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ABSTRACT

A combined deep machine learning (DML) and collocation based approach to solve the partial

differential equations using artificial neural networks is proposed. The developed method is applied to solve problems
governed by the Sine—Gordon equation (SGE), the scalar wave equation and elasto-dynamics. Two methods are studied:
one is a space-time formulation and the other is a semi-discrete method based on an implicit Runge—Kutta (RK) time
integration. The methodology is implemented using the Tensorflow framework and it is tested on several numerical
examples. Based on the results, the relative normalized error was observed to be less than 5% in all cases.
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1 Introduction

The biology of human brain (made-up of neurons) can be
mimicked by artificial neural networks (ANNs). Neural
networks mainly operate on the minimization of cost
function. The major advantage of ANNs is their
capability to adopt high-level open source libraries like
Keras, Tensorflow, Pytorch, to perform parallel opera-
tions while solving mathematical problems. Therefore,
this technique has been employed to solve several
ordinary and partial differential equations (PDEs) [1-3].
Later on, ANNSs is also applied to solve nonlinear PDEs
of higher order, thereby addressing the problems
associated with finite element and finite difference
methods [4-6], as well as boundary value problems with
irregular boundaries [7].

Machine learning involves training computers to
recognize patterns in data and apply these algorithms to
make informed decisions. In deep machine learning
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(DML), ANNs with extra layers (hidden layers) are used
to significantly enhance their capability to deal with
complex patterns. Therefore, ANNs in conjunction with
classical methods can result in efficient solution techni-
ques for various physical problems involving PDEs. A
physics-based approach to the solution of a dynamic
fluid-flow problem governed by a nonlinear PDE, using
neural network—based machine learning scheme is
discussed in Ref. [8].

With the advent of rapid developments in computa-
tional science and applications, data generation is exponen-
tially increasing [9,10]. Therefore, machine learning is
becoming mandatory to handle such big data in several
applications [11-13]. Machine learning techniques to
solve the Schrodinger equation using density functional
theory are addressed in Ref. [14]. A first physical
principles is proposed in Ref. [15], where the authors
used unfiltered and scattered clinical data for training, to
arrive at physically consistent predictions without the
requirement of conventional simulators. Assessment of
the uncertainties in soil and water is a challenging task
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due to the significant number of parameters involved.
Ghaith and Li [16] have investigated the uncertainty
propagation in soil and water assessment considering the
parameter sensitivity, by integrating the polynomial chaos
expansion and a machine learning technique.

One main application of machine learning is to solve
the governing differential equations, which are usually
ordinary/PDEs. Two popular approaches to solving the
governing PDEs are: 1) collocation method [17] and
2) energy minimization method [18]. In collocation
method, the idea is to choose a finite-dimensional domain
with a specified number of points [19] in the selected
domain, known as collocation points, and train the
network such that the governing equations and the
boundary and initial conditions are satisfied with minimal
error at the selected points. The energy minimization
approach involves the formulation of governing equations
in terms of energy and solve for the response by
minimizing the energy. An energy—based deep neural
networks (DNN) method to solve PDEs in science and
engineering, in particular for mechanical applications
based on the natural loss function is proposed in Ref.
[18]. A physics informed neural network (PINN) model
with supervised learning for solving nonlinear PDEs is
introduced in Ref. [20]. A PINN model for minimizing
the system energy in fracture problems by satisfying the
boundary conditions exactly through appropriate modi-
fication of the network output is discussed in Ref. [21].

A combined ANN and an adaptive collocation based
hybrid model for solving PDEs is introduced in Ref. [22],
by employing residual based variable number of grid
points. A feed-forward DNN based deep collocation
method for thin plate bending problems is developed in
Ref. [23]. A DNN based energy method for finite
deformation hyperelasticitiy by minimizing potential
energy is developed in Ref. [24]. A deep collocation
method based on a feed-forward DNN to solve the heat
transfer problems in porous media is introduced in Ref.
[25]. Machine learning in materials science, along with its
latest applications for characterization, property estima-
tion and materials design for energy related applications,
such as: solar cells, batteries, and gas capture are
reviewed in Ref. [26].

