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This paper aims to investigate sufficient criteria of the existence solution for a
new category of nonlinear fractional differential equation under the Hilfer frac-
tional derivative. The primary existence results are achieved by using a mod-
ified version of the Krasnoselskii-Dhage fixed-point theorem in the weighted
Banach space. Finally, an application is illustrated to test the validity of the

1. Introduction

In numerous mathematical studies, the theory of
fractional calculus and its applications have been
thoroughly examined. Many real-world prob-
lems in science, engineering, and economics are
now mathematically modeled with the help of
fractional calculus. See the books and research
works'™7 and references therein. Fractional dif-
ferential equations (FDE) are undoubtedly still a
popular topic among writers. The use of the fixed-
point theorem approach to obtain the existence
and uniqueness results for fractional differential
equations is the most favored topic by several
scholars. See ref.82! and references therein for
the recent development in this area. This mo-
tivates researchers to study various fixed-point
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theorems and their generalizations. See ref.?2 2
and references therein.

In ref.,?629 the researchers discussed some
existence and optimal control results for various
fractional differential equations and inclusions by
means of fixed point theorems. Similarly, several
scholars have demonstrated a great deal of inter-
est in the theory of fractional differential equa-
tions with linear perturbation. See ref.3%33 and
references therein. In ref.,?> Dhage presented a
novel form of the Kransoselskii-type FPT termed
the Krasnoselskii-Dhage type FPT by utilizing
a nonlinear D—contraction condition. In ref.,3°
Dhage and Lakshmikantham used fixed point the-
orems (FPT) of the Krasnoselskii type to study
the first-order hybrid differential problem with
linear perturbations:
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4
dx

x(t)

f(t :B(t))} =g(t,x(1)), t€J,

z(ty) = xo € R,

where J = [tg, to + a], for some fixed ty € R,a > 0
and f: J xR — R\{0} and g : 7 x R — R. Fur-
thermore, Dhage et al.3! established the existence
results for hybrid differential equations with lin-
ear perturbations. In,3? Lu et al. formulated the
theory of hybrid type FDE by using linear per-
turbations of the second kind:

DUz (t) - f ()] =g (tz(t), ted

x(to):.fv()GR,
where f,g: J xR —>Rand 0 < g < 1.

In ref.?3 Akhadkulov et al. utilized this re-
vised version of the Krasnoselskii-Dhage type
FPT to obtain the existence results for a hy-
brid type FDE that incorporates the differential
and integral operators of Riemann-Liouville (RL)

type:

Dfa(t)  f (b (t)] =g (L (1), 17 (2 1)),
ted, >0

x (to) = o,
where J = [tg, to + a], for some fixed ty € R,a > 0
and f: T xR—-Randg: 7 xRxR—=R.

In ref. 34 Kiataramkul et al. discussed the ex-
isting results of the following fractional integro-
differential hybrid boundary value problems for
differential equations with - Hilfer derivative op-
erator:

=f(tz(t),
2 a) =0, 2 (b) = m (),
wheret € J =[a,b],0<a <2, 0<p<1; G >
0, fori = 1,2,..,m, g : J xR — R\{0}, f:

JXR—>Rm:J —- R, h; : J xR — R such
that h; (a,0) = 0, i = 1,2,...,n. Further, they
obtained the existence result for inclusion - Hil-
fer fractional integro-differential hybrid boundary
value problems by means of fixed point theorem.
For some recent development in the field of frac-
tional differential equations readers are encour-
aged to see3® 3 and references therein.

Inspired by the aforementioned work, in this
study, we examine the subsequent initial value
problem (IVP) employing the Hilfer fractional de-
rivative (HFD) operator:

D7V e (s) = f(s,0(s)] =g(s.0(5)),
seJ,0<o<1,0<7< 1,

(1)
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L% p(s) = f (5,0 ()] (0F) = w0 €R,
K=0+T—=0T,

(2)

where J = (p,q]. The non-linear terms f :
JxR—=Randg:J xR — R be the given con-
tinuous functions. The operator DZL:' is a HFD
operator of order ¢ and type 7.

The main contributions of the study are as
follows:
(i) Studying the initial value problem involving
the Hilfer fractional derivatives.
(ii) Investigating the applicability of the
Krasnoselskii—-Dhage fixed point technique to the
proposed problem.
(7i7) The problem being discussed in this paper
is more general than in the literature, such as
for 7 = 1 it reduces to a problem in the Caputo
fractional derivative, and if 7 = 0 it returns to
a problem in the Riemann-—Liouville fractional
derivative.

