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In modern industrial automation, control of nonlinear systems with complex
dynamics poses significant challenges, especially when dealing with discrete-
time models that incorporate state-dependent parameters. Addressing this
need, this paper explores the Proportional-integral-derivative-plus (PID+) con-
trol approach applied to nonlinear systems characterized by state-dependent
parameter (SDP) discrete-time models. Two industrial applications are
demonstrated as follows: a bitumen tank system and a reeling/packing machine
used in a bitumen membrane sheet production line. Both systems are modeled
using discrete-time transfer functions with SDP structures. The present work
extends the novel SDP-PID+ approach by formulating its control algorithms
and integrating additional proportional and input compensators. This en-
hancement enables effective and intuitive handling of processes characterized
by discrete-time transfer functions with any order and sampling time delay.
The approach enables a straightforward implementation of the SDP-PID+ al-
gorithm across two distinct industrial applications, considering their varying
response times. The approach reduces the time required to design the SDP-
PID+ method for the selected applications while also demonstrating enhanced
robustness and performance. It effectively mitigates disturbances and accom-
modates nonlinearities, higher-order dynamics, and delays.
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1. Introduction

nonlinearities.” The proportional integral deriv-
ative plus (PID+) control approach was devel-

Proportional integral derivative (PID) controllers
have been widely used in industrial processes since
their development in the mid-1950s.2 Today,
they remain the most prevalent method for con-
trolling process variables due to their simplicity
and reliability.? Research has continually refined
PID tuning methods, introducing approaches
such as auto-tuning,*° genetic tuning,>® robust
tuning,” and optimal tuning.® However, signifi-
cant challenges arise when addressing processes
with high-order transfer functions (TFs), n > 3,
time delays greater than unity, 6 > 2, or
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oped to address these challenges as an extension
of conventional PID methods. It integrates addi-
tional dynamic feedback and input compensators
to handle processes with higher-order dynamics
or pure time delays exceeding unity.'? Unlike tra-
ditional PID control, PID+ employs state vari-
able feedback (SVF) techniques, replacing man-
ual tuning with pole assignment or linear qua-
dratic (LQ) optimization strategies.!! These en-
hancements improve control performance in sys-
tems that conventional PID tuning often struggles
to manage effectively.!0:12
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Previous research on PID+ controllers has
demonstrated their applicability across many
practical systems. Notable applications include
robot arm control,'1'? industrial temperature
regulation of bitumen tank systems,'? liquid stor-
age tank loading/unloading control,'* and speed
control in reeling/packing machines equipped
with field programmable gate array (FPGA)
modules.!® These applications cover systems with
varying response times, from slow thermal pro-
cesses to fast electric motors, and have shown con-
sistent on-site success.

The theoretical foundation of PID+ control
is built upon state-dependent parameter (SDP)
models, which represent nonlinear systems using
quasi-linear structures. These models describe
system parameters as functions of state variables,
allowing nonlinear dynamics to be approximated
as linear systems at each sampling instant.!6
Such SDP-TF models facilitate the design of non-
linear control laws using well-established linear
techniques.!” 2! Additionally, incorporating non-
minimal state space (NMSS) representations en-
ables direct SVF control without observers or re-
constructors, simplifying implementation.?? 23

Conventional PID designs often fail to pro-
vide robust performance for high-order pro-
cesses with significant delays. For example,
Chien—Hrones—Reswick and Ziegler—Nichols tun-
ing have produced noisy control actions in sys-
tems such as bitumen temperature regulation.!®
To address these limitations, the novel SDP-
PID+ control strategy was introduced and ap-
plied in previous studies,!"''3715 incorporating
additional input/output compensators to ad-
dress sampling delays and higher-order dynamics.
Building upon this foundation, the present work
further enhances the approach by formulating its
control algorithms to regulate processes charac-
terized by discrete-time TFs of any order effec-
tively and with arbitrary sampling time delays.
This refinement facilitates the seamless imple-
mentation of the SDP-PID+ algorithm across two
distinct industrial applications,'®1® in regards to
their varying response times. Additionally, the
approach streamlines the design process, reducing
computational effort while enhancing robustness
and closed-loop control performance. The two
practical applications are as follows:

(i) Industrial bitumen tank system. Temper-
ature regulation to ensure product quality
and safety during mixing.'3

(ii) Industrial  reeling/packing  machine.
Speed control of a pulling motor on the
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bitumen membrane sheet production line
using FPGA technology.!?

The first demonstrator introduces a slow ther-
mal dynamic system, focusing on temperature
control of bitumen within a tank before it is mixed
with additives such as polymers and fillers.'3 In
contrast, the second demonstrator represents a
fast response dynamic of an electric motor, specif-
ically the speed control of the pulling motor in the
reeling/packing machine used in the production
line of bitumen membrane sheets.!> FPGAs are
leveraged to optimize performance in this appli-
cation, taking advantage of their inherent parallel
processing capabilities.!®

Sections 2 and 3 outline the identification
methodology and the extension of the SDP-PID+
approach, which facilitates the intuitive handling
of processes characterized by discrete-time TFs of
any order and sampling time delays. Sections 4
and 5 describe the seamless implementation of the
approach for each demonstrator. Finally, conclu-
sions are presented in Section 6.

2. System identification
2.1. Model structure

The deterministic form of the SDP-TF for single-
input, single-output (SISO) models may be de-
fined as'%23 in Equation (1),

yp = 117 @y, (1)

where II is a vector of lagged input and output
variables and ®;, is a vector of SDP parameters,
defined in Equation (2).

