sistencies. To overcome such inconsistencies, we
introduce the concept of H-differenceability. Sim-
ilarly, we extend it to the fuzzy nabla fractional
difference operation.

After obtaining clear definitions, we ana-
lyze the fuzzy incommensurate neural network.
This analysis shows that it has a unique H-
differenceable solution. Finally, we introduce an
algorithm to compute the fuzzy solution using a
recursive formula.

The novelty of this paper is highlighted as fol-
lows:

(1) We developed a new RNN model based on
fractional nabla operations.

(2) We refine the definition of fuzzy numbers
and present the H-differenceable concept.

(3) We prove the existence of a unique H-
differenceable solution for incomensurate
RNNs with fuzzy input.

(4) We develop a recursive algorithm for cal-
culating fuzzy solutions.

For clarity, we provide tables of mathematical
notations, notation spaces, and abbreviations in
Tables 1-3, respectively.

In Section 2, we review the concept of fuzzy
numbers, along with a minor correction to some
other available definitions that distinguish fuzzy
numbers from fuzzy sets. We present the cor-
responding transforms with r-cats concerning in-
terval analysis. In Section 3, fuzzy arithmetic is
reviewed in connection with shape functions and
r-cats, and the nabla fractional difference is ex-
tended to fuzzy numbers. In Section 4, we demon-
strate that fuzzy IFDSs for RNNs admit a unique
solution. In Section 5, we detail the computation
of the fuzzy solution for IFDSs. Finally, we pro-
vide an illustrative example in Section 6.
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Table 1. Table of mathematical notations

Notation Description

Ve(t) Fractional nabla difference
of order «
V~%z(t)  Fractional nabla sum of order «
a Vector of fractional orders:
[, ..., a,]T
Z(t) Vector of variables:
[z1(t),..., 2, ()]
w Weight matrix of size v x v
[ Bias vector
q Vector of activation functions:
_ [q17"')ql/]T
S5} Element-wise fuzzy sum
= Element-wise H-difference
(d, f1, f2) Triple representation
of a fuzzy number
Cyu(r) r-cut of the fuzzy number
() Gamma function
sgn(-) Sign function

Table 2. Table of notations for spaces

Notation Description

R Set of real numbers

N, Set of natural numbers
starting from a

Rp Set of fuzzy numbers

U Set of functions f:[0,1] — R

that are m.d.c.

with f(1) =0

S

Set of shape functions
with additional conditions

on f(0)

Sfl

Set of inverse shape functions

Table 3. Table of abbreviations

Abbreviation Description

IFDSs Incommensurate fuzzy
fractional nabla
difference systems
RNN Recurrent Neural Network
NN Neural Network

H-difference

Hukuhara Difference

GH-difference

Generalized Hukuhara
Difference

m.d.c. Monotonically Decreasing
and Continuous

m.i.c. Monotonically Increasing
and Continuous

SGD Stochastic Gradient Descent
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2. What is a fuzzy number?

There is no standardized definition of a fuzzy
number. Several authors?’2?? identify two types
of definitions relevant to interval analysis: those
featuring continuous membership functions and
those with semi-continuous membership func-
tions. According to the critiques in Ref.?!, a
trapezoidal membership function does not qual-
ify as a fuzzy number. It assigns multiple values
without associated uncertainty. Thereby, it rep-
resents a set rather than a number.

A key condition for a fuzzy set to qualify as
a fuzzy number is that its membership function
is normal. That is, there must exist a unique el-
ement for which the membership function value
is equal to 1. Significantly, this normal element
must be unique. This uniqueness specifically pre-
vents the fuzzy number from taking the form
of a trapezoidal membership function. A trape-
zoidal function has multiple elements with con-
stant membership values over an interval, violat-
ing the uniqueness of the normal component. As
a result, the classical definitions of a fuzzy number
are refined in the following manner:

Definition 1. A membership function u : R —

[0,1] is a fuzzy number (u € Rr), if:

Normal:: There exists a unique d € R such that
wu(d) = 1.

Compact support:: Supp(p) = {w : u(w) > 0}
18 compact.

Convexity: p(z) is a convexr down function
(concave function) that means

ptwr + (1 = twa) > tp(w) + (1 = t)p(ws)

for all wi,wy € R and t € [0, 1].
Upper continuous: p s right continuous on
(—00,d) and left continuous on (d, o).

The r-cut set of a fuzzy number is defined as
Culr) ={wlp(w) = r}, r €[0,1].
The boundaries of these sets are defined by
Cp(r) = sup Cy(r),

and
Cls(r) = 1inf Cy(r).

Theorem 1. Let u be a fuzzy number. Then,

(1) d € Cu(r) and C,(r) # O for all v € [0,1].
(2) 3d € R such that C,,(1) = {d}.

(3) Cu(ra) € Culry) forry < ro.