This article is organized as follows: Section
2 presents some essential definitions and lemmas
needed throughout the study. Section 3 investi-
gates the main findings. Section 4 provides an
application of the results.

2. Preliminary results

Definition 1. ( [3]) For ¢ € R*t, the RL-
fractional integral of a function h(u) is given as;
1

(15h) () = @

Definition 2. ( [3]) For o € [m—1,m), m €
77, the RL-fractional derivative of a function
h(u) is given as;

(u>p).

(o5e) 0 == ()
. /(u—hss?_mﬂds’ (u>p).

p

Definition 3. ( [1]) The HFD of order o € (0,1)
and type T € [0,1] of a function h(u) is given as;

) = (120D (12-75-n)) ),
where D =

Let 0 < p < ¢ < oo, and let C[p, q] denotes
a Banach space of all continuous mappings from
[p, ¢] into R with the maximum norm

[ulle = max {|u(s)]: s € [p,ql} -
For 0 < & o+ 717 —o0r < 1, we define
Ci—x [p,q|, the weighted space of the continuous
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functions ¢ as

Cirlp, gl ={¢(u) : [p,d] = R|
(u=p)"""6 (u) € Clp.ql}

where [p, ¢ is the finite interval.
Obviously, C1_ [p, q] is the weighted Banach
space with the norm

1
lole,., = |[(u=p)" "0

At the same time, we define a Banach space

Crlp.a) = {0 € " [p.a) : 0 € Cu[pual

with the norm

(3)

m—1
[CI=DY HeUﬂHC . meN
k=0
Also, C%[p,q] :=Cs [p,q] -
Lemma 1. ( [3,21]) If o > 0 and T > 0, there
exists
g T— F T T1+0—
5= 2 ) = s )
and
[ ]gq(t—p)”—l} (u) = 0, 0<o<l.

Lemma 2. ( [3,21]) If o > 0,7 > 0, and

¢ € LY(p,q), for u € [p,q], there exist the fol-
lowing properties,

(17 17:0) (w) = (15576) (w)

(D5 15.6) (w) = 6 (u).

In particular, if ¢ € Cyx[p,q] or ¢ € Clp,q],
then above equalities hold at each u € (p,q| or
u € [p, q|, respectively.

and

Lemma 3. ( [3,21]) Let 0 >0 and 0 < k < 1.
Then 17, is bounded from Cy [p, q] into Cy [p,q].

Lemma 4. ( [3,21]) Let 0 >0 and 0 < k < 1.
If p € C.. [p,q] and I;IngﬁEC,i[ ,q], then

¢ (p) _
i D;+¢('U,) = ¢(U) - F(O’) (u_p)d 17
for all u € (p,q].
Lemma 5. ( [3,21]) If 0 < k < 1 and ¢ €
Ck [p,q], then

0<k<o.

56 (p) = lim I5.0() =0,
Now, we present the following weighted spaces
which are required in our main result.

et ={oeCiclpal, DiTo€Crylpal
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and
Cf w={¢€Civlpd, Djd€Ciclpal}.
It is obvious that
Cirlpd) CC7 [ d]-

Lemma 6. ( [3,21]) Let o,7 > 0 and &
o+71—or. If f€Cl_,., then

5D f = 15D f,

Dy 15 f = DO

Lemma 7. ( [3,21]) Let h € L'p,q] and
D;ffg)h € L' [p, q] ewists, then

T(l—a)h.

o, T
D7 p+

P
Lemma 8. ( [14, 21]). Let a real-valued func-
tion ¢ defined on (p,q] x R be such that, for any
P € CI—H[ ,CI]; ¢(7 @()) € Cl—l{[ ,Q] Then
© € CF_,. [p,q] is a solution of IVP:

T(l—0o
I%h = Ii 'D

Te(s)=d(s,0(s), 0<0<1,0<7<1,
I;IH(P (p+) = ¥0, K=0+4+T—0T,
iff ¢ verifies the next integral equation:
-1
_ po(s—p)" 1
¢ (s) = o T

s

/(S - w)a_lgb(w,u(w))dw.

Now, the following are some of the concepts,
which we will be employed in the main result.

