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ABSTRACT This study enhances the application of cross-sectional warping considered mixed finite element (W-
MFE) formulation to accurately determine natural vibration, static displacement response, and shear and normal stress
evaluation with very close to the precision of solid finite elements (FEs) in two-phase/multi-phase functionally graded
(FG) laminated composite beams strength using carbon nanotubes (CNTs). The principles of three dimensional (3D)
elasticity theory are used to derive constitutive equations. The mixed finite element (MFE) method is improved by
accounting for warping effects by displacement-based FEs within the cross-sectional domain. The MFE with two nodes
has a total of 24 degrees of freedom. The two-phase material consists of a polymer matrix reinforced with aligned CNTs
that are FG throughout the beam thickness. The multi-phase FG beam is modeled as a three-component composite
material, consisting of CNTs, a polymer matrix, and fibers. The polymer matrix is reinforced by longitudinally aligned
fibers and randomly dispersed CNT particles. The fiber volume fractions are considered to change gradually through the
thickness of the beam following a power-law variation. The W-MFE achieves satisfactory results with fewer degrees of
freedom than 3D solid FEs. Benchmark examples examine the effects of ply orientation, configuration, and fiber
gradation on FG beam behavior.

KEYWORDS stress analysis, natural vibration analysis,
functionally graded material

CNT-reinforced composites, mixed finite element method,

1 Introduction achieved by combining two or more parent materials

using volume fractions or chemically treating a single

Polymer composites are extensively used in manufactu-
ring and various industrial applications due to their low
cost, ease of maintenance, and increased strength.
However, these materials have significant drawbacks,
such as delamination under high loads or extreme thermal
conditions [1]. Functionally Graded Materials (FGMs)
address these issues by gradually changing material
properties in a specific direction. This gradation can be
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material to alter its initial properties [2]. By gradually
varying the composition of their constituents, FGMs can
effectively mitigate stress concentrations, thermal
stresses, and crack initiation at interfaces, improving the
performance of traditional composites [3—5]. As a result,
FGMs have found extensive applications in high-
technology sectors, including defense, aerospace,
biomedical, nuclear, energy conversion, electronics, and
optics. Accurately predicting the behavior of structures
made from advanced materials relies on mathematical
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modeling, with Partial Differential Equations (PDEs)
serving as essential tools for understanding their response
in natural and engineered systems. However, analytical
solutions to PDEs are rarely feasible for complex, real-
world problems, necessitating numerical methods. The
finite element method (FEM) has long been a dominant
approach in engineering applications, as it relies on
discretizing the problem domain and approximating the
solution with specifically chosen basis functions [6].
FEM remains a powerful and widely used method,
particularly for solving complex engineering problems.
Nevertheless, alternative approaches have been explored
to address specific challenges, such as computational
efficiency for high-dimensional problems or complex
geometries. Among these, deep learning-based methods
have demonstrated significant potential due to their
ability to approximate complex functions and patterns
flexibly and efficiently. In particular, Deep Neural
Networks (DNNs) offer complementary capabilities to
existing numerical methods by leveraging advancements
in algorithmic efficiency and data-driven modeling.
Samaniego etal. [7] emphasized the utility of the
energetic formulation of PDEs in addressing mechanical
problems, noting that the energy of a mechanical system
serves as a natural loss function for machine learning
methods to model such problems effectively. For
instance, the deep collocation method proposed by Guo
et al. [8] demonstrates the use of feedforward DNNs for
approximating PDE solutions in thin plate bending
problems. This method takes advantage of computational
graphs and backpropagation algorithms inherent in deep
learning. Similarly, Zhuang et al. [9] introduced a deep
autoencoder-based energy method (DAEM) for analyzing
the bending, vibration, and buckling of Kirchhoff plates.
DAEM integrates the higher-order continuity of
autoencoders with the minimum total potential principle,
offering an unsupervised learning framework that
provides advantages over conventional methods.

Carbon nanotubes (CNTs) [10,11] or fibers [12,13] are
commonly employed as reinforcement phases in polymer
composites. CNTs are renowned for their excellent
thermo-electro-mechanical properties, making them ideal
reinforcements for composite materials [14]. Surface
treatments or functionalization of CNTs enhance
interfacial bonding with the matrix, thereby improving
load transfer efficiency [15-17]. This improved load
transfer significantly enhances the overall mechanical
properties of the composites. Similarly, fibers
significantly improve the tensile strength, compressive
strength, and stiffness of composite materials. The
orientation, type, and volume fraction of fibers are crucial
in defining these strength characteristics, and their
gradation through the thickness is important for
optimizing performance [18-21]. To further understand
the factors influencing the mechanical properties of
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composites, it is important to consider the distribution
and alignment of reinforcing materials. Mechanical
performance in nanocomposites depends on these factors,
as imperfections like agglomeration or waviness can
reduce stiffness and load-bearing capacity, thereby
diminishing overall mechanical properties. Rafiee and
collaborators comprehensively investigated the effects of
CNT agglomeration and waviness on the material
properties of carbon nanotube-reinforced composites
(CNTRCs) [22-25] along with extensive research,
including multiscale modeling and stochastic approaches
[26-30]. For nanoclay/polymer composites [31] and
graphene/polymer composites [32], similar challenges,
such as particle dispersion and alignment, are likely to
influence their material properties, highlighting the
broader implications of these factors on the mechanical
properties of various nanocomposite systems.

Given the increasing reliance on FGMs, it is essential to
have a thorough understanding and analyzing the
mechanical behavior and performance of functionally
graded (FG) beams. Accurate prediction of the behavior
of FG beams is crucial to prevent structural failure, as
they are employed in structures subjected to diverse
loading conditions, including transverse, vibration, and
in-plane loads. The orientation of the CNTs within the
polymer matrix significantly influences the mechanical
characteristics of CNTRCs. The literature identifies two
primary states of CNT orientation in two-phase
composites: aligned CNTs [33-35] and randomly
oriented CNTs [36,37]. It is evident that most research on
FG beams reinforced by CNTs predominantly focuses on
aligned or randomly oriented CNT configurations.
Several shear deformation theories have been presented
in the literature to perform static or dynamic analyses of
beam-type structures. Among the theories are those such
as Classical Beam Theory (CBT), First-Order Shear
Deformation Theory (FSDT), Higher-Order Shear
Deformation Theory (HSDT) [38-40], and Zigzag
Theories (ZZT) [41-43]. Some of the studies related to
two-phase composite beams consisting of aligned or
randomly oriented CNTs are as follows: CBT, also
referred to as Euler-Bernoulli Beam Theory, is based on
the assumption that plane sections remain planar and
orthogonal to the mid-surface during deformation, which
makes it highly suitable for the analysis of slender beams.
Heshmati and Yas [44] performed the free vibration
characteristics of FG-randomly oriented CNTRC beams
by FEM, based on the CBT. The FSDT, widely known as
Timoshenko Beam Theory, was introduced to address the
inadequacy of CBT. FSDT enhances CBT by accounting
for rotational inertia and first-order shear effects. Yas and
Heshmati [45] investigated the vibration characteristics of
FG-randomly oriented CNTRC beams under the action of
a moving load employing FEM. FSDT and CBT were
used to examine the dynamic behavior of the beam.
Ansari et al. [46] analyzed the forced vibration behavior
of nanocomposite beams reinforced with single-walled
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aligned CNTs, employing the FSDT and accounting for
nonlinear geometric effects based on von Karman theory.
Jam and Kiani [47] investigated the low-velocity impact
behavior of FG-aligned CNTRC beams based on the
FSDT in a thermal environment. Using the generalized
differential quadrature technique, Kamarian et al. [48]
studied the free vibration analysis of FG-randomly
oriented CNTRC beams based on the FSDT, resting on a
Pasternak foundation. Ebrahimi and Farazamandnia [49]
used the differential transform method to examine the
free vibration characteristics of FG-aligned CNTRC
sandwich beams based on FSDT in a thermal
environment. Borjalilou et al. [50] studied the bending,
buckling, and free vibration behaviors of FG-aligned
CNTRC nanobeams based on the FSDT and non-local
elasticity theory, considering small-scale effects. Talebi
etal. [51] used the Chebyshev-Ritz method to examine
the thermal free vibration behavior of sandwich
piezoelectric agglomerated beams based on FSDT
strengthened by randomly oriented CNTs, considering the
pyroelectric effect. HSDT were introduced as an
advancement over FSDT to improve modeling precision
and more accurately represent shear deformations in
beams and plates, eliminating the requirement for a shear
correction coefficient. HSDT can capture transverse
deformations through thickness, accounting for cross-
sectional warping by incorporating higher-order shear
terms expressed using polynomial, trigonometric,
exponential functions, etc. Lin and Xiang [52] analyzed
the free vibration behavior of FG-aligned CNTRC beams
based on first- and third-order beam theories using the p-
Ritz method. Jedari Salami [53] presented an extended
high-order sandwich panel theory to examine the bending
behavior of FG-aligned CNTRC sandwich beams with a
soft core. Biswas and Datta [54] investigated the free
vibration analysis of FG-aligned CNTRC beams using
FEM based on refined shear deformation theories.
Madenci [55] developed a mixed FEM to investigate the
free vibration characteristics of FG-aligned CNTRC
beams based on trigonometric shear deformation theory
(SDT). Belarbi etal. [56] analyzed the bending and
buckling behavior of FG-aligned CNTRC beams with the
FEM, employing a hyperbolic SDT. ZZT use piecewise
continuous functions to refine the in-plane displacement
field and accurately represent cross-sectional deformation
caused by nonuniform transverse shear stress in multi-
layered composites. They ensure the continuity of the
shear stress field across layers while keeping the number
of kinematic variables constant. Chalak et al. [57] studied
the free vibration and modal stress analysis of FG-aligned
CNTRC beam by using FEM based on higher order ZZT.
A survey of the existing literature shows that hybrid
composite materials are widely used to enhance
composite structures by incorporating multi-phase
materials in distinct forms, as highlighted in several
studies [58-67]. The following hybrid/multiscale
composite beam studies are noted in the recent literature.
He et al. [68] proposed an analytical formulation for the
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large-amplitude free and forced vibration response of
CNT/fiber/polymer laminated multiscale composite
beams based on CBT and von Karman geometric
nonlinearity. Afshin and Yas [69] investigated the
dynamic and buckling analysis of a polymer hybrid
composite beam with variable thickness based on FSDT
using the differential quadrature method. Alambeigi et al.
[70] conducted a comprehensive study on the free and
forced vibration analysis of a sandwich beam with a
porous core and shape memory alloy hybrid composite
face layers on Vlasov’s foundation. The governing
equations of motion were derived using Hamilton’s
principle and FSDT. An analytical approach was
employed to solve these equations, utilizing Navier’s
method. Using a refined beam theory, Dabbagh et al. [71]
investigated the thermal buckling analysis of
agglomerated multiscale hybrid nanocomposites. Daikh
etal. [72] analyzed the static bending response of
laminated randomly oriented FG-CNT/fiber-reinforced
composite beams resting on an elastic foundation. Li
etal. [73] investigated the nonlinear vibrational
characteristics of multiscale composite beams resting on a
foundation with nonlinear softening behavior using
Reddy’s third-order SDT, which considers nonlinear
geometric effects based on von Kérman theory.