ANNs can efficiently approximate the continuous
functions, where Hornik et al. [27] have demonstrated
that a given function f{x) can be approximated within a
specified tolerance using a network with a finite number
of neurons and a single hidden layer using an appropriate
activation function. Furthermore, Lu etal. [28] have
proposed that by forming deeper networks using a
nonlinear activation function, the number of neurons can
be greatly reduced. Sirignano and Dgm [29] have derived
different properties of neural networks for approximating
PDEs. In this study, we propose a deep collocation
method for the solution of transient linear and nonlinear
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PDEs using ANNs. The main novelties of the developed
method are: 1) an ANN-based method for solving
transient linear and nonlinear PDEs; 2) use of forward-
mode differentiation to efficiently evaluate the derivatives
of a neural network with many outputs; 3) testing the
developed methodology by comparing the estimated
results with the results from the implicit Runge—Kutta
(RK) method.

The arrangement of the manuscript is as follows.
Details of the developed methodology including the
ANNs and the collocation method are explained in
Section 2. Section 3 is dedicated for application of the
developed methodology to solve four numerical pro-
blems, where two one dimensional (1D) problems
include: Sine—~Gordon equation (SGE) and wave equation
and two two dimensional (2D) problems on dynamic
scalar wave equation and elasto-dynamic equation. The
manuscript is concluded by highlighting the main results
in Section 4. Details of the explicit and implicit RK
method are presented in Electronic Supplementary
Material.

2 Methodology

Finite element method (FEM) has been a popular and
established technique to solve PDEs in various engi-
neering applications. Recently, due to the presence of free
nodes and the absence of their connectivity, meshfree
methods are particularly advantageous in modeling
complex problems and geometries, such as: large deforma-
tion problems, problems involving discontinuities like
cracks and interfaces. Analysis of problems involving
large deformation using FEM can lead to large distortion
of the elements, hence re-meshing is necessary. Re-
meshing increases the computational times, apart from
introducing the errors during the transfer of information
from the old elements to the new elements. In this study,
a combined collocation and DML approach is proposed to
solve transient linear and nonlinear PDEs using ANNs
(Fig. 1).

In the reproducing kernel particle method/differential
reproducing kernel particle method (RKPM/DRKPM) the
response of a domain discretised with meshfree nodes is
estimated by solving [K]{u} = {f} equation, where K, f
and u are the stiffness, force, and displacement matrices,
respectively (Fig. 1). The response is estimated by
interpolating the nodal displacements with shape
functions. Therefore, displacements at each node are
required to be estimated, which is computationally
expensive process. On the other hand, in the proposed
machine learning approach, the machine is initially
trained using ANNs to estimate the response, so that the
process can be repeated to estimate the response at
various time/load steps (Fig.1). As a result, in the
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Fig.1 Conventional and DML approaches to estimate the response of a domain discretised with meshfree/collocation points.

machine learning approach the individual nodal
displacements are not required to be estimated, which
significantly saves the computational costs. The notation

, 0 u Ou
adopted here is asfollows: u, = —, u}, = —, u;=—
u 0x ox ot
and uy = R
2.1 Artificial neural networks

In this study, feed-forward neural network is employed
by connecting the network of neurons in several adjacent
column of layers made of an input layer, an arbitrary
number of intermediary hidden layers, and an output
layer (Fig. 2). The network is used to represent a function
u: R, — R,, using ‘n’ number of neurons in the input
layer and ‘m’ number of neurons in the output layer, as
shown in Fig. 2. The layers are indexed starting from the
input layer at 0, and the output layer at L. The number of
neurons in each layer are denoted by k, = n.k .k,,...k =
m. For each connection between the ith neuron in layer
(I — 1) and the jth neuron in layer /, where 0 </ < L, a

Layer 0  Layer/—1

Layer /

Layer L

Fig.2 A feed-forward neural network made of L—1 number of
hidden layers.

