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This paper introduces a robust distributed-order time-fractional telegraph
model, incorporating Caputo time- and Riesz space-fractional derivatives.
The spatial Riesz derivative is discretized using an optimized finite difference
method. For the distributed-order fractional operator, the midpoint rule was
first used to approximate the integral with respect to the order distribution,
followed by the application of a finite difference scheme to approximate the
Caputo time-fractional derivative. The method’s flexibility and high accuracy
make it a valuable tool for modeling and simulating these systems, providing
insights into the behavior of fractional-order systems with both temporal and
spatial fractional effects. Additionally, the proposed approach outperforms
existing numerical methods in terms of both precision and computational effi-
ciency, making it highly applicable for real-world problems requiring accurate
and efficient solutions. A comprehensive analysis of convergence and stability
was conducted to validate the proposed numerical method. To demonstrate
its effectiveness, several numerical simulations were performed, revealing the
method’s exceptional accuracy and computational efficiency. Furthermore, a
comparison with existing numerical approaches from the literature is provided,
highlighting the proposed method’s superior performance in both precision and
practical applicability.
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1. Introduction

Over the past few decades, there has been
growing interest among researchers in model-
ing and analyzing complex physical phenom-
ena using fractional-order operators, particu-
larly in the fields of mathematical sciences and
engineering.1–7 The significant advantage of frac-
tional models, viewed as generalizations of clas-
sical integer-order models, lies in their ability
to more accurately capture anomalous transport

processes, especially those involving memory ef-
fects and spatial heterogeneity.8–15 Many com-
plex physical systems, such as diffusion in multi-
fractal media, cannot be effectively described
by single-order differential equations. There-
fore, it becomes essential to explore fractional-
order and, particularly, distributed-order differ-
ential models to account for the inherent com-
plexities of such phenomena. The study of
distributed-order time-fractional models began
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with Caputo,16 who investigated their applica-
tion in describing stress–strain relationships in
viscoelastic media. Subsequently, Caputo fur-
ther expanded on these models to include appli-
cations in dielectric relaxation and anomalous dif-
fusion phenomena.17,18 Building upon this foun-
dation, Chechkin et al.19 introduced and ana-
lyzed distributed-order time-fractional models in
greater depth, further highlighting their effective-
ness in representing physical systems that exhibit
a broad spectrum of dynamical behaviors.

Sokolov et al.20 studied and introduced
distributed-order time-fractional models, also re-
ferred to as diffusion-like models, to provide a ki-
netic interpretation of anomalous diffusion and to
describe relaxation phenomena.21–24 Among these
models, the fractional telegraph equation has gar-
nered significant attention due to its versatility in
modeling various physical and mathematical phe-
nomena. It has been effectively used in the study
of diffusive processes, elastic manifold structures,
and wave-like anomalous behaviors. Furthermore,
this class of equations has a broad application
across different fields, including mathematical sci-
ences, engineering, and physics.25–27 The classi-
cal time-fractional diffusion-wave model of dis-
tributed order can be extended to the distributed-
order time-fractional telegraph model by simul-
taneously considering the fractional derivatives
of distributed order over the intervals (0,1) and
(1,2). This formulation allows for a more compre-
hensive description of systems that exhibit both
diffusive and wave-like characteristics, capturing
a wider range of dynamic behaviors observed in
complex media.

Obtaining analytical solutions for distributed-
order fractional models is often a challenging task
due to the complexity of the underlying opera-
tors and the nonlocal nature of fractional deriva-
tives. Consequently, numerical methods have be-
come essential tools for solving such models ef-
fectively. A wide range of numerical techniques
has been developed in the literature, each tai-
lored to specific types of fractional equations
and boundary conditions. These include differ-
ent schemes,28,29 the fractional-centered differ-
ence method,30 fast second-order implicit differ-
ence methods,31 and Petrov–Galerkin as well as
spectral collocation techniques.32 Other methods,
such as direction implicit difference approaches,33

the operational matrix method,34 and hybrid
function-based techniques35 have also been ex-
plored. Additionally, meshless methods,36 com-
pact difference schemes,37 and finite difference-
spectral methods38 offer alternative strategies.

More advanced frameworks, such as the alter-
nating direction implicit-Galerkin finite element
method,39 finite element approximations,40 and
the shifted fractional Jacobi spectral algorithm41

have further expanded the toolbox for solving
these models. Some studies have combined the
finite difference method with the matrix transfer
technique to handle the space-fractional deriva-
tive in distributed-order models,42 while others
have employed the shifted Legendre method43 or
introduced novel matrix representations of frac-
tional models.44 Collectively, these methods re-
flect the rich and diverse landscape of numerical
strategies developed to tackle the inherent diffi-
culties in distributed-order fractional differential
equations.

In this work, we propose an efficient and
high-performance numerical method for solving
the distributed-order time-fractional telegraph
model, formulated as follows in Equation (1):

∫ 1

0
b1(µ)

CDµ
t udµ+

∫ 2

1
b2(ν)

CDν
t udν= H(x, t, u)

(1)

in which H(x, t, u) = −κ(−∆)
α
2 u+f(x, t, u), sub-

ject to the initial and boundary conditions in
Equation (2):

u(x, 0) = ψ(x), 0 ≤ x ≤ L,

u(0, t) = φ0(t), u(L, t) = φL(t) 0 < t ≤ T
(2)

Here, µ ∈ (0, 1], ν ∈ (1, 2], and CDµ
t ,

CDν
t

are defined as in Equation (3):

CDβ
t u(x, t) = (Γ(n− β))−1

×
∫ t

0
u(n)(x, τ)

1

(t− τ)β−n+1
dτ,

n− 1 < β ≤ n, n ∈ N

(3)