The existing literature on composite beams reinforced
with CNTs primarily concentrates on two-phase
composite materials, with limited investigation of multi-
phase composite materials. This highlights the need for
further research into the static and dynamic behaviors of
CNT-reinforced FG layered beams, particularly within a
unified framework that incorporates shear-locking-free
and warping-considered mixed finite element (FE)
method (W-MFEM). The W-MFEM, which exhibits
convergence behavior comparable to 3D FEs, utilizes a
two-node beam element with 24 degrees of freedom
(DOF). This formulation is derived from Timoshenko
beam theory, enhanced by a condensed three dimensional
(3D) elasticity framework. The method accounts for
cross-sectional warping through a displacement-based FE
formulation integrated within the MFE approach. Normal
stresses are evaluated using constitutive relations
incorporating warping effects, while shear stresses are
derived from the warping-integrated deformation
functions and axial rotations. Recent studies have
validated the accuracy and computational efficiency of
W-MFEM: Aribas et al. [74] analyzed the behavior of
static loads and normal/shear stress distributions of
curved beams with super-elliptical geometry having
axially FGM using W-MFEM, highlighting its accuracy
in capturing complex stress distributions. Aribas et al.
[75] further emphasized the significance of cross-
sectional warping and demonstrated the enhanced
accuracy of W-MFEM compared to FSDT in analyzing
the dynamic behavior of planar curved beams reinforced
with transversely FGM. Ermis [76] also studied the
dynamic response of spatially curved beams reinforced
with FG graphene platelets subjected to oscillatory
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excitation forces. This study extends the application of
W-MFEM to two-phase and multi-phase CNT-reinforced
FG layered beams, addressing the aforementioned
research gaps. The following sections detail the
methodology and results of this investigation. Section 2
presents the micromechanical modeling of two-phase and
three-phase CNT-reinforced composite beams, including
the homogenization methods that predict their effective
material properties. Section 3 outlines the mixed FE
formulation and its application to static and dynamic
analyses of laminated FG composite beams. In Section 4,
numerical examples validate the proposed method
through comparisons with existing literatures [77-81] and
3D FE analyses. Additionally, parametric studies
investigate the effects of material gradation, beam
configurations, and ply orientations on the free vibration,
static, and stress behaviors of the CNT/polymer/fiber FG
laminated composite beams.

2 The micromechanical model for the
mechanical properties of the two-
phase/multi-phase composite beam

2.1 Two-phase composite beam

The two-phase FG-CNTRC beams, extensively
investigated in the literature by wvarious researchers,
including Refs. [77-81], are considered. This two-phase
material is characterized by a polymer matrix enriched
solely with aligned CNTs ([33,34], Fig. 1). Classical
linear-graded patterns of aligned CNT, including UD, X,
O, and V, are used to design these beams (Fig. 1). In
these configurations, the aligned CNT reinforcing phase
exhibits a linear variation throughout the thickness of the
beam, representing the graded structures described in
previous studies as follows:

UD: Vear (2) = VCNT7

~ 41|
FG-X: Ve (2) = VCNT(T)’

- 4|z )
FG—-0: Ve (2) = VCNT(z— %)

- 2
FG_V: VCNT (Z) = VCNT(I + zz),

is the volume fraction of aligned CNT. The

CNT
eeccooe 3 o0
seeee AR Iy .
ot 0000000 eccoe Matrix
e0000 eoe I
0000000 [] L]
FG-X FG-O FG-V

Fig.1 Two-phase material distribution of the FG composite
beam reinforced with aligned CNT.
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effective material properties (E,, En = Es, G, =Gys,
and vy, =v3) of the CNTRC beams are calculated by the
rule of mixture in the reference papers [77,79,80] as
follows,

E, = m VCNTE1C1NT + VuEw, )
m _ Vonr | Vu

—_ ==t —,
E EgzNT Ey 3)

s _ Venr ﬂ

G, GICZNT Gy’
Upp = VCNTUS\IT + VuEwm, “)
0 = VenrPent + Vupums ®)
where 7; (i = 1,2,3) indicates the aligned CNT efficiency

parameter.

In this study, the effective shear modulus is considered
G, =G, as stated in Karamanli and Vo [79]. The
effective Poisson’s ratio is considered as vy =
(Exn/E\)vp, in Ref. [15]. The material properties of the
matrix and CNTs used in this study for the two-phase
material are as follows [79]: the material properties of
aligned CNT is E{"=600GPa, E5" =10GPa,
GH"=172GPa, v5"=0.19, penr = 1400 kg/m®. The
following material properties characterize the matrix
material: Ey = 2.5 GPa, vy = 0.3, py = 1190 kg/m’.

2.2 Multi-phase composite beam

Advanced multiscale composite materials are extensively
used in numerous industrial applications, such as turbine
blades, cutting tools, and aircraft engines. The beams
under consideration are made of three-phase composite
layers, consisting of FG-CNT/polymer/fiber composite
materials. These materials comprise a polymer matrix
strengthened with straight-aligned glass fibers and
randomly distributed CNTs (Fig. 2). A multiscale method
is required to evaluate the engineering constants that
govern the effective material properties of the multiphase
composite. The evaluation is conducted in a two-step
process presented in Ref. [64]. Initially, Eshelby-Mori-
Tanaka (EMT) approach [82] is utilized at the nanoscale
to determine the characteristics of the polymer matrix
enhanced with only CNTs. These CNTs are described as
particles with transverse isotropy that are uniformly
distributed within the matrix and oriented randomly
[83—85]. Then, the Hahn method is employed to integrate
these properties and the characteristics of the reinforcing
fibers [86].

Following the EMT approach, the evaluation of the
mechanical properties of the CNT-strengthened polymer
matrix are evaluated through bulk K;, and shear moduli
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straight
composite beam; (b) cross section of beam and detail of three-
phase fiber/polymer/randomly-oriented CNTs composite beam.

Fig.2 Schematic diagram: (a) multilayer FG

Gy, as detailed below

Ve (0c = 3Kuac)

K, = Ky+ s

v M 3(Vu+ Veac) (6)
G =G+ Ve (e —2GuBc)

MM 2 (Va+ VeBe)

where Ky =Eyu/3(1-2vy) and Gy =Ey/2(1+uvy),
being Ey, vy the Young’s modulus and the Poisson’s
ratio of the pure polymer matrix. The volume fraction of
the CNTs V. is defined by the following expression,
which is a function of the densities of the two constituents
Pc, pu and the mass fraction of the reinforcing phase we:

-1
VC:(P_c_p_c+1) ,
WePu  Pm

(7

being Vy =1—V, the volume fraction of the matrix. To
address the necessary definitions Eq. (6), The subsequent
parameters are necessary:

N _ 3(Ky+Gy) +kc—Ic
T 3(Gutk)

®)

1 (AGy +2kc + e 4Gy

Pe _5( 3(Gu+ke)  Gu+pe

+ 2(Gy (6Ky +8Gw)) )
Gy 3Ky +Gy) +me BKn+7Gy) )

©

6C=

(10)

( ke +1c) BKy +2Gy — lc))
ne+ 2+ )

1
3 Gy +kc

8Gupc  2(kc—1c) Gy +1c)
Gy + Pe 3(Gu+ke)
8mcGy 3Ky +4Gy) )

1(2
Nc =§(§ (ne—1Ic) +

+ (1)
3Ky (mc + Gy) + Gy (Tme + Gyy)

where k¢, lc, mc, ne, pe define the Hill’s elastic moduli
of CNT. Subsequently, the Youngs’s modulus Ej;, the

Front. Struct. Civ. Eng. 2025, 19(6): 9801004

density py;, and the Poisson’s ratio vy, of the enriched
matrix are defined as

o~ 9KuGy
M7 3K, + Gy
. 3K}, —2Gy, (12)

T 6K 26,

v = (oc —pw) Ve + o,

where Ve=1-V},. In this context, the composite
maintains its isotropic properties, a result of the random
distribution of the nanoparticles, as demonstrated in the
study by Shi et al. [87]. At this point, the incorporation of
straight reinforcing fibers into the composite can be
achieved using Hahn’s homogenization procedure [86].
Initially, it is necessary to compute the fiber volume
fraction ¥, in relation to the corresponding density pr and
mass fraction wy as described by the following equation:

-1
VF:( pF*—pf-l-l) .
WPy Pum

(13)

In this study, the longitudinally aligned straight
reinforcing fibers, having a non-uniform distribution, are
considered to be located through the beam’s thickness
coordinate z using the relation,

Ve = VFfi(k) (2, (14)

Zr1 — 2k Zir1 ~ Zk

fk><z):( S ) or ;’f)(z>=(ﬂ), (15)

for a€R*. According to the proposed power-law
functions in Eq. (15), a variety of complex patterns can be
achieved by changing the exponent « of the power-law
functions f,.(k) (z), for i=1 and 2 which are the generic
layers of composite beams. The power-law functions are
shown in Fig.3 for the different exponent values of
a=0.1,0.3,0.5,1,2,5, and 20. The blue arrows in Fig. 3
indicate the direction of the increase in exponent «.

