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The linear elastic hydraulic fracture criterion is not applicable to deep reservoirs when nonlinear behavior 
is present over an extensive zone at the fracture tip. This study aims to develop a criterion for nonlinear 
hydraulic fracture considering the fracture process zone (FPZ) and seeks to reveal the causes of nonlin-
earity during fracture propagation in deep reservoirs. A closing stress profile considering the in-situ stress 
was established by using the cohesive zone model (CZM) to describe the FPZ at the fracture tip. An ana-
lytical model for the FPZ length was derived, while the criterion for nonlinear fracture propagation was 
proposed. The FPZ fully developed and the fracture began to propagate when the apparent stress inten-
sity at the fracture tip reached the apparent fracture toughness or when the in-situ stress intensity
reached the in-situ fracture toughness. The proposed criterion can clearly determine the length of the
FPZ, accurately predict the breakdown pressure during fracturing operations, and establish a relationship
between these two parameters. It addresses the inherent limitations of conventional linear elastic frac-
ture mechanics (LEFM), which often underestimates fracture toughness and neglects the effects of the
FPZ. This research is expected to enhance the fracturing design in deep reservoirs.

© 2025 China University of Mining & Technology. Publishing services by Elsevier B.V. This is an open 
access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/). 
1. Introductio n

As exploration and development technologies advance, oil and 
gas exploration has increasingly targeted deep reservoirs over
the past few decades (>4500 m) [1–3]. Medium and deep reser-
voirs have contributed to 30% of the newly discovered hydrocarbon 
reserves. Currently, deep reservoirs account for 34.3% of global oil 
reserves and 59.5% of natural gas reserves. However, these reser-
voirs remain underexplored due to their unsatisfactory physical
properties and often require hydraulic fracturing for effective
industrial exploration [4–6]. In deep or ultra-deep reservoirs, the 
rock fracture mechanism transitions from quasi-brittle to plastic 
or ductile, and the nonlinear fracture process zone at the hydraulic 
fracture tip dominates the extension and propagation of the frac-
ture. Conventional LEFM criteria have demonstrated limitations 
in addressing fracture problems within such reservoirs. The LEFM
criterion assumes that the stress field at the fracture tip exhibits
linear singularity but neglects the nonlinear fracture behavior at
the fracture tip that arises under high-stress conditions. Conse-
quently, fracture toughness values predicted using LEFM criteria 
are underestimated, resulting in an underestimation of reservoir
breakdown pressures [7–10]. Given that existing LEFM criteria fail 
to adequately describe the nonlinear fracture behavior at the frac-
ture tip, it is urgent to develop fracture propagation criteria that 
take into account nonlinear fracture behavior. This would enable
a better characterization of the strengthening effect of in-situ
stress on fracture toughness and provide deeper insights into the
nonlinear mechanism governing fracture propagation.

The fracture process zone in hydraulic fracturing refers to the 
region where progressive rock damage occurs at the fracture tip, 
accompanied by the accumulation of numerous microcracks. This 
region is the primary site of energy dissipation, which is used to 
overcome the rock cohesive stress, generate new microcracks, 
and counteract friction between particles. Specifically, highly con-
centrated stress at the fracture tip causes natural defects within 
the rock, such as micropores, microcracks, and mineral grain
boundaries, to act as stress concentration points. These defects
ultimately lead to the formation of numerous microcracks. This
process results in a significant decrease in the local stiffness and
strength of the rock. The rock within the FPZ exhibits plastic rather
than elastic deformation, demonstrating pronounced nonlinear
stress-softening behavior [8,11,12]. The size of the FPZ and the
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distribution of cohesive stress significantly affect the fracture char-
acteristics and fracture propagation. Current evidence indicates 
that the size of the FPZ at the fracture tip is on the order of meters,
while the length of the hydraulic fracture is on the order of hun-
dreds of meters, i.e., r/a≈0.01≪1 [10]. The r represent the charac-
teristic size of the nonlinear region, a represent the characteristic 
size of the hydraulic fracture, and the ratio r/a represent the rela-
tive length of the nonlinear region. This indicates that the hydrau-
lic fracture tip zone conforms to a small-scale yielding condition. In 
this case, most of the zone remains in the elastic regime, and linear
elastic fracture theory can still be applied in engineering contexts.
Stress intensity, or its appropriate corrected form, can still charac-
terize the strength of the stress field near the fracture tip.

[10,23]. Field tests of hydraulic fracturing show that the injection 
pressure obtained via constant fracture toughness is lower than 

Currently, fracture tests under atmospheric pressure underesti-
mate the fracture stress intensity, leading to inaccurate fracture
criteria under in-situ stress states [13–16]. As shown in Fig. 1, frac-
ture toughness may increase by 10% to 480% under confining pres-
sure [10,17]. Therefore, hydraulic fracture analysis must account 
for both the intrinsic properties of rock materials and in-situ stress,
as these rocks are deeply buried and subjected to high confining
pressure. Rubin [18] proposed the concept of apparent fracture 
toughness while investigating dike propagation under high confin-
ing pressure. Apparent fracture toughness is broadly defined as the 
rock’s resistance to fracture propagation under multifactorial influ-
ences, including intrinsic material properties, in-situ stress, tem-
perature, and loading conditions, and other factors. Numerous
experiments have demonstrated that the apparent fracture tough-
ness increases with confining pressure [17,19–22]. Additionally, 
field fracturing results indicate that the apparent fracture tough-
ness is enhanced by both in-situ stress and fracture length

the measured pressure [23,24]. Scholz [25] speculated a square-
root dependence of apparent fracture toughness on fracture length.
Yue et al. [9] developed an analytical model for FPZ and fluid lag
Fig. 1. Influence of confining pressure on norma
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length and demonstrated that apparent toughness was increased 
by both confining pressure and fluid lag length. Compressive stres-
ses within the FPZ and fluid lag zone prevent fracture opening. 
Consequently, higher in-situ stress necessitates greater fluid pres-
sure to sustain fracture propagation. While these studies focus on
the rock’s ability to resist fracturing based on intrinsic rock proper-
ties and in-situ stress, research has also demonstrated that in-situ
stress enhances the intrinsic fracture properties of rocks, specifi-
cally in-situ fracture toughness [19,26]. Zhao and Roegiers [26] 
derived an in-situ fracture toughness equation using the Dugdale 
model and superposition principle. They indicated that the in-
situ fracture toughness is related to the in-situ stress, tensile
strength, and solution method. Luo et al. [19] established a 
three-point bending model under confining pressure via discrete 
elements and revealed that the actual fracture toughness first 
increased linearly with confining pressure before stabilizing. While 
previous studies have clarified the nonlinear behavior of the frac-
ture tip and the effect of confining pressure on rock fracture tough-
ness, the nonlinear mechanism by which the FPZ affects fracture
toughness have not yet been thoroughly explored.

apparent fracture toughness and FPZ size based on the cohesive 
zone model. Their models defined apparent fracture toughness as 