Let C(J x R,R) represents the category of
continuous functions 8 : J x R — R and the kind
of mappings ¢ : J X R — R, where the map

(1) s+ ¢ (s,w) is measurable V w € R,
(2) s+ ¢ (s,w) is continuous V w € R.

Moreover, the space C (J x R, R) is referred to be
the mappings of Carathéodory type on J X R,
which are Lebesgue integrable functions when
bounded by a Lebesgue integrable function on 7.

Definition 4. ( [22-24]) A function T : Ry —
Ry which is upper semi-continuous and non-
decreasing in nature is said to be a D-function
if T (0) = 0. Moreover, ® represents the category
of each D-functions on R

Definition 5. ( [22-24]) For an operator A :
Ci—x (J,R) = Ci—x(TJ,R), if there is a D-
function Ta € ®, where

[Av = Aw| <Y (flo = wl),
for all v,w € Ci_, (J,R), where 0 < Ta(a) < a

for all o > 0, then the operator A is referred as a
nonlinear D-contraction on Ci_, (J,R).
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Theorem 1. ( [25,33]) Let K C Ci—x(J,R)
be closed, convex, and bounded in nature. Let
the operators A : Ci_, (J,R) = Ci—x (J,R) and
Q: K — Ci—x (T, R) satisfying:

(1) A is D-contraction of nonlinear type,
(2) Q is completely continuous and
B) u=Au+Qw=uec K for al w e K.

Then, the mapping A +  owns a fized point in
K.

Lemma 9. Let a function f : J xR — R
such th'at) fOT any ¢ € Cl*li [p7Q]7 f(a SO()) €

Ci—w [p,q]. Then, ¢ € Ci_. [p,q| is a solution of
fractional IVP
D p(s) = f(so(s)]=2(s), seJ,
(4)
L [ (s) = f(s,0())] (07) = w0, k=070,
(5)
if and only if v (s) satisfies the following VIE
_pols—p)"!
p(9) = Ty — + (s (s)
- F(lo_) /(s—w)“z(w) dw.  (6)
P
Proof. Let ¢ be a solution of (4)—(5). Conse-
quently, by Lemma 4, we obtain
DT (o (s) = f(s,0 ()] =@ (s) = f(s,0(5))
LT e (s) = [ (5,9 ()] (0") 1
- T () (s —p)
=1I72(s).
Then,
p(s) = f(s,0(s)) = Iz (s)
L e (s) = f (5,90 ()] (0") L
T () (s —p)
o gy, Pols =)
- “pt ( )+ F(K,) :
So,
po(s —p)" "
p(6) = PNl b (s () + 1 o
(7)
k1
= AT (o)
1 / o—1
+F(U)/(s—w) z(w)dw, seJ

P
Thus, Equation (6) holds. Now, to demonstrate
the sufficiency. Let ¢ € Cy_. [p, q] satisfy Equa-
tion (6), which can be expressed as (7).
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to either sides of (7), it can

be deduced from Lemma 1, Lemma 6, and Defi-
nition 2 that

By applying D;+

o (s) = (s, 0()] =Dz (). (8)
From (8), and the hypothesis D7, [¢ — f (-,¢ ()] €
Ci— |a, b], we have

DI T =D ey pfab]. (9)
Also, since z € C1_ [a, ], by Lemma 3,

2 e 0y lab]. (10)

It follows from equations (9) and (10) that

I;:T(I_U)z €Cl a,b].

Thus, z and I;: 1=o), verify the conditions of
Lemma 4.

Next, applying I;;T(l_g)

to either sides of
Equation (8), and using Def. 3, and Lemma 4,

it implies that

D () — f (5. ()] = = (5)
072 ()] (1)
. P s — T7(l1—0)—1
oy P
(11)

Since, 1 — kK < 1—17(1 — o), using Lemma 5,

we get
1—7(1-
[IzﬁT( U)z(s)} (") = 0.

Hence, (11) reduces to

DI lp(s) = fsp(sD] = 2(s), sed.

Now, in order to show that equation (5) also
holds, apply I;j ® to either sides of (7), then by
means of Lemma 1 and Lemma 2, we get
%6 (s) = go+ I7°F (5,0 () + I 1% 2 (5).