" = [—yps
P, = [a1 {xx}

uk—m]

(2)

Here, y. and wuj represent the system’s output
and control input, respectively, while a; {xx} for
i=1, ..., nand bj{x} for j =1, ..., m are
SDPs for which they are assumed to be functions
of a non-minimal state vector, xj, not necessar-
ily yx—;. or ug_;. However, for the SDP-PID+
control system design in the current paper, it is
sufficient to limit the model in Equation (1) to
xx = II. It is worth noting that any time de-
lay, i.e. § > 1, is accounted for by setting the
leading terms by {xr} ... bs—1{xx} to zero. Fi-
nally, n and m are integers representing the max-
imum lag associated with the output and input
variables, respectively. Therefore, the SDP-TF in

—Yk—n Uk-1

an {Xx} b1 {xx}
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Equation (1) may be expressed in discrete form
as in Equation (3).

n m
Ye = — 2 @i {Xk} Yk—i + O bjvs—1 {Xk} Wh—(jts-1)
i=1 j=1
(3)
The incremental form in Equation (3) can be
expressed in a discrete-time SDP-TF representa-

tion using the backward shift operator z~! as fol-
lows in Equation (4).

m .
S bjps—1{xktz 0o
=1

Yk = ug = Blxws ),
- n . - A —1
143 a2 bae )
=1
(4)
Here, the output parameters, a3 {xx}, ...,

an {xk}, determine the order of the SDP-TF in
Equation (4), denoted as n, while the number of
input parameters, bs{xx}, .-, bmro—1 {Xk}, 18
denoted as m. The polynomials A (Xk,z_l) and
B (Xk,zfl) represent the output and input pa-
rameters, respectively, using the backward shift
operator z~¢, where n and m + 6 — 1 are the or-
ders of these polynomials.

Numerous recent publications have outlined
an approach for identifying and estimating the
SDP-TF in Equation (3) and its application to
a wide range of dynamic systems.'*17:23 This ap-
proach typically consists of model identification
and parameter estimation, as discussed below.

2.2. Model identification

The model structure and its potential state vari-
ables are initially identified through statistical es-
timation of discrete-time linear TF models. These
models follow a similar structure to Equation
(1), with time-invariant parameters, i.e., a; (i =
1, ..., n),and b; (j =1, ..., m) are constant
coefficients. These coeflicients are estimated us-
ing the simplified refined instrumental variable al-
gorithm. The appropriate linear model structure,
i.e., triad {n, m, ¢}, is determined based on two
statistical measures: (i) the coefficient of determi-
nation R%, which evaluates the fit based on the
response error, and (ii) Young’s identification cri-
terion, a hybrid measure that combines model fit
and parametric efficiency.?4 2

Following linear model identification, stochas-
tic time-varying parameter models are estimated
using recursive Kalman filtering and fixed interval
smoothing algorithms.?> These methods capture
parameter variations driven by state variables or
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other dynamics, enabling nonlinear or chaotic be-
havior modeling. The recursive Kalman filter-
ing/fixed interval smoothing approach employs it-
erative “back fitting” with reordered time-series
data to refine the parameter estimates in Equa-
tion (1). The approach exists in MATLAB®) as a
computer-aided program for time series analysis
and identification of noisy systems toolbox.?* 32

2.3. Parameter estimation

Each element of ®; in the SDP-TF model in
Equation (1) represents a nonparametric esti-
mate, varying at every sampling instant and vi-
sualized as a graph. To achieve a more compact
representation, these nonlinearities can be pa-
rameterized in terms of their associated depen-
dent variable?? using functions or neural networks
and optimized via deterministic least squares or
statistically efficient methods. However, for the
applications considered here, linear functions of
the state variables suffice for control design.'6

3. Control methodology

3.1. State-dependent parameter-
proportional-integral-derivative-plus
control

The typical structure of a discrete PID controller
is illustrated in Figure 1. It employs three com-
pensators as follows: proportional (kpjy), inte-
gral (kr ), and derivative (kp ), of which all act
on the error signal e, = rp—yi, where r, is the ref-
erence signal, and y; is the system output. This
structure provides an SVF formulation for PID
control (SVF/PID) as in Equation (5).

ek _
ug = ki T—, 17" kpiker+kpy (1—27") ex
2k
= lkre kpie kpgl | ew
Aek
. (5)
Here, [zk ek Aek] is the feedback state

vector, given that e is the error state, Aey is the
difference of error state and z; = z,_1 + e, is the
integral of the error state. The SDP-TF model in
Equation (4) within the PID control methodology,
as depicted in Figure 1, typically results in state-
dependent compensators that justify the term
SDP-PID control. The subscript & in the elements
of the control vector [k'l,k: kpik k?D,k] in Equa-
tion (5) indicates the time-varying state feed-
back compensators, which are inherently state-
dependent.
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SDP-PID
controller

Discrete-time

SDP-TF

.“ k

< i )

Figure 1. Typical structure of the discrete SDP-PID controller
Abbreviations: PID, proportional integral derivative; SDP, state-dependent parameter; TF, transfer function.

The PID structure, shown in Figure 1, is best
suited for systems with discrete time SDP-TF of
at most second order (n < 2), and unity sample
time delays (6 = 1). To extend its applicability,
the regulator structure is employed, where the ref-
erence signal is set to zero, i.e. rp = 0, making the
error signal e = —yi, and treating external dis-
turbances as changes in the reference signal, rg,
115,17 a5 depicted in Figure 2. This is possible
because the external set point does not affect the
control process .3334 This regulator form modifies
Equation (4) to the following form in Equation

(6).