weight w/, is associated and to each neuron in the layers
0 </ < L, a bias b, is also associated, where i = 1,....k,.
Moreover, an activation function is defined as o: Rn —
Rm between the layers [/ and (/ — 1). Therefore, the
approximation function at each neuron in the current step
is expressed in terms of the activation function expressed
as a linear combination of the values at neurons in the
previous layer, i.e.:

kit
I _ ) I 1-1 1
u, =0 Zwkjuj +b,|.
J=1

Equation (1) can be written in a compact matrix form
as:

(M

W =o' (W™ +b'), forl=1,2,....L, ©)
where W' indicates the weights of the connections
between the layers (/ — 1) and /, and u' represents the
vector of input parameters, b’ indicates the bias in the
network and the activation function is evaluated
elementwise. The choice of activation function plays a
crucial role in the performance of a neural network. Since
the derivatives of the outputs with respect to the inputs
are required to be estimated, a smooth activation function
like tanh is used for the first (L — 1) layers, and a linear
activation is used in the last layer to ensure that the output
can take arbitrary values.

Existing computational libraries like Tensorflow/
Pytorch or computational graphs available in graphical
processing units [27] can perform parallel execution. To
optimize the computation of output and distribute across
the available computational resources, the input variables
are defined as multi-dimensional arrays. However, the



Abhishek MISHRA et al. ANN based deep collocation method for PDEs

partial derivatives of the output variables of the network
with respect to the biases and weights can be efficiently
estimated through the back-propagation algorithm. This is
achieved by estimating the derivatives using chain rule,
starting from the last layer and simultaneously storing the
intermediate values in a reverse order of the layers. To
minimize the loss function, the gradient-based minimiza-
tion algorithms are triggered by the back-propagation
algorithm. In deep learning applications, a neural network
is trained on a set of known outputs with an objective to
minimize the loss. This requires large data sets, which are
subjected to errors. Such errors are avoided here through
the minimization of the loss function. The training points
are randomly generated in the domain [30]. A methodo-
logy for selecting the training data for efficient control on
the performance of the optimization algorithms and the
solver is explained in the following section.

The decision on neural networks architecture is based
on informed trial-error considering the computational
time and error. The number of layers and neurons per
layer are decided based on the computational time and
memory. With increase in number of layers and neurons,
the error is observed to be decreasing in this study.
However, 1) the decrease in error is not always
guaranteed and 2) the computational time increases with
increase in number of layers and neurons. In the similar
lines, the activation functions and optimizer are also
selected, such that the error is minimal.

2.2 Collocation method

Collocation methods are based on random nodes and the
nodal data can be processed although it is unstructured.
The governing PDEs can be solved by feeding the
collocation points to an ANN. The ANNSs are trained with
appropriate network architecture to solve the associated
PDEs. In this study, computer implementation of the
developed algorithms to solve the numerical problems is
carried out in the Python language using Tensorflow, an
open-source library. The problem domain is divided
uniformly to identify the locations of the collocation
points (Fig. 1). The neural network is trained based on the
mean square error (MSE). Xavier initialization method is
employed to initialise the neural network. Furthermore,
penalty parameters are used in some cases to reduce any
specific errors, like boundary error. Relative normalized
error is calculated to estimate the deviation of output
from the network with respect to the target output. The
major time consuming activity of this approach is finding
the correct type of network architecture.

The main objective in the collocation method is to
define a loss function using the governing equations and
boundary conditions and estimate at various point sets
within a selected domain of influence as well as on the
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boundary. Consider a time-dependent PDE that can be
expressed as:

L(u(x,0) = f(x,1), forxeQ, 0<r<T, 3)
together with boundary conditions
Gu(x, 1) = g(x,1), forxe dQ, 0<t<T, )
and initial conditions
T (u(x,0)) = h(x), forx € Q, ®)

where £, G, and I represent the interior, boundary, and
initial differential operators, respectively, f, g, and & are
the prescribed functions (e.g., loading data), and Q € R,
indicates the domain of the problem whose boundary is
denoted by 0Q and [0,7] is the time domain. The solution
uyy Which depends on the weights and biases as defined
in Eq. (2) is obtained by defining a cost function C, as the
sum of the mean squared error of losses on the boundary,
interior and initial condition points:

€= DLl (5.7) 1)

R D6l o)

it N1 (e (B.0) -0 (&) ©)

where uy, is the approximation function, N, Ni i, Nypg
are the number of interior, initial, and boundary points,
respectively, ¥i» Yonq ar€ penalty parameters for initial
and boundary conditions, respectively, and the quantities

denoted with ¢ represent the normalized quantities, for
. — Xi - t; . .
instance, X; = — and #, = —. The costfunction in Eq. (6)

must be minimized at the selected collocation points,
which is the process of “training” the network to find the
solution of the given PDE.