(4) Cu(r) is a closed and bounded interval

for all v € [0,1], particularly C,(r) =
[Cux(r), Cpi(r)].
(5) Cus + [0,1] = R and C}; : [0,1] — R are

well-defined functions.
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(6) Cus is a monotonically increasing func-
tion and C, is a monotonically decreasing
function.

(7) Cux and C}; are continuous functions.

(8) Cux and C}, are bounded and C.(r) <
Cy(r) for all r € [0,1].

(9) Cux(1) = C1(1) = d.

Proof. 1. Since u is normal, there exists a unique
d € R such that u(d) = 1. For any r € [0, 1], be-
cause 1 > 7, we have u(d) > r, so d € Cu(r).
Also, since there is at least one element (i. e., d)
in Cy(r), Cu(r) # 0. 2. By the definition of a
fuzzy number, there is a unique element d € R
for which u(d) = 1. So, when r = 1, Cyu(1) =
{r € R: p(z) > 1} = {d}. 3. Let 1 < ro.
If € Cu(rz), then p(xr) > 7. Since rg > 71,
we have p(x) > ry, which implies z € Cy(r1).
Thus, Cyu(re) € Cu(r1). 4. Since p is a convex
function (by the definition of a fuzzy number),
for any r € [0,1], the set Cy(r) is convex. In R,
convex sets are intervals. The support Supp(u) is
compact. Since C,(r) C Supp(p) for all r € [0, 1],
the closure C(r) is a closed and bounded inter-
val. The endpoints of this interval are precisely
Cux(r) = inf Cy(r) and Cj(r) = supCy(r), so
Cu(r) = [Cpusx(r),Cp(r)]. 5. From 4, for each r €
[0,1], the infimum Cj,«(r) and supremum C7;(r)
are well-defined real numbers. So, C : [0,1] —
R and C}; : [0,1] — R are well-defined functions.
6. Let 71 < ro. From 3, C,(r2) € Cu(r).
Then, inf C,(rp) > inf Cy(r1) (because a subset
cannot have a smaller infimum than the super-
set), s0 Cpux(r2) > Cpu(r1), which means that C,,
increases monotonically. Similarly, sup C,(r2) <
sup Cy(r1), so C}(r2) < C}i(r1), which means that
C,, is monotonically decreasing. 7. Let ro € [0, 1]
and € > (0. Since p is upper continuous, for a small
d >0, if |r —rg| < 0, the change in the set Cy(r)
is small. Let r < rg. Then C,(r) 2 C,(ro). As
r — 1y, the infimum C,,.(r) approaches Cy.(r0).
Similarly, for r > rg, as r — rar, Clus(r) ap-
proaches C(r9). The proof for the continuity
of €}, is similar, using the upper continuity of
i and the properties of the supremum of the -
cuts. 8. From 4, Cu(r) = [Cpu(r),C(r)] is a
bounded interval for all » € [0,1]. So, Cys and
C}, are bounded functions. Also, by the definition
of infimum and supremum, C.(r) < Cj(r) for
all r € [0,1]. 9. From 2, C,(1) = {d}. Then,
inf Cy,(1) = Cps(1) = d and sup C, (1) = C}(1) =
d. O

Remark 2. In comparison, previous definitions
do not satisfy properties 2 and 9. This paper
presents a minor modification that addresses this
shortcoming.
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Equivalently, the boundaries of an r-cut can
define a fuzzy number, leading to the following
equivalent definition.

Theorem 2. Let the functions C, : [0,1] = R
and C}, : [0,1] — R satisfy properties 5-9 of The-
orem 1. Then, u: R — [0,1] defined by

sup{r : C'(r) > w}, w>d,
u(w):{ sugir:CZE(v)“)gu?j}, w<d, (5)

is a fuzzy number.

Proof. 1t suffices to prove that the function p
satisfies the conditions of Definition Equation (1).
The proof is rather straightforward. O

Due to the symmetry of the translated func-
tions f1 = d—Cys and fo = C},—d, we can simplify
the fuzzy definition by defining it in a decomposed
form, similar to the approach in?! and in parallel
with the interval analysis. To do this, let d € R.
Define the set U as:

U:{f:[O,l]—>R+:fism. d. c. on [0,1],
f(1) =0},

where “m. d. c¢.” abbreviates “monotonically de-
creasing and continuous”.

Theorem 3. [21] Let C}; and C. be functions
from [0,1] to R. Then, fi, fo € U if and only if
the functions C}, = fa +d and Cp = d — f1 sat-
isfy the properties specified in conditions 5-9 of
Theorem 1.

Remark 3. Based on Theorem 3, a triple
(d, f1, f2) represents a fuzzy number. To denote
the equivalence between this triple and a fuzzy
number i, we use the symbol ~, expressed as:

w~ (da fl?f?)‘

Due to the assumption of compact support,
we can impose additional assumptions on the set
U. To leverage the results in Ref.?? for defining
arithmetic operations, we impose additional con-
ditions on the set U and define a new set S of
shape functions as follows:

S={f:[0,1] = R": fism. d. c. on [0,1], (©)
f(1) =0, f(0) =Tor f =0},

where “m. d. c¢.” abbreviates “monotonically de-
creasing and continuous”.