Furthermore, some researchers have initially established the 
hydraulic fracture criteria considering the nonlinear region, which 
can describe the development phenomenon of FPZ. Assuming that 
microcracks are caused by tensile stress and that the size of the
microcrack zone is determined by the tensile strength, Schmidt

a function of tensile strength and confining pressure, while FPZ
length diminished under higher confining pressure. Based on a
hydraulic fracture model that incorporates a cohesive zone at the

[27] proposed a microcrack model to describe the tensile state at 
the hydraulic fracture tip. This model assumes constant fracture 
toughness under confining pressure, with the dimensions of the
microcrack zone inversely proportional to hydrostatic confining
pressure. Sato and Hashida [28] provided analytical solutions for
lized fracture toughness of the rock [10,17]. 
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Fig. 2. Schematic diagram of hydraulic fracture.
fracture tip using the Barenblatt’s method, Mokryakov [29] derived 
the limiting form of the cohesive zone and evaluated the limited
fracture toughness. Zhao and Roegiers [26] formulated an FPZ ana-
lytical solution using a penny-shaped crack model. They indicated 
that the FPZ length is dependent on breakdown pressure, shut-in 
pressure, rock tensile strength, in-situ stress, and fracture length. 
Although research has increasingly focused on the influence of 
FPZ on fracture propagation, most studies still assume fracture
toughness to be constant and fail to fully account for the influence
of in-situ stress on rock fracture performance. In addition, existing
models inadequately elucidate the development of the FPZ and
lack robust experimental validation.

In this study, we derived a nonlinear hydraulic fracture criterion 
that considers the FPZ. Within the LEFM framework, the CZM was 
adopted to describe the FPZ at the fracture tip. A closing stress dis-
tribution profile for the FPZ was formulated by incorporating uni-
formly distributed in-situ stress into the cohesive stress profile. 
This study derived three key parameters by assuming zero stress 
intensity at the fracture tip: apparent fracture toughness, in-situ 
fracture toughness, and FPZ length. Additionally, the correlation
between breakdown pressure and FPZ length was developed, and
a nonlinear hydraulic fracture propagation criterion considering
FPZ was established. The reliability of the proposed criterion was
validated through a visualized hydraulic fracturing experiment
and a true triaxial hydraulic fracturing experiment. The novel non-
linear hydraulic fracture propagation criterion proposed in this
study provides theoretical guidance for predicting nonlinear frac-
ture behavior in deep reservoirs.

2. Derivation of nonlinear hydraulic fracture propagation
criterion

2.1. Problem descriptio n

The conventional linear elastic hydraulic fracture criterion fails 
to account for the FPZ, and the stress intensity factor at the fracture
tip can be expressed as follows:

K I Pf R0 h0 ha rH R0f b rh R0g b 1

and the maximum and minimum horizontal in-situ stresses, 

where s the fluid pressure, MPa; he wellbore radius, mm;
and the dimensionless stress intensity functions; and

respectively, MPa.

h
,

tR0 0,iPf 

ha, f b g b 
rhrH 

Fracture propagation initiates when the stress intensity factor 
at the fracture tip reaches the fracture toughness of the rock, which
is represented by the condition At this point, the fluid
pressure is expressed as:

K IC.K I 

r rPb 
1 KIC 

Hf  b hg  b 2 h0 ha R0

where s the breakdown pressure, MPa; s the fracture tough-
ness, MPa mm0.5.

KiPb iIC 

Furthermore, we considered the FPZ at the hydraulic fracture 
tip by employing the CZM, which effectively describes the develop-
ment mechanism and nonlinear fracture propagation of FPZ
[30,31]. The foundational work on CZM can be traced back to Dug-
dale and Barenblatt in the 1960s [11,32]. The purpose of the CZM is 
to mitigate fracture tip stress singularity typically found at the
fracture tip in linear elastic fracture mechanics [11,3311,33]. When a 
fracture opens, both strain and stress singularities arise at its tip; 
however, the physical stress at the fracture tip cannot be infinitely 
large. Dugdale experimentally identified a band-shaped yield zone 
at the fracture tip. Barenblatt proposed that cohesive stress, which
is related to the fracture opening displacement, exists at the frac-
ture tip. He posited that the combined stress intensity factor aris-
1647
ing from cohesive stress and external load is zero, thereby 
eliminating the singularity at the tip [11,32,33]. Fig. 2 illustrates 
the two-dimensional stress state of the hydraulic fracture. It is 
assumed that the hydraulic fracture is straight and symmetrical 
(mode I fracture), and the fluid lag at the fracture tip is not consid-
ered. The cohesive stres is distributed throughout the FPZ, 
which has a length of The total fracture length i with the 
free fracture length being The free fracture surface is subjected
to fluid pressure and there is no fluid in the FPZ. The effects of
maximum horizontal in-situ stress and vertical in-situ stress are
excluded, and the fracture is constrained by the far-field minimum
horizontal in-situ stress. The compressive stress is defined as pos-
itive in the subsequent analysis.

,
s r 

rp. s 2 c
2a. 

Pf , 

To simplify the model’s stress state, the original problem is 
decomposed into two sub-problems. As depicted in Fig. 3, the first 
sub-state involves an applied stress acting on 
the free fracture to induce fracture opening. The second sub-state 
involves a closing stress in the FPZ to resist 
fracture opening. Since the singular behavior of stress no longer
exists at the hydraulic fracture tip, the total stress intensity factor
is zero:

Pf rh)

se ose r rh)

DP (DP 

rclo (rcl 

K I K load 
I Kclose 

I 0 3

where is the total stress intensity factor at fracture tip, 
MPa mm0.5 ; the stress intensity factor caused by applied stress, 
MPa mm0.5 ; and the stress intensity factor induced by the 
closing stress, MPa mm0.5 . Subsequently, based on this regulation,
the apparent fracture toughness, in-situ fracture toughness, FPZ
length, breakdown pressure, and the relationship between FPZ
length and breakdown pressure were derived.

d

ose

K I 

K loa 
I 

Kcl 
I 

2.2. Apparent fracture toughness

This study defines apparent fracture toughness to mea-
sure the rock’s resistance to fracture propagation under in-situ 
stress and confining pressure. There are two methods to calculate

The first method involves calculatin through Eq. (3) 
to indirectly obtain while the second method directly derives 

though integration of the closing stress.

ose)

se. oad
C

e,
se

(Kcl 
IC 

Kclo 
IC g K l 

I

Kclos 
IC 

Kclo 
IC 
In the first method, since the FPZ size is much smaller than that

stress remains within the category of the LEFM [34]. The corre-
of the free fracture, the stress intensity factor caused by the applied

sponding calculation equation is given as follows:

K load 
I Pf rh p a rp 4

Based on Taylor expansion, Eq. (4) can be transformed into:
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Fig. 3. The original problem is decomposed into two sub-problems using the 
superposition method: (a) Original problem: original stress state; (b) First sub-
problem: applied stress state; and (c) Second sub-problem: closing stress state.
K load 
I Pf rh p a 1 rp 