For the first power law function l(k) (2), at the bottom of

Zk+1

Zk+1

@ ()

Fig.3 Definition of function fl.(k) (z) where z; <z < ziy1 for the
non-uniform distribution of the fibers through the thickness of
the generic layer: (a) fl(k) (2); (b) fz(k) (2).
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the generic layer (when z = z;) there are no fibers and at
the top of the generic layer (when z = z,,,) the bottom of
the generic layer has the fiber volume fraction is equal V,
(Fig. 3(a), Eq. (14)). For the second power law function
fz(k) (z), at the bottom of the generic layer (when z = z,)
has the same fiber volume fraction is equal Vi and at the
top of the generic layer (when z = z,,) there are no fibers
(Fig. 3(b)). As the value of the exponent aincreases, for

(2) the top of the generic region becomes fiber-rich
and for £, (z) the bottom of the generic region becomes
fiber-rich.

The kth three-phase layer has engineering constants
expressed as

EV =E Ve + E Vi (16)
v = v Vet vy Vi, (17)
Ve+ AV
Gl =Gl = AV (18)
F 12 RSV M
Ve+ AV
A e T (19)
Vel Gy + A V5 |Gy
®) 1) 0
E;kz) — 4E” KT G23 -, (20)
EGKY + G (B8 + 4Ky (o))
where the following parameters are needed:
e+ AV
T— 57 1/ °
Vi Vi
= A
K. “K
G*
x
AK = - s
2(l -
(- @1
GM
1+ G_F
Al 12
2 b
G*
3—du, + —=
GF
AZ — 23
4(1-vy)
EY = ER. v = ol @)

* (k) s (k)
1 +Uy _UIZEM/EII

, . (@3)
1+ (vy)" + vy Ey/EY) )

k) _ , F * *
Uy = Ve vy Vy (

In the proposed approach, the reinforcing fibers’
properties are described concerning of Young’s moduli
EY,, E%,, shear moduli GY,, G%,, Poisson’s ratio uf,, v%;,
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E,
3(1-2u5
fibers are characterized by isotropic features, these
properties can be simplified as follows:

and bulk modulus K= . If the reinforcing

Er = Efl = Egzv

Gy =G, =Gy,

_.F _ _F
Up = Uy = Uy

24

It should be kept in mind that the parameters mentioned
in Egs. (16)—(23) vary with the thickness due to specified
fiber volume fraction. The material properties of the
straight isotropic fibers and the polymer matrix are given
in Table 1, while the characteristics of single-walled CNT
with 20 as chiral index are provided in Table 2 based on
of Hill’s elastic moduli. The overall material density of
the composite layer is determined using the rule of
mixtures. For the subsequent applications, the required
mass fractions wg=0.85 and wc=0.05 specified in
Egs. (7)—(13) are used (unless stated otherwise).

3 Warping considered mixed finite
element formulation for multi-layer
functionally graded composite beam

3.1 The constitutive equations

According to the generalized Hooke’s law, the
relationship between the stresses o~ and strains & in an
elastic continuum is defined by the three-dimensional
stress-strain components as o = Ee¢ where E is the
elasticity matrix. An axis transformation on the elasticity
matrix can be obtained by a matrix operation
E =T'ET" where T is the axis transformation matrix,

Table 1 Epoxy resin matrix and straight glass fiber material
properties [64]

Property Polymer matrix Straight fibers
(epoxy resin) (glass fibers)
Young’s modulus Ey =3.27 GPa Ep=71GPa
Shear modulus GMm = 1.18 GPa Gr =30 GPa
Poisson’s ratio vm = 0.38 vp =0.22

Density oM = 1200 kg/m? oF = 2450 kg/m?

Table 2 Hill’s elastic moduli and density for a single-walled CNT
with 20 chiral index [64]

Property Value
kc (GPa) 136
Ic (GPa) 43
mc (GPa) 2
nc (GPa) 545
pc (GPa) 227
pc (kg/m®) 1400
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and the superscript ‘T’ denotes the matrix transpose
operator [88]. Finally, letting x, y, and z be the Cartesian
Coordinates and the beam axis be x, the reduction of the
three-dimensional elasticity theory to the beam theory is
achieved by letting o, = 0, = 7,, = 0 [89], the constitutive
equation in matrix form yields

_0 Bl3

£, £

O-x B 11 _ X
sz = _O ﬁ 22 _O sz = ﬂ k 72)' s (2 5)
o) B 0 Bul\ve, Vo )y

where B, is the transformed reduced elasticity matrix [90]
(Appendix A in Supplementary materials), and k is the
number of each laminae. The strain components at any
point on the beam cross-section can be expressed in terms
of the displacements u(u,,u,,u.) and corresponding
cross-sectional rotations Q(Q,,9Q,,9Q.) along the beam
axis, based on the Timoshenko beam theory, as follows
[91]:

5

Ex=U,
yxy = I/l;y + M;X = uy,x - Z'Qxfn
Yox = U UL, = U+ Y,

(26)

Single-layer constitutive equations using kinematic
relations yield [92],

(O _ ux,x Qy,x _Qz,x
TZX :ﬂk uZ,X tz 0 +y ‘QX‘X > k: 1"”’NL'
T Uy, -Q. . 0

)k k

Commas in subscripts denote partial derivatives, and
the total number of laminae is represented by N,. The
nodal forces and moments are derived by an analytical
integration of stresses for individual layer across the
cross-sectional thickness, as detailed in Refs. [90,93].

=

L

Fo= || @oaal,

=1 .

N :
Fy = f (T,xy)dek s

i) o |

N -
F.= )| oA,

k=NlL 7 (28)
Mx = —IA Z(Txy)dek + IA y(sz)dek] 5

k=1 * ‘

No o
My = J\A Z(O-x)dek] )

=1

N
M= - saaal.

o~
]

1

where F, is axial force, F,, and F, are the shear forces,
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M, represents the torque, M, and M, denote bending
moments, respectively. A, denotes the area of the cross-
section for individual lamina. Thus, the constitutive
equations in a matrix form yield,

F X ux,x
F, N Uy,
F.| _O|E™ E™||u,
M, (= Li| E™ Ef} Q..
M, k=1 L k ‘QN
Mz Qzﬂx

(EY Eh 0 EYOER 0] (g

. |En En 0 EY EyR 0 U,

_ Z 0 0 EX 0 0 O0]|]u,

Z\Ep ER 0 E, E, 0|)Qu[
) E;T E;‘; 0 E;l Egz O ‘Qy,x
Lo 0o o o o E,]lQ,

29

where E™, E™, E™, and E' are obtained from Eq. (28).
E™ and E' are elastic stiffness matrices related to force
and moments, respectively. E™ and E™ (transpose of
E™) represent the coupling elastic stiffness matrices. The
torsional stiffness of composite cross-sections with non-
circular geometry, accounting for warping effects, is
provided in Ref. [94],

GI, = LdG(d _Bi)dA, (30)
in this framework, the coordinate vector for the mesh on
the cross-section is referred toas d ={z —y }T [93,95]. I,
is the torque moment of inertia, the matrix G represents
the shear modulus of the mesh element. ¥ corresponds to
the warping magnitude vector corresponding to the nodes,
and the partial derivatives vector of the shape functions
are denoted as B. The constitutive equation for a beam
yields,

Uy F X
Uy, F,
u., | _|C™ C™|| F.
Qx,x - [Cfm CI' :| Mx ’ (3 1)
Q,, M,
Qzﬂx Mz

where the matrix components of the compliance matrix
C=E"' are C", C", C™, and C™ (transpose of C™),
respectively.

3.2 Field equations and functionals

The field equations for spatially curved isotropic
Timoshenko beams [96] have been adapted to develop the
governing equations for laminated composite straight
beams,
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N
-F,-q+ [ZPkAk]u =0

k=1

N
—M,X—ixF—m+[Zpk1k]s“z =0
k=1
equations of motion, (32)
U, +ixQ-C"F-C"M =0

Q. - C"F-C'M=0 }COnStltutIVC equations,

(33)
—u+i=0;, -Q+Q=0 L
FF=0. M-M=0 }boundary conditions. (34)

In these equations, u(u,,u,,u.) denotes the displace-
ment vector, Q(2,,Q,,9Q.) represents the rotation vector,
F(F.,F, F.) shows the force vector, M(M,M,M.)
denotes the moment vector. The total number of laminae
is N., and k identifies the number of each lamina. The
overall material density of composite kth laminae is
represented by p,, with the cross sectional area A;, and
the moment of inertia I;,. The vectors ¢ and m indicate
the distributed external loads in the form of forces and
moments, respectively. The acceleration terms are as
follows: ji and €. The given values at the boundary are
denoted with hats. Using the Gateaux differential and
potential operator [97,98], the necessary form of the
functional for the static and free vibration analysis is
derived based on Egs. (32)—(34) as follows.

Considering the static analysis, it is clear that
ii = Q =0, the functional for static analysis is obtained as
follows:

L) =[]+ (i€ FI~[M.. 2] - 3 (C) F, F

~3l(e™)a.F|-3|(c™)m.r]

- % |(c") M, M|~ 1g,ul~[m,Q]+((F - F),u)

+((M= M), Q) +(F.i),+(M.Q) (35)

Considering free vibration analysis under harmonic
motion, it follows that, the external force/moment vectors
are zero. The acceleration components can be expressed
as [it,ii] = —w*[u,u] and [Q,Q] = -0*[Q,Q], where ®
represents the natural circular frequency. The functional
for free vibration analysis is obtained as follows:

1,(y)=-]

<

F ]+ XQF1- [ M. Q] - 5 [(CF. F)

[(c) M. 7]~ 5 [(c™) M. F]

[(cf)M,M]_%(mek]wz[u,u]
k=1

N = =

987
—%aﬂ (ipklk]ﬂ,ﬂ +((F-F).u)
+<(M—A;I),Q>J+(F,ﬁ>g+<M,ﬁ>s. (36)

The inner product is defined through square bracket
notation. The subscript ‘e’ denote geometric boundary
condition, while the subscript o corresponds to dynamic
boundary conditions, respectively.