Here, −(−∆)
α
2 u denotes the Riesz fractional

operator in Equation (4)

−(−∆)
α
2 u = Cα(xD

α
+u+x D

α
−u) (4)

in which cα = − 1
2cos(πα

2
) , and xD

α
+, xD

α
− are

displayed by Equation (5)34:

xD
α
+u(x, t) =

d2

dx2
(xI2−α

+ u(x, t))

=
u(a, t)

Γ(1− α)(x− a)α
+

u′(a, t)

Γ(2− α)(x− a)α−1

+
1

Γ(2− α)

∫ x

a
u(2)

1

(ξ, t)(x− ξ)α−1
dξ

(5)
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and Equation (6):

xD
α
−u(x, t) =

d2

dx2
(xI2−α

− u(x, t))

=
u(b, t)

Γ(1− α)(b− x)α
− u′(b, t)

Γ(2− α)(b− x)α−1

+
1

Γ(2− α)

∫ b

x
u(2)(ξ, t)

1

(ξ − x)α−1
dξ

(6)

where xI+ and xI− are as defined by Ahmed
and Hashem.44 This class of fractional differen-
tial equations is characterized by the incorpo-
ration of distributed-order derivatives, which al-
low for a more nuanced modeling of memory
and hereditary properties inherent in complex
physical and engineering systems. Specifically,
the model under investigation incorporates time-
fractional derivatives of distributed order in the
Caputo sense, which are particularly advanta-
geous for initial value problems due to their phys-
ically interpretable initial conditions.

To numerically solve the equation introduced
above, the combined approach of the midpoint
method and finite differences was used. To es-
timate the integral term, we applied the mid-
point method and then used the finite differences
method to approximate the Caputo fractional op-
erator in the time direction. For the Riesz space-
fractional derivative with respect to the space
variable, we used the finite difference approach.45

The implications of the proposed method are
significant in solving complex distributed-order
multi-term time-fractional telegraph equations,
which are commonly encountered in various sci-
entific and engineering fields. These equations
arise in phenomena such as anomalous diffu-
sion, wave propagation in heterogeneous media,
and modeling complex materials with memory ef-
fects. In this paper, we introduced a novel nu-
merical method for solving the distributed-order
time-fractional telegraph model, which incorpo-
rates Caputo time derivatives and Riesz space-
fractional derivatives. The primary contribution
of this work lies in the development of a ro-
bust and efficient numerical scheme that com-
bines an optimized finite difference method for
the spatial Riesz derivative and a midpoint rule
for discretizing the integral in the distributed-
order fractional operator. This approach is fol-
lowed by a finite difference scheme to approxi-
mate the Caputo time-fractional derivative. The
novelty of the proposed method lies in its abil-
ity to accurately handle the complexity of the
distributed-order and multi-term fractional oper-
ators simultaneously, ensuring both high accu-
racy and computational efficiency. To the best

of our knowledge, this is one of the first ap-
proaches that directly addresses the challenges
of solving such equations with both spatial and
temporal fractional derivatives in a unified frame-
work. We also provide a comprehensive analysis
of the method’s convergence and stability, estab-
lishing its robustness for practical applications.
Several numerical experiments are conducted to
demonstrate the effectiveness of the method in
solving real-world problems. The proposed ap-
proach is then benchmarked against existing nu-
merical methods in the literature, highlighting its
superior performance in terms of both precision
and computational efficiency. This method has
broad implications for applications in fields such
as anomalous diffusion, wave propagation in het-
erogeneous media, and modeling of complex ma-
terials with memory effects, where distributed-
order time-fractional equations play a key role
in accurately describing underlying physical pro-
cesses.

In Section 2, we present a numerical approach
based on finite differences for approximating the
Caputo fractional operator. In Section 3, we in-
troduce an implicit numerical method for approx-
imating the solution to Equation (1). Section 4
provides the convergence and stability analyses of
the proposed numerical method, ensuring its reli-
ability. In Section 5, we present several numerical
examples to validate the efficiency and effective-
ness of the proposed method. Finally, Section 6
offers the concluding remarks, summarizing the
key findings and potential future directions.

2. A description of the numerical
approach for the fractional operator

Suppose that ∆t = b−a
N , t = tk = a + k∆t,

u0 = u(x, a) = u(x, t − k∆t), u1 = u(x, a +
∆t) = u (x, t− (k − 1)∆t) , . . . , uk−j = u(x, t −
j∆t), . . . , and uk = u(x, t) = u(x, a + k∆t), then
it can be presented as in Equation (7):

Dν
t u(x, tk) =

1

Γ(2− ν)

∫ t

a
u(2)(x, τ)(t− τ)1−νdτ

=
1

Γ(2− ν)

∫ t−a

0
u(2)(x, t− τ)τ1−νdτ

=
1

Γ(2− ν)

k−1∑
j=0

∫ (j+1)∆t

j∆t
u(2)(x, t− τ)τ1−νdτ

=
(∆t)−2

Γ(2− ν)

k−1∑
j=0

(u(x, t+ k1)− 2u(x, t+ k2)

+ u(x, t+ k3)

∫ (j+1)∆t

j∆t

1

τν−1
dτ
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=
(∆t)−ν

Γ(3− ν)

k−1∑
j=0

bνj (u(x, tk−j+1)

− 2u(x, tk−j) + u(x, tk−j−1))

(7)

in which k1 = (1 − j)∆t, k2 = −j∆t, k3 =
(−j − 1)∆t and bνj = ((j + 1)2−ν − j2−ν).