2a o rp 5

Further, when Eq. (5) can be simplified as:a 1,rp 

r pK load Pf h a 6I

the closing stress can be indirectly determined. This is referred to
According to Eq. (3), the stress intensity factor induced by 

as the apparent stress intensity factor (Apparent SIF):

eKclos 
I 

Kclose 
I Pf rh p a 7

where is also referred to as the net pressure, MPa.rhPf 

closing stress. As discussed in Section 2.1, the closing stress 
In the second method, we first describe the expression for the 

is composed of the cohesive stress distributed through the FPZ
and the uniformly distributed far-field stress. Therefore, the fol-
lowing relation can be obtained.

osercl 

r 

rclose r r h 8

According to the CZM, the cohesive stress at the tip of the FPZ 
reaches the maximum value, which corresponds to the material’s 
tensile strength and diminishes to zero at the end of the FPZ.
The cohesive stress ollows the general distribution:

f t, 
fr 

r n f tF n 9

where is the dimensionless distance from the tip of the FPZ 
to the free fracture tip, with an a dimensionless

r rp
n 1; n

n 
0 d F 
Fig. 4. Stress distribu
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common cohesive stress distribution function is as follows: 
function describing the cohesive stress distribution in the FPZ. A

F n 1 n n n R 10

Overall, the general expression for the closing stress in the
FPZ is:

rclose 

rclose rh f tF n 11

Assuming that the cohesive stress under in-situ stress follows a
linear distribution , as shown in Fig. 4a, the expression for 
the closing stress in the FPZ is:

1)(n 

r r 1 fclose 12h n t

plate, which is subjected to a symmetrical point load per unit 
We consider a central crack with a length of 2a in an infinite

thickness, as shown in Fig. 5. The stress intensity factor s given
as follows [35]: 

K iP 
I 

KP 
I 

P 
p a 

a x
a x 13

Let when the FPZ size is much smaller than the free 
fracture size, i. so , and

Substituting this formula into Eq. (13) 
yields [36]: 

x r, 
r rp a a x 2a r 2 a

a x a x 2a r.

a 
e., ,  

I p a r p rKP P 2a P 2 14

Based on Eq. (14) and the superposition principle, the apparent 
stress intensity factor induced by the closing stress , is
obtained from the following equation:

osese, rclclo K I

Kclose 
I 

rp 
0 

2 
p rr

closedr 15

where Sin and 
Eq. (15) can be reformulated as: 

n r rp,rclosedr. rclose rh 1 n
rpdn,

f t,dP ce 
dr 

close 2r 1 r 1 n f K I 
p 

p 0
h t

n
dn 16

follows: 
Int ating Eq. (16) yields the analytical expression of asoseegr Kcl 

I 

K I rh 3 f t p
17close 2 8rp 

In summary, the analytical pression for the is as follows:Kex close 
I 

Kclose 
I 

Pf rh p a 

rh 
2 
3 f t

p
p

188r
tion in the FPZ.
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Fig. 5. Central fracture of an infinite plate under point load per unit thickness.
The apparent fracture toughness can be obtained when the fluid 
pressure reaches its peak Pb) or when the FPZ is fully devel-
oped rpmax).

(Pf 

(rp 

2.3. In-situ fracture toughness

In-situ fracture toughness C refers to the intrinsic fracture 
characteristics of rock, which is determined by residual cohesive 
stress distributed within the FPZ after the removal of in-situ 
stress. Theoretically, can be derived by integrating the residual 
cohesive stress. However, the cohesive stress distribution in the
FPZ is affected by the in-situ stress, and the functional relationship
between f rh has remained unquantified in previous studies.
Consequently, it is challenging to derive the in-situ fracture tough-
ness through the residual cohesive stress

K i 
I 

r 
K i 

IC 

r 

i K IC r . 
To address computational limitations arising from the ambigu-

ous distribution of residual cohesive stres , the closing stress 
state is decomposed into a residual stress state and an in-situ
stress state using the superposition method. Zhao and Roegiers
[26] verified the reliability of this method in 1993, which is
expressed as follows:

s r 

close i h 19K I K I K I

where s the in-situ stress intensity factor induced by the residual 
cohesive stress, MPa mm0.5 ; an Kh 

I the stress intensity factor 
induced by the in-situ stress, MPa mm0.5 . Therefore, the in-situ 
stress intensity factor can be obtained by subtracting the stress

intensity factor induced by the in-situ stress from the apparent

stress intensity factor The in-situ stres is a known uni-
formly distributed stress, as illustrated in Fig. 3b. The expression 
for is derived using the integration method outlined in
Section 2.2: 

ose .

K i 
I i

d 

K i 
I 

Kh 
I 

s rhKcl 
I 

Kh 
I 

Kh 
I rh 

8r p
p

20

Substituting Eq. (17) into Eq. (20) yields the relationship 
between and se:Kclo 

IKh 
I 

Kh 
I 

3rh 
3rh 2f t 

Kclose
I 21
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Further substituting Eq. (21) into Eq. (19) yields the relationship 
between and se:Kclo 

IK i 
I 

K i 
I 1 3rh 

3rh 2f t 
K closeI 22

Substituting Eq. (7) into Eq. (22) yields the first analytic expres-
sion for the in-situ stress intensity factor K i 

I :

K i 
I 1 3rh 

3rh 2f t 
Pf r h p a 23

Substituting Eq. (17) into Eq. (22) yields the second analytic 
expression for the in-situ stress intensity factor K i 

I :

K i 
I 

2f t 
3 

8 rp
p

24

In summary, the analytical expression for s as follows:iK I 
i 

K i 
I 

1 3rh 2f t 
Pf rh p a 

2f 8r 
25

3rh

t
3

p
p

fluid pressure reaches its peak or when the FPZ is fully 
The in-situ fracture toughness can be determined when the

developed .
)Pb

rpmax)
(Pf 

(rp 

2.4. The influence of in-situ stress on apparent and in-situ fracture
toughness

using the parameter values listed in Table 1 as the initial inputs. 

difference was set at 10 MPa. Previous studies have demonstrated 

To reveal the influence of in-situ stress on both apparent and in-
situ fracture toughness, a virtual fracturing model was constructed 

The minimum horizontal stress was varied between 20 and 
100 MPa, with an interval of 10 MPa, while the horizontal stress 

that in-situ stress exerts a strengthening effect on the tensile
strength of rock. In this study, it is assumed that the tensile
strength equals the sum of the minimum in-situ stress and the
unconfined strength, where the unconfined strength was set at
2 MPa. The breakdown pressure of the reservoir was calculated
based on the minimum horizontal stress, maximum horizontal
stress, and tensile strength. Substituting the parameter values from
Table 1 into Eqs. (18) and (25) allowed for the determination of 
both apparent and in-situ fracture toughness.

Fig. 6 illustrated that the apparent fracture toughness exhibited 
a linear relationship with the minimum horizontal stress and was 
found to be 2–3 orders of magnitude higher than values measured 
in laboratory experiments. The in-situ fracture toughness was 
found to be times the apparent fracture tough-
ness. Furthermore, higher minimum horizontal stress led to a
lower multiple, indicating that more energy is consumed to over-
come the in-situ stress in deep or ultra-deep reservoirs.