Theorem 4. Suppose Supp(y) = [a,b]. For each
w ~ (d, fl,fg), there exist fi,f2 € S such that
fi=(d—a)fi and fo = (b—d)fs.

Proof. If d — a # 0, define fi = d’i—la; otherwise,
set fi =0. If b—d # 0, define fo = %; other-
wise, set fz = 0. O
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Finally, we recall the shape function from
Ref.23. Let

S™ ={L:R* —[0,1] : L is upper semi-continous
on RT, L(0) =1, L(1) = 0}.

Any fuzzy number ppr with Supp(urg) = [a, b]
can be described by L-R functions as

d=wy
prp(r) = { L(4=%), w<d,

R(%=4), w>d,
where R, L € S71.

~ For any such representation,
f1, fo € S such that

fi(L(w)) = fo(R(w)) = w.

(7)

there exist

(8)
Thus, R R
p~ (d, (d—a)fr,(b—d)fa).

Furthermore, if r = urr(z), then
w=d—(d—a)fi(r), z<d,

and R
w=d+ (b—d)fa(r), x>d.

This forms the foundation for converting the re-
sult from Ref.?? to a symmetric representation.

Defining arithmetic operations for fuzzy num-
bers is complex, relying on Zadeh’s extension
principle.?* Each arithmetic operation on two
fuzzy numbers requires solving an optimization
problem.?>"27 Considerable research has aimed
to derive explicit formulas for arithmetic opera-
tions. For example, Ref.?” reviews arithmetic def-
initions for triangular fuzzy numbers consistent
with Zadeh’s extension principle. In this paper,
we adopt the classical definitions based on the
symmetrical representation.?!22

2.1. Fuzzy operation

First, we recall the operations between fuzzy num-
bers and scalars.

Definition 2. Let A € R and u € Rg. Then,
o Scalar Multiplication/Division: (Ap)(w) =
w(w/N). Equivalently,

[ OdALA), A0,
A(d’fl’fz)‘{ Od M rf). a<o @

e Scalar Summation and Difference: (X £
w)(w) = p(w £ X). Equivalently,

Ai(dvflva) = ()\:tdaflva)-

Suppose p and 7 are two fuzzy numbers.
Then, according to Zadeh’s extension principle,
the elementary operations of these two fuzzy num-
bers are defined by

(roo@n)(w) = sup  minfu(z),n(y)}. (10)

TH+—Xy=w

Obviously, Definition Equation (10) is not prac-
tical. Therefore, we try another approach. We
aim to make it consistent with Zadeh’s extension
principle and previous definitions for as large a
class of fuzzy numbers as possible.

Let m~ (da fl?f?) and n~ (6791592)' Thenv
p®n~(d+e, fi+g1, fo+ g2). (11)

This definition aligns with Equation (10) for tri-
angular fuzzy numbers. Dubois et al.?? explic-
itly defined arithmetic operations for fuzzy num-
bers of the same type using (L-R) shape functions
based on Zadeh’s extension theory. They derived

[ L(EEY), w<e+d,
NLR(U)) . nLR(w) B { R( hqﬁ;ie-z_ild)v w Z e+ dv

~(e+d,(e—c+d—a)fi,(h—e+b—d)f)
=(d+e, fi+g,fa+92),
(12)

where fi = (d—a)f1, f2 = (b—d) f2, g1 = (e—0) fi,
g2 = (h —e) f2, and

ner(z) = { ]L%((i%_—lie)): Z ; Zf (13)

In the given mathematical context, the con-
cept of subtraction presents a thorny issue due
to inconsistent definitions. Suppose we define the
operation ( = p©Smn as ¢ = p® (—n). A simple
verification shows that ( ®n # u, immediately in-
dicating a deviation from the expected behavior
of subtraction.

The complexity escalates with Zadeh’s exten-
sion theory, which defines

pon~(d—e, fi+g2, fo+g).

Curiously, this still leads to ( = u @& (—n), recre-
ating the same paradox.

In interval theory, Hukuhara and generalized
Hukuhara differences (H and GH differences) have
been proposed to address this problem.?® How-
ever, a major drawback of these definitions is that
they may not be well-defined for arbitrary fuzzy
numbers.

We propose using the term “differenceable”
when the difference of two fuzzy numbers ex-
ists. In the study of discrete dynamic systems,
H-differenceable fuzzy numbers appear to play a
significant role.?! Clearly, the H-difference p © 7
is differenceable if and only if f; —g; > 0 and thus

(=pon~d-e fi—g,fa—92). (14)

Theorem 5. If n® ( = u, then the H-differences
pw O and pon are differenceable and equal to n
and , respectively.

Proof. The proof follows directly from Equations
(11) and (14). O
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Theorem 6. Let p,n,(, v € Rxr, and assume that
pwon = is H-differenceable. Then:

(1) Con=n&(=p
(2) n© p is not H-differenceable;
(3) peneyY=pdPon.

