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1. Introduction

This paper deals with the numerical aspects of
the implementation of the generalized active con-
tour model, which has been recently proposed in,1

for extracting agricultural crop fields with a high
level of inhomogeneity from satellite data. These
investigations have been justified by various ap-
plications, such as in satellite image segmenta-
tion under remote sensing of the Earth’s surface.
Fixed a field Ω ⊂ R2, one of the fundamental
problems in agriculture is to give a disjunctive
decomposition into a finite quantity of nonempty
subsets Ω = Ω1 ∪ Ω2 ∪ · · · ∪ ΩK ∪ Ω∗ such that a
distinctive value of some agricultural index (PVI,
NDVI, LAI, etc.) could be associated to each of
these subsets. The characteristic feature of the
decomposition is that it has to be closely related

to a given objective agricultural index f : Ω → R.
Namely, this decomposition has to inherit the fol-
lowing properties:

(a) {Ωi}Ki=1 are open subsets of Ω with
nonempty interior, whereas Ω∗ stands for
the boundaries between different Ωj ;

(b) within each Ωi the objective agricultural
index f varies smoothly and/or slowly;

(c) the function f cannot vary discontinu-
ously inside each Ωi;

(d) the decomposition is optimal in the fol-
lowing sense: the approximation of f by a
piece-wise constant function f∗ : Ω → R is
such that the restrictions f∗ to the pieces
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Ωj , f
∗|Ωj

, are defined as

|f∗|Ωj
(x) = ⟨f⟩Ωj

:=
1

|Ωj |

∫
Ωj

f(s) ds,

∀ j = 1, . . . ,K, ∀x ∈ Ωj ,

and the 1-D Hausdorff measure of the set⋃K
j=1 ∂Ωj should be as small as possible.

Hereinafter, the decomposition of Ω satis-
fying properties (a)–(d) is denoted with f -
decomposition.

The role of the function f : Ω → R is
explained by pointing out that after the f -
decomposition the new objects {Ωj}Kj=1 should

have homogeneous values of f (see2,3). To char-
acterize a measure of the variability of f in each
subdomain Ωj , one can calculate the coefficient
of variation, that is, it is the ratio of the stan-
dard deviation of f(x) within Ωj to its mean
⟨f⟩Ωj

. Furthermore, if we consider applications

in agriculture it might be reasonable to regard
the NDVI-characteristic as the primary feature
of the zone of interest Ω, that is, in this case,
f(x) = NDVI(x) for all x ∈ Ω. However, a
thorough analysis of this issue shows that it is
a difficult task to understand NDVI characteris-
tics quantitatively over Ω. By presuming that the
vegetation data generated from the NDVI is uni-
formly and smoothly distributed within the spe-
cific crop fields, numerous studies have restricted
this interpretation.4,5 If they attempt to use the
NDVI on heterogeneous canopies, for example,
plantations that have weeds, mixed soil, and vari-
ous crop mixtures where the vegetation has vary-
ing NDVI characteristics because of spatial vari-
ability, this assumption is violated.

Accordingly, the data acquired in this man-
ner is a valuable source of information that may
be applied to the management of environmental
resources.6,7 Specifically, it enables us to deter-
mine the crop’s health and find out whether there
are trouble spots within the designated fields or
areas where the crops require nutrients or water.
A similar point of view is recommended as crucial
in.3,6 Some methods for assessing such charac-
teristics have recently been proposed in.8–10 The
most stringent barrier to creating such a decom-
position, however, is that these subdomains can-
not include even minor portions of various fields
with plausibly distinct crops, nor should they
overlap or contain any fragments of field borders.
Because of this, the segmentation challenge indi-
cated above is fairly difficult.

Moreover, the principal distinguishing char-
acteristic of f -decomposition is the impossibil-
ity to reduce it to the well-known settings of

the segmentation problem (consult the model
of Mumford-Shah11 or the approaches proposed
by12–19 along with the others). We refer to the
recent study17 for an overview of the state of the
art in this topic.

To sort out these issues, we involve an
anisotropic specification of the standard active
contour model. Apparently, the latter was first
introduced in20 to transform the image segmen-
tation problem into a minimization problem in a
suitable functional space, and it offered a fresh
perspective on image segmentation, which was
referred to as the focus and hot spot of analy-
sis in.21 The subject of image segmentation has
seen the proposal of numerous good algorithms
based on active contour models in recent years
(we recommend that readers consult the latest
publications22–28 and the bibliography therein).
However, their correct application to the NDVI-
decomposition of agricultural fields remains an
open problem nowadays.

The main idea, that was realized in the
new setting of variational issue for the f -
decomposition, is that we associate with a given
objective function f : Ω → R the constrained op-
timization problem as follows:

J(c, φ) = T (c, φ)

+ α

m∑
j=1

∫
Ω
|MfDχ{φ(x)>lj}| → inf

φ∈Ξ
, (1)

where T : Rm+1 ×BV (Ω) → R is a fidelity term,
{l0, l1, . . . , lm+1} is a given collection of distinct
level values, χ{φ(x)>lj} is the characteristic func-

tion of the set {x ∈ Ω : φ(x) > lj}, and the
set of feasible solutions Ξ is defined as follows:
(c, φ) ∈ Ξ if and only if (c, φ) ∈ Rm+1 × BV (Ω)
and

l0 ≤ φ(x) ≤ lm+1 a.e. in Ω,

c = (c0, c1, . . . , cm), cj ≥ 0, j = 0, . . . ,m.

As for the matrix-value function Mf (·) : Ω →
R2×2, it is the so-called anisotropic diffusion ten-
sor that avoids the emergence of subdomains with
f discontinuity zones or locations where this func-
tion has a tendency to change quickly.