3rh 3rh 2f t1 

2.5. Nonlinear hydraulic f racture propagation criterion

hydraulic fracture propagation criterion that explicitly accounts 

mine the size of the nonlinear FPZ, predict the breakdown pressure 

The nonlinear fracture process zone at the fracture tip governs 
fracture propagation and extension during hydraulic fracturing in 
deep reservoirs. Therefore, this study established a nonlinear 

for the FPZ. The primary objectives of this criterion are to deter-

during fracturing operations, and establish a quantitative relation-
ship between these two parameters. Ultimately, this criterion was
applied to the design of fracturing operation strategies for deep or
ultra-deep reservoirs.
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Table 1 
The basic parameters of the virtual fracturing model.

(mm)a (MPa)rh (MPa)rH (MPa)f t (MPa)Pb 

500 20∼100 rH rh 10 f t rh 2 0 Pb 3rh rH f t

Fig. 6. The relationship between fracture toughness and minimum in-situ stress.
ap 
close 
Iai IFirstly, we analyze the relationship between nd nd

The transformation of Eq. (17) yields the formulation fo as a 
function of 

r K .K

se:

r r p
Kclo 

I 

rp 
9p 
8 

Kclose 
I 

3rh 2f t

2
26

Similarly, the formulation for as a function of is obtained
by transforming Eq. (24): 

rp K i 
I 

rp 
9p K i 

I 
2 

27
32 f t

In contrast to the traditional linear elastic hydraulic fracture 
propagation criterion, this study quantitatively measured the rela-
tionship between fluid pressure, apparent SIF, in-situ SIF, and FPZ 
length. The FPZ length was determined to be a quadratic function 
of both the apparent SIF and the in-situ SIF. As the SIF increased, 
the FPZ length increased in a parabolic manner. Furthermore, a 
higher SIF resulted in a greater stress concentration effect at the
fracture tip, which in turn caused a larger area to transition into
the plastic deformation state, thereby leading to a larger FPZ range.
In practical hydraulic fracturing operations, a thorough analysis of
the relationship between SIF and FPZ can enhance the predictabil-
ity of fracture propagation behavior and the fracture performance
of reservoir rocks.

Subsequently, we analyzed the relationship between FPZ length 
nd fluid pressure he FPZ length was calculated based on the 

condition that the total stress intensity factor at the fracture tip 
equals zero. This relationship can be derived though an analysis
of either the two formulations for the apparent SIF or the two for-
mulations for the in-situ SIF, which is called the correlation
equation:

TPf .arp 

rp 
9ap 2 

8 
Pf rh 

3r h 2f t

2
28
1650
(a Pf ),The length of FPZ is affected by two engineering factors 
and geological factors . For a specific reservoir, the FPZ 
length is mainly dominated by fluid pressure and fracture length 
when the in-situ stress and rock tensile strength are determined.
Notably, the FPZ length is a quadratic function of the injected fluid
pressure.

h )(r , f t

When the apparent stress intensity factor at the fracture tip 
reaches the apparent fracture toughness or when 
the in-situ stress intensity factor reaches the in-situ fracture 
toughness , the FPZ is fully develope , at 
which point the fracture begins to propagate. This phenomenon 
is referred to as the nonlinear hydraulic fracture propagation crite-
rion. From this analysis, we can derive the breakdown pressure
at which the fracture propagates unstably:

lose Kclose
IC )

(rp rpmax)K i
IC)

(Kc 
I 

d(K i 
I 

Pb 

Kclose 
IC 
p a rh 

Pb 1 3rh 
2f t 

1 
p a K

i 
IC rh 

2 
3 p 3rh 2f t

2rpmax
a rh

29

The analysis of the influence of in-situ stress on both apparent
fracture toughness and in-situ fracture toughness presented in Sec-
tion 2.4 was performed under the condition of a known breakdown 
pressure. However, practical fracturing design requires predicting 
the breakdown pressure based on known apparent fracture tough-
ness, in-situ fracture toughness, and tensile strength. Therefore, 
these parameters must be obtained through fracture experiments
under confining pressure conditions. This approach ensures that
the reservoir’s fracture performance is accurately represented
under in-situ stress conditions.

The specific application process of the nonlinear hydraulic frac-
ture propagation criterion is illustrated in Fig. 7. Step 1: Perform a 
three-point bending test or a Brazilian test under minimum hori-
zontal in-situ stress conditions. Step 2: Calculate the apparent frac-
ture toughness, in-situ fracture toughness, and tensile strength
using the experimental data. Step 3: Apply the proposed analytical
model to predict both the FPZ length and breakdown pressure. The
visual hydraulic fracturing experiments described in Section 3 
were conducted to validate the correlation equation (FPZ length), 
while the true triaxial hydraulic fracturing experiments detailed
in Section 4 were performed to verify the breakdown pressure 
and to analyze the dynamic evolution of the FPZ.

fracturing experiment 
3. Verification of correlation equation based on visual

3.1. Visual hydraulic fracturing experiments

3.1.1. Experimental specimen
To minimize the influence of additional factors, such as rock 

defects, on the experimental results, structurally uniform yellow 
sandstone specimens sourced from Sichuan, China, were utilized 
in this study. The sandstone matrix exhibits a predominant particle 
size distribution ranging from 0.25 to 0.50 mm. The mineralogical
composition comprises dominant albite (66.2%), quartz (21.7%),
and minor clay minerals. The mechanical properties of the
specimens include a tensile strength of 1.4 MPa, a uniaxial com-
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Fig. 7. The application process of the nonlinear hydraulic fracture propagation criterion.
pressive strength of 12.7 MPa, an elastic modulus of 2.5 GPa, and a
Poisson’s ratio of 0.36.

The specimen was fabricated into a rock plate measuring 
200 mm × 200 mm × 50 mm, and a 20 mm-diameter circular hole
was drilled at its geometric center to replicate the injection well-
bore, as shown in Fig. 8c. To simulate the perforation section rele-
vant to hydraulic fracturing, prefabricated cracks with a length of 
10 mm were created on both sides of the wellbore using rock 
wire-cutting technology. Prior to experimentation, the specimens
were oven-dried at 85 °C for 48 h to remove pore moisture and
eliminate its potential effects on fracture behavior.

3.1.2. Experimental equipment
The experimental setup utilized a visual hydraulic fracturing

test device (Fig. 8), designed by the China University of Petroleum 
(Beijing), to monitor the development of the FPZ and the fracture 
propagation. This device consists of three-axis hydraulic jacks for 
the application of triaxial stress, a light source, a high-resolution
camera, a constant-flow-rate injection pump, pressure monitors,
and other ancillary equipment. A transparent acrylic plate is inte-
grated above the device to facilitate recording of the fracture prop-
Fig. 8. The visual hydraulic
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agation process. The injection borehole is epoxy-sealed at both its 
upper and lower extremities, while a 30 mm central interval was 
retained for the installation of fracturing fluid injection pipe. To 
prevent mechanical interference between the specimen and acrylic
interface, a soft transparent tape was applied to the rock surface.
Jacks provide horizontal and vertical stress in three directions. As
shown in Fig. 8, the minimum in-situ stress was applied in the 
x-direction, which is perpendicular to the prefabricated crack, to
facilitate the fracture propagation along the prefabricated crack.

optical monitoring, the triaxial stresses were configured as fol-

During the experiments, fracturing fluid was injected at a 
constant rate of 10 mL/min. The fracturing fluid comprised 
water, guar gum (1 wt%), and a red tracer dye, yielding a final 
viscosity of 300 cP. To induce vertical fracture propagation for

lows: vertical stress is 6 MPa (maximum); x-direction
stress is 1 MPa (minimum); and y-direction stress ) is
3 MPa (intermediate).