Proof. The proof follows directly from Equations
(11), (14), and the definition of Rx. O

The multiplication is defined as:

L (%) , w<e+d,
prr(w) @ npr(w) = B CU),J_FZ; Y
R (d(hfe)+e(b7d) ;o w=etd,

~ (d(e —¢) +e(d —a)) fi, (ed, (d(h — ) + e(b — d)) fo)

~ (de,ef1 + dg1,efa + dga).
(15)

Let g : R — R be a function. It can be ex-
tended to a fuzzy function g : Rx — Rz by the
extension theorem:

(9(m)(w) = sup {p(x),0}.

z:g(x)=w

(16)

Fortunately, Equation (16) can be simplified
for one-to-one functions. In this case, (q(u))(w)
is equal to

{,u(ql(w)), if ¢71(w)exists & ¢ (w) € Supp(p),

0, oth.
(17)
It can be easy to verify that for f(z) = Az, the
Definition Equations (9) and (17) are consistent.

Most activation functions in neural networks
(NN) are m. i. c¢. functions such as the Sigmoid
function, rectified linear unit and hyperbolic tan-
gent functions. To find a symmetric form of Equa-
tion (17), m. i. ¢. functions play an important
role in achieving some interesting simplifications.
Activation functions change the shape of the in-
put fuzzy number according to the following the-
orems.

Theorem 7. Let q be an invertible m. i. ¢. func-
tion and pu ~ (d, (b—a) f1, (d—a) f) where f1, f> €
S, a < d < b such that [a,b] = Supp(u). Then,

a(p) ~ (a(d), (4(d) = g(@)) f1. (a(b) — a(d)) f2).

h (13)
L ald) —a(d— (d— a)h()
=" "

and
by GO DR a0

q(b) — q(d)

Proof. Since g is a m. i. c¢. function, from Equa-
tion (17), we have

—ag Y (w
%) , W S Q(d)7
1

| L<
ri=q(p(w)) = R (q‘ b(i”)*d) . w>q(d),
(21)

U

and Supp(q(p)) = [q(a), q(b)].
Then, from Equation (8), we get:

) = fo <R <q1b(%)d— d>> _ qlb(tj)d— d

for w > d and

0= A (1 (50 -

for w < d. By rearranging the equations from the
previous step, we can rewrite them equivalently
as:

w=q(d+ (b—d)f2(r)), qlw)>q(d),

and

w=q(d—(d—a)fi(r), q(w)<q(d).
R On the other hand, by the definition of fl and
f2, we should have:

w = q(d) + (q(b) — q(d)) fo(r), q(w) > q(d),
and
w = q(d) — (q(d) — q(a)) f1(r), q(w) < q(d).

By comparing these equations, we can con-
clude that:

q(d) + (q(b) — q(d)) fa(r) = q(d + (b — d) fa(r)),
and

q(d) = (a(d) — q(a)) 1(r) = a(d = (d = a) f1(r)).
O

Corollary 1. Let q be invertible m. i. ¢. function
and pu ~ (d, f1, f2) where f1, fo € U. Also, assume
a < d <b such that [a,b] = Supp(u). Then,

q(1) ~ (q(d), fr, f2) (22)
where
fi(r) = q(d) — q(d — fi(r)), (23)
and
fo(r) = q(d + fa(r)) — q(d). (24)

2.2. Nabla fractional differences and sum

There are different definitions for nabla fractional
differences and sums. We follow the definitions

in.2!
Definition 3. Let z : N, — R, o > 0 and
N = ceil(a). Then, the fractional nabla sum is
defined as
t
_ 1 I'(t—s+a)
« t —
V() F(a)gl“(t—s+l)x<s)’
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and the fractional nabla difference is defined as Theorem 8. Suppose z; € Rp, ¢+ = 1,...,v
Ver(t) = VNV_(N_a)x(t), t € Nypn, Then, H-difference
1-a 1-a =
where Va(t) = z(t) — x(t — 1), and N, = {a,a + O~ Dg(t—-1) = v Dz(—1)eT " DVEt-1)
L} is feasible and
Definition 4. Let o € (0,1] and z : N, — Rx. O~ =Dz —1) =
Then, the fractional nabla H-difference is defined a § T(t— s — ) " (32)
S
s T(l-a) T(t—s+1)

Vor(t) =VV -1 g(t) 5=0
_y-(-a) ) o v-(-a) (t—1) (25)  Proof. First, we observe that for s = 0,--- ,t—1,
B v ’ ’ (t—s—a)l(t—s—a;) T(t—s—a)
fort € Noy1. If Equation (25) is feasible, we say (t— )Tt —s) Ti—s)
it is fractional nabla H-differenceable.

and thus

It is useful to decompose V~(=®)z(t) into FNt+1-s—a;) T(t—s—a)
. 0< <
peak and tail operators. L(t+1—s) I(t—s)

