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This study applies the Multi-Step Generalized Differential Transform Method
(MSGDTM) and the Jumarie-Stancu Collocation Series Method (JSCSM) to
analyze a fractional-order Model (1). The model incorporates Caputo frac-
tional derivatives to capture the nonlocal and memory-dependent characteris-
tics of glucose-insulin interactions, considering physiological factors such as (-
cell activity and external glucose intake. Stability analysis reveals bifurcations
and chaotic attractors, demonstrating the system’s sensitivity to fractional or-
ders. Numerical simulations compare MSGDTM and JSCSM accuracy and
efficiency, highlighting MSGDTM'’s superior convergence and lower approxi-
mation error. The results show that fractional-order modeling provides a more
accurate framework for understanding glucose-insulin dynamics and predict-
ing metabolic behavior. Furthermore, control mechanisms are introduced to
mitigate chaos, offering potential strategies for managing diabetes. This work
emphasizes the robustness of MSGDTM in solving complex fractional biological
models. It provides insights into fractional calculus applications in biomedical
research.

1. Introduction

the complex physiological memory and hereditary
properties inherent in biological systems. To ad-

Insulin regulation is a cornerstone of human meta-
bolic processes, with imbalances leading to dia-
betes mellitus, a chronic condition affecting mil-
lions worldwide.  Understanding the glucose-
insulin interaction is crucial for developing ef-
fective treatment strategies. Traditional integer-
order models are widely used to describe these
interactions; however, they often fail to capture
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dress this limitation, fractional-order differential
equations (FDEs) have emerged as a powerful
tool, incorporating memory effects and nonlocal
dynamics that better represent real-world biolog-
ical phenomena.

Fractional calculus, characterized by its non-
local operators and ability to retain memory
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effects, provides a flexible and robust mathe-
matical framework for modeling intricate bio-
logical systems.!? Its growing significance spans
various disciplines, including engineering,® plant
epidemiology,* mathematical biology,” medicine,®
psychology, and life sciences.” Additionally, it
finds applications in viscoelasticity,® electromag-
netic wave propagation,’ quantum mechanics,'”

physics,''-?? and diabetes modeling,?3-3* Com-
35

puter virus, zoonotic disease. A key fo-
cus of this study is to analyze system
stability, bifurcation structures, and chaotic
dynamics using tools such as phase por-
traits, Lyapunov exponents, and bifurcation
diagrams.36:37

In order to mitigate chaotic fluctuations, a
simple linear controller is introduced. Stud-
ies show that fractional-order models enhance
glucose-insulin interactions, leading to improved
diabetes management strategies.?®4? This re-
search integrates fractional calculus, chaos the-
ory, and computational simulations to advance
both theoretical and applied aspects of glucose-
insulin regulation, emphasizing memory effects
in biological processes, and paving the way for
biomedical progress.  This work delves into
the intricate behavior and regulatory mecha-
nisms of the proposed model, leveraging memory-
dependent fractional derivatives to capture long-
term physiological interactions. Using advanced
computational methods, including the MSGDTM
and the JSCSM, the study formulates and an-
alyzes a time-dependent fractional-order model
of glucose-insulin dynamics, incorporating the
interplay between glucose levels, insulin secre-
tion, and beta-cell activity. = These numeri-
cal schemes effectively solve the complex frac-
tional differential equations governing the sys-
tem’s behavior.*!-% Tsai and Chen* intro-
duced the Laplace-Adomian-Padé approximation
method, while Zeng et al.*® derived analyt-
ical approximations for FDEs.  Additionally,
Khan et al.*6 combined the LADM in prior
studies; see also.*%4%:47:48 Analytical techniques
for solving fractional differential equations in-
clude the ADM,* the LADM,? the ADM,>!
the HAM,%? the MSGDTM,> the Galerkin fi-
nite element method,”* the Legendre wavelets
method,? the spectral collocation method,?® and
JSCSM.% This study contributes an improved
variant of the generalized differential transform
method (GDTM),>"-%9 refined to enhance so-
lution accuracy over extended time intervals.
Traditional GDTM approaches are limited to
short-term approximations due to small time
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steps. By contrast, MSGDTM extends solu-
tion validity over longer periods while maintain-
ing high precision, outperforming conventional
techniques.®’-" Numerical comparisons indicate
strong agreement between the MSGDTM solu-
tions and those obtained via the classical Runge-
Kutta method when the derivative order is set to
one.