Also, by applying a similar technique, we get
Equation (8):

Dµ
t u(x, t) =

1

Γ(1− µ)

∫ t

a
u

′
(x, τ)(t− τ)−µdτ

=
1

Γ(1− µ)

∫ t−a

0
u

′
(x, t− τ)τ−µdτ

=
1

Γ(1− µ)

k−1∑
j=0

∫ (j+1)∆t

j∆t
u

′
(x, t− τ)τ−µdτ

=
1

Γ(1− µ)

k−1∑
j=0

u(x, t+ k1)− u(x, t+ k2)

∆t

×
∫ (j+1)∆t

j∆t

1

τµ
dτ

=
(∆t)−µ

Γ(2− µ)

k−1∑
j=0

bµj (u(x, tk−j+1)− u(x, tk−j))

(8)
in which bµj = ((j+1)2−µ− j2−µ). For 1 < α < 2,
the Riesz fractional operator can be estimated as
in Equation (9)45:

− (−∆)α/2u(x, t) = − (∆x)−α

2Γ(α)Γ(3− α) cos
(
πα
2

)
×

{
(1− α)(2− α)u0

qα
+

(2− α)

qα−1
(u1 − u0)

+

q−1∑
i=0

(uq−i+1 − 2uq−i + uq−i−1)
[
(i+ 1)2−α − i2−α

]
+

(1− α)(2− α)uM
(M − q)α

− (2− α)

(M − q)α−1
(uM − uM−1)

+

M−q−1∑
i=0

(uq+i−1 − 2uq+i + uq+i+1)
[
(i+ 1)2−α − i2−α

]}
(9)

in which ∆x = b−a
M , x = xq = a + q∆x, u0 =

u(a, t) = u(x− q∆x, t), u1 = u(a+∆x, t) = u(x−
(q − 1)∆x, t), . . . , uq−i = u(x − i∆x, t), . . . , uq =
u(x, t) = u(a+ q∆x, t)

3. Description of the numerical method

In this section, we present the discretization
method used for approximating the integral terms
in the distributed-order fractional operator. The
proposed method utilized a quadrature rule to

evaluate these integrals. This choice was moti-
vated by the fact that quadrature methods pro-
vide a flexible and accurate approach to numeri-
cal integration, especially when dealing with func-
tions that are difficult to handle analytically. Fur-
thermore, quadrature methods are widely used for
handling fractional integrals due to their ability to
approximate the integrals over complex domains
with high precision. Therefore, we have Equation
(10):

∫ b

a
b(γ)CDγ

t u(x, t)dγ = h

L∑
p=0

b(γp)
CD

γp
t u(x, t)

− h2

24
F ′′(γ), γ ∈ (a, b)

(10)

where γp =
ηp−1+ηp

2 , p = 1, . . . , L, γp ∈ [ηp−1, ηp],
and the interval [ηp−1, ηp] is a partition of the L
subintervals of [a, b] with equal amplitude h =
b−a
L . Here F is F = b(γ)CDγ

t u(x, t).
Then, using Equation (10), we have Equation

(11):

∫ 1

0
b1(µ)

CDµ
t u(x, t)dµ =

1

L

L∑
p=0

b1(µp)
CD

µp

t u(x, t)

− h2

24
F ′′

1(µ), µ ∈ (0, 1)

(11)

where µp =
ηp−1+ηp

2 for p = 1, . . . , L. We con-
sider the interval [ηp−1, ηp] with equal amplitude

h = b−a
L such that [ηp−1, ηp] ⊆ [0, 1], F1 =

b1(µ)
CDµ

t u(x, t). Similar to the procedures in
Equation (11), we have Equation (12):

∫ 2

1
b2(ν)

CDν
t u(x, t)dν =

1

L

L∑
p=0

b2(νp)
CD

νp
t u(x, t)

− h2

24
F ′′

2(ν), ν ∈ (1, 2)

(12)

where νp =
η′p−1+η′p

2 for p = 1, . . . , L and con-
sidering the interval [η′p−1, η

′
p] with equal ampli-

tude h = b−a
L such that [η′p−1, η

′
p] ⊆ [1, 2] and

F2 = b2(ν)
CDν

t u(x, t)
Neglecting ◦(h2) in Equations (11) and (12),

Equation (1) can be approximated as Equation
(13):

1

L

L∑
p=0

b1(µp)
CD

µp

t u(x, t) +
1

L

L∑
p=0

b2(νp)
CD

νp
t u(x, t) =

− κ(−∆)
α
2 u(x, t) + f(x, t, u(x, t))

(13)
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By putting CD
µp

t u(x, t), CD
νp
t u(x, t), and

−(−∆)
α
2 u(x, t) into Equation (1), and showing

by Uk
q ≈ u(xq, tk), we acquire Equation (14):

1

L

L∑
p=0

b1(µp)

 (∆t)−µp

Γ(2− µp)

k−1∑
j=0

(Uk−j+1
q − Uk−j

q )


× ((j + 1)1−µp − j1−µp)) +

1

L

L∑
p=0

b2(νp)

(
(∆t)−νp

Γ(3− νp)

×
k−1∑
j=0

(Uk−j+1
q − 2Uk−j

q + Uk−j−1
q )((j + 1)2−νp − j2−νp))

= − κ(∆x)−α

2Γ(α)Γ(3− α)cos(πα2 )

{
(1− α)(2− α)Uk

0

qα

+
(2− α)

qα−1
(Uk

1 − Uk
0 ) +

q−1∑
i=0

(Uk
q−i+1 − 2Uk

q−i

+ Uk
q−i−1)[(i+ 1)2−α − i2−α] +

(1− α)(2− α)Uk
M

(M − q)α

− (2− α)

(M − q)α−1
(Uk

M − Uk
M−1) +

M−q−1∑
i=0

(Uk
q+i−1 − 2Uk

q+i

+Uk
q+i+1)[(i+ 1)2−α − i2−α]

