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ABSTRACT This study extended the average strain energy density theory, traditionally applied for notch analysis in
isotropic materials, to predict mixed mode I/II fracture in functionally graded materials. The effectiveness of existing
experimental criteria designed for orthotropic materials is examined for their capacity to predict crack initiation in graded
materials. A toughening mechanism based on fiber bypassing during crack propagation is introduced and investigated
through experimental methods. Scanning electron microscopy images are employed to elucidate the role of this
mechanism in enhancing the fracture resistance of chopped/short fiber-reinforced composites. The findings reveal that
the average strain energy density method demonstrates strong correlation and agreement with experimental-numerical
data, affirming its robustness for predicting crack initiation in mixed mode fracture scenarios.

KEYWORDS crack, functionally graded materials, average strain energy density, mixed mode I/II fracture criterion,

toughening mechanism, crack propagation

1 Introduction

Functionally graded materials (FGMs) represent a
remarkable class of advanced composite materials
characterized by a continuous, spatial variation in
composition and microstructure. This unique feature
enables FGMs to exhibit tailored mechanical and thermal
properties, making them particularly advantageous in
high-performance applications across various industries,
including aerospace, biomedical engineering, and
electronics. However, as with many advanced materials,
FGMs are not immune to structural imperfections. The
presence of cracks can pose significant challenges,
compromising both their integrity and functionality under
operational stresses [1,2].

The study of crack behavior in FGMs is essential to
understanding their overall performance and reliability.
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Cracks in these materials can propagate in complex
manners due to the non-homogeneous distribution of
material properties, leading to intricate fracture behavior
that deviates from traditional, homogeneous materials.
Consequently, the development of accurate fracture
criteria for FGMs is crucial for predicting crack behavior
and designing more resilient materials.

Wang and Zhou [3] employed the specific finite
element method to simulate crack propagation paths in
FGMs, tuning model parameters at the crack tip. They
used the maximum tangential stress (MTS) criterion to
estimate crack initiation directions and assumed that the
stress field around cracks in FGMs behaves similarly to
that in isotropic materials.

Hossein Izadi etal. [4] introduced an innovative
technique for producing FGMs utilizing randomly
distributed chopped fibers, primarily designed for
experimental investigations. They characterized the
mechanical behavior of these FGMs, including properties
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such as elastic modulus and fracture toughness. In
subsequent studies [5,6], the authors proposed a new
mixed mode I/II fracture criteria for the fabricated FGM,
incorporating the fracture process zone (FPZ) and using
strain energy release rate theory. The authors utilized the
concept of effective fracture toughness and damage factor
to account for the damage zone effect. Their results
indicated that while the addition of chopped fibers leads
to a consistent increase in elastic modulus, it does not
necessarily enhance the mode I fracture toughness.

Pan etal. [7] carried out a probabilistic analysis of
mixed mode fracture behavior in FGMs, focusing on an
internal slant crack. Their study explored how stochastic
variations in microstructural features influence bulk
mechanical responses and produced analytical expre-
ssions for stress intensity factors (SIFs). The results
underscored the crucial role of microstructural
randomness in shaping the statistical distributions of
shear modulus and SIFs, particularly in the presence of
large slant cracks.

Pandey and Patel [8] analyzed the quasi-static crack
growth in a metal-ceramic FGM, observing stable crack
growth from the stiff side to the compliant side and
unstable growth in the opposite direction. The evaluation
of fracture toughness and crack tip opening displacement
increased with distance from the stiff side, aligning with
Raveendran’s micromechanics predictions based on
alumina weight fractions. Bao et al. [9] examined crack
propagation and damage mechanisms in functionally
graded ultra-high-performance cementitious composites
with varying layers and fiber types, finding that a three-
layer design enhanced flexural strength and deflection
capacity. Analysis via digital image correlation (DIC)
revealed a nonlinear crack opening displacement profile
and differences in acoustic emission energy growth rates
among the layers, indicating improved performance with
mixed fibers.

