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ABSTRACT Multilayered nanoscale structures are used in several applications. Because the effect of surface energy
becomes nontrivial at such a small scale, a modified continuum theory is required to accurately predict their mechanical
behaviors. A Gurtin—-Murdoch continuum model of surface elasticity is implemented to establish a computational scheme
for investigating an elastic multilayered system under axisymmetric loads with the incorporation of surface/interface
energy. Each layer stiffness matrix is derived based on the general solutions of stresses and displacements obtained in the
form of the Hankel integral transform. Numerical solutions to the global equation, which are formulated based on the
continuity conditions of tractions and displacements across interfaces between layers, yield the displacements at each
layer interface and on the top surface of the multilayered medium. The numerical solutions indicate that the elastic
responses of multilayered structures are affected significantly by the surface material properties of both the top surface
and interfaces, and that they become size dependent. In addition, the indentation problem of a multilayered nanoscale
elastic medium under a rigid frictionless cylindrical punch is investigated to demonstrate the application of the proposed
solution scheme.

KEYWORDS functionally graded layer, Gurtin-Murdoch surface elasticity, multilayered medium, size dependency,
stiffness matrix

1 Introduction the actual physical behaviors of structures at the

nanoscale, they generally require high-precision testing

In recent decades, nanotechnology has been applied
extensively in diverse fields, such as engineering,
manufacturing, medicine, and energy production. Owing
to their superior mechanical, electronic, and optical
properties, nanoscale structures have been developed for
applications in electronic conductors, magnetic storage
media, and hard surface coatings. The mechanical
behavior of nanoscale structures (i.e., structures that
measure between 1 and 100 nm) become size dependent
and cannot be precisely described by the conventional
continuum theory [1,2]. A comprehensive and profound
understanding of such complex behaviors is crucial for
the development of nanoscale devices and structures.
Although experimental studies have helped determine
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instruments and procedures. Atomistic and molecular
simulations are effective techniques for accurately
characterizing the mechanical responses of nanoscale
structures. However, they are typically computationally
prohibitive in practical applications as they require
significant computational effort for modeling the
numerous atoms and molecules associated with the
systems. Hence, a modified continuum-based approach
should be devised to account for the effect of nanoscale
structures in obtaining first approximations for the
examination of nanoscale structures.

Regarding nanoscale structures, the contribution of
surface/interface free energy effects from atoms near the
surface/interface is nontrivial, and their mechanical
behaviors are size dependent owing to their high surface-
to-volume ratio. To account for these effects, Gurtin and
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lan Murdoch (G-M) formulated a surface elasticity
theory based on the thermodynamic principles of elastic
material surfaces [3,4]. The model was validated using
atomistic models of bars and plates at the nanoscale,
under both uniaxial loading and pure bending [5]. In their
study [5], the surface was regarded as an extremely thin
membrane that completely adhered to the bulk material,
and its elastic modulus was obtained from atomistic
simulations [5,6]. In addition, the effect of the surface
energy was considerable for extremely soft materials,
such as polymer gels. Over the past two decades, the
G—M model [3,4] has been successfully employed to
examine the size-dependent mechanical behaviors of
various boundary value problems, including those
involving ultra-thin elastic films [7], layered elastic media
[8], thin plates and nanoplates [9,10], nanostructure
optimization [11], nanocracks [12,13], nanoinhomoge-
neities [14], and nanoindentations [15-18].

Various continuum-based concepts have been proposed
to describe microstructural effects and size-dependent
behaviors such as nonlocal elasticity [19,20], couple
stress elasticity [21,22], and strain gradient elasticity [23],
which are typically overlooked in macroscopic continuum
theory. Wongviboonsin et al. [24] investigated the effect
of material microstructure on the elastic responses of a
layered medium based on coupled stress elasticity.
Efficient numerical solutions based on neural network
methods have been proposed recently for solving
boundary value problems (e.g., [25,26]); these solutions
do not require discretization and serve as a natural
framework for inverse analysis and optimization. To
consider size-dependent behaviors, Nguyen-Thanh et al.
[27] presented machine learning-based solutions for
solving continuum mechanics problems by considering
the strain gradient elasticity. Notably, machine learning-
and numerical technique-based solutions, such as
boundary element method (BEM) and finite element
method (FEM), are not the focus of this study.