Thus, the main idea, which we push forward,
is that the segmentation problem should be given
as a constrained minimization problem with a
special anisotropic cost functional, where the “ef-
fect of anisotropy”we associate with the structure
topology of f -distribution (see29). With that in
mind, we utilize the main characteristic of the
given function f — the normal unit vector field
θ : Ω → R2 to level sets of f . As a result,
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we define Mf (·) as a parametrized square ma-
trix function Mf (x) =

[
I − η2θ(x)⊗ θ(x)

]
and

demonstrate that the f -decomposition of the do-
main Ω relies heavily on this tensor (the technical
details are explained in Section 2). As for the fi-
delity term T (c, φ), we give its precise definition
in Section 2. Its characteristic feature is the fact
that instead of the standard Euclidean metric, we
involve into consideration the Jeffrey divergency
as a more stable metric with respect to outliers.

The outcomes of simulations using satellite
photos of agricultural fields, where the area of
high oscillatory edges (the crop locations’ bound-
aries) is rather significant, support the advantage
of including Mf in the final term of Jε. We refer
to Section 4 for further information.

Thus, if (c0, φ0) ∈ Absmin
(c,φ)∈Ξ

J(c, φ), then

f∗|Ωj
(x) = c0j :=

1

|Ωj |

∫
Ωj

f(s) ds, ∀x ∈ Ωj ,

and ∀ j = 0, . . . ,m.

is a piece-wise approximation of f and the corre-
sponding f -decomposition takes the form

Ω0 =
{
x ∈ Ω :

(
φ0
)
ρ
(x) < l1

}
,

Ωj =
{
x ∈ Ω : lj <

(
φ0
)
ρ
(x) < lj+1

}
,

j = 1, . . . ,m− 1,

Ωm =
{
x ∈ Ω :

(
φ0
)
ρ
(x) > lm

}
,

Ω∗ =
m⋃
j=1

{
x ∈ Ω :

(
φ0
)
ρ
(x) = lj

}
.

Here,
(
φ0
)
ρ

∈ C∞(Ω) denotes a smooth ap-

proximation of φ0 ∈ BV (Ω). Moreover, setting
Ω = Ωi, i = 0, 1, . . . ,m, while for a new pair of
subdomains, the mean values of f continue to be
distinct, we can iteratively carry on with the de-
composition process.

The outline of the paper is as follows. In
Section 2 we introduce the setting of the opti-
mization problem for f -decomposition of Ω and
discuss its main principle features. Section 3 is
devoted to prove that, under some assumptions,
the corresponding optimality system can be rep-
resented in the form of the Euler–Lagrange equa-
tion with the corresponding initial and boundary
conditions. The aim of Section 4 is to describe
the numerical scheme and a procedure to solve the
Euler–Lagrange system numerically. Section 4 in-
cludes the outcomes of simulation using real-life
satellite images, demonstrating that the proposed
model exhibits accuracy and efficiency.

2. Statement of the piecewise-constant
Mumford–Shah segmentation
problem

Denote by Ω a bounded open subset of R2 with
a Lipschitz boundary. Given a subset E ⊂ Ω, let
|E| be its 2-dimensional Lebesgue measure L2(E),
E its closure, ∂E its boundary, and χE of E the
characteristic function. The notation u|E denotes
the restriction of a given function u to the set
E ⊆ Ω. Indicate the infinitely differentiable func-
tions having compact support in Ω by C∞

0 (Ω).
Let Hk be the Hausdorff k-dimensional measure
and µ E the measure µ restricted to the set E.

Let f : Ω → R be a given objective function
that can be interpreted as a gray-scale image such
that a value γ > 0 exists satisfying

f(x) ≥ γ > 0 a.e. in Ω, f ∈ L∞(Ω). (2)

The following statement for the f -
decomposition of Ω in the framework of the
Mumford–Shah segmentation problem has been
recently proposed in1

J(c, φ) =

∫
Ω
(f − c0) log

(
f

c0

)
χ{φ(x)<l1} dx

+

m−1∑
j=1

∫
Ω
(f − cj) log

(
f

cj

)
×
[
χ{φ(x)>lj} − χ{φ(x)>lj+1}

]
dx

+

∫
Ω
(f − cm) log

(
f

cm

)
χ{φ(x)>lm} dx

+ α
m∑
j=1

∫
Ω
|MfDχ{φ(x)>lj}| → inf

φ∈Ξ
, (3)

where α > 0 is a weight coefficient and feasible
solutions are given by: (c, φ) ∈ Ξ iff (c, φ) ∈
Rm+1 ×BV (Ω) and

l0 ≤ φ(x) ≤ lm+1 a.e. in Ω,

c = (c0, c1, . . . , cm), cj ≥ 0, j = 0, . . . ,m.
(4)

Here, {l0, l1, . . . , lm+1} is a given collection of
distinct level values, and Mf (·) ∈ C∞(Ω;R2×2)
stands for the squared matrix such that

Mf (x) =
[
I − η2θ(x)⊗ θ(x)

]
(5)

with

θ(x) =

{
∇fσ(x)|∇fσ(x)|−1, if |∇fσ(x)| ≠ 0,
0, otherwise,

where the stated threshold, η ∈ (0, 1), must
be close enough to 1, fσ = (Gσ ∗ f(·)) (x) :=∫
Ω
f(y)Gσ(x − y) dy is the convolution of f with
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a Gaussian kernel, and

Gσ(x) =
1(√
2πσ

)2 exp(−|x|2

2σ2

)
, σ > 0,

and σ > 0 is a tuned small positive value.

For the simplicity, we assume that the vector
field θ ∈ C∞(Ω;R2) vanishes along the boundary
∂Ω, that is,

Mf (x) = I ∀x ∈ ∂Ω. (6)

As for the total variation of the measure
MfDu, we define it by the rule

|MfDu|(Ω) :=
∫
Ω
|MfDu|

= sup
{∫

Ω
udiv(Mfφ) dx : φ ∈ C1

0 (Ω;R2),

|φ(x)| ≤ 1 ∀x ∈ Ω)
}
. (7)

Since the existence of minimizers to the
problem (3)–(4) remains an open issue nowa-
days, according to,1 the following family of two-
parametric approximated problems should be
used

Jε,τ (c, φ) =

∫
Ω
(f − c0) log

(
f

c0

)[
χAτ

0

]
ε
dx+

m−1∑
j=1

∫
Ω
(f − cj) log

(
f

cj

)([
χAτ

j

]
ε
−
[
χAτ

j+1

]
ε

)
dx

+

∫
Ω
(f − cm) log

(
f

cm

)[
χAτ

m

]
ε
dx

+
1

ε

[
∥Ψ(l0 − φ)∥L1(Ω) + ∥Ψ(φ− lm+1)∥L1(Ω)