= > bjrs—1 {xx} z=U+0=D)
j=1

n ] U
1+ Z a; {Xk} 7zt
=1

_-B (xk, 2z71)

u
A(Xk7z_1> "

To accommodate higher-order processes (n > 2)
and numerator polynomials of order greater than
unity (m + 6 —1 > 1), the SDP-PID+ approach
introduces additional compensators, called plus
gains, that decelerate control actions and enhance
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stability. These innovative plus gains mirror the
term SDP-PID+. Given the regulator SDP-PID+
structure, as depicted in Figure 2, the NMSS rep-
resentation for SDP-PID+ control is given in
Equation (7).

X = Frpxp—1 + grug—1

(7)

yr = hxy

Equation (7) enables the direct implementa-
tion of full SVF control using the measured input
and output signals of the controlled system with-
out requiring the design of a state reconstructor.'®
Here, the k' sample of the non-minimal feedback
state vector is defined in Equation (8).

Aek 5

—_——
Typical PID feedback states

%k €k

n<2
€k—2 C€k—3 €k—(n—2) Ck—(n—-1) >
Xk = Extra proportional feedback states if
n>2
Uk—1 Ug-2 Uk—(m+6-3) Uk—(m+5-2)

Extra input feedback states
if m > 1 and/or §>1

(8)
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SDP-PID
controller
k“ Discrete-time
F’ By SDP-TF I,
e, & Uy B(/YPZ-I) L G
—pr—P l"ﬂ k W - -1
-& - A(],,.Z )
ik, (1-27) £
Input !
T compensators !
— ifm>1or6>1.V
| . =(m+d-2
:Extra proportional "mq-z:*:( =
! compensators
Yifn>2.
— kp 7

Figure 2. Regulator structure of the discrete SDP-PID+ controller, where the reference signal, ry, is treated
as a disturbance applied to the control system. Abbreviations: PID, proportional integral derivative; SDP,

state-dependent parameter; TF, transfer function

The integral of error state, zp = zx_1 + €, is
exploited for NMSS design to introduce the inher-
ent type 1 servomechanism performance .3

Given the SDP-TF model in Equation (6), the
error state depicted in Equation (8), ex, can be
evaluated as in Equation (9).

er = =Yk = — (a1k + a2k) ex—1 + agp Aeg_q
— A3,k €k—3 — --- — An—1,k €k—(n—1)
— Ok €k—n
= b1 g uk—1— . = b1k Up—(m—1)
- bm,k: Uk —m

(9)

For the sake of generalization, the time de-
lay in Equation (9) is assumed to be unity (6 =
1), and the SDP-TF in Equation (4) is consid-
ered with at least second order (n > 2). Ad-
ditionally, the terms a;{xx} and b; {xx} have
been replaced by a;, (Vi =1, ..., n) and b,
(Vj =1, ..., m) respectively, for brevity. The
integral of the error state, zx, and the difference
in the error state, Aeg, can be evaluated from
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Equation (9) as follows in Equations (10) and

(11).

2k = Zk—1 — (@1 + a2,k) ex—1 + a2 Aegy_y

— a3k €k—3 — .-~ An—1k €k—(n—1) — An,k €k—n
—bikUk—1— - — b1k U (m-1) — bk UWk—m
(10)

Aek = — (al’k + a2k + 1) €L—1 + a2k Aek_l

— a3k €k—3 — .-~ An—1k Ck—(n—1) — An,k €k—n
—b1puk—1— = b1k Up—(m—1) — bk Uk—m
(1)
The set of Equations (9-11) can be used
to derive the NMSS/SDP-PID+ form in Equa-
tion (7), considering the state feedback vector
defined in Equation (8). The general form of
the state transition square matrix Fj of order
n+m+39d—1(Yn > 2), the input vector gy,
and the time-invariant observation vector h, at

the k' sample, are defined as follows in Equation
(12).
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Fik Faok Fs (13)
F. = ~—~ ~— ~—
(ntm+6—1)x3 (n+m+di—1)x(n—2) (n+m+6—1)x(m+d6—2) (nfmt-d—1) x (n+-m-+5—1)
T
b1 —bix —bix 0 O 0010 ...00 19
gL = (12)
3 n—2 m-+6—2
0 -1 000 0000 ... 00
h — a/_/
3 n—2 m+6—2
The submatrices Fy i, Fa, and F3, are defined as follows in Equation (13).
[ 1 0 0 0 0 0000 0 0"
Fig=|— (al‘k + azvk) — (m:k + ag,k) — (al,k +azg + 1) 0 0 0 0 0 O 0 0 on=2
ask as as g 0 0 0 0 0 O 0 0
[ a3, —azr  —azx 0 1 0 0 0 0 0o 0"
—Qy4k —Qyk —agr 0 0O 0 0 0 O 0 0
Fop = . . . .. “on>2
—@p-2k —Op-2k —Gnp2r 0 0 0 1 0 0
| —@n-1,k —On-1k —On-1,k 0 0 0 0 0 0_
[ —bog —bo —byry 0 0 00 0 1 0o 07
—bak —b3 —b3p 0 0 00 0 0 0 0
Fg’k = c . am+d>2
—bmis—2r  —bmis—ak —bmys—ar 0 0 0000 0 1
l—bmié-1k —bmis—1k —bmis1x 0 O 0 000 0 0] 13)

As depicted in Equation (13), the submatri-
ces Fo ) and F3 exist if and only if n > 2 and
m + 0 > 2, respectively. Therefore, in case of
n 2 and m + § = 2, there is no plus, and
the definition in Equation (12) is downgraded to
the NMSS/SDP-PID form as follows in Equation
(14).