}
+ f(xq, tk, U

k
q )

(14)
under the conditions as in Equation (15):

U0
q = ψ(q∆x), q = 0, 1, . . . ,M,

Uk
0 = φ0(k∆t), U

k
M = φL(k∆t) k = 0, 1, . . . , N

(15)

4. Convergence and stability

The stability analysis, along with convergence,
is obtained by the proposed numerical method,
which is presented in Section 3. For simplicity,
we can rewrite Equation (14) as follows in Equa-
tion (16):

T1(U
k+1
q ) = T2(U

k
q ) + f(xq, tk, U

k
q ) (16)

where it can be expanded as in Equation (17):

T1

(
U (k+1)
q

)
=

1

L

L∑
p=0

[
b1(µp)(∆t)

−µp

Γ(2− µp)

+
b2(νp)(∆t)

−νp

Γ(3− νp)
U (k+1)
q +

κ(∆x)−α

2Γ(α)Γ(3− α) cos
(
πα
2

)
×

{
q−1∑
i=0

(
U

(k)
q−i+1 − 2U

(k)
q−i + U

(k)
q−i−1

) [
(i+ 1)2−α − i2−α

]
+

M−q−1∑
i=0

(
U

(k)
q+i−1 − 2U

(k)
q+i + U

(k)
q+i+1

) [
(i+ 1)2−α − i2−α

]}
(17)

and Equation (18):

T2(U
k
q ) =

1

L

L∑
p=0

[
b1(µp)

(∆t)−µp

Γ(2− µp)
+ b2(νp)

(∆t)−νp

Γ(3− νp)

]
Uk
q

+
1

L

L∑
p=0

b2(νp)(
(∆t)−νp

Γ(3− νp)
(Uk

q − Uk−1
q )

− 1

L

L∑
p=0

b1(µp)(
(∆t)−µp

Γ(2− µp)

k−1∑
j=1

(Uk−j+1
q − Uk−j

q ))((j + 1)1−µp

− j1−µp))− 1

L

L∑
p=0

b2(νp)(
(∆t)−νp

Γ(3− νp)

k−1∑
j=1

(Uk−j+1
q − 2Uk−j

q

+ Uk−j−1
q )((j + 1)2−νp − j2−νp))− κ(∆x)−α

2Γ(α)Γ(3− α)cos(πα2 )

×
{
(1− α)(2− α)Uk

0

qα
+

(2− α)

qα−1
(Uk

1 − Uk
0 )

+
(1− α)(2− α)Uk

M

(M − q)α
− (2− α)

(M − q)α−1
(Uk

M − Uk
M−1)

}
(18)

Suppose the initial data has an error e0q as in
Equation (19)

ψ̃0
q = ψ(xq) + e0q , q = 1, . . . ,M (19)

Let Uk
q and Ũk

q are the solutions of Equations
(14) and (15). Therefore, it can be depicted as in
Equation (20)

T1(e
k+1
q ) = T2(e

k
q ) + f(xq, tk, U

k
q )− f(xq, tk, Ũ

k
q )

(20)

in which ekq = Uk
q − Ũk

q . Also, let Ek =

[ek1, e
k+1
2 , . . . , ekM ], k = 0, 1, 2, . . . , N and ∥

Ek ∥∞= max1≤m≤M |ekm|. In proving the main
theorems of this manuscript, we consider the fol-
lowing symbols in Equation (21):

ξ1(L,∆t) =
1

L

L∑
p=0

b1(µp)

Γ(2− µp)
(∆t)−µp ,

ξ2(L,∆t) =
1

L

L∑
p=0

b1(µp)
b2(νp)

Γ(3− νp)
(∆t)−νp

(21)

4.1. Theorem

Let f(x, t, u) be a Lipschitz map. Then, the nu-
merical method given by Equation (14) with ini-
tial boundary conditions Equation (15) is uncon-
ditionally stable, that is

∥ En ∥∞≤ ϱ ∥ E0 ∥∞, n = 0, 1, . . . , N (22)

where ϱ > 0 and independent of the step sizes.
According to the conditions Equation (15),

the inequality Equation (22) is satisfied for n = 0.
Suppose Equation (22) satisfies n = 1, . . . , k, as-
suming that z ∈ {1, 2, . . . ,M} such that |ek+1

z | =
539
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max0≤m≤M |ek+1
m | =∥ Ek+1

z ∥∞, then, we have
Equation (23):

(ξ1(L,∆t) + ξ2(L,∆t)) ∥ Ek+1 ∥∞

= (ξ1(L,∆t) + ξ2(L,∆t))|ek+1
z |+ κ(∆x)−α

2Γ(α)Γ(3− α)cos(πα2 )

×

{
q−1∑
i=0

(2|ekz−i| − 2|ekz−i|)[(i+ 1)2−α − i2−α]

+

M−q−1∑
i=0

(2|ekz+i| − 2|ekz+i|)[(i+ 1)2−α − i2−α]

}

≤ (ξ1(L,∆t) + ξ2(L,∆t))|ek+1
z |+ κ(∆x)−α

2Γ(α)Γ(3− α)cos(πα2 )

× {
q−1∑
i=0

(2|ekz−i| − |ekz−i−1 − |ekz−i+1|[(i+ 1)2−α − i2−α])

+

M−q−1∑
i=0

(2|ekz+i| − |ekz+i−1| − |ekz+i+1|)× [(i+ 1)2−α − i2−α]}

≤ |(ξ1(L,∆t) + ξ2(L,∆t))|ek+1
z | − κ(∆x)−α

2Γ(α)Γ(3− α)cos(πα2 )