3 Numerical examples

The developed DML approach is extended to solve the
problems considering: 1) continuous and 2) discrete
times. Continuous time problems are solved using the
DML based collocation method and hence, we call this
method as collocation method. Whereas, the discrete time
problems are solved using the DML based RK method,
which we denote by DML based RK method. The
collocation points are created by dividing the domain
uniformly in both space and time. The methodology is
implemented using Tensorflow library in Python langu-
age. The MSE at each collocation point is calculated and
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minimized to train the network. Furthermore, a novel
scheme is developed here to solve the governing PDEs
involving double derivative of an approximation function
u with respect to time, using the DML—based RK method.
Therefore, results from the DML based RK method or the
exact solution are compared to the estimates from the
collocation method. In this section, the developed
collocation based DML approach is applied to solve the
ID and 2D problems governed by transient linear and
nonlinear PDEs. We solved four problems in total: 1D
wave equation, SGE and 2D dynamic scale wave
equation and elastic wave equation.

3.1 Example 1: One dimensional wave equation

The wave equation in one dimension can be written as

[31,32]:
&u
or?

2
C26 u
ox?’

0<x<1 and 0<t<1, (7

where u is the wave amplitude at position x and time ¢, ¢

: . : 1 .
is a fixed nonnegative real coefficient, c = — and v is the

%
wave velocity. In the collocation method, in order to
solve PDEs, the initial:

u(x,0) = sinSnx + 2sin7nx, u;(x,0) =0, for x € [0, 1], (8)
and boundary conditions
u(0,t) = u(1,t) =0, forz > 0, 9)

are specified as constraints in the PINNs. The selected
domain both in time and space is given by [0,1]. The
obtained solution is verified by comparing it with the
exact solution of Eq. (7):

Ueae (X, y) = sin (Smx) cos (5mt) + 2 sin (7mx) cos (7xt). (10)

The cost function in Eq. (6) is minimised at the chosen
collocation points, while training the network to find the
solution as its output. This can be verified by comparing
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with it exact solution in Eq. (10).

The 1D wave equation is solved using the developed
DML approach, considering a layer architecture in the
network as [12,60,60], indicating an input layer with two
neurons, two hidden layers containing 60 nerons each and
an output layer with 1 neuron. The training time for
considering the L* normalized error in approximation
function u as 2.031188 x 1072 is observed to be
1052.1711 s. The domain is discretized with a total
number of 201 space and time collocation points. The
hyperbolic tangent function is used as the activation
function and the Adam optimiser combined with L-
BFGS-B are employed for the optimization.

Comparison of the estimated solution using the present
method and the exact solution (Eq. (10)) is shown in
Fig. 3(a), where the estimated solution is found to be in
perfect agreement with the exact solution.

The 1D wave equation is also solved using the RK
method. However, wave equation in Eq. (7) contains a
second order derivative of displacement in time. In order
solve this problem using the RK method, explained in
Electronic Supplementary Material, a variable v is

defined as: v=1u, = a—b;, such that Eq. (7) can be rewritten

as:
ou (112)
— =, a
ot

o 0*u

E_ﬁ,0<x<land0<t<l.
X

(11b)

An observation of Egs. (11) indicates the presence of
first derivative with respect to time on the left hand side,
which can be solved by defining U, and F as:

U, = [ut’,v;]T, (12a)

F=[vu]. (12b)

Therefore, after substituting Eq. (12) in Eq. (11):

Normalized response
o

— Exact
-= Prediction

00 02 04 06 08 10
Normalized distance along the x direction

(b)

Fig.3 Comparison of the estimated solution of 1D wave equation from: (a) the developed DML approach; (b) the RK method, with the

exact solution in Eq. (10).
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U =F. (13)

Key computer implementation steps in the solution of
1D wave equation are listed in Listing 1 in Electromic
Supplementary Materials. The neural network function
net_f u() accepts the input variables x and ¢ and returns
function f u which is equal to u _xx-u_tt. The variable
u_tt represents the second derivative of u with respect to
time. The function f u is later minimized during the
training process.