(1

—(a1p +agk) Ak
Fr=10 —(a1x+azk) askl,
10 —(a1x +agr+1) agp
[—by & (14)
gk — *bl,k )
| b1k

andh=1[0 -1 0]
Here, the state feedback vector is as presented
in Equation (15),
(15)

for which the states are given as in Equation (16).

xk:[zk €L Aek]T

er =— (a1 + ask) ex—1 + g Aeg_1 — by g Uk—1
2k = 2k—1 — (a1 + agk) ex—1 + agk Aeg—1 — by g up—1
Aep = — (a1, +agr +1) ep_1 +azy Aeg1 — by up—_1
(16)
Also, in the case of the discrete-time SDP-TF

model with unity order, i.e. n =1, and m+4§ > 2,
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the submatrix Fg; vanishes, and the third col-
umn in the submatrix F; ; becomes zero-valued.
Consequently, this results in the NMSS/SDP-PI+
representation without a derivative component,
as the third column vector of the submatrix F z,
associated with the derivative state, Aep_1, is
zero.'” Under this condition, the states defined
in Equations (9-11) are reduced to Equation (17).

ey =—aigpep—1—brpup—1—...

— by—1,k Ug—(m—1) = b,k Uk—m an
2k =2p-1 — a1k €k—1 — brpug_1— ...

- bm—l,k Uk—(m—1) — bm,k Uk—m
Thus, for n = 1 and m + § > 2, the set
of Equation (17) represents the NMSS/SDP-PI+
form using the following state feedback vector in
Equation (18).

T
2k €l Uk—1 Uk—2 .-,

(18)
Uk—(m+6—3) Uk—(m+5—2)

Xk —

The state transition square matrix Fy (order
m + §), the input vector g, and the observation
vector h are now defined as Equation (19).
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1 —ar —bagx —bsg —bmis—2k —bmis—1,k]

0 —arr —bap —b3p —bmis—ok —bmis—1k

0 0 0 0 0 0
A

0 0 0 0 0 0

L0 0 0 0 0 1 0 ]
o n=1

m+9>2
8L = [_bl,k _bl,k 1 0 ... 0 O}T
h=[0 -1 0 0 0 0]

(19)

It is always possible to derive the NMSS /SDP-
PID+ for the discrete-time SDP-TF model with
the first order, n = 1, and m + ¢ > 2. This is
achieved by assuming that, as the controlled pro-
cess approaches a steady state, i.e. e — 0, the
second difference of the error state also tends to
zero, i.e., A%e;, — 0. Consequently, the first dif-
ference of the error state can be considered con-

stant, i.e., Aey = ¢.'3 In this case, the states in
Equation (17) may be rewritten as Equation (20).

e = —aigeg—1 — by pup—1—...

= bin—1k Ug—(m—1) — bm k Uk—m
2 =2k-1— a1 p€p—1 — brpup_1—...

= bin—1k Ug—(m—1) — b k Uk—m
Aey + Aep_1

2
— (a1 +1) g1 —brgpup—1—...
—bim—1,k Up—(m—1) = bk Ug—m + Aeg_1
2

Aek =

(20)

The state definition in Equation (20) restores
the NMSS/SDP-PID+ form for the first-order
SDP-TF model using the following state feedback
vector in Equation (21).

T
2k epAer Up_1 Uk—2 ...,

(21)
Uk—(m+5-3) Uk—(m+5—2)

The square matrix Fy of order m + 6 + 1
(Vn = 1), the input vector g;, and the obser-
vation vector h are defined as Equation(22).

[1 —a1x 0 —byp —bsy —bmys—24  —bmys—1,k]
0 —arr 0 —byp —bap —bmts—2k —Dmys—1,k
0 Mk 1 —bak b3k —bmis—2,k —bmys—1,k
2 2 2 2 2 2
0 0 0 0 0 0 0
Fr=10 0o 0 1 0 0 0
0 0 0 0 0 . 0 0
10 0 0 0 0 1 0 |
o n=1
m+49d>2
T
gk=[—”’;=’“ e e g0 o]
h=[0 -1 0 0 0 ... 0 0]
(22)

The methodology for deriving the SDP-PID+
and its variants is summarized in Table 1 for clar-
ity and to disentangle the equations.

3.2. Controllability

The linear-like structure of the SDP-TF model in
Equation (4) facilitates the design of the nonlin-
ear SDP-PID+ control law using the strategies
of the linear system design, such as suboptimal
LQ or pole assignment approaches.'® 15 However,
using these basic methods, some SDP-TF model
structures may not be fully controllable.?®

In control theory, controllability refers to the
ability to drive a system’s state to any desired
state within a finite time, starting from any ini-
tial condition. For the SDP-TF model in Equa-
tion (4), discrete controllability at each sample k
means the system can be controlled at each sam-
pling instance. This, necessarily, leads to a system
Fy, g;., and h of NMSS/SDP-PID+, which is con-
trollable over each sampling period.?%3? The con-
trollability conditions can be stated as:3 Given a
discrete-time SISO system described by Equation
(4), the NMSS/SDP-PID+ form in Equation (7),
characterized by the pair [Fj and g;], is locally
controllable over each sampling period if and only
if, the polynomials A (Xk,z_l) and B (Xk,z_l)
are co-prime, and Equation (23) is met.

m
D s {2 U #£0 (23)
j=1

Due to the time-varying nature of the parame-
ters in the SDP case, it is important to note that
these conditions may not always be met in ev-
ery sample period. As a result, challenges may
emerge during the control design process for the
SDP-PID+ controller.