It was proposed by Ackerman et al. (1964)
that a 2D linear differential equation could be
used to represent glucose tolerance test data.
The mathematical model proposed is as fol-
lows:

(1) = a10(1) — agii(e) + c1,
0(1) = —azd(t) — agti(t) + e + 1.

In these equations, @ and ¥ denote insulin
and glucose concentrations, respectively, and [
indicates the rate at which blood glucose levels
increase. Based on the Lotka-Volterra frame-
work (Elsadany et al.,F'sadany Shabestari et al.”™
developed a model to analyze glucose-insulin re-
lationships. In this model:™

Cgo,ﬂ(b) = —ayt(s) + agtu(e)d(1) + agd?(v) + ay
03(1) + as (1) + agh® (1) + ard® (1)
=+ ap,

°7g,0(1) = — agi(L)d(e) — agti?(1) — ayot®(1)
+and(e)(1 = 0(e) —ap(L) — a3
W? (1) — a1 (1) + ag1,

g5, i(1) =arsd (1) + ar60> (1) + ar70®(1)

— algw(L) — algﬁ(b)w(L).

(1)

The model parameters are defined as follows: ay
represents the natural decay rate of insulin in
the absence of glucose, while as quantifies the
influence of glucose on insulin stimulation and ag
captures the acceleration of insulin production as
glucose levels rise. The basal secretion of insulin
from S-cells, independent of glucose, is governed
by a4, with as accounting for a minor contribu-
tion to basal insulin release and ag serving as
an adjustment factor in basal insulin dynamics.
Parameter a7 introduces a positive feedback com-
ponent to insulin release from (-cells. Insulin’s
regulatory effect on glucose metabolism is mod-
eled by ag, whereas ag and a9 represent strong
and secondary reductions in glucose concentration
due to insulin activity. The increase in glucose
from external sources or metabolism without in-
sulin influence is described by a;;. Parameters
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a2, a3, and ayy characterize the effects of (-
cell-derived insulin on lowering glucose levels,
including both negative modulation and auxil-
iary impacts. The dynamics of S-cell growth and
decline are detailed by a15, which captures activa-
tion due to glucose elevation; aig, which accounts
for inhibitory influences at higher glucose levels;
and ai7, a supporting factor for glucose-driven
[B-cell expansion. The natural loss of B-cells over
time is modeled by aig, while a9 reflects a pro-
gressive decline in S-cell population. Lastly, asg
represents a constant term for external input or
loss in glucose dynamics. as; denotes the baseline
rate of insulin synthesis under normal physiologi-
cal conditions. Glucose-insulin fractional order is
given by

°Z§ (1) = — arti(e) + agd(L)d(1) + az30%(1)
+ a403(1) + az (1) + agw? (1)
+ a7w3(L) + agp — d1 (0 + w),
C@(),Lf)(b) = —agl(1)0(2) — agti® (1) — a3 (1)

+a110(¢)(1 — (1)) — ap2w(e)

— ajz?(e) — apd® (1) + ag,
¢ ,1(1) =a150(1) + a160° (1)
+ a170° (1) — a1st(e)
—a190()w(e) — da(t + 0 + W). o

Using Caputo derivatives, this study proposes and
examines a Model (1). It focuses on assessing sys-
tem stability, bifurcation patterns, and chaotic
dynamics across fractional orders. In addition,
the research evaluates how well the MSGDTM
and the JSCSM solve fractional differential equa-
tions, emphasizing their computational efficiency
and accuracy. Moreover, the study explores effec-
tive control strategies to suppress chaotic fluctu-
ations and enhance glucose stability.