On the other hand, key computer implementation steps
in the solution of 1D wave equation using the RK method
are listed in Listing 2. The neural network function
net UO() accepts the input variable x containing the
locations of the internal points and returns the variables
10 and v0 estimated at the internal points, which are later
used in the minimization during the training process.
Whereas, the main purpose of the neural network
function net U1() is to repeat the activities of the neural
network function net UO() for the boundary values of the
variable x. Therefore, the function net U1() considers the
boundary values of x as input and returns the variables u1
and v1 estimated along the boundary, which are later used
during the minimization while training the network. The
variable q indicates the total number of stages and IRK
weights denote the weights used in the implicit RK
method.

Equation (13) can be solved in the similar lines of
solving the Burgers’ equation, considering a layer
architecture in the network as [1,50,50,50,202], indicating
an input layer with 1 neurons, three hidden layers
containing 50 nerons each and an output layer with 202
neurons. The training time for considering the L* nor-
malised error in approximation function u as 3.216116 x
1072 is observed to be 1207.10 s. The domain is
discretised with a total number of 250 points in space and
100 collocation points in time. A comparison of the
solution from the RK method with the exact solution is
provided in Fig. 3(b), where the estimated solution is
found to closely agree with the exact solution, with an L
error 3.216116 x 1072 This error shows the efficiency of
the RK method while solving the problems involving
double time derivatives. A comparison of various
parameters used in the DML and RK methods is provided
in Table 1.
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A close observation of Table 1 indicates that the
number of spatial points are higher in case of the RK
method. Whereas, the number of points in the time
domain are slightly more than double in the collocation
method as compared to the RK method. However, a
comparison of the network architecture indicates that the
RK method involves the usage of 3 hidden layers with 50
neurons each, whereas there are only 2 hidden layers with
60 neurons each in the collocation method (Table 1).

3.2 Example 2: Sine—Gordon equation

The SGE is a nonlinear hyperbolic PDE involving the
sine of an unknown function and the d’Alembert
operator. Due to the presence of soliton (self-reinforcing
wave packet which maintains its shape while propagating
at a constant velocity) solutions of SGE attracted a lot of
attention. The SGE can be found in a number of applica-
tions [33]. The SGE in space-time coordinates (x, ¢) reads
[34]:

Uy — U, +sinu =0.

(14)

In this study, Eq. (14) is solved in the spacial domain
x€[-30, 30] within a time interval of 10 s, considering
the initial conditions u(x,0) = f{x) and u,(x,0) = g(x). The
domain is discretized with 101 collocation points along
the spacial (x) direction, at 201 discrete time instances.
Figure 4 shows the discretizations along the spatial
(collocation points) and temporal axes. Therefore,
simulations were carried out with space and time
discretization steps of 0.3 and 0.05, respectively.

3.2.1 Breather solution

The breather soliton solution of SGE, also known as
breather mode is a time periodic oscillatory and spatially
localized solution, representing a field periodically
oscillating in time with exponential decay in space with
increase in the distance from the center. The breather
solution of SGE is characterized by a phase which
depends on the breather’s evolution history. The breather
solution of SGE is given by Ref. [35]:

Table 1 Comparison of parameters specified while solving the wave equation using DML approach and RK Method

No. Description Collocation method RK method

1 number of space and time collocation points 201 -

2 number of point at initial and final stages - 250

3 number of stages (q) 1 100

4 layers architecture [2,60,60,1] [1,50,50,50,2 x (¢ + 1)]
5 training time (seconds) 1052.1711 1207.10

6 L*errorinu

2.031188 x 1072 3216116 x 1072
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Fig. 4 Discretized spatial and temporal domains along the x

and the y axes, respectively, to solve the SGE.
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Key computer implementation steps to estimate the
exact the breather solution of SGE are listed in Listing 3
in Electromic Supplementary Materials. The neural
network function compExactDispVel (XT) estimates the
response as a function of space (x) at different instances
of time (¢) through the variables u and v estimated using
the exact solution.