Although deriving comprehensive results for
the controllability and stability of the nonlin-
ear SDP system remains an area of ongoing
research,3%3% the practical approach described
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Table 1. State-dependent parameters-proportional integral derivative plus methodology for the non-minimal

state space representation in Equation (7)

Parameter Control scheme Description
e The state vector is defined in Equation (8)
n>2 . e The states are defined at Equations (9-11
m+4§ > 2 This is the general SDP-PID+ e The matrices, Fy, g, and h, of the (grder,)
n+m+ 0 — 1 are defined in Equations (12) and (13).
There are no plus gains e The state vector is defined in Equation (15)
n=2 SDP-PID+ switches t e The states are defined in Equation (16)
switches to .
m+0=2 conventional SDP-PID e The matrices, Fy, g, and hy, of the order
n+m+ 9 — 1 are defined in Equation (14)
e The state vector is defined in Equation (18)
n=1 Special case: No derivative gain o The states are defined in Equation (17)
m+46>2 SDP-PID+ downgrades to SDP-PI4 e The matrices, Fy, g;., and h, of the order
m + § are defined in Equation (19)
Special case: Restoring o The state vector is defined in Equation (21)
n=1 derivative gain e The states are defined in Equation (20)
m+46>2 SDP-PI+ is upgraded back to e The matrices, Fy, g, and Fy, of the order are

SDP-PID+

m

+ 0 + 1 defined in Equation (22)

Abbreviations: PI+: Proportional integral plus; PID: Proportional integral derivative; SDP:

State-dependent parameter; TF: Transfer function.

above has been sufficient for the two demonstra-
tors in this paper. This is because, in real-world
applications, system variables are constrained and
consistently remain within known boundaries.

3.3. Control algorithm

The SVF control is introduced in Equation (5)
and can be expressed in its general form as fol-
lows in Equation (24).

(24)
In Equation (24), the vector of the control
gain, denoted as kg, is defined as

U = —kz_ Xk

krx kpik kb,

Typical PID gains, n<2

kpy i Ekpyk kp, oks kP, 1k

Extra proportional gains, n>2

kui ke Kug ke k k

Umt6—3,K7  Numys—osk

Extra input gains, m+40>2

(25)
The SVF control vector in Equation (25) is
computed at every sampling interval using either
the pole placement technique or by minimizing an
LQ cost function. In the latter method, the sys-
tem is treated as a “frozen parameter” system,
representing a specific instant of the family of
the NMSS model [Fj and gj,|. Alternatively, the
discrete-time algebraic Riccatti equation is solved
for each sampling interval.33:36 For the pole place-
ment approach, linear techniques are commonly
employed to determine control gains, as demon-
strated in 1112
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3.3.1. SDP-PID+/LQ tuning approach

The optimal SVF /SDP-PID+ control gain vector,
as defined in Equation (25), can be determined by
minimizing the following infinite-time optimal LQ
cost function in Equation (26).

oo
J = Z [foxk—i-Ru%]

k=0
In Equation (26), R is a positive scalar that
weights the input u; and Q is a symmetric pos-
itive definite matrix that assigns weights to the
states, as defined in Equation (8). For SISO sys-

tems, Q may be defined as in Equation (27).

(26)

qz qer 4Ae,
Q = diag ey Ges Qep—z en—r,
Qui  Gus Quppys—3 Qumis—2

(27)
Based on the NMSS/SDP-PID+ form in
Equation (7) with the description Fj and g
as provided in Table 1, the time-varying SVF
compensator vector, k;’, of the nonlinear SDP-
PID+ control, can be recursively determined as
the steady state solution of the algebraic Ric-
cati equation.?” This equation is derived from the
standard LQ cost function in Equation (26) at the
k™™ sample as follows in Equation (28),

. -1 .
k}i— — {g{P(”l)gk + R} ggp(l-‘rl)Fk (28)

PO =FIPUD [F), — g k] +Q

where P is a symmetric positive definite matrix
with the initial value P+) = Q and k; is the
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SVF/SDP-PID+ control gain vector, as defined
in Equation (25).

For simplicity, a frozen parameter system
{F}, g} can be employed, where the frozen sys-
tem is defined as a single sample instance from
the family of {F}, g;}.3037 In this scenario, the
matrix P becomes time-invariant, and Equation
(28) is simplified to

PO = FPOHY {Fk ~ g (7P g+ R) Ag’{P““)F/k} +Q

(29)

After obtaining the matrix P from Equation

(29), the SDP gain vector k; can be derived from
Equation (28) as follows:

Ki=[e/Pe+B] glPF.  (30)
Note that the system matrices {Fy, g.} re-
main unfrozen when implementing Equation (30).
A straightforward trial and error approach is em-
ployed to evaluate the gain vector in Equation
(30). The process begins with unity weights to
ensure a balanced influence of each parameter,
preventing any single parameter from dominating
the others. This approach allows for consistent
and logical experimentation.

3.3.2. SDP-PID+ /pole placement tuning
approach

The design methodology for discrete SDP-
PID+/pole placement was introduced by Sha-
ban et al.l'! It has been shown that the pro-
cess is relatively straightforward, provided the
performance of the closed-loop control system is
predictable, i.e., if the SDP-TF in Equation (4)
is controllable. Here, the nonlinear SDP-PID+
compensators, as defined in Equation (25), can
be evaluated by modifying the location of the
poles of the closed-loop SDP-PID+ control sys-
tem. In this regard, the regulator structure of
the SDP-PID+ controller, depicted in Figure 2,
needs to be reduced to the unity feedback closed-
loop SDP-PID+ control system in TF form, as
illustrated in Figure 3 as follows in Equation
(31),

Ky (') B(xk, 27 ")
Yk = -1 1 - Tk
AKyr(z™1) Alxe,z71)+K (271) B(xk, 2™ 1)

(31)

given that A = 1 — z~! represents the differ-

ence operator. The characteristic equation for

the SDP-PID+ control system is extracted from

Equation (31) as Equation (32).