The mechanical behaviors of multilayered media must
be investigated to promote the further development of
various applications, such as electrical circuits in
electrical engineering, micro- and nanoelectromechanical
systems (MEMS/NEMS), and composite laminate
materials used in aerospace engineering and construction
[28]. Natural soil has been investigated previously for
solving various geomechanics problems, since the
profiles of natural soil are multilayered (e.g., [29-33]).
Meanwhile, multilayered structures are present in various
products adopting nanoscale structures, such as
semiconductor devices, magnetic/optical data storage
devices, dielectric and insulating materials, and hard
surface coatings [34,35]. However, nanoscale effects on
multilayered structures have not been comprehensively
investigated. Zhu et al. [34] studied the mechanical
behaviors of nanoscale Cu/Ni multilayers based on
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nanoindentation, X-ray diffraction, and transmission
electron microscopy, which shows that a profound
understanding of the elastic fields of multilayered
systems is essential for the development of nanoscale
devices and systems. To the best of our knowledge, the
examination of three-dimensional multilayered media
under the effects of surface/interface energy, including in
cases involving axisymmetric deformations, has not yet
been reported.

In the current study, a semi-analytical solution scheme
for investigating the effects of surface energy on
nanoscale multilayered structures under axisymmetric
deformations is developed based on the G-M model and
the exact stiffness matrix method [36]. Surface energy
effects are considered for both the top surface and at each
interface between the layers. The relevant stiffness matrix
is obtained from general solutions expressed in the form
of the Hankel integral transform [37]. The proposed
solution method is validated via a comparison with the
available solutions. Several numerical results are illustra-
ted for bi-material multilayered and functionally graded
(FG) layers to demonstrate the effects of surface/interface
energy. Additionally, a frictionless indentation problem
of a bi-material multilayered system under a flat-ended
cylindrical indenter is examined to demonstrate the
application of the present solution scheme. The solution
scheme utilized in the current study allows one to gain
fundamental understanding pertaining to the mechanical
characteristics of multilayered structures under the effects
of surface/interface energy. Additionally, the scheme can
be employed as a benchmark for the further development
of numerical schemes such as the BEM and FEM.

2 Methodology

2.1 Problem description

A three-dimensional elastic medium overlying a rigid
base, comprising N layers with various properties and
thicknesses, under a cylindrical coordinate system and
governed by the G-M surface elasticity [3,4], is shown in
Fig. 1. Each layer of the multilayered medium is
separated into two sections, i.e., the bulk medium and a
zero-thickness surface membrane attached completely to
the bulk. The bulk of the nth layer (n = 1,2,...,N) is an
isotropic elastic solid with Lamé constants 1™ and 4",
whereas the surface n (n = 1,2,...,N) possesses surface
Lamé constants A} and y, and a residual surface stress 7°
(assumed to be constant). The superscript (z) denotes the
layer number, whereas the subscript # denotes the surface
number. The nth surface with n > 1 can be considered an
interface that represents the merged surface from the
bottom surface of the upper layer to the top surface of the
lower layer. In addition, the multilayered medium is
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Fig.1 Nanoscale multilayered medium over a rigid base under
axisymmetric loading.

imposed with only an axisymmetric vertical load applied
on its top surface, denoted by p(r), with no remote
loading or body force.