× {
q−1∑
i=0

(|ekz−i+1| − 2|ekz−i|+ |ekz−i−1|)[(i+ 1)2−α − i2−α]

+

M−q−1∑
i=0

(|ekz+i+1| − 2|ekz+i|+ |ekz+i−1|)[(i+ 1)2−α − i2−α]}|

≤ |(ξ1(L,∆t) + ξ2(L,∆t))|ek+1
z |+ κ(∆x)−α

2Γ(α)Γ(3− α)cos(πα2 )

×

{
q−1∑
i=0

(|ekz−i+1| − 2|ekz−i|+ |ekz−i−1|)× [(i+ 1)2−α − i2−α]

+

M−q−1∑
i=0

(|ekz+i+1| − 2|ekz+i|+ |ekz+i−1|)× [(i+ 1)2−α − i2−α]

}∣∣∣∣∣
= |T1(ek+1

z )| = |T2(ekz) + f(xz, tk, U
k
z )− f(xz, tk, Ũ

k
z )|

≤ |T2(ekz)|+ |f(xz, tk, Uk
z )− f(xz, tk, Ũ

k
z )|

(23)

Then, we have Equation (24)

(ξ1(L,∆t) + ξ2(L,∆t)) ∥ Ek+1 ∥∞≤ |T2(ekz)|+ Lf |Uk
z − Ũk

z )|
(24)

where Lf ∈ (0, 1). Substituting Equation (18)
into Equation (24) yields Equation (25)

(ξ1(L,∆t) + ξ2(L,∆t)) ∥ Ek+1 ∥∞≤
k−1∑
j=1

a ∥ Ek−j+1 ∥∞

+ b ∥ Ek−j ∥∞ +c ∥ Ek−j−1 ∥∞
(25)

where for j = 1, we have Equation (26):

a = (ξ1k
1−µp + ξ2k

2−νp + ξ1 + 2ξ2 +W (M,α, z)),

W (M,α, z) =

∣∣∣∣ κ(∆x)−α

2Γ(α)Γ(3− α)cos(πα2 )

{
(1− α)(2− α)

qα
+

2(2− α)

qα−1
+

(1− α)(2− α)

(M − q)α

− 2(2− α)

(M − q)α−1
, b = (ξ1k

1−µp + 2ξ2k
2−νp + ξ2 + Lf ),

c = ξ2k
2−νp

(26)

and for j = 2, . . . , k − 1, we have Equation (27):

a = ξ1k
1−µp + ξ2k

2−νp ,

b = ξ1k
1−µp + 2ξ2k

2−νp ,

c = ξ2k
2−νp

(27)

Equation (25) can also be rewritten as follows
Equation (28)

∥ Ek+1 ∥∞≤ 1

ξ1(L,∆t) + ξ2(L,∆t)

k−1∑
j=1

a ∥ Ek−j+1 ∥∞

+ b ∥ Ek−j ∥∞ +c ∥ Ek−j−1 ∥∞

≤ 1

ξ1(L,∆t) + ξ2(L,∆t)
(akδ1 + bkδ2 + ckδ3) ∥ E0 ∥∞

(28)

From Equation (28), we get Equation (29):

∥ Ek+1 ∥∞≤ ϱ ∥ E0 ∥∞ (29)

where ϱ = max{ 1
ξ1(L,∆t)+ξ2(L,∆t)(akδ1 + bkδ2 +

ckδ3)}. Thus, for each arbitrary initial rounding
error E0, there exists ϱ > 0, independent of L,
∆t, and ∆x, such that in Equation (30):

∥ En ∥∞≤ ϱ ∥ E0 ∥∞ (30)

Therefore, our numerical method is uncondi-
tionally stable.

Suppose that the exact and approximate solu-

tions of Equation (1) are Uk
q and Ũk

q , respectively.
Then, we consider the error function at (xq, tk by
the following formula in Equation (31):

ekq = Uk
q − Ũk

q , k = 1, . . . , N, q = 1, . . . ,M (31)

in which ek = [ek1, e
k
2, . . . , e

k
M ]. Due to Equations

(2) and (15), we have e0 = [0, 0, . . . , 0]. Then,
from Equation (14), we have Equation (32):
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1

L

L∑
p=0

b1(µp)(
(∆t)−µp

Γ(2− µp)

k−1∑
j=0

(Uk−j+1
q − Uk−j

q ))

× ((j + 1)1−µp − j1−µp) + b
µp

1 (∆t)2−µp
∂2U(xq, ηk)

∂t2
)

− h2

24
F ′′

1(µ) +
1

L

L∑
p=0

b2(νp)(
(∆t)−νp

Γ(3− νp)

k−1∑
j=0

(Uk−j+1
q

− 2Uk−j
q + Uk−j−1

q )((j + 1)2−νp − j2−νp)

+ b
νp
2

(∆t)4−νp

24

∂4U(xq, η
′
k)

∂t4
)− h2

24
F ′′

2(ν))

= − κ(∆x)−α

2Γ(α)Γ(3− α)cos(πα2 )
{(1− α)(2− α)Uk

0

qα

+
(2− α)

qα−1
(Uk

1 − Uk
0 ) +

q−1∑
i=0

(Uk
q−i+1 − 2Uk

q−i

+ Uk
q−i−1)[(i+ 1)2−α − i2−α] +

(1− α)(2− α)Uk
M

(M − q)α

− (2− α)

(M − q)α−1
(Uk

M − Uk
M−1) +

M−q−1∑
i=0

(Uk
q+i−1

− 2Uk
q+i + Uk

q+i+1)[(i+ 1)2−α − i2−α]}

+ bα
(∆t)4−α

24

∂4U

∂x4
(θq, ηk)