]
+ ε|Mf

ε Dφ|(Ω)

+ α
m∑
j=1

∫
Ω2ε

∣∣∣Mf
ε D

[
χEτ

j

]
ε

∣∣∣→ inf
φ∈Ξε

, (8)

where τ and ε are small parameters, which vary
within strictly decreasing sequences of positive
numbers converging to 0,

Aτ
0 = {x ∈ Ω : φ(x) ≤ l1 − τ} ,

Aτ
j = {x ∈ Ω : φ(x) ≥ lj + τ} ,

Eτ
j = {x ∈ Ω : φ(x) ≥ lj − τ} ,
j = 1, . . . ,m,

 (9)

Ω2ε =
{
x ∈ R2 : dist (x,Ω) ≤ 2ε

}
,

Mf
ε (x) =

[
I − (1− ε)2θ(x)⊗ θ(x)

]
,

(10)

Ψ(z) =

{
z2−τ , if z ≥ 0,
0, if z < 0,

}
(11)

with a given exponent δ ∈ (1, 2), and

Ξε =
{
(c, φ) ∈ Rm+1 ×BV (Ω) :

c = (c0, c1, . . . , cm), cj ≥ 0, j = 0, . . . ,m
}
. (12)

As for the functions
[
χAτ

j

]
ε
(·),
[
χEτ

j

]
ε
(·) ∈

C∞(R), they have the following representations:[
χAτ

0

]
ε
= Hε(l1 − τ − φ),[

χAτ
j

]
ε
= Hε(φ− lj − τ), j = 1, . . . .m,[

χEτ
j

]
ε
= Hε(φ− lj + τ), j = 1, . . . .m,

where Hε(z) = [ηε ∗H] (z) stands for the smooth
approximation of the Heaviside step function

H(z) =
{

1, z≥0
0,z<0

}
through the mollification. For

the practical implementations, it would be enough
to set

Hε(z) =


0, z < −ε,
z
2ε +

1
2

(
1 + 1

π sin πz
ε

)
, −ε ≤ z ≤ ε,

1, z > ε.
(13)

Considering that the slope of Hε(z) is sufficiently
near to H(z), the Heaviside function for ε > 0
small enough, and that

Hε(·) ∈ C2
loc(R),

∥H(·)−Hε(·)∥L1(R) = ε, ∀ ε > 0,
(14)

the function Hε(·) is seen as a H(z) pointwise ap-
proximation.

The function δε ∈ C1
0 (R) is defined, establish-

ing

δ1,ε(z) =
dHε(z)

dz

=

{
0, |z| > ε,
1
2ε

(
1 + cos πz

ε

)
, |z| ≤ ε,

∀ z ∈ R, (15)

as an approximation of δ(z), that is, the Dirac
function.

The following result has recently been estab-
lished in:1

Theorem 1. Let f : Ω → R be a given grayscale
image satisfying properties (2). Then, for each
ε ∈ (0, 1) and τ > 0 small enough, the con-
strained minimization problem (8)–(12) admits at
least one solution. Moreover, if (c0ε,τ , φ

0
ε,τ ) ∈ Ξε

is a local minimizer to problem (8)–(12), then

c0ε,τ,0 = c0(φ
0
ε,τ ) =

∫
Ω fHε(l1 − φ0

ε,τ − τ) dx∫
ΩHε(l1 − φ0

ε,τ − τ) dx
,

c0ε,τ,j = cj(φ
0
ε,τ ) =∫

Ω f
[
Hε(φ

0
ε,τ − lj − τ)−Hε(φ

0
ε,τ − lj+1 − τ)

]
dx∫

Ω

[
Hε(φ0

ε,τ − lj − τ)−Hε(φ0
ε,τ − lj+1 − τ)

]
dx

,
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c0ε,τ,m = cm(φ0
ε,τ ) =

∫
Ω fHε(φ

0
ε,τ − lm − τ) dx∫

ΩHε(φ0
ε,τ − lm − τ) dx

,

(16)
and the pair φ0

ε,τ satisfies the following optimality
condition

−
∫
Ω

(
f − c0ε,τ,0

)
log

(
f

c0ε,τ,0

)
× δε(l1 − φ0

ε,τ − τ)[φ− φ0
ε,τ ] dx

+

m−1∑
j=1

∫
Ω

(
f − c0ε,τ,j

)
log

(
f

c0ε,τ,j

)
× δε(φ

0
ε,τ − lj − τ)

×Hε(−φ0
ε,τ + lj+1 + τ)[φ− φ0

ε,τ ] dx

−
m−1∑
j=1

∫
Ω

(
f − c0ε,τ,j

)
log

(
f

c0ε,τ,j

)
× δε(−φ0

ε,τ + lj+1 + τ)

×Hε(φ
0
ε,τ − lj − τ)[φ− φ0

ε,τ ] dx

+

∫
Ω

(
f − c0ε,τ,m

)
log

(
f

c0ε,τ,m

)
× δε(φ

0
ε,τ − lm − τ)[φ− φ0

ε,τ ] dx

+
1

ε

∫
Ω

[
Ψ′(φ0

ε,τ − lm+1)−Ψ′(l0 − φ0
ε,τ )
]

× [φ− φ0
ε,τ ] dx

+ jε,τ (φ)− jε,τ
(
φ0
ε,τ

)
≥ 0, ∀φ ∈ BV (Ω),

(17)

where

Φε(φ) =
1

ε

[
∥Ψ(l0 − φ)∥L1(Ω)

+∥Ψ(φ− lm+1)∥L1(Ω)

]
,

jε,τ (φ) = ε|Mf
ε Dφ|(Ω)

+ α
m∑
j=1

∫
Ω2ε

∣∣∣Mf
ε D

[
χEτ

j

]
ε

∣∣∣ .
Moreover, we have the following result con-

cerning the asymptotic behavior of the approxi-
mated problem (8)–(12) (for the technical details,
we refer to30,31).