The remainder of this paper is organized as
follows.  Section 2 discusses fractional calcu-
lus and the Caputo derivative. MSGDTM and
JSCSM are applied to the glucose-insulin model
in Section 3, along with a comparison. Numeri-
cal simulations, bifurcation analyses, and stabil-
ity results are presented in Section 4. In Section
5, we summarize key findings and discuss poten-
tial future research directions in fractional-order
biomedical modeling.
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2. Stability investigation

Equation (1) has the following Jacobian matrix:

—ash — 2a40 — 3a100?
0

—a1 + ag?d
—agl + CL11(1 — 2@)
a15 + 2a160-3a170% — ajgw

a2'a + 20,3’17 + 3a4@
—a12 — 2a137f) — 3a141b
—aig — a190

2

as + 2a61D + 3a7'lfj2

Following the approach in Shabestari et al.
(2018), equilibrium points F;(0.805,1.815,1.319)
and F»(0.624,0.935,0.877) are considered. The
eigenvalues of system (1) at E; are Ajp =
—1.7564 + 7.5090¢ and A3 = 1.3802. For Es, they
are Ao = 0.5262 £ 2.3472¢ and Az = —2.8372.
Define:

A(N) = diag (A\Mor \Maz \Mos) _ 7

For linear systems to be asymptotically sta-
ble, the following must hold:

2M°
For instability at equilibrium points, the con-
dition is:

|arg(A)] >

ﬁ — min {arg(A;)} > 0,

where A; are roots of det (diag ()\Mq“f, AMay,
AMaz Jg; = 0 for each equilibrium E; (i =
1,2,3).

2
a < —min |arg(A;)| ~ 0.86.
™ 7

For chaotic attractors in the model (1), the
following must be satisfied:

s
o7 — min {farg(A)]} > 0.
According to Table 1, the equilibrium points
E4 and FEs behave as saddle points of index two.
Table 1 also presents the Kaplan-Yorke (KY)
dimension for various fractional derivatives, com-
puted as:

LE{ + LEy

|LE3|

Table 2 compares KY dimensions of different
fractional derivatives, revealing that system (1)

dim(LE) = 2 +
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possesses a relatively higher dimension of 2.09,
indicating increased complexity.

3. Bifurcation diagrams

The parameter ajg could represent the system’s
response to stress or external factors affecting glu-
cose regulation. ajg (-2 to 0) could represent the
system’s response to stress or external factors af-
fecting glucose regulation. Bifurcations may indi-
cate shifting glucose levels due to changing exter-
nal conditions. Related dynamics is bifurcation
in ajg shows external stressors affect glucose dy-
namics. In a bifurcated liver, a parameter a7
could describe the delay in insulin response, with
bifurcations representing an oscillatory glucose re-
sponse. ai7 (0 to 1) may describe insulin response
delay. As response times vary, bifurcations may
indicate changes from stable glucose regulation to
oscillatory or chaotic behavior. The bifurcation
in a;7 might be related to liver response delays.
Insulin and other metabolic pathways might be
represented by ajg. There might be interactions
between insulin and other metabolic pathways in
ajg. ajg bifurcations (-1 to 0) may indicate a
change from stable to complex glucose dynam-
ics. A bifurcation in a;g may give insight into
glucose regulation. An indicator of insulin resis-
tance might be ajg. There is a possibility that
the rate at which insulin resistance develops can
be represented by ajg (-1 to 0). The point of bi-
furcation could result in a transition from stable
glucose regulation to instability as resistance in-
creases as the point of bifurcation is reached. In
the case of an increase in ajg, this could be a re-
sult of varying rates at which insulin resistance
develops as a result of variable insulin resistance
levels leading to a change in glucose stability. In
the system (1), there might be a parameter called
ago that describes the strength of feedback mech-
anisms that exist. It might be possible to de-
scribe the strength of feedback mechanisms in the
Model (1) by the parameter agy. It is possible
that bifurcations in agy (-1 to 0) could indicate
that glucose dynamics are changing from stable to
complex due to changes in the strength of feed-
back. This could be attributed to the bifurca-
tion of agg indicating how variations in feedback
strength can affect the stability of glucose levels.
A parameter known as ag; is used as a potential
indicator of how multi-factor influences glucose
regulation in a system. In order to better under-
stand how several factors act on the regulation
of glucose, ag; (-1 to 0) might be a good indica-
tor. Bifurcations could indicate transitions from
stable to chaotic behavior as these factors vary.
It is possible that the bifurcation in as; could be
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a reflection of multiple influences that combine
to affect glucose dynamics and stability overall.
During the regulation of glucose and insulin dy-
namics within the human body, every parameter
from a; to as; is crucial. Diabetes requires under-
standing these bifurcations to predict and man-
age the complex dynamics of glucose regulation.
Predicting and controlling critical transitions in
complex systems, whether biological or physical,
requires understanding bifurcation. Stability may
shift to chaos or vice versa, affecting the stabil-
ity and behavior of the system. By understand-
ing these bifurcations, we can develop strategies
for managing biological processes, designing sta-
ble physical systems, and preventing undesirable
behaviors. Critical transitions can be predicted
and controlled by understanding the bifurcation
of parameters in complex systems. During these
transitions, the system can go from stability to
chaos or vice versa, affecting its behavior and sta-
bility significantly. By recognizing these bifurca-
tions, we can design stable physical systems and
prevent undesirable behaviors like chaotic oscilla-
tions.