On the other hand, solution steps to estimate the
breather solution of SGE using the proposed collocation
method are listed in Listing 4. A total domain size of 60
units was considered to estimate the breather response
over 10 s. Uniform edge boundary conditions are applied
at either edges. The breather response of SGE estimated
as a function of time using the developed methodology is
plotted in Fig. 5. The computed solution is compared to
the exact solution, where they are observed to be in close
agreement.
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Fig. 5 Breathing solution of SGE at various time instances: (a) 0.0; (b) 0.374; (c) 1.496; (d) 3.241; (e) 6.982; (f) 9.975.
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A comparison of the exact and computed solutions of
breather response of SGE is provided in Fig. 6. Displace-
ment, velocity and error in displacement estimated using
the exact and computed solutions are shown in the first
and second columns of Fig. 6, respectively. The
maximum errors in displacement and velocity are obser-
ved to be 0.69% and 0.344%, respectively, indicating a
very close agreement of the computed solution with the
exact solution.

3.2.2 Kink-kink solution

The kink-kink solution of SGE is given by [35]:
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The kink-kink collision response indicates that the two
kinks approaches the origin from —oo, collide with
velocities of ¢ and —c, respectively, and continue to travel
away from the origin with velocities +c as time tends to
. The kink-kink collision response of SGE estimated as

a function of time using the developed methodology is
plotted in Fig. 7. The solution is observed to start it’s
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Fig. 6 A comparison of the exact and computed displacement and velocity, along with a plot of the error distribution: (a) exact
displacement; (b) computed displacement; (c) exact velocity; (d) computed velocity; (e) error in displacement; (f) error in velocity.



1304

Exact

-0 0 10 20 30

—— Computed
2.5 Exact

Velocity (m/s) Displacement (m)
I
(O8]
S

10 0 0 20 30

Exact

R 10 20 30

—— Computed
2.5 Exact

Velocity (m/s) Displacement (m)
[
W
=z ;

-0 0 0 20 30

Exact

10 0 10 20 30

—— Computed
2.51 Exact

Velocity (m/s) Displacement (m)

x (m)

©

Front. Struct. Civ. Eng. 2024, 18(8): 1296-1310

61 — Computed
Exact

-0 0 0 20 30

—— Computed
2.51 Exact

Velocity (m/s) Displacement (m)
I
W
=

10 0 0 20 30

Exact

-10 0 0 20 30

—— Computed
2.51 Exact

Velocity (m/s) Displacement (m)
[
W
(=)

10 0 0 20 30

Exact

-0 0 0 20 30

—— Computed
2.5 Exact

Velocity (m/s) Displacement (m)

10 0 0 20 30
x (m)

®

Fig. 7 Kink solution of SGE at various time instances: (a) 0.0; (b) 0.249; (c) 3.491; (d) 5.236; (e) 7.481; (f) 9.850.

travel from —10 along the spatial domain and approaches
0 toward the end of the simulation. The computed
solution is compared to the exact solution, where they are
observed to be in close agreement.

3.2.3 Kink-antikink solution

The kink-antikink solution of SGE is given by [35]:
ct
sinh| ———
( V1- c2)
ccosh(L)
1-¢?

The kink-antikink collision response indicates that the

u(x,t) = 4arctan

an

two kinks approach the origin separation of two kinks
with velocities of ¢ and —c, respectively, from the origin
toward —oo and o as time tends to co. The kink-antikink
collision response of SGE estimated as a function of time
using the developed methodology is plotted in Fig. 8. The
solution is observed to start it’s travel from the origin
along the spatial domain and approaches —10 and 10
toward the end of the simulation. The computed solution
is compared to the exact solution, where they are
observed to be in close agreement.