Theorem 2. Let τ ≪ 1 be a given positive
value. Let

{
(c0ε,τ , φ

0
ε,τ ) ∈ Ξε

}
ε→0

be a sequence
of optimal pairs to the approximated minimiza-
tion problems (8)–(12). Assume that

{
φ0
ε,τ

}
ε>0

is a bounded sequence in BV (Ω), and the relaxed
problem

Jτ (c, φ) → inf
(c,φ)∈Ξ

φ∈BV (Ω)

(18)

has a nonempty set of minimizers for the given
value τ > 0. Then there exists a pair (c∗τ , φ

∗
τ ) ∈ Ξ

such that φ∗
τ ∈ BV (Ω) and, up to a subsequence,

c0ε,τ → c∗τ in Rm+1 as ε→ 0,

φ0
ε,τ → φ∗

τ strongly in L1(Ω),

MfDφ0
ε,τ

∗
⇀MfDφ∗

τ weakly-∗ in M(Ω;R2),

inf
(c,φ)∈Ξ

Jτ (c, φ) = Jτ (c
∗
τ , φ

∗
τ )

= lim
ε→0

Jε,τ (c
0
ε,τ , φ

0
ε,τ ) = lim

ε→0
inf

(c,φ)∈Ξε

Jε,τ (c, φ),

where the objective functional Jτ : Ξ → R is de-
fined as

Jτ (c, φ) =

∫
Ω
(f − c0) log

(
f

c0

)
χAτ

0
dx

+
m−1∑
j=1

∫
Ω
(f − cj) log

(
f

cj

)[
χAτ

j
− χAτ

j+1

]
dx

+

∫
Ω
(f − cm) log

(
f

cm

)
χAτ

m
dx

+ α
m∑
j=1

∫
Ω
|MfDχEτ

j
|.

3. On representation of optimality
system (17) in the form of
Euler–Lagrange equation

In this section, we characterize the solution
(c0ε,τ , φ

0
ε,τ ) of the minimization problem (8)–(12)

for given values ε ∈ (0, 1) and τ > 0 deriving for
that the equation satisfied by (c0ε,τ , φ

0
ε,τ ). To do

so, we decompose Jε,τ : Ξε → R as the sum of
three functionals, that is,

Jε,τ (c, φ) = Iε,τ (c, φ) + Φε(φ) + Λε,τ (φ), (19)

where Iε,τ : Rm+1 × L2(Ω) → R and
Φε : L

2(Ω) → R are defined by the rules

Iε,τ (c, φ) =

∫
Ω
(f − c0) log

(
f

c0

)[
χAτ

0

]
ε
dx

+
m−1∑
j=1

∫
Ω
(f − cj) log

(
f

cj

)
×
([
χAτ

j

]
ε
−
[
χAτ

j+1

]
ε

)
dx

+

∫
Ω
(f − cm) log

(
f

cm

)[
χAτ

m

]
ε
dx, (20)

Φε(φ) =
1

ε

[
∥Ψ(l0 − φ)∥L1(Ω)

+∥Ψ(φ− lm+1)∥L1(Ω)

]
, (21)

and Λε,τ : L2(Ω) → R is defined by

Λε,τ (φ) = ε|Mf
ε Dφ|(Ω)

+α

m∑
j=1

∫
Ω2ε

∣∣∣Mf
ε D

[
χEτ

j

]
ε

∣∣∣ , (22)
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if φ ∈ BV (Ω), and

Λε,τ (φ) = ∞, if φ ∈ L2(Ω) \BV (Ω).

Taking into account the fact that Ψ ∈ C1
loc(R),

it can be shown that

Φε

(
φ0
ε,τ + λh

)
= Φε

(
φ0
ε,τ

)
+ λDφΦε

(
φ0
ε,τ

)
[h] + r(h, λ),

for any h ∈ L2(Ω), where, as λ → 0,|r(h, λ)| =
o(|λ|), and DφΦε(φ

0
ε,τ ) : L2(Ω) → R is a linear

continuous functional with the following represen-
tation:

DφΦε

(
φ0
ε,τ

)
[h] =

1

ε

[
−
∫
Ω
Ψ′(l0 − φ0

ε,τ )h dx

+

∫
Ω
Ψ′(φ0

ε,τ − lm+1)h dx
]
. (23)

Here, Ψ′(z) =

{
δzδ−1, if z ≥ 0,
0, if z < 0

}
.

We also observe that the right-hand side in
(23) can be represented as follows:

1

ε

∫
Ω

[
Ψ′(φ0

ε,τ − lm+1)−Ψ′(l0 − φ0
ε,τ )
]
[φ− φ0

ε,τ ] dx

=
2− τ

ε

∫
Ω
[φ− φ0

ε,τ ]

×
{

(φ0
ε,τ − lm+1)

1−τ , if φ0
ε,τ − lm+1 > 0,

0, otherwise

}
dx

− 2− τ

ε

∫
Ω
[φ− φ0

ε,τ ]

×
{

(l0 − φ0
ε,τ )

1−τ , if l0 − φ0
ε,τ > 0,

0, otherwise

}
dx.

(24)

Since (c0ε,τ , φ
0
ε,τ ) is an optimal pair to the ap-

proximated minimization problem (8)–(12), it fol-
lows from representation (19)–(22) that

Jε,τ (c
0
ε,τ , φ)− Jε,τ (c

0
ε,τ , φ

0
ε,τ ) ≥ 0

∀φ ∈ L2(Ω).
(25)

Taking into account that, for each φ ∈ BV (Ω),

Λε,τ (φ)− Λε,τ

(
φ0
ε,τ

)
=

∫
Ω

(
L(φ)− L(φ0

ε,τ )
)
|Mf

ε Dφ
0
ε,τ |

+

∫
Ω
L(φ)|Mf

ε Dφ| −
∫
Ω
L(φ)|Mf

ε Dφ
0
ε,τ |

(26)

with

L(φ) =

ε+ α
m∑
j=1

δε(φ− lj + τ)