Ren etal. [10,11] developed a variational damage
model to simulate fracture in solids, incorporating a
threshold to prevent damage under low energy and
enabling automatic crack evolution. The approach yields
sharper crack interfaces than conventional phase-field
methods and is compatible with standard finite element
(FE) frameworks. Their model effectively captures
complex crack behavior in both two and three
dimensional (2D and 3D) static and dynamic fracture
scenarios. In another study [12], the authors proposed a
dual-horizon peridynamic model enhanced with varia-
tional damage to simulate dynamic brittle fracture
without explicit bond-breaking, improving numerical
stability. By linking damage to the positive strain energy
density (SED) through spectral decomposition, the model
ensures realistic crack behavior and avoids interpene-
tration upon crack closure. Its effectiveness is demon-
strated in both 2D and 3D fracture simulations.
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While research on crack initiation and propagation in
FGMs remains limited, extensive research has been
conducted on developing analytical methods for crack
growth prediction in orthotropic composites, such as
wood and composites made from continuous glass and
carbon fibers.

Jernkvist [13] formulated a mixed mode I/II fracture
model for wood, considering crack propagation parallel
and perpendicular to the grain direction, within the
framework of linear elastic fracture mechanics. It
established that cracks generally propagate along the
fibers, allowing a unified approach regardless of the
crack’s initial orientation or mode mixity. Daneshjoo
etal. [14] introduced a mixed mode I/II failure model
tailored for orthotropic materials, which incorporates the
energy absorbed within the FPZ and builds upon the
principles of SED approach. The new criterion
demonstrated better compatibility with failure phenomena
in laminated composites and wood species, showing
strong agreement with experimental data and outperfor-
ming existing criteria. Kumar etal. [15] examined the
influence of plate curvature on the mixed mode SIF of
multiple cracks in riveted joints under fatigue loading,
using both numerical and experimental methods. It was
found that higher SIF values occurred in curved panels
compared to flat panels, particularly for lower crack
depth ratios, due to the “flattening” effect under loading.
Experiments were conducted on Al 2024-T3 specimens,
confirmed a higher crack growth rate in curved panels
attributed to additional bending stresses at the rivet holes,
demonstrating a strong correlation with the numerical
findings.

Pitti etal. [16] introduced a mixed mode fracture
specimen designed to ensure stable crack growth during
creep loading while accounting for viscoelastic behavior
under mixed mode conditions. Utilizing the M-integral
approach within FE software, the authors optimized the
specimen’s geometry to effectively evaluate fracture
parameters, viscoelastic properties, and creep crack
growth across various mixed mode ratios. Golewski [17]
investigated the fracture toughness of concrete
incorporating 0%, 20%, and 30% class F fly ash under
mode I loading, determining critical SIFs and crack tip
opening displacements using DIC. Results indicated that
concrete with 20% fly ash exhibited high fracture
toughness, while that with 30% showed low toughness,
highlighting the effectiveness of the DIC method in
analyzing crack initiation behavior.

Hua etal. [18] investigated the fracture behavior of
cracked materials through modified mixed mode I-II
fracture criteria that include T-stress considerations. A
comprehensive comparison of experimental results from
five different cracked configurations demonstrated
notable variations in predictive accuracy due to
discrepancies in T-stress magnitudes and signs around the
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crack tips. The study identified specific criteria that
effectively predicted fracture behavior for various
specimen types, highlighting that generalized MTS and
related criteria provided reliable predictions depending on
the loading conditions and T-stress characteristics.

Dong et al. [19] used DIC and numerical simulation to
study mixed mode fracture in concrete beams, analyzing
FPZ evolution. Their findings showed that the crack
opening-to-sliding displacement ratio remained relatively
constant before peak load, and FPZ length was influenced
by specimen size and mode I/II SIF ratio. Specifically,
shorter ligament lengths or lower mode I/II ratios
prevented full FPZ development.

Studying crack propagation and trajectory is crucial for
understanding the behavior of materials under different
loading conditions [20]. By investigating the mechanisms
that occur during crack path, researchers can develop
strategies to prevent catastrophic failures and improve
material durability [21]. Numerous studies have been
conducted in various fields to address this challenge.