V)(r 
(rh) (rH 

3.1.3. DIC monitoring method
The development of the FPZ was monitored via digital image

correlation (DIC), a non-contact optical technique widely
 fracturing test device.
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specimen surface image is partitioned into discrete subsets, and 

rithms that compare subset positions in the reference and

employed for material deformation analysis [37,3837,38]. In DIC, the 

displacement vectors are computed via cross-correlation algo-

deformed states. During the experiment, a uniform black and white 
speckle pattern was sprayed on the specimen surface to identify
clear image subsets. A first-order shape function was introduced
to describe the changes in the center position and shape of the
subset:

xi xi u u 
xDx u 

yDy 30

yi yi v v 
x Dx v

yDy 31

in the x and y directions, respectively, mm; and and the dis-

where is an arbitrary point in the reference image subset, 
mm; the deformed point, mm an the displacements

tances from the point to the center of the image subset, mm.
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xDD yDD 

After obtaining the displacement field information, the Green-
Lagrangian strain field is established using the four displacement
gradients:
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where and are strains in the x and y directions respectively, %;
and the shear strain, %.
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3.2. Identification of FPZ initiation point and length

The injection curve and the post-exp erimental specimen are
shown in Fig. 9. Due to the constrained dimensions of the speci-
mens, the fracture rapidly propagated to the boundary upon reach-
ing the peak injection pressure. As a result, stable fracture
propagation after the peak could not be observed. Beyond point c
(Fig. 9), the fracture extended beyond the observational field of
Fig. 9. Injection curve and pos
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view. As shown in Fig. 9b and c, the hydraulic fracture initiated 
along the prefabricated crack and propagated bilaterally until the 
left tip breached the boundary. Subsequent analysis focused on 
the left fracture. To analyze the entire process of FPZ development,
it is necessary to identify the moment at which the pre-peak FPZ
begins to develop. Previous research [39,40] demonstrated that 
FPZ initiation point coincides with the onset of nonlinearity in
the injection curve. In Fig. 9a, the blue curve represents the slope 
dP/dt of the injection pressure curve. It was observed found that 
point a (t=20 s) drops significantly, which indicated the onset of 
FPZ development. In addition, the surface displacement character-
istics of the specimen monitored by DIC can also be utilized to
identify the initiation point of the FPZ.

The presence of fluid pressure compressed the rocks on both sides 

of the displacement curve that exhibits the characteristic of ou/o 

FPZ identification has historically posed a significant challenge. 
However, advancements in DIC technology have led to the devel-
opment of more accurate methods for identifying the FPZ tip,
including displacement threshold method, strain threshold
method, and displacement gradient threshold method [41–43]. In 
this study, we adopted the fracture opening displacement pattern
proposed by Lin et al. [41,42] to identify the FPZ length. This pat-
tern divides the rock into three regions according to the character-
istics of the displacement curve and displacement gradient: the
elastic zone, the FPZ, and the free fracture, as illustrated in
Fig. 10a. The position at y=34.08 mm marks the elastic zone, where 
the displacement curve is a linear with a constant displacement
gradient ou/ox, as shown in Fig. 10b. The position at y=23.24 mm 
corresponds to the FPZ, where the displacement gradient ou/ox>0 
is significant, and it is larger in the middle and smaller on both 
sides. The position at y=9.29 mm indicates the hydraulic fracture. 

of the fracture. This leads to a displacement gradient on both sides 

x<0. The hydraulic fracture tip (i.e., FPZ end) is located at 
y=18.90 mm, where the displacement gradients on either side of
the curve show the characteristic of ou/ox≈0, which indicates that
the hydraulic fracture tip is neither compressed by the fluid nor
subjected to stretching within the FPZ. The FPZ tip is identified at
y=28.80 mm, and its displacement curve and displacement gradi-
ent characteristics are positioned between the elastic zone and
the FPZ.
t-experimental specimen.
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Fig. 10. Displacement nephogram and displacement curve of the specimen at 26 s.
3.3. Analysis of fracturing process

Significant changes occurred in the displacement and strain

Fig. 11 shows the y-direction displacement field on the sample sur-

was caused by internal defects and heterogeneity. During the FPZ

face, while Fig. 12 depicts the y-direction strain field. As an elasto-
plastic solid material, rock underwent obvious elastoplastic 
deformation around the wellbore when subjected to the circumfer-
ential pressure. Fig. 11 illustrated that as fracturing fluid was con-
tinuously injected, displacement gradually occurred on both sides
of the rock, centered around the wellbore. Analysis presented in
Section 3.2 confirmed that FPZ began to develop at t =20 s. It can
be observed from Fig. 12 that before the development of the FPZ 
(t≤20 s), numerous discrete stress concentration points were dis-
tributed on the specimen surface. This phenomenon arises funda-
mentally due to the incoordination of rock deformation, which 

fields on the specimen surface before and after fracture initiation. 

development stage (20 s≤t≤24 s), a large number of micro-cracks 
formed at the prefabricated crack tip, which led to stress release
at these discrete stress concentration points. This process resulted
in greater energy dissipation within the FPZ, and the FPZ exhibited
a narrow band-like shape. During the fracture propagation stage
(t>24 s), the fully developed FPZ dominated the fracture behaviour.

path in Fig. 9c occurred because the strength of the epoxy resin 
sealing the specimen’s surface is significantly higher than that of 

epoxy resin-rock cementation interface as they propagated verti-

At t=24 s, the injection pressure reached its peak, and new frac-
tures within the specimen initiated along the prefabricated cracks
and propagated asymmetrically, as shown in Fig. 9c. In addition, 
the two fractures on the specimen surface merged near the well-
bore wall to form a continuous fracture. The fracture propagation

the rock. This caused the internal cracks to slightly deviate at the

cally toward the surface. Fig. 11 illustrates a mode I-II composite
Table 2 
Experimental and fracture parameters.

Duration (s) Fluid pressure (MPa) Experimental FPZ length (mm) Theo

20 2.19 2.17 1.87
21 2.44 2.79 2.75
22 2.69 3.41 3.78
23 2.93 4.96 4.95
24 (peak moment) 3.07 5.27 5.67

Note: Free fracture length is 10.00 mm.
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fracture, where the fracture on the left side propagated toward
the boundary first.