3.3 Mixed finite element formulation

The two-noded straight beam mixed FE element is
constructed by two linear shape functions ¢;(£€), ¢;(&€).
where £ € [0, 1] is the local coordinate, and the subscripts
i and j are the node numbers of the element. The nodal
unknow  vectors are  u(u,u,u.), 2(2.92,92.),
F(F.,F,F.), M(M.,M, M.,). Finally, the mixed FE
matrix k¢ and mass matrix m° are obtained as follows:

0 o0 kg 0 m, 0 0 0
e _ 0 kor  kou e _ mee 0 0
ke = P E 0 0]'
sym. kv sym. 0
(37

Submatrices of Eq. (37) exists in Appendix B in
Supplementary materials. Detailed mixed FE formula-
tions for static and free vibration analyses of beams,
plates, and shells exists in Refs. [98—101].

3.4 Calculation of natural frequencies

Determining the natural frequencies of vibration in a
structural system is formulated as a standard eigenvalue
problem, expressed as |(K —sz)) =0, where and o is
the natural angular frequency of the system. By using the
conventional FE assembly technique, including the
necessary boundary conditions, the system matrix K and
the system mass matrix M can be constructed.
Consequently, the problem is reduced to an eigenvalue
problem:

K, K, /0 0 R 0
[k K]l uDip={5) o0
where D is the displacements plus rotations column
vector, and R is the stress resultants (forces plus
moments) column vector. For the free vibration analysis
by mixed FE formulation, elimination of R in Eq. (38)
reduces to a standard eigenvalue problem [101].

(K" —o’M){D} = {0}, (39)

where K'=K,,— KL K;'K,, is the condensed system
matrix. All numerical computations were carried out
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using a custom-built computer program based on the
mixed FE algorithm described above, implemented in the
FORTRAN programming language.

3.5 Stress analysis

The calculation of normal stress distribution across the
cross-section is derived from the constitutive equations in
conjunction with the relevant curvatures in Eq. (27),
while shear stress distribution is determined through the
both axial rotations and warping function of the MFEs

S
z

Input data:

Beam dimensions
Material properties
Boundary conditions
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framework, as outlined in Ref. [94],

T=0Q,.G6GVy—-d), (40)

where the stress vector is represented as T = { Ty Tk }T,
the shear modulus of mesh elements is denoted as G, the
vector of nodal coordinates in the mesh is shown as d.
The axial rotation corresponds to Q... V denotes the in-
plane differential operator, and ¢ represents the function
of warping [93]. The flowchart of the MFE algorithm is
given in Fig. 4.

External loading (static analysis)

>
Mesh discretization (n,):

!

Cross-section:
Layer-wise dicretization (V;)
Layer coordinates

Constitutive equations

!

Static

Generate of the element force vector f*

v

Assemble:
System matrix and force vectors

'
Solve unknowns: u, 2, F, M

v

Post-processing: Stresses

L

Volume fractions of FG material contituents ————*
Material constants for each layer

Generate of the element matrix k¢ <

Determination of nodal variables: u, 2, F, M
Generation of the element code numbers

Displacement-type FE

Cross-sectional meshing:
Calculate warping included
torsional rigidty

Dynamic

17 Analysis type —l

Generate of the element mass matrice m*®

v

Assemble:
System and mass matrices

v

Calculate condensed system matrix

v

Solve Eigenvalue problem and, determine

the natural frequencies
|

No Convergence
— Update n, and/or N, +——— e
criterion
lYes

D

Fig. 4 Flowchart of the MFE algorithm.
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4 Numerical examples

4.1 Convergence and comparison
4.1.1 Functionally graded reinforcing phase (two-phase
material)

The purpose of this example is to determine the natural
frequencies and static characteristics of FG configurations
with a satisfactory level of precision, showcasing the
capability of the W-MFEs. To achieve this, the
organization of this example is as follows. First, a FE
mesh and a number of layer convergence analyses are
performed to assess the convergence of the W-MFE
formulation for free vibration/static behaviors of FG-
CNTRC beams with various distribution patterns,
including UD, X, O, and V. Secondly, the W-MFEM
convergence performances and SOLID186 elements (3D
quadratic solid FEs, ANSYS software [102]) are
investigated. Lastly, 3D quadratic solid FEs for free
vibration/static analyses of the CNTRC beam, based on
various CNT distribution patterns (namely, UD, O, X,
and V), are compared with the results of W-MFE
formulation and existing literature. The slenderness ratio
of the beam L/h=15. The CNT volume fraction is
Venr = 0.12 where the efficiency parameters are as
follows: 1, =1.2833, n, =1n; =1.0556. The boundary
conditions are defined as clamped-clamped (CC) and
clamped-free (CF). Detailed discussions are provided for
free vibration and static analysis in the following
subsections as follows:

1) Free vibration analysis

A FE mesh and the number of layer convergence
analyses are performed to reveal the performance of the
W-MFE formulation in reflecting the dynamic
characteristics of FG CNTRC beam. The reference results
of UD, X, O and V CNTRC beam are taken from Yas and
Samadi [77], Vo-Duy et al. [78], Karamanli and Vo [79],
and Garg etal. [80]. Yas and Samadi [77] and Vo-Duy
etal. [78] applied the FSDT. Karamanli and Vo [79]
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adopted the shear and normal deformation theory
(SNDT), and Garg et al. [80] used the higher-order ZZT.
The non-dimensional out-of-plane circular natural
frequency parameter is obtained by using the formula
@ =oL+pu(1-vy)/Ey.

During the wverification examples, a FE mesh
convergence study is first conducted, along with an
analysis of the number of elements, for the first three
non-dimensional out-of-plane natural frequencies of the
W-MFEs. For this purpose, the FG-V distribution is
chosen. The analysis is carried out using 132 to 972
DOFs, corresponding to 10 to 80 elements, with the
number of layers fixed at N, =50 for CC and CF
boundary conditions. Convergence results for the FG-V
distribution frequencies indicate that 972 DOFs and the
chosen number of layers are sufficient for the W-MFEs.
Subsequently, a layer convergence analysis is performed
for W-MFEs using 10 to 50 layers, with the necessary
DOFs set to 972. The results of this analysis are tabulated
in Table 3. The percent differences are calculated based
on the non-dimensional natural frequencies of the FG-V
CNTRC beam for the W-MFEs (N, = 50, DOFs: 972) in
comparison to those obtained using SOLID186 (V. = 50,
DOFs: 2436000), as shown in Table 3. The fundamental
natural frequencies obtained from the W-MFEs are higher
than those from the SOLID186 elements. As shown in
Table 3, the results for both the W-MFEs and the 3D
quadratic solid FEs are in satisfactory consistency.

Secondly, the results of the present formulation (W-
MFE) and 3D quadratic solid FEs for the first three
natural frequencies of the CNTRC beam, based on
different CNT distribution patterns (namely, UD, O, X,
and V), are compared with the findings presented by Yas
and Samadi [77], Vo-Duy et al. [78], Karamanli and Vo
[79], and Garg et al. [80] in Tables 4—7, respectively. The
results of WFEM in Tables 4-7 are represented N; = 50
and DOFs: 972. When compared to the literature results
for the clamped free (CF) boundary condition, the
fundamental natural frequency results of the W-MFEs
(Tables 4-7) are very closely agreed with those of the 3D
elements (SOLID186) for all distribution patterns

Table 3 The number of layer (Vo) convergence analysis of W-MFEs, and the comparison results (W-MFEs, Ni. =50) of with FG-V beams

respect to SOLID186

Boundary condition Mode number

W-MFEs (DOFs: 972)

SOLID186 (DOFs:2436000)

N =10 20 30 40 50 diff.'%” NL =50 diff.*%”
cc " 13797 13776 13772 13771 13770 —0.0073 1.3508 ~1.94
@ 29568 29538 29532 29530 29529  —0.0034 2.9019 -1.76
@3 47774 47736 47729 47727 47726 —0.0021 4.7031 ~1.48
CF @ 03085 03075 03073 03073 03073  0.0000 0.3055 —0.58
@ 15114 15085  1.5079  1.5078  1.5077  —0.0066 1.4832 ~1.65
@3 33769 33723 33714 33711 33709  —0.0059 3.3081 ~1.90

Note: 1) @: non-dimensional natural frequency; 2) diff.'% = (l - ®NL:40/®NL:50) x100; 3) diff.2% = (1 - Ow-MrE/OsoLpise) X 100 (for N, = 50).
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Table 4 The comparison results of the literature and present formulation (W-MFE) with respect to SOLID186 elements for the non-dimensional
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natural frequencies (@) of UD-CNTRC beams

Results

Ref.

Non-dimensional natural frequencies

diff.%*

W-MFE (present)
Yas and Samadi [77]
Vo-Duy et al. [78]
Karamanli and Vo [79]
Garg et al. [80]
SOLID186 [102]
W-MFE (present)
Yas and Samadi [77]
Vo-Duy et al. [78]
Karamanli and Vo [79]
Garg et al. [80]

CcC CF

@1 (233 @3 @1 (233 @3
1.4817 3.0936 4.9416 0.3626 1.6624 3.6032
1.5085 3.1353 4.9979 0.3764 1.7006 3.6648
1.5052 3.1317 5.0022 0.3761 1.6984 3.6643
1.5489 3.4106 5.3095 0.3772 1.7328 3.7746
1.5066 - - 0.3762 - -
1.4906 3.1343 5.0291 0.3623 1.6689 3.6330
0.60 1.30 1.74 —0.08 0.39 0.82
-1.20 —0.03 0.62 -3.88 -1.90 —0.88
-0.98 0.08 0.54 -3.80 -1.77 -0.86
-3.91 —8.81 -5.57 —4.10 -3.83 -3.90
-1.07 - - -3.83 - -

*Note: diff.% = (1 — OReference/ OsoLiD186) X 100, where ® = @; (for i = 1, 2, and 3) and each result is evaluated relative to the reference results obtained

using SOLID186 (DOFs: 2436000).

Table 5 The comparison results of the literature and present formulation (W-MFE) with respect to SOLID186 elements for the non-dimensional

natural frequencies (@) of FG-X CNTRC beams

Results

Ref.