Braun and Ariza [22] enhanced an existing linear
elastic lattice framework for anisotropic materials by
incorporating damage progression through a softening
constitutive relationship, enabling its application to
composite materials. They verified the approach by
analyzing dynamic fracture behavior in unidirectional
carbon fiber composites, focusing on impact-loaded
rectangular notched beams. Their findings, reported
through the evolution of crack patterns, propagation
velocity, and crack length, demonstrated good consis-
tency with earlier experimental and computational results.
Ricoeur etal. [23] analyzed the anisotropy in elastic
properties and crack growth resistance of short fiber
reinforced composites, noting its significant effect on
crack deflection and path predictions. It determined that
cracks in the transverse direction exhibit the highest
toughness, influenced by fiber orientations shaped during
injection molding and described using Gaussian random
field models. The research also explored factors affecting
crack path predictions from FE simulations and stochastic
behaviors related to bifurcation phenomena under mode 1
loading.

Lin and Li [24] and Li et al. 25] developed a new
bridging model for cement-based composites reinforced
with randomly oriented discontinuous flexible fibers,
incorporating slip-hardening interfacial shear stress. They
theoretically derived the bridging stress against crack
opening diagram and discussed its implications for
properties such as tensile strength and ductility, using a
2% polyethylene fiber reinforced cement composite as an
example. This model effectively captured the slip-
hardening behavior and accurately predicted increased
toughness and fracture energy, addressing limitations in
existing constant interface shear stress models.

Tiu etal. [26] explored the anisotropic fracture
behavior of layered structures in short-fiber particulate-
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reinforced composites compared to conventional flowable
particulate-reinforced composites. Through three-point
bending (3PB) tests on monolithic and bilayer specimens,
the researchers developed R-curves, revealing that crack
deflection and fiber bridging substantially enhanced
fracture resistance, especially in specimens with aligned
fibers.

Fakoor et al. [27] developed a theoretical model based
on the reinforcement isotropic solid approach to evaluate
fracture parameters in fiber-reinforced composites at 0°
and 90° fiber-crack orientations. The model was validated
experimentally, and a new expression was introduced to
relate fracture toughness to the damage volume. Their
results showed higher crack resistance when the crack
runs perpendicular to the fiber direction.

Jiao et al. [28] investigated crack initiation and energy
evolution in fractured sandstones under uniaxial
compression, finding that internal fractures significantly
reduce rock strength. They introduced a new parameter,
the initiation factor Z, and established its relationship to
crack propagation and fracture toughness. Their findings
enhance the understanding of mechanical responses in
fractured rock and provide insights for underground
engineering applications.

Despite the significant role of FGMs in various
industries and the clear necessity to investigate their
fracture behavior, in this study the application of the
average strain energy density (ASED) theory, commonly
used for notch analysis in isotropic materials, has been
extended to predict mixed mode I/II fracture in FGMs.
The validity of the proposed criterion has been examined
through comparison with experimental data reported by
Hossein Izadi et al. [5]. Additionally, the effectiveness of
experimental criteria developed for orthotropic materials
has been examined for predicting crack initiation in
FGMs. Moreover, this study introduces a mechanism
involving bypassing fibers, which serves as a toughening
mechanism during crack propagation. This mechanism
has been investigated through experimental methods,
employing images acquired from scanning electron
microscopy (SEM) to elucidate its role in enhancing the
material’s fracture resistance.