LTt —s+(1-aq)) Therefore, the H-differences

—(1-a)
. M(l—ca;) T(t—s) "
1 F(t—s—l—(l—a))
=x(t) ® T e . x(s). 1 Ft+1—s—a;)xi(s)
( _a)szo (_S+ ) F(l—ai) F(t+1—5)
(26) are feasible for s = 0,--- ,t — 1. Especially, their
Thus, z(t) is the peak operator and sum is also nabla H-differenceable and
t—1 O~ =gt — 1)
I'(t— 1-— !
Tt —1):= Y (t=std-a) 1
—T1-a)l(t-s+1) B 1 Z<F(t—s—ai)
is the tail operator. We can rewrite Equation (26) P - ai) —0 Lt —s)
as _I‘(t—i—l—s—ai))x‘(s)
V0 20) = 2(@t) o T~ Y2t —1).  (27) Lt+1-s) '
B 1 — I(t—s— o) (33)
3. Analysis of solution TI(1— o) X_:O L(t—s)
The first question is whether there exists an H- (t—s— )
differenceable solution for System Equation (1) if (1- (t—s) ) ) zils)
z;(0) € Rr. We build a constructive method to s
obtain the fuzzy solution of Equation (2) based _ G N ) A(5)
on the H-difference operator. Equation (2) for I'(l—ay) = I't—s+1)
fuzzy inputs is 0
V() = qWa(t — 1)&p). (28) Taking into account Theorem 8, System
Using Equation (25), we obtain Equation (31) can be written as
Vg SV DE (- 1) = gW (- 1)@(35)). #(t) =0~ "VE(t — NEGWEE — 1)Ep). (34)
29 . : S
Since the fuzzy difference is Hukuhara type, we Since quiamon (34) CXPIEsses ¥ (t) mn terms of
can rewrite Z(t — 1), Z(t) can be obtained recursively.

V*(k&)i”(t) _ V*(lf&)i”(t B l)é(j(Wf(t . 1)@'17) Theorem 9. System Equation (28) subject to in-
(30) Put Z(0) = Zo has a unique H-difference solution.
where & and & stand for the element-wise fuzzy ~ Proof. We start with ¢ = 1 to initiate the induc-

sum and H-difference, respectively. Using the de-  tion process. Then,
composition in Equation (27), we get #(1) = V-0 0\ ST -0 2(0)\EGW £(0)Ep).
AT Nzt —1) = (35)

—(1-& -, - (31) From Theorem 8§,
V- =Dzt — 1)EGWE(E — 1)Ep).
v-=Dz0)8T~0-9Z(0) = a7
616
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(Here, all vector operations of the same type are
element-wise). Thus, Z(1) exists and satisfies

#(1) = Ao BGW ToDp). (36)
Therefore, (1) is unique because Zj is unique.
We complete the proof by induction. Suppose
there exists a unique #(i) for ¢ < N, satisfying

Equation (2). We show Z(N) exists and is unique.
From Equation (34)

g N1 PN
I(N) =

(e (s
EFWZ(N — 1)Ep).
(37)
The right hand side of Equation (37) is a fuzzy
combination of Z(0), Z(1),...,Z(N—1). Since they
are well-defined fuzzy numbers by the induction

hypothesis, Z(NV) is well-defined.

Furthermore, suppose ¥ is another solution of
Equation (2). Then, it satisfies

} d =~ (T(N-s5-a)) .
10 =(rae X (rves ) ™)
EGWHN — 1)Ep).
(38)
But y(s) = z(s) for s < N — 1 by the uniqueness

assumption of induction, which leads to

3 d N~ (T(N-s5-a)) .
y““:(m—@ (mv—+1>>“>

g

s=0
SEWE(N —1)@p) = T(N),
(39)
and it completes the proof. O

4. Algorithm for finding fuzzy solution

A base for constructing an algorithm to compute a
fuzzy solution is Equation (37) and the triple rep-
resentation. Suppose #(0) = [1(0),...,,(0)]"
is a given fuzzy input. Let Supp(ml(O))
[a:(0), bi(O)], with ;(0) ~ (d:(0), /1, gI'!) where
fz[o],gZ €U, fori=1,...,v. Then,

%(0) =w;121(0) @ - - - ® wix,(0) + P

40
~(d(0), £”, 3" .
where
Z’UJU +p17
7o :Z wii k(£ g sen(wy)),  (41)

3" =" gk (g, 11 sgn(wiy)),

J=1
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and

k(u,v,s) = (42)

§(u —v)s
is used to interchange fi[ and g[] if coefficients
are negative. We note that k(u,v,1) = u and
k(u,v,—1) =v.

1
§(U+U)+

Now, applying g; to 2i(0) ~ (4i(0), /", ")
gives the right-hand side of the NN. Corollary 1
plays an important role, yielding

(1) = gi(z(0) ~ (d:(0), F%, 5%,

Since a; > 0, it follows from Equation (36)
that

zi(1) ~ (di(1), £, g, (44)
where i
di(1) =ayd; (0) + d;(0),
R R C N
gy =i (r) + %),
Thus, Z(1) = [z1(1),...,2,(1)]T.