AKu,k (Zil) A (Xk,Zil) + K;_ (Zfl) B (Xk,Zfl)
(32)
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This equation is used to determine the SDP-
PID+ compensators, k;, in Equation (25). It
is worth noting that the order of characteris-
tic Equation (32) isn+m+Jd —1, Vn > 2
with a minimum order of three for a discrete-
time SDP-TF of triad {< 2, 1, 1}. The polyno-
mials corresponding to the proportional plus com-
pensator, K,j (z_l), and input plus compensator,
Ky (zfl), are defined as in Equation (33),

n+1
K,:r (Z_l) =k — k27k2_1 + k37kz_2 + Z ki & 7z~ (=)
i—4
m+o—2 '
Ku,k (Z_l) =1+ Z kztj,kZ_J
j=1
(33)
where,
k1w =kp p+krr+Ekppg
ko = kp i+ 2kp
ksp=kpr+kp_ ) i=3in=3 gy

ki,k = _kPZ'_27kf + kPi_l,k‘ 4 S { S n + 1

The plus compensators, kp,_, (i = 3,..., n+1)
forn > 3 and ky; (j = 1, ...m + 0 — 2) for
m+4d > 2, in Equations (33) and (34) allow for ex-
ploiting additional poles to suit the discrete-time
SDP-TF in Equation (4) that exceeds second-
order dynamics, i.e. n > 3, and has time delay
and/or numerator order greater than unity, i.e.
m + § > 2. Applying polynomial algebra to the
characteristic Equation (32) as Equation (35)

A Ky (z’l) Ay, (Xk,zfl) + K (z’l) By, (Xk,zfl)
=1-piz ") (1—paz")
(1—psz ). .(1—piz ")

i=4,....,n+m+0—-1 Yn>2
i=4,....,n+m+90 Vn=1

(35)

gives SDP-PID+ gains {ki g, kok, k3 k-, Kik

(i =4on+ 1),k k(j = 1,..,m + 0 — 2)}
at pre-determined pole locations {p1, p2, p3, ..., Pi
(i=4,...,n+m+d—1 Vn>2)}in the complex
z-plane. The control law can subsequently be ex-
tracted from Figure 3 in Equation (36).

Up =Ug—1 + k1 er — kogex—1 + k3 ep—2
n+1

+ Z Kik €x—(i-1)
i=4

m+35—2
= > R (ukj — u— )
j=1
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Discrete-time
SDP-PID+ controller SDP-TF
| k() [ 5 ”kb-B(lk d
() Kqu (Z ) 4 (Ik ,Z_l)

n+l
K; (2%)=k, —klkz'lntkl,,z‘:+Zlc,.Jr e
i=4

m+é-2

K,; (z‘l):l+ Z k,,j’kz"'
A

Figure 3. The regulator structure of the unity feedback closed loop SDP-PID+ control system.
Abbreviations: PID: Proportional integral derivative; SDP: State-dependent parameter; TF: Transfer function

Sheets of steel

Rock-wool
Cylindrical steel body
Bitumen
tank

Helical tubes

Figure 4. Bitumen tank at INSUMAT company, Tamouh, Giza, Egypt

Alternatively, the SVF/SDP-PID+ control
action in Equation (24) can be directly used,
where the parameters of the SVF/SDP-PID-
control vector, defined in Equation (25), are de-
rived from Equation (34). It is worth noting that
a systematic trial and error experiment is applied
to analyze the closed-loop poles in the complex
z-plane (0 < p; < 1), aiming to determine appro-
priate gains that ensure a satisfactory tracking
response.

4. Industrial bitumen tank

This tank, located at INSUMAT Company in Ta-
mouh, Giza, Egypt, is used to heat raw liquid
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bitumen (~ 90°C) before mixing to produce bitu-
men products. The properties of the final prod-
uct depend significantly on the mixing temper-
ature (90 — 180°C), which must remain within
a +5% range of the set value, as well as the
quantity of additives used. To prevent overheat-
ing, the temperature must never reach the self-
ignition point (~ 220°C) of the vapor inside the
tank.'0

The bitumen tank is a closed steel reser-
voir enclosed by helical tubes filled with hot oil
(~ 265°C). Raw liquidized bitumen is fed into
the tank via an inlet pipe at the top, and the
heated bitumen is discharged to a blender through
an outlet pipe near the base, as in Figure 4.



Proportional integral derivative plus control for nonlinear discrete-time state-dependent parameter. . .

Rockwool blocks insulate the tank’s exterior to
minimize heat loss and reduce power consump-
tion.