 , (27)

and setting

V1
(
φ0
ε,τ

)
= −

(
f − c0ε,τ,0

)
log

(
f

c0ε,τ,0

)
× δε(l1 − φ0

ε,τ − τ)

+

m−1∑
j=1

(
f − c0ε,τ,j

)
log

(
f

c0ε,τ,j

)
× δε(φ

0
ε,τ − lj − τ)Hε(−φ0

ε,τ + lj+1 + τ)

−
m−1∑
j=1

(
f − c0ε,τ,j

)
log

(
f

c0ε,τ,j

)
× δε(−φ0

ε,τ + lj+1 + τ)Hε(φ
0
ε,τ − lj − τ)

+
(
f − c0ε,τ,m

)
log

(
f

c0ε,τ,m

)
δε(φ

0
ε,τ − lm − τ)

+
[{ (φ0

ε,τ − lm+1)
1−τ , if φ0

ε,τ − lm+1 > 0,
0, otherwise,

}
−
{

(l0 − φ0
ε,τ )

1−τ , if l0 − φ0
ε,τ > 0,

0, otherwise,

}]2− τ

ε
,

(28)

J (w,φ) =
∫
Ω
L (w) |Mf

ε Dφ| if φ ∈ BV (Ω),

+∞ if φ ∈ L2(Ω) \BV (Ω),

(29)

V2
(
φ0
ε,τ

)
= α

m∑
j=1

δ′ε(φ
0
ε,τ − lj + τ), (30)

we see that inequality (25) leads to the relation∫
Ω
V1
(
φ0
ε,τ

)
φdx+

∫
Ω
V2
(
φ0
ε,τ

)
φ |Mf

ε Dφ
0
ε,τ |

+
[
J (w,φ)− J (w,φ0

ε,τ )
]∣∣∣

w=φ
≥ o(1)h,

∀φ ∈ L2(Ω), (31)

where h = φ−φ0
ε,τ , and o(1) → 0 as ∥h∥L2(Ω) → 0.

Hence,

− V1
(
φ0
ε,τ

)
∈[

∂

(∫
Ω
V2
(
φ0
ε,τ

)
φ |Mf

ε Dφ
0
ε,τ |+ J (w,φ)

)]∣∣∣∣
w=φ0

ε,τ

.

Since

∂

(∫
Ω
V2
(
φ0
ε,τ

)
φ |Mf

ε Dφ
0
ε,τ |+ J (w,φ)

)
= ∂

(∫
Ω
V2
(
φ0
ε,τ

)
φ |Mf

ε Dφ
0
ε,τ |
)

+ ∂J (w,φ)

by the Moreau–Rockafellar Theorem, it follows
that the Euler–Lagrange equation for φ0

ε,τ takes
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the form

∂

(∫
Ω
V2
(
φ0
ε,τ

)
φ |Mf

ε Dφ
0
ε,τ |
)
+

∂J (w,φ)|w=φ0
ε,τ

+ V1
(
φ0
ε,τ

)
∋ 0. (32)

Following Anzellotti,32 for an open bounded
set with Lipschitz boundary Ω ⊂ R2, we denote

X2(Ω) =
{
z ∈ L∞(Ω;R2) : div(z) ∈ L2(Ω)

}
(33)

to give a correct interpretation of the Anzelotti
pairing (z,Du) with u ∈ BV (Ω). In this case, if
u ∈ BV (Ω) and z ∈ X2(Ω), then for every test
function ψ ∈ C∞

0 (Ω), we have

⟨(z,Du) , ψ⟩ := −
∫
Ω
udiv(ψz) dx =

−
∫
Ω
uψ div(z) dx−

∫
Ω
u(z,∇ψ) dx. (34)

Arguing as in,?Proposition 4.1.]Vese it can be
shown that ξ ∈ ∂J (w,φ)|w=φ0

ε,τ
if and only if

there exists a vector field z ∈ X2(Ω) (see (33))
such that the following conditions hold:

∥z∥L∞(Ω;R2) ≤ 1,(
z,Mf

ε Dφ
0
ε,τ

)
=
∣∣∣Mf

ε Dφ
0
ε,τ

∣∣∣ as measures,

−div
(
L(φ0

ε,τ )M
f
ε z
)
= ξ in Ω,[

L(φ0
ε,τ )M

f
ε z, νΩ

]
= 0 a.e. on ∂Ω.

Then taking into account the Anzelotti represen-
tation (34) and the fact that

− div
(
L(φ0

ε,τ )M
f
ε z
)

= −V2
(
φ0
ε,τ

) (
Mf

ε Dφ
0
ε,τ , z

)
− L(φ0

ε,τ ) div
(
Mf

ε z
)

= −V2
(
φ0
ε,τ

) ∣∣∣Mf
ε Dφ

0
ε,τ

∣∣∣− L(φ0
ε,τ ) div

(
Mf

ε z
)

we can finally rewrite (32) as follows

−L(φ0
ε,τ ) div

(
Mf

ε z
)
+ V1

(
φ0
ε,τ

)
∋ 0, (35)[

L(φ0
ε,τ )M

f
ε z, νΩ

]
= 0 a.e. on ∂Ω, (36)(

z,Mf
ε Dφ

0
ε,τ

)
=
∣∣∣Mf

ε Dφ
0
ε,τ

∣∣∣ , (37)

∥z∥L∞(Ω;R2) ≤ 1. (38)

If in addition φ0
ε,τ is differentiable in the weak

sense, then the Euler–Lagrange system (35)–(38)
assumes the form of the following boundary value

problem:

−L(φ0
ε,τ ) div

(
Mf

ε

Mf
ε ∇φ0

ε,τ

|Mf
ε ∇φ0

ε,τ |

)
+V1

(
φ0
ε,τ

)
= 0 in D′(Ω), (39)(

Mf
ε

Mf
ε ∇φ0

ε,τ

|Mf
ε ∇φ0

ε,τ |
, νΩ

)
= 0 a.e. on ∂Ω. (40)

4. Numerical approximation of the
optimality conditions

In this section, we briefly describe the numeri-
cal scheme and a procedure to solve the Euler–
Lagrange system (39)–(40) numerically. Since for
implementations, it is reasonable to define the so-
lution of the problem (39)–(40) using a “gradi-
ent descent”strategy, denoted by S a given circle
and by d(x, S) the Euclidean distance of the point
x ∈ Ω from the circle S, we suggest starting with
the initial level function φ0 ∈ C(Ω) that can be
defined as follows (see also the other variants in19)

φ0(x) =

 +d(x, S), x ∈ insideS,
0, x ∈ S,
−d(x, S), x ∈ outsideS.