+ f(xq, tk, U
k
q ) + ∆t[

∂f

∂t
(xq, ζk+1, U(xq, ζk+1))

+
∂f

∂U
(xq, ζk+1, U(xq, ζk+1))

∂U

∂t
(xq, ζk+1)]

(32)

in which ηk ∈ (0, tk), η
′
k ∈ (0, tk), θq ∈ (xq−1, xq)

and ζk ∈ (tk, tk+1). We can rewrite Equation (14)
as follows in Equation (33):

1

L

L∑
p=0

b1(µp)(
(∆t)−µp

Γ(2− µp)

k−1∑
j=0

(Uk−j+1
q − Uk−j

q ))

× ((j + 1)1−µp − j1−µp) +
1

L

L∑
p=0

b2(νp)(
(∆t)−νp

Γ(3− νp)

×
k−1∑
j=0

(Uk−j+1
q − 2Uk−j

q + Uk−j−1
q )((j + 1)2−νp − j2−νp)

+
κ(∆x)−α

2Γ(α)Γ(3− α)cos(πα2 )
{(1− α)(2− α)Uk

0

qα
+

(2− α)

qα−1

× (Uk
1 − Uk

0 ) +

q−1∑
i=0

(Uk
q−i+1 − 2Uk

q−i + Uk
q−i−1)

× [(i+ 1)2−α − i2−α] +
(1− α)(2− α)Uk

M

(M − q)α
− (2− α)

(M − q)α−1

× (Uk
M − Uk

M−1) +

M−q−1∑
i=0

(Uk
q+i−1 − 2Uk

q+i + Uk
q+i+1)

× [(i+ 1)2−α − i2−α]} = − 1

L

L∑
p=0

b1(µp)b
µp

1 (∆t)2−µp

× ∂2u(xq, ηk)

∂t2
+
h2

24
F ′′

1(µ)−
1

L

L∑
p=0

b2(νp)b
νp
2

(∆t)4−νp

24

× ∂4U(xq, η
′
k)

∂t4
+
h2

24
F ′′

2(ν) + bα
(∆t)4−α

24

∂4U

∂x4
(θq, ηk)

+ f(xq, tk, U
k
q ) + ∆t[

∂f

∂t
(xq, ζk+1, U(xq, ζk+1))

+
∂f

∂U
(xq, ζk+1, U(xq, ζk+1))

∂U

∂t
(xq, ζk+1)]

(33)
Applying the definition of T1 and T2, we can

rewrite Equation (33) as in Equation (34):

T1(U
k+1
q ) = T2(U

k
q ) + f(xq, tk, U

k
q )

− 1

L

L∑
p=0

b1(µp)b
µp

1 (∆t)2−µp
∂2u(xq, ηk)

∂t2

+
h2

24
F ′′

1(µ)−
1

L

L∑
p=0

b2(νp)b
νp
2

(∆t)4−νp

24

× ∂4U(xq, η
′
k)

∂t4
+
h2

24
F ′′

2(ν)

+ bα
(∆x)4−α

24

∂4U

∂x4
(θq, ηk)

+ ∆t[
∂f

∂t
(xq, ζk+1, U(xq, ζk+1))

+
∂f

∂U
(xq, ζk+1, U(xq, ζk+1))

∂U

∂t
(xq, ζk+1)]

(34)

Thus, the error ekq for q = 1, . . . ,M and
k = 1, . . . , N satisfies Equation (35)

{
e0q = 0,

T1

(
U

(k+1)
q

)
= T2

(
Uk
q

)
+ R(k+1)

q + f(xq, tk, U
k
q )− f(xq, tk, Ũ

k
q )

(35)
in which it can be defined as in Equation (36)

Rk+1
q = − 1

L

L∑
p=0

b1(µp)b
µp

1 (∆t)2−µp
∂2u(xq, ηk)

∂t2

+
h2

24
F ′′

1(µ)−
1

L

L∑
p=0

b2(νp)b
νp
2

(∆t)4−νp

24

∂4U(xq, η
′
k)

∂t4

+
h2

24
F ′′

2(ν) + bα
(∆x)4−α

24

∂4U

∂x4
(θq, ηk)

+ ∆t[
∂f

∂t
(xq, ζk+1, U(xq, ζk+1))

+
∂f

∂U
(xq, ζk+1, U(xq, ζk+1))

∂U

∂t
(xq, ζk+1)]

(36)

Consider Rk+1 = [Rk+1
1 ,Rk+1

2 , . . . ,Rk+1
M ], k =

0, 1, . . .. From Equation (37), we get
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|Rk+1
q | ≤ P1

1

L

L∑
p=0

b1(µp)b
µp

1 (∆t)2−µp + P2h
2

+ P3
1

L

L∑
p=0

b2(νp)b
νp
2 (∆t)4−νp + P4h

2

+ P5b
α(∆t)4−α + P6∆t

≤ b1P1 max
µ∈(0,1)

{b1(µ)}(∆t)2−µL + P2h
2

+ b2P3 max
ν∈(1,2)

{b2(ν)}(∆t)4−νL + P4h
2

+ P5b
α
(∆t)4−α + P6∆t

(37)
in which it can be defined as in Equation (38):

P1 = max
t∈[0,T ]

|∂
2u(xq, t)

∂t2
|, P2 = max

µ∈(0,1)
|F ′′

1|,

P3 = max
t∈[0,T ]

| 1
24

∂4U(xq, t)

∂t4
|, P4 = max

ν∈(1,2)
|F ′′

2|,

P5 =
1

24
max
x∈[0,L]

|∂
4U

∂x4
(x, tk)|,

P6 = max
ζk+1∈[tk,tk+1]

|{∂f
∂t

(xq, ζk+1, U(xq, ζk+1))

+
∂f

∂U
(xq, ζk+1, U(xq, ζk+1))

∂U

∂t
(xq, ζk+1)}|,

b1 = max
p

{bµp

1 }, b2 = max
p

{bνp2 }
(38)

and bα = maxα{bα}. Then, we get Equation (39):

∥ Rk+1 ∥∞≤ C((∆t)2−µL + h2 + (∆t)4−νL

+ (∆t)4−α + (∆t))
(39)

where C = max{b1P1, P2, b2P3, P4, b
α
P5, P6, }.