A motorized three-way valve and a PT100
temperature sensor are integrated into this ther-
mal process and connected to a data acquisition
unit (LabJack UE9) interfaced with a LabVIEW™
program. The valve’s opening is normalized from
0 (fully closed) to 100 (fully open) to regulate the
flow rate of the hot oil, functioning as an actua-
tor. The PT100 provides temperature feedback
for the control system. A LabVIEW™ module
was developed to manage the hardware compo-
nents (three-way valve and PT100 sensor) and
apply the selected controller. Additional hard-
ware/software interfacing details can be found in
Hamed et al.°

4.1. State-dependent parameter model for
bitumen tank

The bitumen tank’s process exhibits a relatively
slow dynamic response, prompting the selection of
a sampling rate of one sample every four minutes,
i.e., At = 240 .40 The analysis of the experimental
data for Bitumen temperature produces an SDP-
TF model with triad {1, 1, 3}!3, as shown below
in Equation (37)

Yk = —a1(Xx) Yr—1 + b3 up_3 (i)
ar(xk) = 0.1 x 1072 y2 5 —0.00135y,_3 — 0.995 (i)
bs = 0.063

-0.988 : : : : : :

-0.992 | 4

-0.994

a1k

-0.996 -

-0.998 |

I L L L L
40 60 80 100 120 140 160

Figure 5. Estimated state-dependent parameter,
a1k, versus its state variable y_s, i.e.

a1k = f (yk—s)
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Figure 6. Open loop experiment and simulation
results for the estimated SDP-TF model for bitumen
temperature. Abbreviations: SDP, State-dependent
parameter; TF, transfer function

where y; represents the temperature of the bitu-
men, and ug denotes the percentage of the three-
way valve opening. The state-dependent out-
put parameter ai(xy), denoted as aj, is time-
variant, as shown in Figure 5, while the input pa-
rameter, denoted as b3, is time-invariant. Figure 6
illustrates the simulation results for the estimated
SDP-TF model in Equation (37).

4.2. Controller design and implementation
for Bitumen temperature

Model in Equation (37) can be represented by us-
ing the operator z~! as follows in Equation (38).

bs 773
e
Using Equation (38) and Table 1, the nonlin-
ear NMSS/SDP-PID+ form in Equation (7) can
be constructed. As a result, the time-variant tran-
sition matrix Fy, (5 x 5) at the k*" sample, and the
time-invariant input vector g (5 x 1) and observa-
tion vector h (1 x 5) are defined using Equation
(22) as follows in Equation (39).

Yk =

1 —ai(yk—3) 0 0 —b3]
0 —C(Ll(yk)3) X (1) 0 —23

— —a1\Yk—3 —03
0 0 0 0 O
0
0

g= |0 [0 10 0 0

1
0
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the

for
Xk

the state vector,
system is defined
[ 2 er Aep Up—1 Ug—2 ]T In this indus-
trial example, SDP-PID+/LQ control was applied
by freezing the parameters of {F}, g} at ambi-
ent temperature, i.e. yr_3 = 30°. Simulation
trials showed that the weights R = 1 and Q =
diag{5 1200001 1} were appropriate for obtaining
the time-invariant P matrix. Equation (30) was
then used to calculate the SDP-PID+ gain vec-
tor, k; . Finally, the control law in Equation (24)
was implemented for real-time bitumen tempera-
ture control, as depicted in Figure 7. This figure
illustrates the practical implementation and sim-
ulation results of the SDP-TF model in Equation
(38). It is worth noting that satisfactory rejection
of the disturbances is shown when controlling the
temperature of the bitumen.!3

The nonlinear SDP-PID+/LQ  control
achieved suitable closed-loop performance, main-
taining the response within the +5% permissible
range without overshooting. Negligible differ-
ences were observed between the practical and the
SDP-TF model responses in Equation (38). This
demonstration marks the first successful onsite
application of SDP-PID+ control in an industrial
bitumen system, providing robust temperature
tracking and control performance.

Here,
bitumen

Xk,
as

5. Industrial reeling/packing machine

The industrial reeling/packing machine used in
the bitumen membrane sheet production line at
INSUMAT company, Sadat City, Egypt, incor-
porates nonlinear SDP-PID+ control methodol-
ogy integrated into FPGAs. This control sys-
tem manages the pulling motor that regulates
the velocity of the floating drum. Its primary
function is to maintain the bitumen sheet within
the accumulator at an acceptable range (15-85%)
by adjusting the motor’s reference speed (Figure
8). The SDP/PID+ control system dynamically
counteracts disturbances detected through a feed-
back encoder mounted on the floating drum. The
FPGA-based control strategy uses the LabVIEW-
FPGA module to enable simultaneous control op-
erations. Detailed hardware and software inter-
facing is provided in Shaban et al.!®

The system’s primary objective is to prevent
productivity losses caused by excessive infoldings
of bitumen sheets around the reeling drum or in-
terruptions due to emergency shutdowns. This
would reduce reliance on operator skills and de-
crease workload, enhancing productivity and min-
imizing production costs.
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5.1. State-dependent parameter model for
reeling /packing machine

A SIEMENS’s AC three-phase servo motor drives
the reeling drum (7 kW/2000 rpm) through an
analog input signal of 0-10 VDC. The encoder
AUTONICS (2048 PPR/5-24 VDC) is installed
on the floating drum to monitor its speed from 0
to 1500 rpm, as shown in Figure 9.

Open-loop experiments identified an optimal
sampling rate, At 0.5 sec, balancing accu-
rate response measurement without redundant
encoder reads. The experiments yielded an SDP-
TF model with a triad {1, 1, 3} as follows in
Equation (40),

(i)
(i) (40)

Yk = —a1(Xk) Ye—1 + b3(Xk) uk—3
a1(xr) = —0.0564 uy_s + 0.2836
bg(Xk) = —0.0675 yx_1 + 192.0957

where 1y represents the floating drum’s speed
(rpm) and wuy is the voltage input to the AC three-
phase servo motor of 0 to 10 VDC. The SDPs
a1(xx) and b3(xx), denoted as a; ;, and bs j, respec-
tively, are time-variant and depicted in Figure 10.
The model fit of the estimated SDP-TF in Equa-
tion (40) to experimental data achieved a satis-
factory coefficient of determination, R% = 0.95,
as illustrated in Figure 11.