(41)

Next, for numerical purposes, we calculate uε,τ ,
the continuous approximation of the BV solution
φ0
ε,τ , with ε > 0 and τ > 0 small enough, as a

solution of the problem

∂φ

∂t
= L(φ) div

(
Mf

ε

Mf
ε ∇φ

|Mf
ε ∇φ|

)
− V1 (φ)

in (0,∞)× Ω, (42)(
Mf

ε

Mf
ε ∇φ

|Mf
ε ∇φ|

, νΩ

)
= 0 on (0,∞)× ∂Ω, (43)

φ(0, ·) = φ0(·) in Ω. (44)

The second point that we realize in this algo-
rithm is to consider the adaptive version of the
model (42)–(44). Following19 and,34 we substi-
tute the multipliers δε(−φ0

ε,τ + lj+1 + τ) in the
external force V1 (φ) with 1. It has been recently
shown in34 that, in this way, the external force
without δε(−φ0

ε,τ + lj+1 + τ) can take action on
φ everywhere in Ω (not simply on the prescribed
level sets of φ), and so can keep φ moving more
quickly towards the desired segment edges. As a
result, the adaptive version of the external force
V1 (φ) takes the form

V̂1 (φ) = −
(
f − c0ε,τ,0

)
log

(
f

c0ε,τ,0

)
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+
(
f − c0ε,τ,m

)
log

(
f

c0ε,τ,m

)

+
m−1∑
j=1

(
f − c0ε,τ,j

)
log

(
f

c0ε,τ,j

)
[Hε(−φ+ lj+1 + τ)−Hε(φ− lj − τ)]

+
2− τ

ε

{
(φ− lm+1)

1−τ , if φ− lm+1 > 0,
0, otherwise,

}
− 2− τ

ε

{
(l0 − φ)1−τ , if l0 − φ > 0,
0, otherwise.

}
(45)

We also need to specify the boundary condi-
tion on ∂Ω associated with (43). To obtain a well-
posed problem, we change the natural boundary
condition (43) just slightly, namelyMf

ε

Mf
ε ∇φ√

ε2 + |Mf
ε ∇φ|2

, νΩ

 = 0 a.e. on ∂Ω.

Because the denominator

√
ε+ |Mf

ε ∇φ|2 is

strictly positive, the matrix function Mf
ε (x) for

each x ∈ Ω is symmetric, and the discrete gradi-
ents are bounded in the norm, we can pass to the
following boundary condition instead of (43)(

Mf
ε ∇φ,Mf

ε νΩ

)
= 0 on ∂Ω, (46)

where νΩ is a unit normal to ∂Ω. However, in
view of the assumption (6), this condition can be
rewritten as follows:

∂φ

∂νΩ
= 0 on ∂Ω.

Consequently, we obtain the subsequent prob-
lem for numerical simulation

∂φ

∂t
= L(φ) div


(
Mf

ε

)2
∇φ√

ε2 + |Mf
ε ∇φ|2

− V̂1 (φ)

in (0,∞)× Ω, (47)

∂φ

∂νΩ
= 0 on (0,∞)× ∂Ω, (48)

φ(0, ·) = φ0(·) in Ω, (49)

where the functions L(φ) and V̂1 (φ) are defined
by (27) and (45), respectively.

Quasi-linear partial differential equations can
be solved in a variety of ways (for a list of meth-
ods, check the references35,36). Finite differences
techniques and an explicit scheme of the forward
Euler method are maybe the best choices because
we are working with pixels in image processing.
Let ∆t be a time step size. Then setting

t = n∆t, n = 0, 1, 2, . . . ,

x = i (1 ≤ i ≤ Nx), y = j (1 ≤ j ≤ Ny),

where (x, y) stands for image pixel and Nx×Ny is
the original image size at the grid GH , we define
the following discrete notations

∆x
±φ

n
ij = ±

(
φn
i±1,j − φn

ij

)
,

∆y
±φ

n
ij = ±

(
φn
i,j±1 − φn

ij

)
,

m(a, b) = minmod (a, b) =

min (|a|, |b|) sgn a+ sgn b

2
,

where φn
i,j denotes the approximation of

φk+1(n∆t, i, j). Then, the numerical approxima-
tion of the principle components of the boundary
value problem (47)–(49) takes the form(

∂φ

∂t

)n

i,j

≈
φn+1
i,j − φn

i,j

∆t
,div


(
Mf

ε

)2
∇φ√

ε2 + |Mf
ε ∇φ|2




n

i,j

≈

∆x
−
(
Xn

i,j

)
+∆y

−
(
Y n
i,j

)
,

Xn
i,j = aPn

i,j + bQn
i,j , Y n

i,j = bPn
i,j + cQn

i,j ,(
a b
b c

)
=
(
Mf

ε

)2
,

Pn
i,j =

∆x
+φ

n
i,j√

ε2 +
(
∆x

+φ
n
i,j

)2
+
(
m
(
∆y

+φ
n
i,j ,∆

y
−φ

n
i,j

))2 ,
Qn

i,j =

∆y
+φ

n
i,j√

ε2 +
(
∆y

+φ
n
i,j

)2
+
(
m
(
∆x

+φ
n
i,j ,∆

x
−φ

n
i,j

))2 .