5. Illustrative examples

Some numerical examples are demonstrated in
this part to show the effectiveness of the studied
numerical approach. The absolute errors for these
illustrative examples at different points (x, t) are
computed as follows in Equation (40):

|e(xq, tk)| = |u(xq, tk)− ukq |,
k = 1, . . . , N, q = 1, . . . ,M,

(40)

in which u(xq, tk) and u
k
q show the exact and ap-

proximate solutions, respectively. Additionally,
all numerical simulations presented in this study
were conducted using Mathematica software (ver-
sion 11). The computations were performed on a
laptop equipped with an Intel Core i5 processor
(2.40 GHz) and 16.00 GB of RAM. Moreover, the

following formula Equation (41) was used to cal-
culate the convergence order:

Rateh = log2(
e(h,∆t)

e(h2 ,∆t)
),

Rate∆t = log2(
e(h,∆t)

e(h, ∆t
2 )

).

(41)

5.1. Example 1

Consider Equation (42):

∫ 1

0
Γ(5− µ)CDµ

t u(x, t)dµ

+

∫ 2

1
Γ(5− ν)CDν

t u(x, t)dν =

− (−∆)
α
2 u(x, t) + u2(x, t) + g(x, t)

(42)

where in Equation (43):

g(x, t) = 24(x(1− x))3
(t4 − t2)

ln t
− t8(x(1− x))6

+ g1(x, t)g1(x, t) = (2cos(
απ

2
))−1t4

×
[

Γ(4)

Γ(4− α)
(x3−α + (1− x)3−α)

− 3Γ(5)

Γ(5− α)
(x4−α + (1− x)4−α)

+
3Γ(6)

Γ(6− α)
(x5−α + (1− x)5−α)

− Γ(7)

Γ(7− α)
(x6−α + (1− x)6−α)

]
(43)

with conditions in Equation (44):

u(x, 0) = 0, x ∈ (0, 1),

u(0, t) = 0, u(1, t) = 0, t ∈ (0, 1]
(44)

The exact solution is u(x, t) = t4(x(1 −
x))3. We solved this problem using the numer-
ical method developed in this study. The method
was applied with L = 20, M = N = 30, and
various values of α. Figure 1 presents the ap-
proximate solutions obtained by our method for
these parameter values and different choices of α.
This figure provides a visual representation of how
the solution evolves across the spatial domain and
time for different choices of α, offering insight into
the influence of the fractional order on the over-
all behavior of the solution. Figure 2 compares
the exact solution with the approximate solution
at L = 20, M = N = 30, and various choices of
α in u(x, 0.5). Figure 3 illustrates the absolute
error functions for L = 20, M = N = 30, and
various choices of α. These graphs illustrate the
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discrepancy between the approximate and exact
solutions, providing a clear indication of the accu-
racy of the numerical method. The absolute error
is an essential metric for evaluating the effective-
ness of the approximation, and these graphs help
to assess how errors vary as α changes. Figure 4
shows the absolute error functions at t = 0.5 for
the same values of L, M , and N with different
choices of α. This figure focuses on the error at
a specific time, offering more detailed insight into
the temporal behavior of the numerical approxi-
mation. It is particularly useful for understand-
ing how the error behaves at different fractional
orders at a fixed point in time. Tables 1 and 2
provide the maximum errors and convergence or-
ders for the numerical method in space and time,
respectively. These tables are essential for under-
standing the accuracy and convergence behavior
of the method. Specifically, the convergence order
indicates how quickly the numerical solution ap-
proaches the exact solution as the grid resolution
increases, and the maximum errors give a measure
of the overall deviation from the true solution.

Figure 1. The plot of the approximate solution
u(x, t) with L = 20, M = N = 30, and various choices
of α for Example 1

Figure 2. Approximate and exact solutions with L =
20, M = N = 30 and various choices of α for Example
1 when t = 0.5

Figure 3. The absolute error functions with L = 20,
M = N = 30 and various choices of α for Example 1

Figure 4. The absolute error functions with L = 20,
M = N = 30 and various choices of α for Example 1
at t = 0.5

5.2. Example 2

Consider the problem in Equation (45)‘:∫ 1

0
Γ(

7

2
− µ)CDµ

t u(x, y, t)dµ

+

∫ 2

1
Γ(

7

2
− ν)CDν

t u(x, y, t)dν

= −(−∆)
α
2 u(x, y, t) + g(x, y, t) +

15
√
π
√
t

8lnt

× (t2 − 1)(x(1− x)y(1− y))3, n ∈ N
(45)

in which in Equation (46):

g(x, y, t) = (2cos(
απ

2
))−1t

5
2 ((1− y)y)3

× [
Γ(4)

Γ(4− α)
(x3−α + (1− x)3−α)

− 3Γ(5)

Γ(5− α)
(x4−α + (1− x)4−α)

+
3Γ(6)

Γ(6− α)
(x5−α + (1− x)5−α)

− Γ(7)

Γ(7− α)
(x6−α + (1− x)6−α)]

+ (2cos(
βπ

2
))−1t

5
2 ((1− x)x)3[

Γ(4)