2 Theoretical studies
2.1 Main assumptions

The position of the crack tip in FGMs is one of the most
important parameters in predicting the fracture behavior
of them during crack initiation. In accordance with the
application of FGMs and the fabricated graded composite
described by Hossein Izadi etal. [5], the crack tip is
assumed to be located on the most brittle side of the
material along the gradation profile (Fig.1). The
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Fig.1 Crack condition in the fabricated FGM.

fabricated FGM consisted of an epoxy matrix reinforced
with chopped glass fibers, and the gradation was achieved
by varying the fiber volume fraction across the specimen,
specifically at 0%, 20%, 40%, and 50%. Since the epoxy
matrix exhibits lower fracture resistance compared to the
reinforcing fibers, crack propagation following initiation
predominantly occurs within the matrix (Fig. 2).
Therefore, fracture theories originally developed for
isotropic materials, such as the ASED method, can be
appropriately applied to predict crack initiation, as the
crack tends to grow in the isotropic phase of the material.
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Fig. 2 Crack initiation and propagation in the fabricated FGM.

2.2 Average strain energy density criterion for functionally
graded materials

The ASED method is traditionally employed for
predicting mixed mode I/II fracture in notched specimens.
However, given its robustness, simplicity, and proven
predictive accuracy, extending this well-established
approach to cracked materials, is valuable.

According to the ASED theory, fracture occurs when
the average value of SED over a given control volume Wy
reaches a critical value W.. This critical value is a
property of the material and does not depend on the
geometry of the notched specimen.

The general form of stress distribution ahead of an
U-shaped notch is as follows (Fig. 3(a)):

r/ll—l Ar—1

oy = —K f;(0)+ —Kjg;

b m 1Jy m oy

where the f;(6) and g;(6) are angular functions, and are
defined in the following way [29,30]:

), )
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(b)

Fig. 3 Different types of notches: (a) stress components of an
U-shaped notch in polar coordinate; (b) specific case of cracked
specimen.
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Parameters K and K] are notch stress intensity
factors, 4, and A, represent the Williams’ eigenvalues
and also, x; and ), are dependent parameters on the
opening angle of notch. The SED has a linear form and is
defined as follows, where E(x) and v(x) represent the
elastic modulus and Poisson’s ratio at the crack tip and
varies depending on the position of the crack in the FGM
[31,32].

W(r’g):Wl(r’0)+W12(r’9)+W2(r’9)7 (3)
1 2 2 2
W (r,0) :T(x)[o-“ +05,+035; —2v(x)
(01100 +011033 +050353) +2(1 +V(x))0'%2]-
4)

In 2D and polar condition, Eq. (4) is simplified to the
following form:
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W(r,0) = —2v(X) 0o, +2(1+v(x) 0]

(%)
By substituting the stress equations in Eq. (5), the SED

relationship can be organized and rewritten in the
following way:

1 2 2
[ +
B [0y + 02

W (r,6) = |40 (KY) + ALKYKY +An(KY)']. (6)

2E (x)

where the A, ,-(9) coefficients are defined as follows:

2(A,—

An=Tor L =200 fofut 20 v 2] (D)
Ap = fougwt fogo = 20(0) fiuor + fru0)
£2(149(2) fugool, ®)
2(da-1)
An = rz—n [+ 8% — 20 (%) ug +2(1 +v () ). (9)

The elastic deformation energy within a region with a
radius of R surrounding the notch tip is:
R o+
G =[ waa= [ [ 1W, 0.0+ Wa(0)
A 0J —y

+ W, (r,0)] r drdé. (10)

Due to the symmetry of the integration field around the
notch bisector, the contribution of W, (r,8) would vanish
and the elastic deformation can be rewritten as follows:

GR) =G, (R)+G,(R)

1 11(7’) N 2 24] IZ(Y) N 21,
[ wyre By an
where 7, (y) and I, (y) are:
L (y)= f S Ut £ =20+ 201 40) f3] 40, (12)

+y 1
L(y)= f o lgr + g0 —2vg, 8w +2(1+v)g>,]do. (13)
e

In the aforementioned relationships, the variable 7y is in
radians and the area on which the integration is carried
out is:

R 4y
AR) = f j rdrdd = R?y. (14)
0J -y

Upon averaging over the area A (R), the resulting value
of elastic deformation energy is found to be:

-~ _GR) KNP R 201
V=15 E()[(I)R +e(KY R (15)
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e, and e, represent the geometric constants and are
defined as follows:

I

e\(20) = M(yy) (16)
L

e,(2a) = —427;. (17)

In a cracked specimen, the parameters K] and KJ,
which represent the mode I/II SIFs of the notch, are
converted to K;(x) and Kj(x), which denote the mode
I/IT SIFs of the crack at point x. So, the ASED in a
control volume around the crack tip can be written as
follows:

1 [eK(x)
E(x)

e, Kj (x)

W=
2(1-1)
Rc

(18)

2(1-1;)
Rc

To extend the applicability of the ASED method to
cracked specimens, the specific case is considered in
which the notch opening angle approaches zero. In this
limiting condition, a sharp crack can be viewed as a
special case of a notch with a vanishing opening angle,
allowing the theoretical framework of ASED, originally
formulated for notched geometries, to be adapted for
crack tip analysis. In the specific case of cracked
specimens, i.e., 2a =0 (Fig. 3(b)), the values of geome-
tric constants and Williams’ eigenvalues are equal to
e; =0.134, e, =0.341 and 4, =1, =0.5 [33]. Therefore,
Eq. (18) will be changed in the following way:

(0.341) KIZI (%) }
Rc(x)

_ 1

~ (0.134) K? (x)
W= E(x)

Rc (%)

(19)

A circular control volume is considered around the
crack tip, having a radius Rc(x) and can be defined using
the following expression [34]:

(I+v(x)(5-8v(x)

Rc(x) = . (

Kic (%) ) 20)

o (%)

As mentioned earlier, according to the ASED theory,
crack initiation occurs when the average value of SED
over a given control volume reaches a critical value. This
critical value can be determined in terms of tensile
strength and elastic modulus of the material at the crack

tip:

W= We. 1)
o)
We= 50 (22)

By substituting Eq. (22) into Eq. (21) and considering
Egs. (19) and (20), the ASED criterion for FGMs, will be
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obtained as follows:

8n
(1+v(x))(5-8v(x))
=K. (x).

((0.134) K} (x) +(0.341) K} (x))

(23)

This energy-based criterion offers a method to forecast
the moment when cracks initiate in FGMs. The ASED
criterion’s validity for FGMs was assessed by comparing
its predicted fracture limit curve to experimental data,
including critical mixed mode SIFs and mode II fracture
toughness, obtained from Hossein Izadi et al.’s study [5].
In this study, the critical mixed mode I/Il SIFs (for a
3 mm crack in the no-fibers section at angles of 0°, 15°,
30°, 45°, and 60°) and the pure mode II fracture
toughness of the fabricated fiber-reinforced FGM were
obtained using 3PB and four-point bending (4PB) tests,
respectively. In this study, after experimentally
determining the fracture loads through 3PB and 4PB
tests, these loads were applied as boundary conditions in
a FE model of the cracked FGM. The FE model
accurately represented the geometry, material gradation,
and loading configuration of the tested specimens. Using
this model, the critical mixed mode SIFs were calculated
at the crack tip corresponding to the onset of fracture.
This combined experimental-numerical approach enabled
a precise determination of fracture parameters, which
were subsequently used to evaluate the accuracy of the
proposed ASED-based fracture criterion. The good
agreement between the ASED predictions and experi-
mental results suggests that the ASED method effectively
predicts fracture behavior in FGMs (Fig. 4).

3 Experimental criteria

Experimental criteria are highly valuable despite being
costly. One of the key advantages of these criteria is their

1.4

—— ASED criterion

® Experimental data [5]
1.2 ° Average values of
experimental data

1.0
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0.2

0.0 S 2
0.0 0.5 1.0 1.3 2.0

K, (MPaVm)

Fig. 4 Fracture limit curve of ASED criterion in comparison
with experimental data.
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ability to provide accurate predictions for specific types
of materials, regardless of the complex failure
mechanisms involved, thus reducing computational
requirements. Many of these criteria, developed decades
ago, rely on curve fitting methods that often fix the initial
and end points of the curves, which can be considered a
limitation. However, their proven ability to predict
fractures accurately underscores their value in materials
research. Also, all of these criteria are developed based
on the nonlinear elastic fracture mechanics as follows:

fc (K1, Ky, material properties) = 0. 24)

Due to the complex failure mechanisms of orthotropic
materials, there is a greater interest in developing
empirical criteria specific to this material type. Table 1
lists some of the most significant and well-known
experimental fracture criteria for orthotropic materials.