We obtain Z(T') for T > 1 recursively. Sup-

pose x;(t) ~ (d;(t), f ,gZ ) where f[o],gZ e U,
fort=1,...,T and i =1,...,v. We derive a re-
cursive formula for each component of the triple.
Define

2t —1) =Wzt — 1)&p.
Then,
zit = 1) =wpz1(t = 1)@ - Dwpz,(t —1) D p;

~(d(t = 1), g,
(46)
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where

t — 1 wa +p27
fl.[t_l} :Z \wz]|/€(f][t ! 79J[t 1 ,sgn(wij)),

gt Z\wz kgl A sen(wyy)),

(47)
fort=1,...,7 —1.
From Corollary 1, we obtain

Vi(t) = qi(zi(t—1)) ~ (~( 1), f[t 1] ~[t 1})7
(48)

FN0) = dite = 1) — aldie - 1) - F76)),

A7) = gt — 1) + 1) — di(t — 1),
(49)

It follows from Equations (34) and (32) that
t—1

o a Nt—s—a)\ . -
0= (s 3 (imien) 70 &

(50)
Finally, since a;; > 0 and ¢ > 1, the coefficients
o L(t— s — )
MNl—a;) T'(t—s+1)

are positive for s = 0,...,¢t — 1. Thus,
ai <= (T(t—s— )
dilt) T - ) Z:; < T(t—s+1) ) di(s)
+ :z(t - 1)7
t—1
[t @ D(t—s—a;)\
1 () (1 - ) s:0<f‘(t—s+1))‘f’ (r)
),
t—1
M, \ Qi L(t—s—a;)\ [q
9 0 =ra ) & (Tt oo
+3 ),

(51)
and Z(t) = [z1(t),..., 2z, (t)]7.
We summarized the method in Algorithm 1.

Remark 4. The computational complexities of
Equations (47), (49), and (51) are O(v), O(v),
and O(vt) for each t. Consequently, the complez-
ity of Algorithm 1 for computing Z(t) is O(vt(t —
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1)), which reflects its scalability with respect to
parameters v and t.

(1) Input data: 2;(0) ~ (d;(0), £, /) for
1=1,...,v

(2) Input parameters: T, p, W, q.

(3) Output: =z,(T) ~ (dz’(T),f~[T],gZ[T}) for
1=1,...,v

(4) Fort=1to T:

(5) Fori=1tov:
(a) Calculate z(t — 1) ~ (di(t —

1), f[t 11,@? 1]) using Equation (47).

(b) Calculate (d;(t—1), f[t 1]’@[1& 1])us
ing Equation (49).
(c) Calculate z;(t) ~ (d;(), fz[],gz“)
using Equation (51).
(6) Return Z(T) = [z1(T),...,z,(T)]T.

Algorithm 1. Fuzzy solution of System (2)

5. Illustrations and examples

In this section, we present simpler examples to
ensure understanding of the analysis and notation
used throughout this paper. The first example de-
tails the implementation of Algorithm 1 for a 2D
IFDS. The second example demonstrates an ap-
plication of the proposed incommensurate RNN
for local prediction of time series. These exam-
ples include the necessary computations to train
the incommensurate RNN and to obtain the in-
commensurate order &.

5.1. Illustrative example

We consider a 2D NN. Let us consider

1(0)(w) =
{ 1—(w—dy)?/e?, we[—e+dyi,di+ €,
0, oth.,
(52)
and
22(0)(w) =

1+ (w—dg)/e, w € [—€+da,da, (53)

1 —(w—d2)/e, w € [da,da+ €,

0, oth.,
where di, do and € > 0 are real numbers. Figure
1 demonstrates these membership functions for
di =1, ds =2, and € = 1. To find the boundaries
of Cy,(0)(7), we solve the inverse problem

1—(w— d1)2/e2 =r
and thus the boundaries are

w=d; tev1—r.
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Therefore, their r-cat boundaries can be described
by

Cm(O) (T) :[dl - Gm, diy + 6@]
=[Car0)+(1): O 0) ()] (54)
=ldy ~ £ (). d + 9 ()]

Since the unique deterministic value of z1(0)(w) is
d1]0] = dy, the shape functions in U are obtained
by

i) = ) = evT—r, (55)

The shape functions and r-cuts of fuzzy number
x1(0) are depicted in Figure 2.