As a result, utilizing the formulas given above,
we arrive at the following numerical scheme asso-
ciated with the initial boundary problem (47)–
(49):

φn+1
i,j = φn

i,j + L(φn
i,j)

×
(
∆x

−
[
Xn

i,j

]
+∆y

−
[
Y n
i,j

])
∆t− V̂1(φ

n
l,j)∆t

∀i = 1, . . . , Nx, ∀ j = 1, . . . , Ny,

∀n = 0, 1, . . . (50)

with the initial conditions

φ0
i,j = (φ0)i,j ,

∀i = 1, . . . , Nx, ∀ j = 1, . . . , Ny,
(51)

and boundary conditions

φn
0,j = φn

1,j , φn
Nx,j = φn

Nx−1,j ,

vnl,0 = vnl,1, φn
l,Ny

= φn
l,Ny−1, (52)

∀l = 1, . . . , Nx, ∀ j = 1, . . . , Ny.
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Since the set-level function φ(x) should be
subjected by the constraints (see (4))

l0 ≤ φ(x) ≤ lm+1 a.e. in Ω,

in practice this constraint can be incorporated by
renormalizing φn

i,j (when φ
n
i,j < l0 or φn

i,j > lm+1)
after each time step. It means that we can omit

the last two terms in the external force V̂1 (φ) that
emerge as the penalizing ones. As a result, we can
modify the iteration procedure (50) as follows:

φn+1
i,j = φn

i,j + L(φn
i,j)
(
∆x

−
[
Xn

i,j

]
+∆y

−
[
Y n
i,j

])
∆t

+
(
f − c0ε,τ,0

)
log

(
f

c0ε,τ,0

)

−
(
f − c0ε,τ,m

)
log

(
f

c0ε,τ,m

)

−
m−1∑
j=1

(
f − c0ε,τ,j

)
log

(
f

c0ε,τ,j

)
×
[
Hε(−φn

i,j + lj+1 + τ)−Hε(φ
n
i,j − lj − τ)

]
,

(53)

φn+1
i,j = l0 if φn+1

i,j < l0, (54)

φn+1
i,j = lm+1 if φn+1

i,j > lm+1, (55)

∀i = 1, . . . , Nx, ∀ j = 1, . . . , Ny,

∀n = 0, 1, . . .

Taking into account the following estimates:(
Mf

ε

)2
≤ I in the sense of quadratic forms,

|Pn
i,j | ≤

1

ε
|∆x

+φ
n
i,j |, |Qn

i,j | ≤
1

ε
|∆y

+φ
n
i,j |,

L(φn
i,j) ≤ ε+ α

m

ε

and arguing as in?Chapter 28]Salgado, we can deduce
the following stability conditions for the proposed
approximation scheme

∆t
(
1 + α

m

ε2

)
<

1

2
. (56)

Therefore, the stability of the numerical scheme
(51),(52),(53)–(55) depends critically on the pa-
rameter α > 0 being chosen correctly. As for the
stopping condition, it can be formalized as fol-
lows:

max
1≤i≤Nx

max
1≤j≤Ny

∣∣∣φn+1
i,j − φn

l,j

∣∣∣ ≤ ε.

Our next intention in this section is to discuss
the algorithm for restoration and visualization of
the level sets

Sj := {x ∈ Ω : φ(x) = lj} , j = 1, 2, . . . ,m.

Definition 1. Let f : Ω → R be a gray-scale im-
age satisfying conditions (2). Let φ0

ε,τ ∈ BV (Ω)

be a solution of the minimization problem (8)–
(12) with ε > 0 and τ > 0 small enough. Let(
φ0
ε,τ

)
ρ
∈ C∞(Ω) be the smoothed version as the

convolution of the 2-D Gaussian kernel Gρ and
φ0
ε,τ . We say that the following decomposition

Ω = Ω0 ∪ Ω1 ∪ · · · ∪ Ωm ∪ Ω∗

is quasi-optimal for the approximation of f by
piecewise constant function f∗ : Ω → R if

• the restrictions f∗|Ωj
are defined as

f∗|Ωj
= c0ε,τ,j , j = 0, . . . ,m,

where the constants c0ε,τ,j are given by

(16);
• the subdomains (or segments) {Ωj}mj=0 are

related to the function φ0
i,j as follows

Ω0 =
{
x ∈ Ω :

(
φ0
ε,τ

)
ρ
(x) < l1

}
, (57)

Ωj =
{
x ∈ Ω : lj <

(
φ0
ε,τ

)
ρ
(x) < lj+1

}
, (58)

j = 1, . . . ,m− 1,

Ωm =
{
x ∈ Ω :

(
φ0
ε,τ

)
ρ
(x) > lm

}
; (59)

• Ω∗ stands for the boundaries between dif-
ferent Ωj, that is,

Ω∗ =
m⋃
j=1

{
x ∈ Ω :

(
φ0
ε,τ

)
ρ
(x) = lj

}
.

As immediately follows from this definition,
each segment Ωj of the given f -decomposition can
be associated with the corresponding coefficient
of variation CVj , j = 0, . . . ,m. This coefficient
is the measure that quantifies the degree of vari-
ability in the set of data by calculating the ratio
of the standard deviation of f(x) within Ωj to its
mean f∗|Ωj

, that is,

CVj =

√∫
Ωj

(
f(x)− f∗|Ωj

(x)
)2

dx

f∗|Ωj

for all j = 0, . . . ,m.
Thus, by this definition, the boundaries ∂Ωj

of the segments Ωj can be defined as the corre-
sponding level sets Sj . To identify these sets,
we make use of the so-called marching squares
method.38,39 The main steps of this approach can
be described as follows:

(1) Given an index j ∈ {1, . . . .,m} and a
smoothed version

(
φ0
ε,τ

)
ρ
∈ C∞(Ω) of the

level set function φ0
ε,τ ∈ BV (Ω), create a

binary image Bj following the rule

Bj(x) =

{
1, if

(
φ0
ε,τ

)
ρ
(x) ≥ lj ,

0, if
(
φ0
ε,τ

)
ρ
(x) < lj ,

∀x ∈ Ω.
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Figure 1. Binary image Bj with lj = 1

Then every 2× 2 block of pixels in the bi-
nary image forms a contouring cell, so the
whole image is represented by a grid of
such cells (see Fig.1). In fact, just for il-
lustration, this picture reflects the main
actions that we have to do in order to
find out a correct location of the level set(
φ0
ε,τ

)
ρ
(x) = 1.5.