To assess the applicability of these criteria to the
FGMs, it is sufficient to substitute the extracted values of
K, and K into these criteria, plot them, and then
compare the mixed mode behavior of the material
obtained from experimental tests. Figure 5 illustrates the
experimental fracture limit curves in comparison with the
experimental results of critical SIFs used in the previous
section.

Referring to Fig. 5, it is important to note that the Hunt

Table 1 Well-known experimental mixed mode fracture criteria

Ref. Year Criterion
Wu [35] 1964 K K 2
—+=—] =1
Kic (KIIC)
Leicester [36] 1974 Ki N Ki i
Kic  Kuc
Spencer and Barnby [37] 1976 Ky \ K b
— | +— =1
( Kic ) ( Kic )
Hunt and Crouger [38] 1982 K Ki \
—+ 1.005(—) =1
Kic Kuc
Mall et al. [39] 1983 K 2 Ku 2
— | | =1
(KIC ) (KIIC )
1.4
1.2
1.0 ~
z S
0.8 \
<
[}
2 06
3 Wu [35] a
0.4 Leicester [36]
Spencer and Barnby [37
02 H}th and Crouger [)31[3] ] ®» ©
Mall etal. [39]
Experimental results [5]
0.0 se-g
0.0 0.5 1.0 1.5 2.0
K, (MPaVm)

Fig. 5 Fracture limit curves of experimental criteria.
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and Crouger criterion coincides with the Wu criterion,
both of which demonstrate relatively good predictions of

the material’s mixed mode fracture behavior. The
difference between the coefficients used in their
respective formulations is minimal (approximately

0.005), leading to nearly identical fracture limit curves.
The Spencer and Barnby criterion, with its adjustable
coefficients, effectively aligns with experimental critical
SIFs for low mode II values. The Mall and Murphy
criterion accurately predicts material mixed mode fracture
behavior, but its accuracy decreases slightly for higher
mode II values. On the contrary, the Leicester criterion is
conservative and despite providing correct predictions,
does not accurately forecast the material’s behavior,
potentially leading to increased design costs. The
Leicester criterion suggest that the material is weak
against crack initiation, while literally it exhibits greater
resistance against mixed mode fracture. In comparison to
the other experimental criteria, the Spencer and Barnby
criterion shows a greater material’s resistance to crack
initiation, implying that this criterion is less conservative
than the others.

The differences observed between the experimental
pure mode II results and the plotted diagrams, as well as
other experimental results, can be attributed to the change
in test method from 3PB (for mixed mode I/II tests) to
4PB (for pure mode II test). The material’s fracture
behavior against mixed mode fracture, which is
dependent on the type of loading, changes with the test
method alteration. As a result, the experimental criterion
diagrams plotted based on the 3PB results may not
accurately predict the pure mode II SIF obtained from the
4PB test.

It can be predicted that for the results obtained from the
3PB tests, the critical mode II SIF remains relatively
constant without significant changes once the crack angle
reaches 60°. It can be inferred that the K;; value obtained
at a 60° angle is relatively equivalent to K- in this
material, indicating that under 3PB loading the material’s
fracture behavior with a 60° crack is comparable to its
behavior under pure shear loading conditions.