4. Methods

4.1. Jumarie-Stancu collocation series
method

We apply the JSCSM to approximate the solu-
tions for @(t), 0(t), and w(t) in the following steps.

Assume each function can be expanded as a
series:

<33

(t> E;:O:Oanbnv
0(t) = 302 b,

w(t) = X0 pent”,

where a,, b,, and ¢, are coefficients to be deter-
mined for @, 0, and W, respectively.

Using the Jumarie fractional derivative, we
approximate the fractional Caputo derivative
€9, for each series term:

Ln—oz

a(n+1)
Then, each derivative can be represented as:

CQO,La(t) ~ E;z.ozoanc‘@&L(Ln)’
Z5:,0(t) = DLobn 75, (L"),

Cg (1) ~ D30T, ().

‘g5~ ca(n+1—a).

Select collocation points {tg,t1,...,tn} within

the time interval of interest.



Sayed Saber et.al. / IJOCTA, Vol.15, No.3, pp.464-482 (2025)

Substitute the series and fractional derivative of the solution to this problem is:
approximations into each of the differential equa-

tions: ZF )t —0)*9, 1€ [0, T,

Efzoanc‘@&@?) = —a1i(e;) + azti(e;)0(¢5) + -+ - + agphere Fj(k) satisfies

Snlobn 25, (¢]) = —ast(1;)0(e5) — -+ + a2, a((k+ oy +1).. -

22 08 (1) = ars0(i) + - - — a1gd(e) (1), alho, 1 1) kT D=0k Tl Tn),
and with initial conditions I';(0) = d;. The

where j =0,1,...,m. differential transform of g;(k,I'1,Ts,...,I'y) cor-

Based on the complexity of the algebraic sys- responds to g;(t,v1,v2,...,v,) for j = 1,2,...,n
tem, the coefficients a,, b,, and ¢, can be de- Partition the interval [, 7] into M subintervals
termined numerically or symbolically. Once the [tm—1,tm], where m = 1,2, ..., M, using a step size
coefficients are determined, approximate solu- of h = (T'—19)/M and nodes i, = 1o +mh. The

tions are constructed as: principles of MSGDTM are outlined below.
Initially, the MSGDTM method solves (3)-(4)
u(t) ~ Egzoanﬁ, on the first interval [cg, 1], yielding the approx-

imate solution v;1(t) for ¢t € [u9,t1]. For m >

0(t) ~ Bplobnt™,
o(t) n=07nt 2, applying MSGDTM to (3)-(4) on [tm—1,tm]

A N .. ..
w(t) ~ X,_gcnt”, uses the continuity condition vjm(tm-1) =
Vim—1(tm—1). Repeating this process results in
where N is the number of terms chosen based on approximations v; (t) for all m = 1,2,..., M.
the desired accuracy. The final approximation is defined as:

U¢71(t) if v € [L07 Ll])
Vi 2 (t) if L e [1/17 [/2]7

4.2. MSGDTM
Let the differential transforms of u(t), v(t), and via(t) i ¢ € fearr adl.
W(t) be represented as ﬂ(;%% @(;};)’ and 71)(]%), MSGDTM remains effective for all step sizes h.

respectively. Assume the initial values satisfy —For system (1), the MSGDTM procedure yields:

(0) = g, 0(0) = v, and w(0) = wy. The solu- e alak +1)

tion process begins with these initial conditions in 4k +1) :a(a(iﬂ +1)+1)

the transformed domain at k& = 0. Applying the R A .
recurrence relations derived earlier, we iteratively ( — bra(k) + baa(k)o(k) + b3@2(k)

compute @(k+1), 8(k+1), and & (k+1) for each
k up to the desired approximation order K. The
approximate solutions in the original domain for + b7ﬁ)3(l§;) + b20>,
u(t), 0(t), and w(t) can then be reconstructed via

the inverse differential transform. Using the MS- @(]}; +1) = alak +1)

+ by 3 (k) + by (k) + bew? (k)

GDTM methodology, partition the interval [0, 7] ala(k+1)+1)
into M subintervals. To 111ustrag§ gle approach, ( _ bgﬁ(iﬂ)@(iﬂ) _ b9a2(l%) _ bloﬁ‘g(]%)
consider the system analyzed in:

+ b1 d(k) (1 — d(k)) — bro(k)
— big? (k) — braw® (k) + bz1>,
(3) . _ afak+1)

P701(t) = g1(t,v1, V2, ..., Uy),
D3 v2(t) = g2(t, v1, V2, ..., Un),

: w(k+1 i)
alalk+ 1)+
Dyon(t) = gn(t,v1,v2, ..., 0p). . . .
_ (Brso(R) + b1g0 (k) + buro® (k)
subject to
i) = s, i=1,2m (4) — bt (k) — brod(k)(k)).
The solution of the problem (3)-(4) is sought over The initial values: 4(0) = d;, v(0) = dg, and

the domain [.9,T]. The kth-order approximation w(0) = ds. Following is the differential transform
468
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Table 1. Equilibrium points and their Eigenvalues

Equilibrium point and Eigenvalues

E1(0.805,1.815,1.319)
E5(0.624,0.935,0.877)

Ay o = —1.7564 £+ 7.50907, Az = 1.3802
Ay =0.5262 4 2.34724, A3 = —2.8372

Table 2. Lyapunov Exponents vs. « for Model (1)

a LEl LE2 LE3 dim(LE)
0.7 0.0182 -0.8429 -7.3948 1.88847
0.8 0.4326 -0.0034 -5.3810 2.079762
0.9 0.1163 -0.0685 -3.0441 2.01570
0.95 0.0529 -0.1489 -2.2316 1.956981
1.0 0.2045 -0.0038 -2.0108 2.099811

Table 3. Revised set of parameter values employed in this research, adapted from the model

by Shabestari et al. ™

al 2.04 a2 0.10
as 0.03 ag -0.06
ag -3.84 ajp -1.20
a1z -0.30 a4 0.22
ay7 050 a1z -0.42
az1 -0.56

as 1.09 ay -1.08
ar 2.01 as 0.22
a1 030 ajp 1.37
a5 030 aig -1.35
ajg -0.15 age -0.19

series solution for system (1):

For the MSGDTM approach, the series solution
of system (1) is obtained similarly for a(t), 0(t),
and w(t).

4.3. MSGDTM and JSCSM error analysis

The approximation errors of the JSCSM and the
MSGDTM when applied to the fractional glucose-
insulin model are discussed here. The error is
computed as the Lo-norm for the difference be-
tween the approximate solutions and a reference
solution obtained using a high-accuracy numeri-
cal method.