Similarly, for z2(0), we have
sz(D)(T> - [dQ(O)_E(l_T>7d2(0)+6(1_r>]7 (56)
and

Oy = g0y = e(1 = ). (57)

Suppose we trained an NN with Sigmoid activa-
tion functions

1
) = T

and we obtained the weights
_lwin o wie | | 2 =2
W_[wm wzz]_[S —10]’

biases
~_|p|_|0
==l
a=10.3,0.5]7,
and fuzzy parameters
d(0) = [d1(0), d2(0)]" = [0.4,0.3]", €=0.01.
It follows from Equation (41) that
d1(0) =2d;(0) — 2d2(0) + 0 = 0.2,
1) =21 + 295"
=2¢(V1—r+1-r), (58)
g (r) =29 + 2
=2¢(V1—r+1-r),

order,

and

d2(0) =8, (0) — 10d2(0) + 1 = 1.2,
) =87 + 104"
=2¢(4v/1—r +5(1 — 1)), (59)
3" (r) =8g{" +10£3"
=2¢(4V1—r+5(1—r1)).
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from Equation (43) we obtain
d1(0) =q1(0.2) = 0.5498,

fl[o] (r) =0.5498 — q1(0.2 — 2¢(v/1T — 7 +1 — 1)),

%) =q1(0.2 + 26(VT =7 + 1 — 1)) — 0.5498.

(60)

Equation (60) represents a transformation that
takes into account the effect of the sigmoid acti-
vation function on the shape functions. Clearly,

Ja[o](l) = 550}(1) = 0 as expected.

Finally, we can compute the first iteration by
Equation (45)

dy (1) =0.3d;(0) + 0.5498 = 0.6698,
Mr) =0.3ev1T—7
+0.5498 — q1(0.2 — 2¢(v/1 —r + 1 — 1)),
ggl] (r) =0.3ev/1 — 7

+q1(0.2+2e(vV1—7r+1—1r))—0.5498.

(61)

Similarly, the solution for ¢ > 1 can be obtained
from Equations (47), (49) and (51). A realization

of the solution for diverse r is depicted in Figs. 3
and 4.

Figure 1. Membership functions of initial values.
(a) A parabolic-shaped membership function for
21(0) (b) a triangular-shaped membership function
for 24(0)

(a): Shape

Figure 2. (a) Shape functions and (b) r-cuts of the
fuzzy number x4 (0)
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25 30 35

Figure 3. A realization of the solution of a fuzzy

system for different values of r =10,0.01,.
st state 6 (1), d40) — /1907, 4 0) + ol

+o1(r )]

35

,1], for

Figure 4. A realization of the solution of a fuzzy

system for different values of r = [0,0.01, ...,

second state [z2(t), da(t) — z[t] (r),d2(t) + gg]

(r)]

5.2. Data-driven dynamical systems for
time series

In this section, we apply System Equation (2)
for time series prediction. It is illustrated with
a simple example of a 2-dimensional system, not-
ing that high-dimensional systems require further
study. The System Equation (2) can be written
as

zi(t) = 070"t — 1)
+ gi(winz1(t — 1) + wiexa(t — 1) + pi),
where
O =D — 1)zt —1) ==

(62)

t—1
i I'(t—s—aq 63
a Z (t—s—a) 2i(5), (63)
F(l —Oéi) = F(t—s—i— 1)
for i = 1,2. Considering that
—al(t—s+a;) T
'l — ) B jl_Io (= e,

1], for
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we can compute the derivative with respect to «;,
yielding

0 (o-0-a),
87%(9 L xl(t—1)>
t—1 t—s—1t—s—1
= 5kz‘z 5! Z H J— ai)zi(s).
0 o

(64)

Therefore, the rate of change of z; with respect
to a; can be calculated recursively by

Ozi(t) 9O~y (¢t — 1)
8ak N 8ak
t—1 .

0O~ 0=) g (t — 1) Dy (s)

+ ; O0x;(s) Oy, (65)
0qi(zi(t )) Ox;(t — 1)

+ Z 8%[ t— 1 8ak

for t = 1,...,T, and 7,5,k =1, 2.

Let us denote by 8 the other training param-
eters of the NN, where

0= {w’L])pZ : 7’7.7 = 172}

The derivative of z; with respect to 6 can be cal-
culated as

dxi(t) ti 0O~ (=0 g, (£ — 1) ;i (s)
o0 —~ 0z;i(s) 00
8% Zz 8$l(t - 1) (66)
+ Z Dy (t — 1 a0
I (4 azi( -1)
where

zi(t — 1) = wpz1(t — 1) + winza(t — 1) + p;.

Each term in Equation (66) can be computed us-
ing the following formulas:

09~ (1=d) g (4 — 1) B a; L(t— s — )
Oxi(s) ST —oay) T(t—s+ 126’7)
e il = Dy, (69
0z(t—1) _ Sirj(t — 1), (69)
awkj
and Dzi(t — 1)
Tpk = Oik, (70)

for i,k,j = 1,2, where 9;, denotes the Kronecker
delta function.

The derivative propagation is initialized by:

) Sdh (a1(0)(0)

1,7,k =1,2, (71)

J



Analysis and analytical solution of incommensurate fuzzy fractional nabla difference systems...

and

3.%1(1) Y
“op, 0i54;(#i(0)),

Here, T represents the memory length of the NN.
The incommensurate NN Equation (62) is
trained to obtain Z(T). Inputs are Z{5}(0) = i(s)
for s = 0,...,n, (where n is the number of data
points). In time series analysis, this can be inter-
preted as predicting the time series at s + T.