The axisymmetric field equations and the correspon-
ding general solutions of the bulk of each layer can be
obtained based on the classical linear elasticity. For the
nth surface (n = 1,2,...,N), the field equations under the
axisymmetric condition are expressed by the generalized
Young—Laplace equations [38], the stress—strain equa-
tions, and the strain—displacement equations of the
surface/interface, as follows [3,4,39].

oo, o,
— = 410 =0,
or ro "
60—?;/1 O—fm - 0-:‘911
. . t b _
ar + r +trn+tm _0’ (1)
o = (4, +25) 8, + (4, +7,) £, + 7, (2a)
0-2971 = (/lrsz + 2/1;) SZQn + (/1:1 + T:l) gim + Tft’ (2b)
dug
S _ 8 zn
O-)b"zn =T, dr ’ (ZC)
du’ u
s _ m s _ Zm
grm - dr ’ SHHVL - T (3)

(IR L}

In the equations above, the superscript “s” represents
the parameters associated with the surface; #, and
denote the vertical and radial tractions imposed on the top
side of the surface n, respectively; #°, and #°, represent the
vertical and radial tractions imposed on the bottom side
of the surface n, respectively; «’, and u, denote the
vertical and radial displacements of the surface n,
respectively. Additionally, o, and o=, represent the in-
plane components of surface stresses of the surface n,
whereas o denotes the out-of-plane component of

rzn
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surface stresses of the surface n.
The boundary conditions imposed at the top surface
and rigid base are as follows.

7). _ =-p0, (42)
zZ =2
{e0+1) =0, (4b)
zZ =2
ul™ =0,i=rz, (4¢)
Z=2Zns
where
- [ dus N 1 dus (50)
=T - , a
lz=z, N\drr rdr)_
T [ N lde u (5b)
=K — — L ,
lz=z N\d?  rdr )
where « = A} +24;. The variables 7% and 7%, which do

not exist in classical elasticity, represent the contributions
of surface energy effects in the tangential and normal
directions, respectively. Both T° and 7% occur at the top
surface and at the interfaces of the multilayered medium
under the effect of surface energy. Notably, 7% and 77 in
Eq. (5) are expressed based on the assumption of a

S

. . or
constant residual surface stress, i.e., — =0. At each
r
interface (the nth surface with n = 2,3,...,N), the traction
and displacement continuity conditions can be expressed
as follows, respectively.

{e4 o (62)

zi zi

T;)

(6b)

,i=rz.

Z=2Z, zZ=2Z,

Moreover, the following far-field regularity condition is
satisfied in the bulk of each layer.

u(r,z) >0, r—>o0,i=r,z

(6¢)

When an axisymmetric radial or vertical loading is
exerted at the nth interface, the right-hand side of Eq. (6a)
with i = r (for the radial load) or z (for the vertical load)
will not be zero; in fact, it will be expressed in terms of
the relevant loading.

2.2 Solution of boundary value problem

To obtain a solution to the boundary value problem
shown in Fig. 1, the boundary conditions expressed in
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Eqgs. (4a)—(4c) are considered along with the continuity
conditions presented in Egs. (6a) and (6b), respectively.
Because the problem is rotationally symmetric about the
z-axis, the Hankel integral transform method can be
conveniently employed [37]. A solution scheme based on
the conventional method, which directly solves the
boundary value problem using Egs. (4) and (6), yields a
high condition number for the equation system when the
value of the Hankel transform parameter increases, owing
to both negative and positive exponential terms appearing
in the equations [36]. By adopting the stiffness matrix
approach [36], the equations will not contain unstable
exponential functions, which results in accurate
numerical computations. Thus, the stiffness matrix
scheme was adopted in this study to investigate the
multilayered medium under surface energy effects.

According to Sneddon [37], displacements that satisfy
the far-field regularity condition shown in Eq. (6¢) at the
upper and lower surfaces of the bulk in the nth layer of
the multilayered medium shown in Fig. 1 are expressed in
the Hankel integral transform space as follows.