(2) Follow these steps for every cell in the con-
touring grid:
(a) To create a binary index, combine

the 4 bits at the cell’s corners: Us-
ing the bitwise OR and left-shift, go
clockwise around the cell from the
most significant bit at the top left to
the least significant bit at the bot-
tom left, adding the bit to the index.
As indicated in the table below, the
resulting 4-bit index has 16 potential
values in the range 0− 15.

0 1 2 3

4 5 6 7

8 9 10 11

12 13 14 15

(b) Utilize the cell index to access a pre-
built lookup table with 16 entries
that list the edges required to rep-
resent the cell.

(c) To determine the precise location
of the contour line along the cell’s
edges, use linear interpolation be-
tween the initial field data values.
(see Fig. 2).

5. Numerical Results

In this section, we dwell on two possible ways
for the implementation of the proposed approach
to domain decomposition. We call these ways

just direct and adaptive segmentation procedures.
The key point of the direct segmentation is the
fact that the number m+1 of segments that must
correspond to the homogeneity zones of a given
function f : Ω → R, should be prescribed a pri-
ori, provided the degree of variability of the orig-
inal distribution f : Ω → R over Ω satisfies the
condition

CV
(
f
∣∣
Ω

)
=

σ
(
f
∣∣
Ω

)
mean

(
f
∣∣
Ω

) · 100% > δmin,

where δmin > 0 is a given threshold. Typ-
ically, a distribution f is considered homoge-
neous, especially in the agricultural application,
if CV (f

∣∣
Ω
) ≤ 15%.

To illustrate the efficiency of the proposed
model and the scheme of direct segmentation, we
provided numerical experiences with images that
the Sentinel-2 satellite has delivered. we used a 10
m/pixel image over the Dnipro region of Ukraine
as input data (see the left panel in Figure 3).

With medium-sized fields of different shapes,
this area exemplifies a typical agricultural land-
scape. The observed data suffer from noise and
blurring, as can be seen from the image in Fig. 3
(also refer to the related histogram in Fig. 4).

Using the variational approach recently pro-
posed in40 (see also7,8), we implemented the de-
blurring and denoizing procedure as the first stage
(see the right panel in Fig. 3). The smoothed pic-
ture histogram has a marked compactly localized
spectrum, as shown in Figure 4. This spectrum
could be regarded as a “good option”for its piece-
wise constant approximation.

Numerical simulations of f -decomposition fol-
lowing the scheme of the direct segmentation have
been performed considering three different vari-
ants setting f(x) = ui(x), in Ω, where ui with
i = 1, 2, 3 stands for the intensity of the satellite
image at the left panel of Figure 1 in red, blue,
and green spectral channels, respectively. To de-
fine a segmentation in each of these channels, we
applied the iteration procedure (51), (52), (53)–
(55) to the corresponding function f = ui with
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Figure 2. Variant of the contour lines in the cell

Figure 3. On the left: The original satellite photo. On the right: The photo after denoising

Figure 4. On the left: Histogram of the original image. On the right: Histogram of the
smoothed data

the following setting

m = 3, l0 = −20000, l1 = −18000,

l2 = −2000, l3 = 10000, l4 = 20000,

σ = 3, τ = 0.1, η = 1− ε,

ε = 0.01, ∆t = 0.05,

and φ0 ∈ C(Ω) of (41), the initial level set func-
tion, was taken with S circle having radius 20 and
center in the central point of Ω, and d(x, S) the
Euclidean distance between the point x ∈ Ω and
S.

The parameter α is defined by the rule (56).
Results of segmentation that have been obtained
in this way, are depicted in Fig. 5–6. In fact,
the given f -decomposition can be drilled down
for each channel by iterative setting Ω = Ωi,
i = 1, 2, and so on. Regarding the procedure’s
stop-condition, it can be taken as follows:

either L2 (Ωi) < δ1 or CV
(
f
∣∣
Ωi

)
< δ2

for given δ1, δ2 > 0.

However, it should be emphasized that the
main drawback of the direct approach to the seg-
mentation procedure is the fact that the final re-
sult (the shape of the obtained segments, their
area, and the corresponding coefficient of varia-
tion) crucially depends on the number of segments
m+1 that we prescribe as an input characteristic.
To circumvent this restriction, we make use of the
adaptive approach. In this context, we do not fix
a priori the number of segments, but instead, we
decompose the interval [l0, lm+1] into a uniform
grid

l0 < l1 < l2 < · · · < lM−1 < lM < lm+1

with lj = l0 + j∆l, where the integer M > 0 sat-
isfies the condition

|Ω|
M + 1

≈ S∗.
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Figure 5. f -decomposition with f(x) = ured(x)

Figure 6. f -decomposition with f(x) = ugreen(x)
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Here, S∗ stands for the area of a standard field in
a given region.

After that we define the function φ0
ε,τ as a so-

lution of the problem (51), (52), (53)–(55) with

the given collection {lj}Mj=1. Let {Sj}
M
j=0 be a set

of the corresponding segments that we identify by
the rules (57)–(59). Then we define the true seg-
ments as follows:

k=1;

True_Segment(k):=S_0;

for j=1:M

if area(S_1)<0.10 S*

combine{True_Segment(k),S_j};

else

k=k+1;

True_Segment(k):=S_j;

end

Number_of_true_Segments:=k;

Here, the multiplier 0.10 emerges as a part of
the field that can be neglected as a zone of inho-
mogeneity.

6. Conclusion

The generalized active contour model, proposed
in,1 to extract agricultural crop fields with a high
degree of inhomogeneity from satellite data has
been implemented. Setting an optimization prob-
lem, it was possible to achieve a disjunctive de-
composition of a given field into a finite number
of non-empty subsets, each of which could be as-
sociated with a unique value of an agricultural
index. The Euler–Lagrange equation with the
appropriate initial and boundary conditions has
been used to express the corresponding optimal-
ity system under certain assumptions. A method
for the numerical solution of the Euler–Lagrange
system has been provided along with a numerical
scheme. Using a direct approach to the segmenta-
tion technique and the new adaptive one, numer-
ical simulations utilizing real-life satellite images
have been conducted to show the accuracy and
effectiveness of the proposed model.
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