3.3  Example 3: Two dimensional dynamic scalar wave
equation

In the third example, the 2D dynamic scalar wave
equation is solved considering the annulus of a quarter
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Fig. 8 Kink-antikink solution of SGE: (a) 0.0; (b) 0.623; (c) 2.369; (d) 4.488; (e) 6.608; (f) 9.975.

circle. The governing differential equation annulus in two

dimensions is given by:
o u (62u u

or \ox " gy

where

+ —) =r(x,y,1),

(18)

r(x,y,t) = — 4n*sin(2nt)(x* + y* — 16)(x* + y* — 1) sinxsiny
— [=2sin(2m)(siny((x* + (:2)(2y* = 25) + '
—25y* +50) sinx — 2x(2x* + 2y* — 17) cosx)
—2y(2x* +2y* — 17) sinxcosy)],

subjected to the boundary conditions:

(19)

u(x,0,1) =0,
u(0,y,1) =0,

u(x*+y*=1,0)=0,
u(x*+y*=4,0)=0.

and initial conditions:

u(x,y,0)=0

u(x,y,0) = 2n(x* +y* = 1) (x> +y* — 4) sinxsiny.
The exact solution of Eq. (18) can be written as:

Upaer = (X° +Y* = 1) (&> +y* — 4) sinxsinysin(2nr).
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(20)

2

(22)

The key computer implementation steps in the solution
of 2D dynamic wave equation are mentioned in Listing 5.
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The neural network function net f u() accepts the input
variables x, y and ¢ and returns the estimated value of the
function f u which is equal to u_tt-(u_xx + u_yy). The
function f u is later minimized during the training
process.

The key computer implementation steps for solving the
2D dynamic wave equation using RK method are
highlighted in Listing 6. The neural network function
net_u0() accepts the locations of the internal points from
the variables x and y as input and returns the variables u0
and v0 calculated at internal points. The neural network
function net ul() does the similar tasks of net u0() along
the boundary of the domain and outputs the boundary
values ul and v1, which are later used in the
minimization during the training.

The solution of Eq. (18) is obtained using the
collocation method, considering two hidden layers with
50 neurons each. The training time for the network is
found to be 1343.0051 s. The total number of collocation
points in the space and time used in the analysis are 31.
The Hyberbolic tangent activation function with Adam
and L-BFGS-B optimisers are employed for the analysis.
The L* normalized error in approximation function u is
observed to be 3.862141 x 10 °. The solution along with
normalized error are plotted in Fig. 9.

3.4 Example 4: Two dimensional elasto-dynamic equation

In the third example, the 2D elasto-dynamic equation is
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solved considering the annulus of a quarter circle. The
governing differential equation annulus in two dimen-
sions is given by:

2

;%§:f+u+mwwwanxwx@

(23)
where p = = A, is set to be equal to 1 for selected
problem. Furthermore, Eq. (23) can be explicitly written
along the x direction:

0 u 0 u v u
— =fi+3—=+2 +—, 24
or’ A 0x>  0xdy 0y? @4
and y directions:
v v Pu v
— =fu+t3—=+2 +—. 25
or? i’ ox>  Oxdy 0y? 25)
The adopted initial conditions are given by:
u(x,y,0) =v(x,y,0) =0
du(x,y,0) _ dv(x,y,0)
a ot
=2n(x*+y*—1)(x* +y* — 16) sinxsiny. (26)

Considering all the four ends as clamped, the exact
solution is estimated to be:
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Fig. 9 Solution of 2D dynamic scalar wave equation applied on annulus of a quarter circle: (a) computed distribution of u; (b) computed
distribution of « using the RK method; (c) exact distribution of u estimated using Eq. (18); (d) exact distribution of u based on Eq. (18)
using the RK method; (e) distribution of error in u estimated as the difference between computed and exact values plotted in (a) and (c),
respectively; (f) distribution of error in u estimated as the difference between computed and exact values using the RK method plotted in (b)
and (d), respectively; (g) Distribution of the loss function; (h) distribution of the loss function arrived using the RK method.