Non-dimensional natural frequencies

diff.%*

W-MFE (present)
Yas and Samadi [77]
Vo-Duy et al. [78]
Karamanli and Vo [79]
Garg et al. [80]
SOLID186 [102]
W-MFE (present)
Yas and Samadi [77]
Vo-Duy et al. [78]
Karamanli and Vo [79]
Garg et al. [80]

cc CF
@ @ @3 ot @ @3
1.5771 3.2257 5.1014 0.4272 1.8147 3.8228
1.6000 3.2629 5.1514 0.4416 1.8497 3.8777
1.5953 3.2568 5.1517 0.4411 1.8461 3.8743
1.6591 3.5809 5.5468 0.4434 1.8996 4.0280
1.5989 - - 0.4413 - -
1.5915 3.2790 5.2085 0.4271 1.8264 3.8651
091 1.63 2.06 ~0.02 0.64 1.10
~0.54 0.49 1.10 ~3.40 ~1.28 ~0.33
~0.24 0.68 1.09 329 ~1.08 ~0.24
425 921 ~6.49 -3.83 —4.01 421
~0.47 - - 333 - -

*Note: diff.% = (1 — ORreference/ OsoLiD186) X 100, where ® = @; (for i = 1, 2, and 3) and each result is evaluated relative to the reference results obtained

using SOLID186 (DOFs: 2436000).

considered (UD, O, X and V). It can be seen that for the
first three natural frequencies of CC boundary condition,
the W-MFEM results converge to the SOLID186 results
in terms of engineering precision. Specifically, the
literature results for the first natural frequency show
convergence from above compared to the SOLIDI186
results, while the W-MFEM results show convergence
from below compared to the SOLID186 results for the
UD and X-type distribution patterns (Tables 4 and 5). For
the O and V distribution patterns, both the MFEM and
literature results exhibit convergence from above
compared to the SOLID186 results (Tables 6 and 7). As
the dominant frequency is approached, the convergence
of the W-MFEM results with SOLID186 becomes more

pronounced for all-considered distribution patterns.
2) Static analysis
The FG-CNTRC beams are subjected to a uniform

distributed load. The central deflection (x = %) is non-

. . _ 100Eu*w
dimensional as ii. = —
are taken from the studieg as follows: Kumar and Srinivas
[81], and Karamanli and Vo [79] in Table 8. Kumar and
Srinivas applied FSDT. Karamanli and Vo adopted
SNDT. The results of the non-central deflection of the
CNTRC beam in Table 8 belong to the warping-included
mixed FEs (N, =50, DOFs: 972) and SOLID186
elements (N, =50, DOFs: 2436000). The analysis results
from the W-MFEs and 3D solid FEs for central deflection

u.. The reference results
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Table 6 The comparison results of the literature and present formulation (W-MFEs) with respect to SOLID186 elements for the non-dimensional

natural frequencies (@) of FG-O CNTRC beams

991

Results

Ref.

Non-dimensional natural frequencies

diff. %*

W-MFE (present)
Yas and Samadi [77]
Vo-Duy et al. [78]
Karamanli and Vo [79]
Garg et al. [80]
SOLID186 [102]
W-MFE (present)
Yas and Samadi [77]
Vo-Duy et al. [78]
Karamanli and Vo [79]
Garg et al. [80]

cC CF

@) @ @3 Y i, @3
1.2863 2.8254 4.6149 0.2699 1.3863 3.1785
1.3180 2.8762 4.6840 0.2809 1.4266 3.2489
1.3166 2.8763 4.6940 0.2808 1.4260 32519
1.2976 2.9572 4.6444 02797 1.4073 3.1952
13175 - - 0.2808 - -
1.2519 27433 4.4869 0.2682 1.3560 3.0897
274 -2.99 -2.85 ~0.65 223 ~2.87
~5.28 ~4.84 ~4.39 475 -521 -5.15
517 485 ~4.62 472 -5.16 525
-3.65 ~7.80 -3.51 431 -3.78 —3.42
524 - - 472 - -

*Note: diff.% = (1 — OReference/ OsoLiD186) X 100, where ® = @; (for i =1, 2, and 3) and each result is evaluated relative to the reference results obtained

using SOLID186 (DOFs: 2436000).

Table 7 The comparison results of the literature and present formulation (MFEs) with respect to SOLID186 elements for the non-dimensional

natural frequencies (@) of FG-V CNTRC beams

Results

Ref.

Non-dimensional natural frequencies

diff.%*

W-MEFE (present)
Yas and Samadi [77]
Vo-Duy et al. [78]
Karamanli and Vo [79]
Garg et al. [80]
SOLID186 [102]
W-MFE (present)
Yas and Samadi [77]
Vo-Duy et al. [78]
Karamanli and Vo [79]
Garg et al. [80]

cc CF

@ @ @3 @ @ @3
1.3770 2.9529 4.7726 0.3073 1.5077 3.3709
1.4068 2.9997 4.8363 0.3193 1.5473 3.4380
1.4046 2.9980 4.8433 0.3192 1.5460 3.4393
1.4370 3.2472 5.1195 0.3197 1.5696 3.5286
1.4067 - - 0.3193 - -
1.3508 2.9019 4.7031 0.3055 1.4832 3.3081
~1.94 -1.76 -1.48 -0.58 -1.65 ~1.90
—4.15 -3.37 283 -4.52 432 -3.93
-3.98 -3.31 298 —4.49 —4.24 -3.97
-6.38 ~11.90 -8.85 -4.65 -5.83 —6.67
—4.14 - - —452 - -

*Note: diff.% = (1 — OReference/ OsoLiD186) X 100, where ® = @; (for i =1, 2, and 3) and each result is evaluated relative to the reference results obtained

using SOLID186 (DOFs: 2436000).

of the CNTRC beam, based on various CNT distribution
patterns (namely, UD, O, X, and V), are compared with
the findings presented by Kumar and Srinivas [81] and
Karamanli and Vo [79] in Table 8. Compared with the
literature results, the W-MFEs closely match those of the
3D solid FEs (SOLID186).

4.1.2 Functionally graded reinforcing phase (three-phase
material)

This example evaluates the precision of the W-MFE
model developed herein for analyzing the static and free
vibration behavior of three-phase CNT/polymer/fiber FG
composite beams. The linear distribution of straight

reinforcing fibers (Subsection 2.2) is applied through the
thickness of a three-phase composite FG beam with a
two-layer configuration, where each layer has the same
thickness. The first layer is composed of generic layer 1,
while the second layer is composed of generic layer 2
(Fig. 3). To achieve this, the natural frequency and static
response results determined via W-MFEs are evaluated
against those computed through 3D solid FEs
(SOLID186) in ANSYS software. The geometrical
properties of the straight beam are A, =L/h=20 and
w/h =1 where w=0.04 m, with the beam clamped at
both ends.

1) Free vibration analysis

A mesh convergence study is conducted for W-MFEs
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Table 8 The comparison results with literature and MFEs with respect to SOLID186 elements for the non-dimensional central defection (ii;) of
different distribution patterns CNTRC beams

Boundary CNT distribution ~ W-MFE Kumarand  Karamanli and Vo SOLID186 diff.%*
condition pattern (Present) Srinivas [81] [79] [102] W-MFE Kumar and Karamanli and Vo
(Present) Srinivas [81] [79]
CC UD 0.2283 0.2184 0.2087 0.2256 -1.20 3.19 7.49
FG-X 0.2004 0.1941 0.1811 0.1969 -1.78 1.42 8.02
FG-O 0.3056 0.2864 0.2993 0.3220 5.09 11.06 7.05
FG-V 0.2656 0.2513 0.2435 0.2756 3.63 8.82 11.65
CF UD 1.8410 - 1.6999 1.8406 -0.02 - 7.64
FG-X 1.3794 - 1.2747 1.3757 -0.27 - 7.34
FG-O 3.1664 - 2.9710 3.2275 1.89 - 7.95
FG-V 2.4864 - 2.2952 2.5264 1.58 - 9.15

*Note: diff.% = (1 — ORreference/OsoLiD186) X 100, where ® = @; (for i = 1, 2, and 3) and each result is evaluated relative to the reference results obtained

using SOLID186 (DOFs: 2436000).

on the first three natural frequencies of a three-phase FG
composite beam with a two-layer configuration, featuring
either symmetric (0°/0°) or antisymmetric (0°/90°)
layups, and a total of N, =40. The analysis is performed

Table 9 The number of layers (Np) convergence analysis of W-MFEs
(DOFs:972) for three-phase composite beams (As = 20) having a two-
layer configuration with either 0°/0° or 0°/90° layups (a = 1, f: natural
frequency (in Hz))

. . N 0°/0° 0°/90°

using 252 to 972 DOFs, corresponding to 20 to 80 -

elements. Convergence results for the frequencies of both fi 2 I3 fi 2 f5

Symmetric and antisymmetric layups indicate that 972 20 213.9563 574.9247 1091.7122 180.4771 487.6913 932.1086

DOFs are sufficient for the W-MFEs. Subsequently, a 40 213.4792 573.6750 1089.4107 180.1084 486.7128 930.2798

layer convergence analysis is performed for W-MFEs 213.3907 573.4432 1088.9838 180.0402 486.5321 929.9419

using 20 to 80 layers, with the necessary DOFs set to 972. 80 213.3597 573.3621 1088.8342 180.0164 486.4689 929.8236

The results are tabulated in Table 9, demonstrating that ' ' ' ' ’ ’
diff.%* -0.0145 -0.0141 00137 -0.0132 -0.0130 -0.0127

sufficient precision is achieved for the natural frequencies
with N = 80.

A mesh refinement analysis of the quadratic 3D solid
FEs is conducted to examine the first three natural
frequencies of the three-phase composite FG beam with
respect to the total layer Ny =40. The DOFs are 390240,
1493280, and 3703692, respectively. The results of 3D

*Note: diff.% = (1- £~/ M=) x 100, where i = 1,2, and 3.