5.2. Controller design and implementation
for reeling/packing machine

By merging and rearranging Equation (40), the
updated SDP-TF model is expressed as follows in
Equation (41).

yr = — (0.0675 ug—3 — 0.0564 ug_o + 0.2836) yr—1

+192.0957uy_3
(41)
The SDPs may be further refined as Equation
(42).

a1(xx) = 0.0675 u_3 — 0.0564 ug_o + 0.2836

bs = 192.0957
(42)
The SDP-TF model in Equation (41) may be

reformulated using the operator, z~', as Equation
(43).

b3 773

1+ ai (Xp41) 278
Here, the output parameter a; (xx), defined in
Equation (42), is state-dependent on the lagged
input xx = f(ug—3, ug—2), while the input pa-
rameter bs, is time-invariant.

Yk Uk, (43)
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Figure 7. Ounsite implementation of the SDP-PID+/LQ control for the bitumen tank, with the command
input shown alongside its +£5% tolerance. Abbreviations: LQ, linear quadratic; PID+, proportional integral
derivative plus; SDP, state-dependent parameter; TF, transfer function
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Figure 8. The control process of the reeling/packing machine for Bitumen membrane sheets employs the

SDP-PID+ methodology, integrated in FPGAs, at INSUMAT company, Sadat City, Egypt. Abbreviations:
FPGA, Field programmable gate array; PID+, Proportional integral derivative plus; SDP, State-dependent
parameter.
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Figure 9. Schematic of the reeling/packing process for bitumen membrane sheets at INSUMAT company,
Sadat City, Egypt. Abbreviation: AC, alternating current.

Using the model in Equation (43) and Table Equation (39). The time-variant transition ma-

1, the NMSS framework for nonlinear SDP-PID+  trix Fy, time-invariant input vector g, and obser-

control is constructed, similar to the structure in  vation vector h remain consistent with the state
vector xp, = [ Z e Aep Up—1 Uk—2 ]T
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The time-invariant P matrix can be ob-
tained by freezing Fj at a specific operating
point up_o = up_3 = 0. The weights R = 1
and Q = diag {11111} were selected to ob-
tain the time-invariant P matrix using algebraic
Riccatti equation as defined in Equation (29).
The time-variant SDP-PID+ gain vector, kz is
then computed using Equation (30). The control
law in Equation (24) is employed to control the
drum’s reeling/packing machine speed, as shown
in Figure 12.

1,500

wwme Reference speed
Onsite implem entation
----- Model simulation

8
g

<
3

Servom otor speed [rpm]

....................................................................

Cortrol input [VDC]

--------------------------------------------------------------------

i
150 200
time [0.5 sec/sample]

Figure 12. Onsite application of FPGAs/SDP-PID-+
control for the industrial reeling/packing machine.
Abbreviations: FPGA: Field programmable gate ar-
ray; PID+: Proportional integral derivative plus;
SDP: State-dependent parameter; VDC: Volts direct
current.

The onsite implementation demonstrates that
the FPGAs/SDP-PID+ control ensures accept-
able performance with significant noise suppres-
sion and negligible differences between practical
and SDP-TF model in Equation (40) responses.
No overshoot or severe oscillations were observed,
confirming robust control for the reeling/packing
process. It is worth noting that the feasibility
of FPGA implementation for real-scale industrial
systems, including processing power and memory
constraints, is detailed in Shaban et al.,'® where
all relevant hardware features are analyzed.

6. Conclusion

This paper presented the expansion and prac-
tical implementation of SDP-PID+ control sys-
tems across two distinct demonstrators: an indus-
trial bitumen tank system and an industrial reel-
ing/packing machine used in the bitumen mem-
brane sheet production line. This enhancement
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enables efficient and intuitive control of these sys-
tems, which are characterized by discrete-time
TFs of any order and sampling time delays.

The selected demonstrators represent the first
industrial implementations of the SDP-PID+ con-
trol methodology, showcasing its applicability
across systems with varying response times, 240
and 0.5 s, respectively, providing a comprehensive
evaluation of their performance.

In all cases, the systems were modeled using
the quasi-linear SDP model structure, where pa-
rameters depend on other system variables. This
model structure allowed for designing an SDP-
PID+ control law to leverage linear system design
strategies such as suboptimal LQ optimization or
pole placement. Importantly, the control gains
were made state-dependent, enhancing adaptabil-
ity and performance. Notably, the time-invariant
numerator parameter in models in Equations (38)
and (43) satisfies the two controllability condi-
tions discussed in Section (3.2).

The proposed control strategy markedly im-
proved temperature regulation for the industrial
bitumen tank system, maintaining it consistently
within the +5% permissible range while avoid-
ing overshoot. This enhanced performance min-
imized the risk of vapor self-ignition inside the
tank, ensuring greater operational safety and im-
proved quality of the bitumen mixture.

Finally, implementing the FPGAs/SDP-
PID+ control for the industrial reeling/packing
machine demonstrated robust closed-loop perfor-
mance. The system exhibited no overshoot, no
severe oscillations, and effective noise reduction,
attributed to the advanced real-time processing
capabilities of FPGA technology.

The results from these diverse demonstrators
confirm the effectiveness of the extended SDP-
PID+ control in optimizing design time, enhanc-
ing practicality, and improving adaptability and
robustness. Its ability to accommodate systems
with varying dynamics while ensuring superior
performance and operational reliability highlights
its potential as a versatile control strategy for in-
dustrial applications. Future work may extend
this approach to more complex multivariable sys-
tems and optimize its implementation for im-
proved computational efficiency.
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