4 Microstructure study

To investigate the fracture mechanism of the fabricated
FGM in Hossein Izadi etal.’s study [5], SEM images
were taken from the mixed mode bending specimens
tested under 3PB loading. SEM is a powerful imaging
technique widely utilized in various scientific disciplines
for high-resolution surface analysis of materials, offering
exceptional magnification capabilities to visualize
structures at the nanoscale level with remarkable detail.
To enhance the conductivity of the non-conductive
fabricated FGM, specimens with different crack angles
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were coated with gold. Gold is commonly used as a
coating material in SEM imaging to address the non-
conductivity of samples, preventing charge accumulation
that may cause image distortions or sample damage. The
application of a thin layer of gold coating enables better
imaging and analysis in SEM, enhancing resolution and
contrast in the captured images. The SEM images were
captured using the QUANTA 450 to study crack
propagation behavior from various crack angles. The
images obtained indicate that the bonding between the
components of the graded material is highly effective,
suggesting that the manufacturing process of the FGM
was carried out successfully. Furthermore, no defects
were observed in the structure of the specimens.

As illustrated in Fig. 6, when the crack extension
reaches a fiber colony, it exhibits a distinct behavior: it
rotates and bypasses the fibers before continuing in its
main direction. This deviation can be attributed to the
significantly higher strength of the fibers compared to the
matrix material. The crack initially tends to propagate
along the weaker matrix bed. However, upon
encountering a cluster of fibers, it faces substantial
resistance, preventing further movement in that direction.
This resistance arises from the strong interfacial bonding
between the fibers and the matrix, as well as the load
transfer mechanisms that occur at the fiber-matrix
interface.

Consequently, the crack shifts to a path of lower
resistance, deviating from its original trajectory and
continuing its propagation. Once past the fiber cluster, the
crack reverts to its original direction and resumes its
progression (Fig. 7), demonstrating the influence of fiber
strength and interface characteristics on crack path
deviation. This phenomenon highlights the intricate
interaction between the crack and the fiber-matrix
interface, showcasing the role of fiber strength in guiding
crack propagation within the material. The crack
deflection mechanism observed in Figs. 6 and 7, is a
crucial aspect of the toughening behavior in fiber-
reinforced composites, contributing to the increased
fracture toughness and resistance to crack growth. This
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Fig. 6 Mechanism of crack deviation and bypassing around a
fiber colony due to fiber-matrix interaction.
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Fig. 7 Crack re-alignment after bypassing fibers.

action dissipates the energy applied to the crack, which,
in turn, slowdowns crack propagation and increases the
material’s overall strength.

5 Conclusions

The ASED theory, traditionally used for notch fracture
analysis, was extended in this study to investigate crack
initiation in FGMs. The ability of other experimental
criteria to predict crack initiation in FGMs was also
examined. Key findings of this study are as follows.

1) The ASED theory demonstrates good agreement
with experimental results and shows potential for
predicting mixed mode I/II fracture in FGMs.

2) The Hunt and Crouger criterion and the Wu criterion
demonstrate appropriate mixed mode fracture prediction
for the investigated FGM.

3) The Spencer and Barnby criterion is the least
conservative, while the Leicester criterion is the most
conservative among the investigated experimental
criteria.

4) The accuracy of the Spencer and Barnby criterion’s
prediction decreases as the mode II SIF increases.

5) The crack tip parameters, particularly critical SIF
values, are dependent on the specimen geometry and
loading conditions.

6) Cracks tend to propagate through the matrix rather
than the fibers due to the higher strength of the fibers
compared to the matrix.

7) When the crack reaches a fiber cluster, it rotates and
bypasses the fibers by shifting to a path of lower
resistance, deviating from its original trajectory and then
reverts to its initial direction.

Notations

o;: stress ahead of a U-shaped notch

K, KJ\: notch stress intensity factors

X1, X2: dependent parameters on the opening angle of notch

Kic(x), Kyc(x): mode I and mode II fracture toughness of crack at
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point x

W: strain energy density

G(R): elastic deformation energy

e,, e,: geometric constants

R(x): control volume at the crack tip
ASED: average strain energy density
SIFs: stress intensity factors

3PB: three-point bending

PRC: particulate-reinforced composites
1i(0), g;(6): angular functions

A1, A,: Williams’ eigenvalues

0: initiation angle

E (x), v(x): elastic modulus and poisson’s ratio at point x
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