Table 10 The comparison results with W-MFEs with respect to
SOLID186 elements for three-phase composite beams (As = 20) having
a two-layer configuration with 0°/0° layups (a = 1,Nz =40, f: natural
frequency (in Hz))

solid FEs are tabulated in Table 10. The percent [ SOLID186 W-MFE
differences (Table 10) are calculated by normaliz?ng the (390240) (1493280) (3703692) diff.lo " (DOFs:972) diff 292
results obtained at 1493280 DOF§ to those obtained at 5 21432 21441 1444 001 71336 .50
3703692 DOFs. 0.03% is obtained as the absolute

maximum percent difference. Table 10 shows that the fo 57709 57742 57754 0.02 573.36 0.72
number of DOFs required for convergence is 3703692 for /3 109830 109920  1099.5 0.03 1088.83 0.97

SOLID186. Next, a comparison analysis shows the
convergence performance of the W-MFEs and 3D solid
FEs with 40 layers in Table 10. The percent differences
are calculated by normalizing the frequencies obtained
from W-MFEs (a total of 972 DOFs) to those obtained
from SOLID 186 elements (DOFs: 3703692). 0.97% is
obtained as the absolute maximum percent difference.
The W-MFE results show a high level of consistency
with the solutions from 3D solid FEs. In addition, the
convergence of the W-MFE element is obtained with
fewer DOFs than that of SOLID186.

2) Static analysis

The three-phase composite CNT/polymer/fiber FG
beam with a two-layer configuration is under a uniformly

Note: 1) diﬁ.l% — (1 _f;_DOF:1493280/}(;_DOF:3703692)X 100’ 2) diﬂ:_z% =(1-
f;.W'MFE/j}SOLIDI“) x 100, where i = 1, 2, and 3. The numbers in paren-
theses indicate the DOF.

distributed load having a load magnitude of ¢. = 10 N/m.
First, an FE mesh and a number of layer convergence
analyses are performed for W-MFEs to obtain sufficiently
convergent results of the displacement, support reactions,
and stress components. The displacement is obtained at
the midpoint on the axis of the beam. The stress
components are calculated through the thickness of the
beam at the axis x =0.1L. The FE convergence analysis
is performed for DOFs 252, 492, 732, and 972 with a
160-layer number. The percent differences are calculated
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by normalizing the results obtained at 732 DOFs to those
obtained at 972 DOFs. Calculated at 0.11% is the
absolute maximum percent variation. It can be concluded
that the number of DOFs required for convergence is 972
for W-MFEs. Next, the number of layers convergence
analyses is performed for 40, 80, and 160 layers with 972
DOFs. The percent differences (Table 11) are calculated
by normalizing the results obtained at N, =80 to the
results obtained at N, = 160. The maximum absolute
percent difference is 0.03% when considering the
maximum normal/shear stress values. From Table 11, it
can be concluded that the number of N. required for
convergence is 160 for W-MFEs.

Then, an FE mesh convergence analysis of SOLID186
is performed to obtain sufficiently convergent results of
the displacement, support reactions, and stress
components, as shown in Table 12. The FE convergence
analysis is conducted with DOFs 390240, 468720,
3518412 and 4286892 with a 40-layer number. The
percent differences (Table 12) are calculated by
normalizing the results obtained at 3518412 DOFs with a

Table 11 The number of layers (Np)convergence analysis of W-
MFEs (DOF:972) for a three-phase composite beam (s = 20) having a
two-layer configuration with 0°/0° layups (o =1)

Results W-MFE diff.9%"
NL=40 NL=80  N_=160
FA(N) —4.000 —4.000 —4.000 0.00
MA(N-m) 0.533 0.533 0.533 0.00
uM (>< 1076 m) 27118 27148 -2.7156 0.03
0(0.1,%)? (kPa) -18.806  —18.850  —18.855 0.03
7(0.1,0)? (kPa) -3.609 -3.611 -3.611 0.00
0,(0.5,%)? (kPa) 20.494 20.542 20.548 0.03

Note: 1) diff.% = (1 - @NL:SO/GNL%O) % 100, M corresponds to the midpoint
along the axis of the beam; 2) absolute maximum values of the related
stress through the thickness. z =z/h = —0.3 for Np =40, z=-0.2875 for
N, =80 and 160.

Table 12 FE mesh convergence of SOLID186 elements (N = 40) for

a three-phase composite beam (As=20) having a two-layer
configuration with 0°/0° layups (@ = 1)

Results SOLID186 diff.%"

(DOF:390240) (468720) (3518412) (4286892)

FA(N) —4.000 -4.000 —4.000 —4.000 0.000
MA(N-m) 0.534 0.534 0.534 0.534  0.000
1 (x 1076 m) —2.6849  -2.6846 -2.6819 -2.6820 0.004
0:(0.1,-03)? (kPa) —18.8583 —18.8630 —18.8743 —18.8740 —0.002
7..(0.1,2)2) (kPa) ~3.3912  -3.4088 —3.4109 —3.4109 0.000
0.(05.-03)? (kPa)  20.3825 203805 20.3785 203790 0.002

Note: 1) diff.% = (1 - @)DOF:}S18412/®DOF:4286892) %100, M corresponds to

the midpoint along the axis of the beam; 2) absolute maximum values of
the related stress through the thickness.
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40-layer number to those obtained at 4286892 DOFs with
the same number of layers. The maximum absolute
percent difference is 0.004%. Table 12 shows that the
number of DOFs required for convergence is 4286892
DOFs with a 40-layer number for SOLID186. The
maximum number of layers chosen for SOLID186 is 40
due to computer capacity (Intel(R) Core™ i7-10750H
CPU, 2.60GHz, 64GB RAM). Therefore, a comparison
analysis is performed to show the convergence
performance of the W-MFEs and quadratic 3D solid FEs
with 40 layers. The percent differences are calculated by
normalizing the results obtained from W-MFES
(DOFs:972, Table 11) to those obtained from SOLID 186
elements (DOFs: 4286892, Table 12). The percent
differences of F*, M*u, 0.0.1,-0.3),7,.(0.1,0) and
0.(0.5,-0.3) are 0.00%, 0.19%, —1.11%, 0.36%, —5.81%,
—0.56%, respectively. A detailed comparative analysis is
performed by examining the absolute maximum shear
stress values at the different cross-sections along the
beam axis. For this purpose, the normalized length
coordinates are chosen between the range 0.1 <X <0.2.
Figure 5 shows the absolute maximum shear stress
through the thickness (Z). Normalization of WMFE
results is performed with respect to those obtained from
quadratic 3D solid FEs. The maximum percent difference
is —5.81% shown in Fig.5. The ratio between the
absolute maximum normal stress and shear stress of W-
MFE (N, =40) in Table 11 is nearly 5.2. Additionally, it
is noted that the shear stress values are lower than the
normal stress values along the beam axis. These results
show good consistency between the W-MFE and
quadratic 3D solid FEs results. Based on the outcomes of
the convergence analyses for both static and free
vibration analyses, 80 warping-included MFEs are used
to discretize the beams along the length.

4.2 Parametric solutions-free vibration

This example investigates how different lamination
schemes and variations in fiber distribution (composi-
tional gradient exponent) affect the natural frequencies of
a three-phase CNT/polymer/fiber FG composite beam. In
parametric analysis, two through-thickness configura-
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2 270
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B 3344 e * *W-MFE

o gt e SOLID186
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0.10 0.11 0.12 0.13 0.14 0.15 0.16 0.17 0.18 0.19 0.20
Normalized coordinates (x = x/L)

Fig. 5 The maximum shear stress 7, (X,z)(kPa) through the
cross-section of a three-phase composite beam (A5 = 20) having
a two-layer configuration with 0°/0° layups (@ =1).
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tions, Configuration 1 and Configuration 2 (Fig. 6), are
used, with each featuring two layers of equal thickness in
either a symmetric (0°/0°) or antisymmetric (0°/90°)
lamination scheme. The analysis also examines different
span-to-thickness ratios (A, = L/h). The span ratio is set
to A, =10, 15, and 20, successively where L is the length
and £ is the thickness. The beam length varies based on
the & values (h = 0.04 m), while the width is constant at
w =0.04 m. The compositional gradient exponent @ is
successively set to 0.1, 0.5, 1, 2, and 3 for each case. In
Configuration 1, the mid-section of the cross-section has
the highest glass fiber volume fraction, while the top and
bottom sections contain no glass fiber (Fig. 6(a)). In
contrast, in Configuration 2, the top and bottom sections
have the highest glass fiber volume fraction, with no glass
fiber present in the mid-section (Fig. 6(b)). Also,
decreasing the compositional gradient exponent leads to
an increased glass fiber volume fraction throughout the
thickness of the beam for both configurations, resulting in
stiffer FG material constituents through the thickness.

The first three non-dimensional transverse natural
frequencies of a three-phase composite beam with a two-
layer Configuration 1 and 2, featuring 0°/0° and 0°/90°
layups for different span-to-thickness (4,) are tabulated in
Tables 13—15, respectively. The non-dimensional natural
frequency is calculated by 7 = 1> \/FWEMI\ , Where
i=1,2,and 3.

The effect of the compositional gradient index («):
Reduction of the composition gradient index increases the
stiffness of the FG material through thickness (Fig. 6) and
results in higher natural frequencies in Configurations 1
and 2, both for the 0°/0° and 0°/90° lamination schemes.
The corresponding numerical results are shown in Tables
13-15. The percentage difference in the natural
frequencies is calculated by normalizing the results for
a=0.5,1, 2, and 3 with respect to the results for a = 0.1
by using diff.% = (1 —fl.":j/ﬁ’:(’")x 100, where i=1,2,
and 3, j=0.5,1,2, and 3. Figures 7(a) and 7(b) show
the percentage differences plotted against the composi-
tional gradient index for Configuration 1, considering
both 0°/0° and 0°/90° lamination schemes. Similarly,

-D.54% T _ T T T —0.5- T T ——
0.0 02 04 06 08 1.0 0.0 02 04 06 08 1.0
Vi v,

(a) (b)

Fig. 6 Through-thickness configurations: two-layer structures
used in parametric analysis: (a) Configuration 1-two layers;
(b) Configuration 2-two layers.
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Figures 7(c) and 7(d) show the same comparison for
Configuration 2 using the corresponding lamination
schemes. Also, the fundamental natural frequencies of
Configuration 1 are more significantly influenced by
variations in the compositional gradient index than

Table 13 The first non-dimensional natural frequency (fi) the CNT
reinforced FG composite beams having a two-layer Configuration 1
and 2 with different lamination schemes