Since, 1 —k < 1 —7(1—0) it follows from
Lemma 5, when taking the limit as s — p™

L7 o (s) = f (s,0(5))] () = o
This completes the proof. O

3. Main result

Taking into account the following theories, we can
demonstrate the main result:

Q1: Following weak contraction condition
holds for the function f (s, -)

[ (s,0) = [ (s,w)| < ¢p (Jv—wl),
for all s € J and v,w € R, where ¢¥p(s)
is a D—function.

Q2: For every s € J and v € R, there
is a continuous function £ € Ci_, (J,R),
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where
9 (s,0)] <&(s)-

Theorem 2. Suppose that the assumptions (Q1)
and (Q2) are fulfilled. If (g —p)' =" < 1, then the
IVP (1)—(2) possesses a solution in Cy_ ,{(.7 R).

Proof. Let K = {4 €C1_« (T.R) : [[¢lle,_, <n}.

where

16 A+ G el

- 1 _ (q p)l K )
—p)lF < 1 and A = — p)l-x .
(@g—p) " <1lan Igg};c(s p) " f(s,0)

Certainly, K C C1— (J,R) which is closed, con-
vex, and bounded in nature.

Now, in order to establish the existence result
for the IVP (1)—(2), let us consider the general-
ized IVP involving HFD operator of order ¢ and
type 7, for z € K, as follows:

DY o (s) = f(s,0(s)]=g(s,2(s)), s€T,
(12)
I (o (s) — f (5,0 (N T) = 00, (13)

where 0 <o <1,0<7<land k=047 —o0T,
J = [p,q|, for some fixed p,q € R and f,g €
C(J xR,R).

Assume that the hypotheses (Q1) and (Q2) hold
for the functions f and g. Using Lemma 9, we
get the equivalent non-linear VIE to the IVP
(12)—(13) as
0

k—1

@(S)Zr(ﬁ)(s—p) +f(s,9(5)
o—1
+ o) p/(s—w) g(s,z(w))dw
(14)
Consider the operators A : Ci_,(J,R) —
Ci—x (J,R) and Q : K — Ci—x (J,R) defined
as follows:
(A0)(s) = [ (s =)+ T (5,0(3), 5 €7,
(15)
and

©5) = oy [ (5= w7 g .z (w) du

(o)
(16)
seJ.
Hence, the equation (14) can be transformed as
w(s)=Ap(s)+Qz(s), seJ. (17)

Next, we will show that the operators A and 2
satisfy all the conditions of Theorem 1. The proof
is divided into the following steps.

Step I: Operator A is non-linear D—contraction.
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Let v,w € Ci—. (J,R), by hypothesis (Q1), we
have

(s =)' (Av (s) — Aw ()|
s=p) 7 f (5,0 () = f (5,0 (s))]
=)' Y (Jv (s) — w(s)])
s—p)' "o

(== wle,_, )
Applying a maximum over s gives

|av = Auwlle,_, < vp (o —wle,_, ).

CIJ

= (
< (
(

IN

Hence, the operator A is a non-linear contraction.

Step II: Operator (2 is a continuous and compact
on K into C1_ (J,R).

First, to show € is continuous on X, consider a
sequence {z,} in K converging to z € K. Then,
it implies from the Lebesgue-dominated conver-
gence theorem that

g, ens)

= (10) / (s —w)” g (w, 2, (w)) dw
_ 1 F s w1 L o (w. 2 () duw
_F(O')p/( ) nl_mog( 2 (W) d
— 1 r S—U)U 1 w. 2 (w w
_F(U)p/( )7 g (w, 2 (w))d
=Qz(s), VseJ.

This proves the continuity for €2. Next, we prove
that QI is a uniformly bounded and equicontin-
uous set in K which implies the compactness of
Q on K.

It follows from the hypothesis (Q2)
that
(5 )0 (5)
_ | S —w)" g (w, z (w))ds
- 152 p/<s )"y (w, 2 (w) d
(S_p)lif$ / o
<Er e [ gt )] ds
(S_p)l_N / o—1
<o p/<s )€ (w) ds
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(s = p) 5z (s)|

(S_I))l_H r o—1 k—1
e / (s =) (s =) el ds
< (‘-”Q(ﬂf) el Vsed.