The goal is $;-{s}

ij=1,2. (72)

(T') to match real data y-{s}

7 Y

Corresponds to predicting i(s + ¢), (with ¢ =1 or

¢ =T). As is conventional, the training energy
function is minimized:
. 1 m 2
ETraln _ — Z Z(x;'{s}(T) _ y;{s})27
s=1 i=1

where m denotes the number of training data
points. The derivative of the training energy is:

m 2 {s}
BT T _ 2 )y _ Ashy 42 (1)
o m ;2@ D) =4 )~

To train the NN, we use a mini-batch SGD
method?” combined with the ADAM optimization
algorithm.

d ETrain

Remark 5. As shown in the prior example, even
minor input value deviations can cause significant
output variations when T is large. Moreover, in-
creasing T may raise computational costs. No-
tably, these issues are mitigated for small T, al-
lowing results to be calculated efficiently.
The time series data described by
o cos(0.02t)
y(t) = < (eo.ou _ 2)/(1 - 260.011‘,) >

for t = 1,...,367, is used, as shown in Fig-
ure 5. The aim is to provide a local prediction
based on previous local data. 240 data points are
used for training and the remaining data points
are used for testing and validation. The activa-
tion function ¢;(t) = tanh(t) i = 1,2, is used.

1 ‘\
08
06
04
02

> 0F
02

-0.4

-0.6

-0.8

-1

1 1 1 1
200 250 300 350
t

1 1 .
0 50 100 150 400

Figure 5. Time series data
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0.8

0.6

Q)

[2

04r

0.2

(o) dPleg

CX‘(Z)(r)

-0.4 k

0.6 : : : ;
0.2 0.4 0.6 0.8
Figure 6. The fuzzy output for fuzzy input data at
s = 365. The expected value is

7(365) = [0.5090, —0.4804]T

After training, the following weights is ob-

tained for T'= 2 :
W= ( 0.9662264009849  —0.0067547002337 >

0.9662262855277
0.007754739375402 >

—0.0067547423047

(

—

P=1\ 0.007754742992966
and
. ( 0.1506754746276
=\ 0.0993245241422 |

Using these values, the energy function was
reduced for the training data to

plrain _ (0050824858689,
and for the test data to
ETest — (.005257048048326.

The precision of the random test data points
is demonstrated in Table 4, which shows an ac-
ceptable local prediction.

Remark 6. A hyperbolic (non-periodic) function
was used to predict a periodic signal. Periodic
activation functions like sin may better minimize
the energy function for periodic data. However,
real-world scenarios often require a single model
to handle diverse datasets, making it valuable to
achieve good results with a fixed activation func-
tion.

Finally, Algorithm 1 is used to obtain the
fuzzy output of this RNN for fuzzy input data
at t = 365, with € = 0.1 and shape functions de-
fined by Equations (55) and (57). Figure 6 shows
Cf(T)(T)'

The real outputs are ¢(365)
[0.5090, —0.4804]7. We find that the fuzzy results
still distinguish these two values, even though
input uncertainty introduces ambiguity.
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Table 4. Exact output end local prediction

t yl{t} x;{t}(T)

t =341 0.8416 0.8489
—0.4955 —-0.4751

t=271 0.7133 0.6651
—0.4711 —0.4489

t=82 —0.0731 —0.0891
—0.0730 —0.0818

6. Conclusion

We proposed incommensurate fractional nabla
discrete systems for a type of RNNs. These sys-
tems become classical neural networks when all
orders are zero, and classical RNNs when all or-
ders are one.

Using fuzzy theory, we analyzed how input
data uncertainty affects output data. First, we re-
visited the definition of fuzzy numbers and added
a condition for the uniqueness of their determinis-
tic parts. We then used shape functions (instead
of membership functions) to handle operations on
fuzzy numbers. We found that most discrete frac-
tional nabla difference equations have a unique
H-difference solution.

The GH-difference was introduced because
the H-difference isn’t defined for many uncertain
numbers. However, our results show that in the
context of difference equations, we might not need
to extend the difference definition for other uncer-
tain numbers. So, we introduced the concept of
“H-differenceable.” Whether this holds in contin-
uous cases is unknown and needs future study.

Based on our analysis, we developed a
programmable algorithm to find fuzzy solu-
tions for the incommensurate RNNs. Examples
showed that nonlinearity deforms the shape func-
tions—an interesting finding.

We trained a 2D incommensurate NN for local
time series prediction. However, training the al-
gorithms for higher-dimensional incommensurate
NNs require further dedicated study. The struc-
ture and derivatives of these NNs rely on recur-
sive calculations with previous datasets, making
higher recursion levels computationally complex.
This suggests that higher recursion may not be
efficient for training. Additionally, our first ex-
ample showed that small input data inaccuracies
can cause results to deviate from expected values,
implying higher recursion might not be effective
either.
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