3.4. Comparison of experimental and theoretical FPZ lengths

The validity of correlation equation was confirmed through a 
comparison of the DIC-measured FPZ lengths with their theoreti-
cally predicted value. It is important to clarify that in-situ stress
enhances both the fracture toughness and tensile strength of the
rock [44]. Brazilian tests conducted under 1 MPa confinement 
measured a tensile strength of 3.07 MPa, which demonstrated a
119% enhancement relative to unconfined conditions (1.4 MPa).

sistent with mode I fracture behavior. Consequently, the correla-
tion equation derived in Section 2 demonstrates a favorable 
reliability. 

Rock heterogeneity can induce fracture deflection during prop-
agation, which is potentially influenced by microstructural varia-
tions near the fracture tip or localized stress concentrations. As
shown in Fig. 9b, the fracture deviated approximately 10° from 
the orientation of the maximum in-situ stress. Since the hydraulic 
fracture propagation criterion proposed in this study was derived 
from the assumption of mode I fracture, we only utilized the FPZ
length monitored before the breakdown pressure for verification.
The key fracture parameters before the breakdown pressure are
summarized in Table 2. Fig. 13a shows the development process 
of FPZ over the injection duration, which confirmed that the theo-
retical predictions align closely with experimental measurements.
Fig. 13b and c show the deformation area of the FPZ, which is con-

3.5. Apparent SIF and in-situ SIF

Fig. 14a shows the variations of apparent SIF and in-situ SIF 
over the injection duration. The stress intensity at the fracture
retical FPZ length (mm) Apparent SIF (MPa mm0.5) In-situ SIF (MPa mm 0.5)

6.65 4.47 
8.06 5.41 
9.46 6.36 

10.82 7.27 
11.58 7.78 
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Fig. 11. Changes in the displacement field during the fracturing process.
minimum in-situ stress and tensile strength: 
In this case where =1 MPa and 3.07 MPa, the ratio of in-situ 

tip increased with the injection pressure. At the peak moment, the 
stress intensity reached its maximum value, while the apparent
fracture toughness was 11.58 MPa mm0.5, and the in-situ fracture
toughness was 7.78 MPa mm0.5 (see Table 2). According to Eq.
(22), the ratio of in-situ SIF to apparent SIF is determined by the 

SIF/apparent SIF was determined to be 0.67, as depicted in Fig. 14b. 

3rh 3rh 2 f t .1 
rh =f t 
4. Verification of nonlinear hydraulic fracture propagation
criterion

4.1. Verification scheme and experiments

This section presented the true triaxial hydraulic fracturing 
experiments and fracture experiments conducted under confin-
ing pressure. The reliability of the nonlinear hydraulic fracture
1654
worth noting that the above experimental specimens and visual 

propagation criterion was verified through the analysis of the 
FPZ’s dynamic development and the comparison between exper-
imental and predicted breakdown pressures. Two independent 
true triaxial hydraulic fracturing experiments were designed. 
The vertical in-situ stress and maximum horizontal in-situ stress
were fixed at 30 and 28 MPa, respectively, while the minimum
horizontal in-situ stress was set at 15 and 25 MPa, respectively,
to obtain the actual breakdown pressures in the experiments.
Following the criterion application process depicted in Fig. 7, 
three-point bending tests and Brazilian splitting tests were con-
ducted under confining pressures of 15 and 25 MPa to obtain the 
fracture parameters. These parameters were then used to calcu-
late the FFZ length and predict the breakdown pressure. It is

fracturing specimens share to the same lithology, and their
mechanical and physical parameters were described in
Section 3 .1.1.
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Fig. 12. Changes in the y-strain field during the fracturing process.
4.1.1. True triaxial hydraulic fracturing experiment
As depicted in Fig. 15a, the experiments were conducted using a 

large-scale true triaxial hydraulic fracturing test system indepen-
dently developed by China University of Petroleum-Beijing. The 
test system comprises a large-size true triaxial test frame, a stress 
servo control system, a constant-speed and constant-pressure 
metering pump, an oil-water separator, a pressure monitor, a data 
acquisition system, and additional auxiliary devices. The experi-
mental specimens were processed into standard cubic blocks mea-
suring 300 mm × 300 mm × 300 mm. A vertical borehole with a 
depth of 150 mm and a diameter of 20 mm was drilled at the geo-
metric center of the specimen. A 10 mm long prefabricated crack
was created at the base of the wellbore to simulate the perforated
section. An injection pipeline with a diameter of 3 mm was
inserted into the vertical wellbore. A barefoot interval was
installed at the bottom of the wellbore for fracturing, while the
remaining section was sealed with epoxy resin adhesive. To ensure
that new fractures initiate along the prefabricated crack, a horizon-
1655
tal minimum in-situ stress was applied perpendicular to the well-
bore direction. To ensure that the in-situ stress applied to the 
surface of the specimens is fully transferred to the interior, thereby
reducing experimental error, the specimens were pre-tightened for
2 h before fracturing, as recommended by Qiu [45]. The fracturing 
fluid mixture is consistent with that described in Section 3.1.2. The 
injection rate of fracturing fluid was maintained at 10 mL/min,
with a viscosity of 300 cP.

the minimum in-situ stress. This indicated that the in-situ stress

As illustrated in Fig. 15b, the breakdown pressures were 30.95 
and 49.35 MPa under the minimum in-situ stresses of 15 and 
25 MPa, respectively. The fracture propagation pressures exceeded

applied to the specimen surface was fully transmitted to the inte-
rior, thus confirming the reliability of the experimental results.

4.1.2. Fracture experiment under confining pressure
As shown in Fig. 16, the experimental equipment used is an 

electro-hydraulic servo-controlled rock triaxial testing machine
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Fig. 13. FPZ length and strain nephograms.

Fig. 14. Variations of apparent SIF and in-situ SIF over the injection duration and their relationship.
developed by China University of Petroleum-Beijing, which fea-
tures a stiffness greater than 1000 kN/mm. The experimental sys-
tem consists of a confining pressure chamber, a three-point 
bending fixture, a Brazilian splitting fixture, a stress servo control 
system, a data acquisition system, and other auxiliary devices. 
The conventional fracture testing methodology was improved to
obtain the apparent fracture toughness and tensile strength of rock
under confining pressure. The specimen was tightly wrapped in a
heat-shrinkable tube to isolate it from the liquid, as shown in
Fig. 16a and b. In the three-point bending test conducted under 
confining pressure, the specimens were processed into standard 
single-ended notched beams (SENBs) with a length of 150 mm, a 
height of 50 mm, a thickness of 25 mm, and a span of 125 mm. 
Artificial fractures with a length of 15 mm and a width of 1 mm 
were prefabricated perpendicular to the bottom edge of the speci-
men using rock wire cutting technology. The specimen has a span-
to-height ratio of 2.5 and a prefabricated crack length-to-height
ratio of 0.3. Its dimensions meet international testing standards.
The specimens utilized for the Brazilian split test under confining
1656
pressure were processed into standard cylinders with a diameter 
of 25 mm and a height of 12.5 mm. Displacement control was 
employed to load the specimens at a constant loading rate of 
0.02 mm/min. For the experiment, confining pressure was applied 
first, and then axial load was applied until the specimen failed. It is
worth noting that the heat-shrinkable tube was damaged upon the
specimen’s failure, resulting in seal failure and a small amount of
hydraulic oil seeping into the specimen surface. As shown in
Fig. 16c, the infiltration thickness was less than 2 mm, which is sig-
nificantly less than the specimen thickness of 25 mm, and it did not
substantially impact the statistical results.