As o Configuration 1 Configuration 2

0°/0° 0°/90° 0°/0° 0°/90°

10 0.1 9.24 7.68 9.73 8.21
0.5 7.82 6.47 9.54 7.97

1 6.77 5.79 9.31 7.77

2 5.74 5.21 8.88 7.47

3 532 5.01 8.53 7.23

15 0.1 9.79 8.00 10.36 8.61
0.5 8.22 6.71 10.29 8.42

1 7.06 5.98 10.10 8.24

2 5.94 5.37 9.66 7.93

3 5.49 5.15 9.25 7.68

20 0.1 10.00 8.13 10.62 8.77
0.5 8.38 6.80 10.59 8.60

1 7.17 6.05 10.43 8.43

2 6.01 5.43 9.98 8.12

3 5.55 5.21 9.56 7.86

Table 14 The second non-dimensional natural frequency (/) the
CNT reinforced FG composite beams having a two-layer Configuration
1 and 2 with different lamination schemes

A a Configuration 1 Configuration 2
0°/0° 0°/90° 0°/0° 0°/90°
10 0.1 22.86 19.45 23.82 20.60
0.5 19.56 16.55 22.96 19.75
1 17.14 14.89 22.23 19.14
2 14.73 13.49 21.14 18.34
3 13.71 12.97 20.33 17.77
15 0.1 25.47 21.13 26.80 22.61
0.5 21.54 17.82 26.30 21.95
1 18.63 15.92 25.68 21.40
2 15.79 14.34 24.50 20.56
3 14.63 13.78 23.51 19.91
20 0.1 26.63 21.83 28.16 23.47
0.5 22.40 18.34 27.88 2291
1 19.26 16.34 27.34 22.40
2 16.23 14.69 26.13 21.56
3 15.00 14.11 25.04 20.87
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Table 15 The third non-dimensional natural frequency (f3) the CNT
reinforced FG composite beams having a two-layer Configuration 1
and 2 with different lamination schemes
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Configuration 2. Specifically, Configuration 1, with the
fiber-rich region centrally located within the cross-
section, exhibits a more pronounced sensitivity to

A ¢ Configuration 1 Configuration 2 compositional gradient changes than Configuration 2,
0°/0° 0°/90° 0°/0° 0°/90° where the fiber-rich regions are situated at the upper and
10 0.1 40.10 34.79 41.48 36.53 lower parts of the cross-section. When the higher stiffness
0.5 3461 29.86 39.46 34.69 regions (fiber-rich parts) are positioned at the upper and
lower ion in nfiguration 2, th r
1 30.66 27.04 38.00 33.47 ower sections, as Co guration 2, the structure
becomes less sensitive to variations in the compositional
2 26.66 24.61 36.08 32.00 gradient index than Configuration 1.
3 24.93 23.69 3474 31.02 Additionally, for Configuration 1, the maximum
15 0.1 46.74 3934 48.89 41.84 reduction in natural frequencies occurs at the highest
05 3981 3337 47.44 4031 span-t(-)-th?ckness ratio of 20, while the.: minimum
X 3470 10,04 46,08 016 reduction is observed at the lowest span-to-thickness ratio
) : ) : of 10, for both 0°/0° and 0°/90° lamination schemes
2 29.65 27.06 43.89 37.56 across all compositional gradient indices. In contrast, for
3 27.54 26.02 42.17 36.39 Configuration 2, the maximum increase in natural
20 01 50.05 41.46 5268 4438 frequencies is observed at the lowest span-to-thickness
05 . 3495 5173 43.09 rgtlo of 10, wh11§ the minimum increase occurs at the
highest span-to-thickness ratio of 20.
! 36.57 31.23 50.53 42.03 The effect of the configurations: Configuration 2
2 30.99 28.13 48.22 40.39 consistently exhibits the highest values for the first three
3 28.70 27.03 46.26 39.11 transverse natural frequencies (Tables 13—15). The
percentage differences are plotted against the
36.0 h
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Fig.7 The percent relative differences for the first three nondimensional natural frequencies f of the CNT-reinforced FG composite
beams: (a) Configuration 1 with 0°/0°; (b) Configuration 1 with 0°/90°; (c) Configuration 2 with 0°/0°; (d) Configuration 2 with 0°/90°
(diff.% = (1- £~/ f2=1)x 100, where i = 1,2, and 3, j = 0.5, 1, 2, and 3).
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Fig. 8 The percent relative differences for the first three non-dimensional natural frequencies f of the CNT-reinforced FG composite
beams: (a) 0°/0°; (b) 0°/90° (diff.% = (1 —ﬂcmf‘/f,.c"“f'z) x 100, where i = 1, 2, and 3).

compositional gradient index in Fig. 8(a) for the 0°/0°
lamination scheme and in Fig. 8(b) for the 0°/90°
lamination scheme, respectively. The maximum reduction
in natural frequencies is seen in the first mode, while the
minimum reduction occurs in the third mode, with all
other parameters held constant. Additionally, the
reduction in natural frequencies becomes more substantial
as the compositional gradient index increases in the 0°/0°
lamination scheme compared to the 0°/90° lamination
scheme.

4.3 Parametric solutions-static analysis

The influences of configuration and compositional
gradient exponent on the vertical displacements and
normal/shear stresses of three-phase CNT/polymer/fiber
FG beams subjected to a uniformly distributed load
q. = 10 N/m are investigated. The beam is fixed at both
ends. Two configurations are considered: Configuration 1
and Configuration 2, corresponding to 0°/0° and 0°/90°
layups, respectively. The compositional gradient
exponent of fiberglass is analyzed for values of 0.5, 1,
and 2. Detailed analyses of the vertical displacement,
normal stress, and shear stress are presented in
Subsubsections 4.3.1, 4.3.2, and 4.3.3, respectively.

The percent differences are calculated by comparing the
results for @ = 1 and @ = 0.5 with respect to @ = 2 for
each configuration and lamination scheme. Decreasing
the compositional gradient index under the same
lamination scheme and the span-to-thickness ratio leads
to notable changes in the vertical displacements of
Configuration 1 compared to Configuration 2. In
Configuration 1, when examining 0°/0°, the vertical
displacements exhibit 34.7% and 55.3% for A, =10,
respectively. These values of @ =1 and 0.5 are 35.8% and
56.7% for A,=15; 36.1% and 57.2% for A,=20,
respectively. Also, when observing 0°/90°, the vertical
displacements show 26.3% and 46.1% decrease for
A = 10, respectively. These values are 26.7% and 46.8%
for A,=15; and 26.8% and 47.1% for A,=20,
respectively. In Configuration 2, when assessing 0°/0°,
the vertical displacements exhibit 17.3% and 27.8% for
A = 10, respectively. These values of @ = 1 and 0.5 are
16.8% and 26.6% for A,=15; 16.9% and 26.1% for
A, =20, respectively. Also, when investigating 0°/90°,
the vertical displacements show 16.0%  and

Table 16 The non-dimensional vertical displacement (ii.) the CNT-
reinforced FG composite beams having two-layer Configuration 1 and
2 different lamination schemes

A @ Configuration 1 Configuration 2
4.3.1 The vertical displacement 0°/0° 0°/90° 0°/0° 0°/90°
. . . 10 . -0.42 -0.61 0.2 0.4
The vertical displacements u. at the midspan of a three- 0> 0423 0618 0283 0406
phase composite beam having a two-layer Configuration 1 -0.618 -0.845 -0.324 -0.466
1 and 2 with 0°/0° and 0°/90° layups for different span- 2 —0.947 ~1.147 -0.392 -0.555
to-thickness ratio A, = 1.0, 15, and 20 are tabulateq in s 05 0385 0578 0245 0366
Table 16. The non-dimensional maximum vertical . 0571 0797 0278 0417
displacement of the beam is obtained by o o o o
it. = (100Eyh*w/qL* ) u.. 2 -0.889 ~1.087 -0.334 -0.495
The effect of the compositional gradient index (a): a 20 0.5 —0.372 —0.564 -0.232 -0.352
decregse in the compositional gradient index increa.sed 1 20,555 ~0.780 _0.261 0.400
the stiffness of the FG beam and reduced the vertical
2 —0.869 -1.066 -0.314 —0.474

displacements at the midspan of the beams (Table 16).
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26.8% A, = 10, respectively. These values are 15.8% and
26.1% for A,=15; and 15.6% and 25.7% for A, =20,
respectively. When variations in the lamination scheme
are considered for each configuration and span-to-
thickness ratio, the symmetric 0°/0° scheme exhibits the
highest  percentage  differences,  whereas  the
antisymmetric 0°/90° scheme shows the lowest. This
behavior is attributed to the reduction in effective
material properties in the 90° ply orientation of the x-axis
of the beam, which decreases the changes in vertical
displacement for both configurations in response to
variation in the compositional gradient index.

The effect of the configurations: Table 16 reveals that
Configuration 1 exhibits the highest absolute vertical
displacement, while Configuration 2 demonstrates the
lowest, regardless of span-to-thickness ratios,
compositional gradient index, and lamination schemes.
The results of Configuration 2 are normalized with
respect to Configuration 1. The percent differences
between Configurations 1 and 2 rise as the compositional
gradient index increases, indicating that the most
significant reduction in vertical displacement occurs at
a = 2 for both lamination schemes. At lower values of the
compositional gradient index, the percentage differences
for the 0°/0° and 0°/90° lamination schemes are relatively
similar. However, as the compositional gradient index
increases, the influence of the lamination scheme
becomes more pronounced, resulting in a growing
disparity between the percentage differences for the 0°/0°
and 0°/90° lamination schemes. When comparing
Configuration 1 to Configuration 2, keeping all other
parameters such as compositional gradient index, and
lamination schemes constant, the most significant
reduction in vertical displacements is observed in the
span-to-thickness ratio A, =20, while the smallest
reduction is found in the A, = 10 case (Fig. 9).

4.3.2 Normal stress

The normal stress at the midspan of the beam is

65.0
57.0 .-

49.0 .

diff.%

4104 7

33.04
' ' 15 2:0

o
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investigated to evaluate the effect of the compositional
gradient index, different configurations, and lamination
schemes in a three-phase composite beam with two-layer
Configuration 1 and 2, with 0°/0° and 0°/90° layups. The
span-to-thickness ratio is 4, = 10. The non-dimensional
normal stress of the beam is obtained by
0.(x,2) = (Wh*/qL*) o (x,z). First, variation of non-

) : . L
dimensional normal stresses () at x= — are plotted

against the normalized height ratio and presented in
Fig. 10 for different compositional gradient indexes. For
detailed analysis, the maximum tensile and compressive
normal stresses (6-,) through the thickness at the midspan
of the beam for both Configuration 1 and Configuration 2
with symmetric and antisymmetric lamination schemes as
follows.