Γ(4− β)
(y3−β

+ (1− y)3−β)− 3Γ(5)

Γ(5− β)
(y4−β + (1− y)4−β)

543



Pakchin et al. / IJOCTA, Vol.15, No.3, pp.535-548 (2025)

Table 1. Comparison of the error function and convergence order with N= 100 for Example 1

M α = 1.5 α = 1.8 α = 1.9
e(h,∆t) Rateh e(h,∆t) Rateh e(h,∆t) Rateh

32 2.550426e-10 - 5.474700e-10 - 8.682241e-10 -
64 8.150868e-11 1.9820 1.558595e-10 1.9788 2.358879e-10 1.9863
128 1.205352e-11 1.9984 3.065866e-11 1.9980 5.072403e-11 1.9970
256 4.701125e-12 1.9937 1.034642e-11 1.9970 1.436730e-11 1.9972

Table 2. Comparison of the error function and convergence order with M= 100 for Example 1

N α = 1.5 α = 1.8 α = 1.9
e(h,∆t) Rate∆t e(h,∆t) Rate∆t e(h,∆t) Rate∆t

32 1.104018e-10 - 1.002382e-10 - 7.008703e-11 -
64 3.047415e-11 1.9900 2.438518e-11 1.8808 2.011908e-11 1.9931
128 6.557025e-12 1.9949 5.282357e-12 1.8845 5.045536e-12 1.9954
256 1.804933e-12 2.0007 1.500711e-12 1.8868 1.267602e-12 1.9928

+
3Γ(6)

Γ(6− β)
(y5−β + (1− y)5−β)

− Γ(7)

Γ(7− β)
(y6−β + (1− y)6−β)]

(46)

in which (x, t) ∈ [0, 1]× [0, 1] under the conditions
in Equation (47):

u(x, y, 0) = 0, (x, y) ∈ (0, 1)× (0, 1),

u(x, y, t) = 0, (x, y) ∈ ∂((0, 1)× (0, 1))
(47)

The exact solution for this model is given by

u(x, t) = t
5
2 (x(1− x)y(1− y))3. Applying our nu-

merical method, taking L = 20 andM = N = 30,
the numerical results for this example for differ-
ent values of α are shown in Figure 5 if t = 0.5.
The absolute error functions with L = 20, M =
N = 30, and various choices of α for this example
at t = 0.5 are demonstrated in Figure 6.

Figure 5. The plot of the approximate solution
u(x, t) with L = 20, M = N = 30 and various choices
of α for Example 2

Figure 6. The absolute error functions with L = 20,
M = N = 30 and various choices of α for Example 2

5.3. Example 3

Consider the time-fractional reaction-diffusion
model of distributed order with α = 2 in Equation
(48):

∫ 1

0
Γ(

7

2
− µ)CDµ

t u(x, t)dµ = uxx(x, t) + u2(x, t)

+
15
√
πt
√
t

8lnt
(t− 1)(x(1− x))− 2t5 − (xt(1− x))2

(48)
with the following conditions in Equation (49):

u(x, 0) = u(0, t) = u(1, t) = 0, x ∈ (0, 1), t ∈ (0, 1]
(49)

The exact solution for this model was cal-
culated in previous studies [30, 31] by u(x, t) =

t
5
2x(x−1). We solved this model using the studied
method on the domains x ∈ (0, 1) and t ∈ (0, 1]
when ∆x = h. Figure 7 shows the numerical re-
sults for different values of ∆x = h. Figure 8
reports the error function for different values of
h. Figure 9 shows the error function for differ-
ent values of h with t = 0.5. We compared the
method presented in this study with the meth-
ods discussed in previous articles46,47 based on
the error function. The comparison results are
summarized in Table 3, which also includes the
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Table 3. Comparison of the maximum errors and convergence orders with ∆t= (∆x)
2
for Example 3

∆x = h Reference30 Reference31 Proposed method
e(h,∆t) Rate∆t e(h,∆t) Rate∆t e(h,∆t) Rate∆t

0.5 7.43e-2 - 2.45e-2 - 1.34e-7 -
0.25 3.22e-2 0.60 5.47e-3 1.08 4.36e-8 1.99
0.125 8.99e-3 0.92 1.30e-3 1.04 1.21e-8 1.78
0.0625 2.31e-3 0.98 3.20e-4 1.01 2.13e-9 1.73

convergence order for the proposed method. This
table provides a comprehensive overview of the
performance of the proposed method in relation
to those from previous studies, highlighting the
accuracy and convergence behavior.

Figure 7. The surface of the approximate solution
u(x, t) with L = 20, M = N = 30 and various choices
of α for Example 3

Figure 8. The absolute error functions with L = 20,
M = N = 30, and various choices of α for Example 3

Figure 9. The absolute error functions with L = 20,
M = N = 30 and various choices of α for Example 3
at t = 0.5

6. Conclusion

In this study, we analyzed the distributed-order
multi-dimensional time-fractional telegraph equa-
tions, incorporating Caputo time- and Riesz
space-fractional derivatives. The finite difference
method was employed to approximate the Riesz
space-fractional derivative with respect to the

spatial variable. To approximate the distributed-
order fractional operator, we applied the mid-
point method to discretize the integral term, fol-
lowed by the use of the finite difference method
to approximate the Caputo fractional derivative
with respect to the time variable. We have
rigorously proved the convergence and stability
of the proposed numerical method. To demon-
strate the high efficiency and accuracy of the
method, we conducted several numerical experi-
ments, comparing the results with those obtained
from other numerical methods found in the litera-
ture. The comparison clearly shows that the pro-
posed method outperforms existing approaches in
terms of both efficiency and performance, making
it a highly effective tool for solving distributed-
order time-fractional telegraph equations.
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