As depicted in Fig. 17, the rock’s tensile strength was measured 
at 1.4 MPa and the fracture toughness was recorded at 
0.23 MPa m0.5 under 0 MPa confining pressure. At a confining pres-
sure of 15 MPa, the rock’s tensile strength increased by 12.6 times
to 17.64 MPa, while the apparent fracture toughness increased by
14.9 times to 3.43 MPa m0.5. The in-situ fracture toughness was
calculated to be 1.51 MPa m0.5 using Eq. (23). At a confining pres-
sure of 25 MPa, the rock’s tensile strength increased by 19.1 times
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Fig. 15. True triaxial hydraulic fracturing experimental device and injection curves.

Fig. 16. Fracture test under confining pressure.

Fig. 17. Fracture parameters under confining pressure.

1657
2.45 MPa m0.5 . In summary, confining pressure has a strengthening 

increase linearly with increasing confining pressure. 

to 26.75 MPa, while the apparent fracture toughness increased by
25.6 times to 5.89 MPa m0.5, and the in-situ fracture toughness was

effect on the fracture properties, while the fracture parameters

4.2. Dynamic development law of the FPZ

To clarify the dynamic development behavior of the FPZ, the
correlation equation is transformed as follows:

rp 
a 

9p 2 

8 

Pf 
rh 

1 

3 2 f t

2

35
rh

where is the dimensionless FPZ length; and the dimen-
sionless fluid pressure.

a rhrp Pf 

The fracture parameters obtained under confining pressure in
Section 4.1.2, along with the fracturing curve data shown in
Fig. 15b, were substituted into Eq. (35) to obtain the dynamic 
development of dimensionless FPZ. Fig. 18a and b show the devel-
opment of dimensionless FPZ over time under different in-situ

move_f0090


S. Luo, G. Zhang, Y. Ling et al. International Journal of Mining Science and Technology 35 (2025) 1645–1662

meFig. 18. Dynamic develop nt of dimensionless FPZ.
tic deformation, and the FPZ had not yet developed. During this 
stage, the calculated dimensionless FPZ length lacks physical sig-

stresses. According to the characteristics of the dimensionless FPZ 
curves, the dynamic development process of the FPZ is classified 
into four stages. Stage I: The specimen was in a state of linear elas-

nificance. Stage II: When the fluid pressure exceeded the minimum 
in-situ stress, the FPZ began to develop, and the dimensionless FPZ
length increased in a parabolic manner with the injection pressure
and reached a maximum value at the peak moment. Stage III: Spec-
imen failure led to drops in both fluid pressure and dimensionless
FPZ length. Stage IV: Fracture propagation stabilized, and the
dimensionless FPZ length followed the trend of the injection curve,
exhibiting only minor variations during the propagation process.
Fig. 18c–e showed that the dimensionless FPZ length exhibits a 
quadratic relationship with the dimensionless fluid pressure, with
a slightly larger dimensionless FPZ length observed at higher in-
situ stresses.

Prior to reaching breakdown pressure, the free fracture length 
remained equivalent to the initial prefabricate d crack length of
10 mm. By substituting the fracture parameters obtained in
Section 4.1.2 into Eqs. (26) or (27), the calculated FPZ lengths at 
peak stress were determine to be 4.38 and 3.98 mm for minimum 
horizontal in-situ stresses of 15 and 25 MPa, respectively. This
finding indicates that greater in-situ stress correlates with a smal-
ler FPZ size, which is consistent with the research results of
Hashida et al. [46]. Increased in-situ stress suppressed microcrack-
ing within the FPZ, leading to a significant reduction in FPZ size. 
Consequentl y, a reduced FPZ requires a greater driving force to sus-
tain further fracture propagation.

4.3. Prediction of breakdown pressures

the fracture path and breakdown pressure. Fig. 19a and b revealed 
The accuracy of the theoretical model was verified by analyzing

that hydraulic fractures initiated along prefabricated cracks. The
1658
and the hydraulic fracture mode is classified as mode I fracture.
Fig. 19c revealed that the length of mode I fractures near the well-
bore was 77 mm under in-situ stress conditions of 15–28–30 MP,
while Fig. 19d showed that the mode I fractures length near the 
wellbore was 48 mm under in-situ stress conditions of 25–28–30 
MPa. These results demonstrated that the fractures near the well-
bore are classified as mode I fracture when the fluid pressure 
reaches the breakdown pressure. This observation aligns with the 
mode I fracture assumption underlying the nonlinear hydraulic 
fracture propagation criterion proposed in this study. Therefore,
the breakdown pressures obtained from the experiment exhibit
comparability with the theoretical predictions.

fracture mode was determined by the first derivative (dy/dx) of
the fracture path curve. When dy/dx≈0, the fracture path curve
forms a horizontal straight line parallel to the x-axis irection),(r dH 

A comparative analysis was conducted between the experimen-
tal data and theoretical values predicted by the nonlinear propaga-
tion criterion proposed in this study and the linear elastic fracture
criterion. The key parameters for the linear elastic prediction are
summarized in Table 3. Substituting the fracture parameters mea-
sured under confining pressure in Section 4.1.2 into Eq. (29) 
yielded the breakdown pressure predicted by the nonlinear propa-
gation criterion. As illustrated in Fig. 20, the breakdown pressure 
predicted by the linear elastic propagation criterion is significantly 
lower than the experimental value. It approximates only half of the 
actual breakdown pressure, with a relative error of approximately 
50%. In contrast, the fracture pressure predicted by the proposed 
nonlinear propagation criterion aligned closely with the 
experime ntal values. At a minimum in-situ stress of 15 MPa, the
difference between predicted and actual values was merely
3.4 MPa (11.0% error), while at 25 MPa, the difference was
8.88 MPa (18% error). Overall, the breakdown pressure prediction
method proposed in this study demonstrates a notable reliability.

The verification results of the FPZ length model in Section 3, the 
analysis of the dynamic development law of FPZ, and the verifica-
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Fig. 19. Analysis of fracture morphology and path.

Table 3 
Key parameters for predicting breakdown pressure using linear elastic method.

(mm)a (mm)R0 (MPa m0.5 )K IC 0 ha f b g b 

10.0 10.0 0.23 2.0 0.729 1.671 −0.173 2.535 

Note: The pressure gradient along the fracture is constant.
tion of the breakdown pressure in Section 4 collectively confirm 
that the nonlinear hydraulic fracture propagation criterion, which 
considers the fracture process zone, demonstrates high accuracy
and reliability.