Taking maximum over s, we get
ale,_, < AR g

This proves the uniform boundedness of the op-
erator €) on K. Let s1,s9 € J with s1 < s9. For
any z € K, one has

‘(81 — p)l_”Qz (s1) — (s2 —p)l_“Qz (32)}
_ (8 _p)l—n ! o—
_ mp/(sl—w) Ly (w, 2 (w)) dw

g

S0 — -k 7
_(QF(p))/(% —w)” g (w, 2 (w)) dw
51

Mo B, v

- (o)
—(s2—p)' (52— P)Uﬁ_l)
1€lle,_, Bk, o)
< 11—k _ g _ _ [
< SR =)~ (2= p)’]
Thus, there exists a € > 0, for some 1 such that

sa—s1|<e = |(s1 — )z (s1)

—(s52 = p)' 7"z (s2)] <,
for all s9,81 € J and z € K. This proves the
equicontinuity of QK in Ci_, (J,R) and hence,
by Arzela—Ascoli theorem, it is compact.

Step III: There exists ¢ € K such that ¢ =
Ay + Qz for all z € K.

Let ¢ € C1—, (J,R) and z € K, such that ¢ =
Ay + Qz. Using Hypothesis (Q1), we can write

!(s—p v ()]
[(s =p)' ™" ( A¢()+QZ())\
| 1 KASO ‘+‘ 1 HQZ()‘

)l—fi

IN

|<P0|
I (k)

IN

+| (s =)' 7" f (5,0 (5))]

(s—p)™"

o—1
+ 11(0)/(5—111) g (w, z (w)) dw

p
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< 22 (=000 (el ) + A
R .

< li(p(oﬁ‘) +(q—p)""p () + A
e AP

< r‘gi[;‘) +(@—p) "+ A
g e

Applying maximum over s, we get

0

Ielle,. < 7 (@ —p) T+ A
A
<.

Hence, ¢ € K. Thus, all the three assumptions of
the Theorem 1 are hold, which implies that there
exists ¢ € K such that Ap + Qp = . Thus, the
operator A+ has a fixed point in . Hence, the
IVP (1)—(2) owns a solution in C;_, (J,R). O

Remark 1. For 7 = 1 the IVP (1)—(2) reduces
to a problem with the fractional derivative opera-
tor of Caputo type. Hence, the results obtained in

the Theorem 2 coincide with the results published

4. Application
Consider the following IVP:

D2 o (5) = (1 + ()] = 5 sin(l(s)]),
(19)
se J = (0, 1],
2
I e (s) = (1 + e 09 =2, (19)
Here, o = =1 k=2p=0,9=3,00 =2,

s
f (s, (s)) = In(1 + [ (s)]),
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and

905, (5)) = = sin(li(s).
Hence, we find that
£ (5:0) = £ (5:0) | < | (1 +]l) ~ (1 + )|

N o (%]
|f(8390)_f(5790)|_1n1+|¢|

W <1+ \w!—!_w\)
1+ ]¢g|

§1n<1+ |(’D_Sf|>
1+ ||

In(1+|¢—¢l)

Yo (lo — ¢l

)
for each s € (0, 3], where 1p(s) = In(1 + s) is
a D—function, such that 0 < ¥p(0) = 0 and
( s

<
<

Yp(s) < s, that is h(s) = s — In(1 + s), we have
h'(s) = 1—1—;9 =s>0, for s € (0, 3]. Also,
< = .
95,0 (| S 5oy =€6)

Additionally, (¢ — p)'~" ~ 0.84 < 1. Therefore,
all assumptions of Theorem 2 are satisfied, it im-
plies that the IVP (18)—(19) possesses a solution
in 61,H (j, R)

5. Conclusions

In this article, a Hilfer FDE with linear pertur-
bations of the second type under a certain initial
condition was discussed for the existence of the
solution. An equivalent VIE is obtained for the
IVP (1)-(2). The main result on the existence of
the solution to IVP was established employing the
Krasnoselskii-Dhage type fixed-point theorem in
the weighted Banach space. At the end, an appli-
cation was given to check the validity of the out-
comes. The initial value problem discussed in this
paper along with the fractional derivative opera-
tor considered in the IVP (1)—(2) generalizes the
existing results available in the literature. In IVP
(1)—(2) if we put 7 = 1, then the results obtained
in the paper coincide with the results published
in.32:33 However, it could be interesting to see the
impact of the inclusion of the control term in IVP
(1)—(2). This idea may be an open problem for fu-
ture investigations.
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