Uexaer = Veraer = (&7 +y* — 1) (X* +y* — 16) sinxsinysin2ntz.
(27)

The key computer implementation steps in the solution
of 2D elasto-dynamic wave equation are highlighted in
Listing 7. The neural network function net f uv() accepts
the locations of the internal points from the variables x
and y as input and returns the functions f u and f v
which are equal to u_tt-3*u xx-2*v_xy-u yy and v_tt-
3*v_yy-2*u xy-v_xx, respectively. The variable u_xy
represent the derivative of variable u with respect to
variables x and y. The functions f u and f v are later
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minimized during the training process.

The solution of Eq. (23) is obtained using the
collocation method, considering two hidden layers with
100 neurons each. The training time for the network is
found to be 2976.9547 s. The total number of collocation
points in the space and time used in the analysis are 41.
The Hyberbolic tangent activation function with Adam
and L-BFGS-B optimisers are employed for the analysis.
The L? normalized error; in approximation function u is
observed to be 2.804726 x 1072 and in the approximation
function v is observed to be 4.333535 x 10 *. The solu-
tion along with normalized error are plotted in Fig. 10.
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Fig. 10 Solution of 2D elastic wave equation applied on annulus of a quarter circle: (a) computed distribution of u; (b) exact distribution
of u using Eq. (24); (c) computed distribution of v; (d) exact distribution of v using Eq. (25); (e) error in u estimated as the difference
between computed and exact values plotted in (a) and (b), respectively; (f) error in v estimated as the difference between computed and
exact values plotted in (c) and (d), respectively; (g) distribution of the loss function.

4 Conclusions

A combined DML and collocation based approach to
solve the transient linear and nonlinear PDEs using ANNs
has been developed. Collocation points defined in the
domain were used to perform all the calculations. The
framework is applied to solve the PDEs in 1D and 2D
problems. The developed methodology provides
flexibility to try different network architectures to further
reduce the error, however, it is a tedious task. Results
from the developed methodology are compared to the
results estimated using the RK method.

The number of collocation points are chosen by trail
and error method. Increasing the number of collocation
points may decrease the error, however, this leads to a
increase in the computational time. On the other hand, a
penalty parameter is used to reduce the MSE at specific
points. During the network training, the hyperbolic
tangent activation function is observed to be efficient in
error minimization, however, consumes more computa-
tional time to predict the solution. The network is also
tried with ReLu/Relu” activation function, although the
error is comparatively higher while the computational
time is lower. Therefore, hyperbolic tangent activation
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function can lead to quick minimization. The Adam
optimizer is observed to be accurate during the initial
iterations. Therefore, a combination of L-BFGS-B and
Adam optimisers are recommended, such that the later
can be efficient in the later stages of solution.

The normalized error in approximation function u as
compared to the exact solution, in 1D Burgers’ equation
and wave equation are observed to be 2.031188 x 1072
and 3.216116 x 1072 respectively. The corresponding
training times are found to be 583.3 and 1052.17 s,
respectively. Therefore, the exact and estimated solutions
are in close agreement with each other, where the
normalized error is = 2%. The estimated results are
observed to be in good agreement with the results
estimated using the RK method.

The methodology is extended to solve higher
dimensional problems. In particular, the 2D scalar wave
equation and elasto-dynamic equation were solved and
the errors were compared. Based on the solutions of 2D
problems, the error plots indicates the non-uniform
distribution, where the error plots vary with the selected
network parameters.

The advantages of solving PDEs with the help of
PINNs and their limitations, as compared to traditional
methods are listed below.

1) PINNs provide continuous and differentiable solu-
tions over the domain, leading to the provision of auto-
matic differentiation. Whereas, numerical methods such
as FEM involves the piece-wise continuous functions.

2) In neural network based methods, the computational
complexity doesn’t increase significantly with increase in
number of sampling points.

3) The trained neural networks can be readily used
without the pre-processing steps, such as: developing the
model and re-meshing for any changes in design para-
meters. This will save a significant amount of computa-
tional time and resources.

4) PINNs are not an alternatives/replacements for
classical numerical methods for solving PDEs. This is
because accurate prediction of the physics using PINNs is
challenging in several real time problems.
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