For a given solution component 4(t), the Lo-
norm of the error is defined as:

N RS
Error(a) = \/sz]\il (tapprox(45) — tret(t7))

where M is the total number of time points in the
interval [0, T, and @approx(tj) and Uyer(tj) denote
the approximate and reference solutions for the
time point ¢;.

Similarly, the errors for ©(¢) and w(t) are de-
fined. The total error is then given as:

Total Error =+/Error ()2 + Error(0)2
+ VError(w)?.

The procedure for error evaluation is the follow-
ing:

(1) Compute dyscsm(t), Oiscsm(t), and
wyscsm(t) using JSCSM for a given trun-
cation order V.

(2) Compute tuysepTMm(t), OmsepTMm(t), and

wmsepTM(t) using MSGDTM  for the

same truncation order V.

Compare both approximate solutions with

a high-accuracy reference solution, tye¢(t),

Opet(t), and wWyet(t), obtained using a reli-

able numerical method such as the frac-

tional Runge-Kutta method.

(4) Compute the Lo-norm for both methods.

(3)

The approximation errors for JSCSM and MS-
GDTM are compared across different truncation
orders (N = 5,10,15) in Table 4. The table high-
lights the superiority of MSGDTM in achieving
lower errors for the same truncation order.

From Table 4, it is evident the following:

e Both JSCSM and MSGDTM achieve
higher accuracy as the truncation order
N increases.

e MSGDTM  consistently  outperforms
JSCSM in terms of approximation ac-
curacy, achieving lower errors for all trun-
cation orders tested.
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Table 4. Approximation errors for JSCSM and MSGDTM at different truncation orders

Truncation Order (N) | Error (JSCSM) | Error (MSGDTM)
5 3.21 x 1072 2.11 x 1072
10 1.47 x 1072 8.95 x 1073
15 7.63 x 1073 4.02 x 1073

Relative Error of MSGDTM vs JSCSM

Beta Cells ()

Relative Error

ol Mo

o 1 2 3 4 5 6
Time

(g) Relative error of MSGDTM.

Absolute Error of MSGDTM vs JSCSM

Absolute Error

Time

(h) Relative error of JSCSM

Figure 1. Relative error of MSGDTM versus JSCSM

0 50 100 150 200 250

(a)
ZL '
) I
o)
ui
-4
Ny
-6 ‘ . ‘ ‘ ‘
0 50 100 150 200 250
t
(c)

0 50 100 150 200 250

(b)

0 50 100 150 200 250

(d)

Figure 2. Lyapunov exponents for Model (1)

e The faster convergence of MSGDTM can
be attributed to its efficient handling of
fractional dynamics over subintervals.

This analysis demonstrates the effectiveness
of both methods in solving fractional-order sys-
tems. While MSGDTM offers superior accu-
racy, JSCSM remains a computationally viable
approach for moderate truncation orders.
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5. Model simulation and control
analysis

This section presents graphical representations of
the Model (1) under varying fractional orders
and control implementations. Figures 5 and 6
display the temporal progression of glucose (),
insulin (v), and beta-cell function (w) for both
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Figure 4. Compared between the 3D phases of (1) illustrated in (
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uncontrolled and controlled scenarios at orders
« 1 and @ = 0.98. In contrast, Figures 7
through 9 investigate more intricate fractional
order variations, such as sinusoidal fluctuations
(v = 0.97—0.03 sin(¢/10)), hyperbolic tangent ad-
justments (o = 0.97+0.03 tanh(¢/10)), and other
time-dependent modifications. These visualiza-
tions reveal transitions between equilibrium, os-
cillatory dynamics, and chaotic behavior, under-
scoring the model’s responsiveness to fractional
order variations. Additionally, Figure 10 show-
cases a phase plane projection (zyz), providing
a comparative visualization of system trajectories
and attractor structures under different fractional
orders and control strategies.
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6. Discussion