The effect of the compositional gradient index («@): in
Configuration 1 with a symmetric (0°/0°) lamination
scheme, the evaluation of the normal stress distributions
shows that the maximum tensile and compressive stress
magnitudes remain nearly the same in the upper and
lower regions of the cross-section (Fig. 10(a)). However,
as the composition gradient index « increases, the
position of the absolute maximum stress values shows a
slight shift toward the center of the cross-section. In
contrast, for Configuration 1 with the antisymmetric
(0°/90°) lamination scheme, the maximum tensile and
compressive stress values are significantly influenced by
changes in the compositional gradient index «, unlike the
symmetric (0°/0°) lamination scheme (Fig. 10(b)). The
maximum tensile stress in the (0°/90°) configuration
occurs in a region similar to that of the 0°/0°
configuration. However, the maximum compressive
stress reaches its extreme value in the upper part of the
cross-section. This behavior is attributed to the reduction
in effective material properties in the 90° ply orientation
along the x-axis of the beam compared to the 0° ply
orientation. In Configuration 2, whether employing a
symmetric (0°/0°) or antisymmetric (0°/90°) lamination
scheme (Figs. 10(c) and 10(d)), the maximum tensile and

580+ L=10 ---2,=15 2,=20
52.0 el
= 46.0
S 9
4004 °
34.04 . ; -
05 10 1's 200

a

Fig. 9 The percent relative differences for vertical displacement of the CNT-reinforced FG composite beams: (a) 0°/0°; (b) 0°/90°

(diff.% = (1 - aSont! /aCont2) x 100).
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Fig. 10 Variation of normalized normal stresses &,(x=L/2,z) at the midspan of the composite beam in the cross-section for both
Configuration 1 and 2 with 0°/0° and 0°/90° lamination scheme under the different compositional gradient index (@): (a) Configuration 1
with 0°/0°; (b) Configuration 1 with 0°/90°; (c) Configuration 2 with 0°/0°; (d) Configuration 2 with 0°/90°.

compressive stresses are located at the top and bottom
regions of the cross-section, respectively. To analyze the
effect of the compositional gradient index in detail, the
maximum tensile and compressive normal stress values
for @ = 0.5 and @ = 1 are normalized with respect to the
corresponding results for @ = 2 in each configuration and
lamination scheme. In Configuration 1 with a symmetric
(0°/0°) lamination scheme, the tensile or compressive
normal stress of the @ = 1 and 0.5 cases have —2.15% and
—0.22%, respectively. Also, with antisymmetric (0°/90°)
lamination scheme, the tensile normal stress of the @ = 1
and 0.5 cases have —21.05% and —12.54%, respectively.
The compressive normal stress of the @ = 1 and 0.5 cases
have 24.78% and 20.15%, respectively. In Configuration
2 with symmetric (0°/0°) lamination scheme, the tensile
or compressive normal stress of the @ = 1 and 0.5 cases
have 19.12% and 24.70%, respectively. Also, with
antisymmetric (0°/90°) lamination scheme, the tensile
normal stress of the @ = 1 and 0.5 cases have 17.46% and
22.99%, respectively. The compressive normal stress of
the @ = 1 and 0.5 cases have 17.10% and 25.08%,
respectively.

The effect of the configurations: to analyze the effect of
configuration in detail, the maximum tensile and

compressive normal stresses of Configuration 1 are
normalized with respect to those of Configuration 2 for
each lamination scheme and compositional gradient
index. For the symmetric (0°/0°) lamination scheme, the
maximum percentage difference in tensile and
compressive stress is 46.8%. For the antisymmetric
(0°/90°) lamination scheme, the maximum percentage
differences in tensile and compressive stresses are 55.1%
and 47.3%, respectively. According to the percent
differences, the antisymmetric (0°/90°) lamination
scheme shows greater sensitivity to the change in ply
orientation, as the lower stiffness of the 90° ply leads to
significant variations in stress distribution. Tensile stress
is particularly affected by this change, resulting in higher
percent differences between Configuration 1 and
Configuration 2. Conversely, the symmetric (0°/0°)
lamination scheme exhibits smaller percent differences
due to the higher stiffness of the 0° ply and its uniform
orientation, resulting in a more consistent stress
distribution.

4.3.3 Shear stress

The shear stress (7..) at the x=L/10 of the beam is
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investigated to assess the effect of the compositional
gradient index, different configurations, and lamination
schemes in a three-phase composite beam with a two-
layer Configuration 1 and 2, with 0°/0° and 0°/90°
layups. The span-to-thickness ratio is A, = 10. The non-
dimensional shear stress of the beam is obtained by
T.(x,z) = (hw/qL)t..(x,z). First, variation of non-
dimensional shear stresses (7,.) at x=L/10 are plotted
against the normalized height ratio and presented in
Fig. 11 for different compositional gradient indexes. For
detailed analysis, the absolute maximum shear stresses
(t,.) through the thickness at the x = L/10 of the beam
for both Configuration 1 and Configuration 2 with
symmetric and antisymmetric lamination scheme as
follows:

The effect of the compositional gradient index («): in
both symmetric (0°/0°) and antisymmetric (0°/90°)
lamination cases in Fig. 11, as the compositional gradient
index (@) increases, the absolute maximum shear stress
values for Configuration 1 increase, while for
Configuration 2, the absolute maximum shear stress
values decrease. When the absolute maximum shear
stress values for @« = 0.5 and 1 are normalized with
respect to the results for @ = 2, for each configuration and
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lamination scheme. In Configuration 1, the shear stress
shows 4.45% and 10.59% for symmetric (0°/0°)
lamination scheme, respectively. These values of @ = 1
and 0.5 are 0.09% and 3.57% for the antisymmetric
(0°/90°) lamination scheme, respectively. In Configura-
tion 2, the shear stress shows —4.41% and —8.69% for
symmetric (0°/0°) lamination scheme, respectively. These
values of @ = 1 and 0.5 are —2.54% and —5.69% for the
antisymmetric (0°/90°) lamination scheme, respectively.
Based on the percentage differences, when examining the
variation of the maximum shear stress values with respect
to @, the change in the symmetric (0°/0°) lamination
scheme is more pronounced compared to the change in
the antisymmetric (0°/90°) lamination scheme.

The effect of the configurations: when the absolute
maximum shear stresses of Configuration 1 are
normalized with respect to Configuration 2. When
comparing Configuration 1 to Configuration 2, keeping
all other parameters constant, the most significant change
in absolute maximum shear stress is observed in the
compositional gradient index o = 2, while the smallest
increase is found in the @ = 0.5 case. When examining the
percentage differences in absolute maximum shear stress
values, it is observed that the percent differences of the

A=Lh=10 —a=05---a=1------ a=2
0.50 7~
0.251 e
< 0.00- VR
N r
025 i
~0.50 ; ; ; ,
000 018 036 054 072
7. (1110, 2)
(b
0.50

0.257

=025

0145  -0290 0435 —0.580

7. (1110, 2)
(d)

.50
0.00

Variation of normalized shear stresses at the x = L/10 of the composite beam in the cross-section for both Configuration 1 and 2

with 0°/0° and 0°/90° lamination scheme under the different compositional gradient index (a): (a) Configuration 1 with 0°/0°;
(b) Configuration 1 with 0°/90°; (c¢) Configuration 2 with 0°/0°; (d) Configuration 2 with 0°/90°.
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symmetric (0°/0°) and antisymmetric (0°/90°) lamination
scheme cases are relatively close to each other, with
values as —19.1% and —21.0% at @ = 0.5, respectively.
However, for higher values of the «, the percent
differences of the symmetric (0°/0°) and antisymmetric
(0°/90°) lamination schemes increasingly diverge, with
values as —44.8% and —32.7% at a = 2, respectively. It is
concluded that the configuration effect becomes
increasingly significant for higher values of the
compositional gradient index, highlighting the influence
of material property variations on stress distribution.

5 Conclusions

For the static and dynamic analysis of two-phase and
multi-phase CNT-reinforced FG laminated composite
beams, the precision performance of the presented mixed
FE method inserted warping effect is about 0%—5.81%
when compared with the three-dimensional solid
elements. The W-MFE is based on Timoshenko beam
theory and has 20-four DOFs. The principles of 3D
elasticity theory are used to derive constitutive Egs. (76,
95). W-MFE directly calculates forces and moments at
nodal points, considers cross-sectional warping, offers
high precision in stress calculations, time-saving
computational advantage, and reduces the number of
unknowns. Through the numerical examples presented in
Subsubsection 4.1.1, the performance of the W-MFE
results for the two-phase FG-CNTRC beam are
thoroughly investigated and compared with the literature,
including studies employing FSDT, SNDT, and higher
order ZZT, as well as with three-dimensional solid
element results (SOLID186). The key findings from the
parametric analysis in Subsection 4.2 on free vibration
and Subsection 4.3 on static analysis of three-phase
CNT/polymer/fiber FG beams are summarized as
follows: the free vibration analysis, due to the increase of
compositional gradient index, the differences between
Configuration 1, where the fiber-rich region is in the
center of the cross-section, and Configuration 2, where
the fiber-rich regions are located at the top and bottom of
the cross-section, become more pronounced for each
natural frequency. In static analysis, tensile and
compressive stress distributions through the thickness
reveal significant differences between configurations and
lamination schemes. The peak tensile and compressive
stress values in Configuration 1 are lower than those in
Configuration 2, with these differences increasing as the
compositional gradient index rises. Similarly, the peak
shear stress values in Configuration 1 are lower than
those in Configuration 2. However, increasing the
compositional gradient index raises the peak shear stress
in Configuration 1 while reducing it in Configuration 2.
The compositional gradient index and fiber distribution
within the cross-section can be tailored precisely to

Front. Struct. Civ. Eng. 2025, 19(6): 9801004

optimize the stress distribution, stiffness, displacement,
and natural frequency characteristics of the three-phase
CNT/polymer/fiber FG composite beams, depending on
the desired structural requirements. The benchmark
examples and results are presented in the literature for
future reference and validation.
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