5. Discussion 

5.1. Analysis of FPZ characteristic s in reservoir

FPZ exhibits a significant size effect as its length is affected by 
the length of free fractures. It can be inferred that the length of
1659
the FPZ in actual reservoirs may range from sub-meter to meter 
scales. A most typical example is provided by Rector et al. [47], 
who analyzed the amplitude characteristics of cone waves gener-
ated during the fracturing process in the South Belridge Field in 
California. Their study revealed the existence of a fracture process
zone measuring 27 m in length at the main fracture tip. Other
researchers have also identified meter-sized FPZs through various
seismic wave characteristics [48,49]. 

Mohammad et al. [48] conducted a comparative study of 
hydraulic fracture modeling and micro-seismic mapping results.
As illustrated in Fig. 21, for wells D1 and S1, the average percentage
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Fig. 20. Comparison of breakdown pressures predicted by different fracture
propagation criteria.
differences in the total hydraulic fracture length between the 
fracture modeling and micro-seismic mapping were 34.07% and 
31.73%, respectively. Notably, the hydraulic fracture lengths 
obtained from micro-seismic mapping were longer than those pre-
dicted by fracture modeling. This observation suggests that micro-
seismic events may originate not directly along the hydraulic frac-
ture but rather at some offset distance, either laterally or ahead of
the fracture front. According to Warpinski et al. [49], who studied 
B-Sand at Site M in the Piceance Basin of Colorado, micro-seismic 
events can occur 3.7 to 4.6 m in front of the fracture tip and 4.6 
to 6.1 m perpendicular to the fracture tip due to the high stress
concentration at the fracture tip. These findings further confirm
the existence of meter-scale nonlinear FPZs at the hydraulic frac-
ture tip during field fracturing activities.

The aforementioned field fracturing cases further revealed that 
the inverted fracture length obtained through microseismi c moni-
toring in deep reservoirs was often greater than the actual fracture
Fig. 21. Comparison of fracture lengths derived from fracture modeling and micro-seism
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length. This discrepancy arose from the inability to effectively dis-
tinguish between the macro-fracture and the FPZ during microseis-
mic data analysis, which led to an overestimation of fracture 
length. Specifically, when these two types of vibration signals can-
not be clearly differentiated during analysis, small vibrations orig-
inating from the FPZ are often mistakenly attributed to the macro-
fracture propagation, which results in an overestimat ion of the
fracture scale. Therefore, accurately distinguishing between the
macro-fracture and the FPZ is crucial for assessing the actual scale
of the fracture. Achieving this requires the introduction of more
geological and physical models into the data analysis process and
the combination of multiple monitoring methods to improve the
accuracy of fracture scale estimation.

5.2. Potential field application

In deep reservoirs, there is a nonlinear fracture process zone at 
the hydraulic fracture tip. When designing the hydraulic fracturing 
process, it is necessary to accurately evaluate the reservoir break-
down pressure and the FPZ size. The proposed breakdown pressure 
prediction method considering FPZ enables accurate pre-fracturing
evaluations through the analysis of key parameters, including
apparent or in-situ fracture toughness, tensile strength, and in-
situ stress. This approach ultimately enhances the effectiveness
of reservoir stimulation. As illustrated in Fig. 22, a stress unloading 
damage band formed near the main fracture after the unloading of
the FPZ [36]. Once the fracturing fluid was lost into the micro-
fractures, branch fractures were generated. Stimulating the 
micro-fracture network in the damaged band to form a complex
fracture network is essential for increasing the stimulation volume.

5.3. The challenges of nonlinear propagation c riteria from 2D to 3D

The nonlinear hydraulic fracture propagation criterion pro-
posed in this study is based on two-dimensional plane analysis. 
While it effectively predicts the breakdown pressure and the 
length of the FPZ, it is unable to fully describe three-dimensional
fracture propagation behavior. The actual hydraulic fracture in
reservoirs exhibits complex, three-dimensional geometries, which
poses significant challenges in extending nonlinear hydraulic frac-
ture propagation criteria from two-dimensional to three-
ic mapping for two wells in the Greater Natural Buttes field, Unita Basin, Utah [48]. 
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Fig. 22. Schematic diagram of the FPZ at the fracture tip and the damage band.
dimensional analysis. These challenges are fundamental and can be
summarized as follows:

(1) Three-dimensional hydraulic fractures exhibit more com-
plex geometric shapes. The leading fracture front is no 
longer a point but a spatial curve. Describing the shape, ori-
entation, and temporal evolution of this fracture poses a
considerable challenge.

(2) The direction of three-dimensional hydraulic fracture prop-
agation is difficult to predict due to its dependence on the
local three-dimensional stress field and the inherent hetero-
geneity of the rock.

(3) The stress intensity factor varies along the fracture front, 
which makes the definition of a three-dimensional fracture 
criterion to govern the propagation of the entire fracture
front particularly difficult. Furthermore, accurately charac-
terizing the three-dimensional morphology of the nonlinear
zone remains a significant challenge.

(4) The distribution of fluid pressure within the fracture is 
uneven across its height, length, and width, and is 
influenced by the local fracture opening. The fluid within 
three-dimensional hydraulic fractures no longer flows in 
a  single  direction  but  instead requires solving complex 
three-dimensional fluid dynamics equations. Despite 
these challenges, dev eloping reliable three-dimensional
nonlinear hydraulic fracture propagation criteria
is critical for advancing oil and gas extraction
technologies.

6. Conclusion s

In this study, we profiled the closing stress acting on the FPZ by 
superposing the in-situ stress onto the cohesive stress and then 
developed a new fracture criterion for nonlinear fracture. By 
assuming zero stress intensity at the fracture tip, we derived three 
key parameters: apparent fracture toughness, in-situ fracture 
toughness, FPZ length. Additionally, the correlation between
breakdown pressure and FPZ length was developed, and a nonlin-
ear hydraulic fracture propagation criterion considering FPZ was
established. The reliability of the criterion was validated through
a visualized hydraulic fracturing experiment and a true triaxial
hydraulic fracturing experiment. The main conclusions are as
follows:

(1) The length model of the FPZ derived in this study can accu-
rately describe the developing process and mechanical 
behavior of the nonlinear FPZ at the hydraulic fracture tip. 
For a specific reservoir, the FPZ length is predominantly
influenced by fluid pressure and fracture length, and it has
a quadratic relationship with the injection fluid pressure.
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(2) The FPZ began to develop when fluid pressure exceeded the 
minimum in-situ stress. The dimensionless FPZ length 
exhibited parabolic growth with increasing fluid pressure
and reached its maximum value at the peak moment.

(3) In-situ fracture toughness and apparent fracture toughness 
serve as critical parameters for assessing fracture propaga-
tion. Their ratio follows the expression 
where confining pressure demonstrat es a positive linear cor-
relation with both toughness parameters.

1 3rh 3rh 2f t ,

(4) 

toughness and neglects the effects of the FPZ. 

The proposed nonlinear hydraulic fracture propagation cri-
terion can effectively describe the FPZ length at the fracture 
tip, accurately predict the breakdown pressure during frac-
turing operations, and establish a relationship between
these two parameters. It addresses the inherent limitations
of conventional LEFM, which often underestimates fracture
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