This study presented a Model (1) to capture the
memory-dependent and nonlinear behaviors in-
herent in metabolic control systems. Using the
Caputo derivative framework, combined with two
numerical schemes (MSGDTM and JSCSM), we
explored how fractional-order dynamics and key
parameters affect system stability, chaos, and con-
trol. This study explored a Model (1) by em-
ploying the following two numerical techniques:
the MSGDTM and the JSCSM. The model in-
corporates memory-dependent Caputo fractional
derivatives, allowing for more accurate simulation
of real biological processes that exhibit hereditary
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and nonlocal characteristics.  Fractional-order
glucose-insulin regulation is highlighted in this
study. The model captures nonlocal and memory-
dependent glucose-insulin interactions by incor-
porating fractional derivatives. This feature pro-
vides a more realistic representation of glucose
regulation than traditional integer-order models.
The behavior of the system is highly dependent
on fractional orders and parameter variations.
In healthy physiological states, fractional orders
close to a = 1 stabilize near equilibrium points.
However, for o < 1, the system exhibits oscilla-
tory or chaotic behaviors, potentially mimicking
pathological conditions like insulin resistance or
glucose instability. This study provides valuable
insights into how deviations in physiological con-
ditions can lead to metabolic disorders and how
fractional parameters influence system stability.
The MSGDTM provides superior numerical ac-
curacy, faster convergence, and greater computa-
tional efficiency compared to the JSCSM. It is
particularly effective at handling nonlinear and
memory-dependent characteristics of fractional
glucose-insulin systems. As a result of lower ap-
proximation errors, MSGDTM is a more reliable
method for solving fractional differential equa-
tions. Furthermore, this study explores how con-
trol mechanisms influence chaotic glucose-insulin
dynamics. A controlled system exhibits signifi-
cant improvements in stability, suggesting ther-
apeutic interventions to prevent metabolic disor-
ders. By using LE analysis and bifurcation di-
agrams, diabetes management strategies can be
developed. Due to this, fractional-order modeling
is becoming more important in biomedicine. Fur-
thermore, it improves glucose-insulin dynamics to
design therapeutic strategies for diabetes manage-
ment. To improve real-world application, stochas-
tic effects, environmental influences, or adaptive
control strategies might be incorporated. Fur-
thermore, integrating patient-specific data could
enhance predictive modeling and optimize dia-
betes treatment.

7. Conclusion

In this work, we investigated a Model (1) in-
corporating Caputo fractional derivatives to cap-
ture memory effects and hereditary character-
istics inherent in biological systems, particu-
larly glucose-insulin interactions. Two advanced
numerical techniques—the MSGDTM and the
JSCSM—were employed to solve the model and
analyze its dynamic behavior. Through compre-
hensive stability, bifurcation, and chaos analyses,
we identified key parameters (ajg to ag;) that
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govern transitions between equilibrium, oscilla-
tory, and chaotic dynamics, providing insights
into mechanisms such as g-cell stress, insulin pro-
duction, and glucose feedback. Numerical simula-
tions demonstrated that MSGDTM outperforms
JSCSM and other classical schemes in terms of
accuracy, convergence speed, computational sta-
bility, and efficient handling of nonlocal memory
terms, particularly in capturing nonlinear and os-
cillatory behaviors over long time intervals and
near chaotic regimes. The bifurcation and Lya-
punov analyses further confirmed that fractional-
order models reflect more realistic physiological
behavior compared to their integer-order counter-
parts, with graphical results emphasizing system
sensitivity to fractional order variations (o = 0.97
to 1.0) and validating the effectiveness of linear
control strategies in stabilizing chaotic fluctua-
tions. Based on these findings, fractional model-
ing is important in reproducing realistic glucose-
insulin dynamics and informing improved dia-
betes treatment interventions. Although limita-
tions remain—such as the restricted range of sim-
ulated fractional orders—the overall model re-
mains biologically consistent, with negative pa-
rameters interpreted as inhibitory or decay pro-
cesses. Looking ahead, we plan to extend the
analysis to broader ranges of fractional orders, in-
corporate stochastic perturbations and time-delay
effects, and integrate patient-specific clinical data
to enhance the model’s applicability for person-
alized treatment planning. This study highlights
the value of fractional calculus and the robust-
ness of MSGDTM as a powerful, adaptable tool
for solving complex nonlinear biomedical systems.
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