ﬁz(g’ E") G(n)(g = )

- = »Zn

e AL en@),  ow
I/tz(f, Zn+1 ) G(")(é_‘:, E,,H)

ﬁr(g, En+1

where & represents the Hankel transform parameter, and

" (E) _ [ AW Bw oW D(n)]T’ (7b)
5™ —m
n (¢ = & /l +/’l
G( )(f,z) = fe "((—_(n) ]
T
_ 2—(") _ _ 2—(7!) _ _
Z _[% +§§} _EE (+_§5 o2E
1 4" RV ;
iy (1-&) £ (1+&)e*
(7c)

where A®, B®W, C®™, and D® are arbitrary functions
corresponding to the bulk of layer n, which can be

obtained by imposing boundary and continuity
conditions. Additionally,
(n) (n)
L T
K= u®’ S uw’ (7d)
C oA E= A A= K AV +2u)
z=z/A, E=EA, —W, (7e)

where A represents the reference length-scale parameter
defined by the elastic properties of the top layer and the
material constants of the top surface.
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Similarly, the Hankel transforms of the tractions at the
overlying and underlying surfaces of the bulk in the nth
layer are expressed as

_Ez (E$ En) H( )(E )
— (e = - " ,2)1
_Uzi(é;azn) — C(n) (E) , (Sa)
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/l( ) +/7(") /l( ) +ﬁ(n)
(8b)
Based on Eq. (5), T} and T¢ at the nth interface are
expressed in the Hankel transform space as
T(E2) = oo (7
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where @ and 8 represent the contributions of the surface/
interface energy from the residual surface stress and
surface material parameter, respectively.

Based on Eq. (7a), C™ (E) can be written as

@z T u(&Z,)
\Z, - =
c™ (g) = _u’(_f’_z”) (10)
z U(&,Z1)
G<n>(§a2n+l) : _, el
ﬁr(§’2n+l)
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Substituting the expression above for C®™ (5) into
Egs. (8a) and (9a) along with the condition that the
tractions 7° and 77 at the nth interface are imposed at the

upper surface of layer n (z = z,), the relationship between
the tractions and displacements at each interface in the
nth layer (n = 1,2,...,N) can be written in the following

matrix equation.
F" =K"U"™, (11a)

where

F" = [-7.E5)+T.€5)) -(7.E2)+T.E5)
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_H(n) (E’ Zn) - Sn(é_r’ En) G(n)(g9 Zn)

K" = (11d)

H(n) (E$ En+1 ) G(n) (E’ ErH- 1 )

By assembling the stiffness matrix K@ (n = 1,2,...,N)
(Eq. (11a)) using boundary conditions (Eq. (4)), the
continuity of the tractions (Eq. (6a)), and the displace-
ments (Eq. (6b)) at all interfaces of the multilayered
medium, the global equation system corresponding to the
multilayer elastic medium under a vertical applied load
and the contribution from the surface energy effects, as
shown in Fig. 1, can be obtained as follows.

- = T
0-.(§,Z1) Uz,‘(é-‘,znﬂ)] , F; =K.U,, (12a)
(11b)
where
- - - - T
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where K; is a 2N x 2N global stiffness matrix. In
addition, the function p (E) denotes the Hankel transform
of the normalized vertical load p (r) /u‘.

By solving Eq. (12a), the Hankel transforms of the
vertical and radial displacements at the top surface and at
all interfaces can be obtained. Substituting the
displacement solutions into Eq. (1la) results in the
Hankel transforms of tractions at the top and bottom
surfaces of the bulk of all the layers. Subsequently,
applying an accurate numerical quadrature scheme yields
the elastic fields of the multilayered medium. The next
section presents a brief outline of the numerical
integration scheme employed, followed by its verification
based on existing solutions. Subsequently, selected
numerical results of displacements and stresses for bi-
material systems and FG elastic media are presented.

3 Results and discussion

In this section, numerical solutions based on the proposed

scheme are presented to illustrate the effects of
surface/interface energy on nanoscale multilayered
systems. The proposed solution scheme is first validated
using existing benchmark solutions. Subsequently,
parametric studies regarding multilayered and FG layer
media under surface loadings are performed to illustrate
the effects of various parameters, including the surface
and size-dependent effects on their elastic fields. Finally,
a numerical solution to an indentation problem under the
effect of surface energy is presented to demonstrate the
application of the proposed solution technique. In the
numerical study, the relevant parameters for the layer
materials and surface/interface properties are based on
those from previous studies [5,40]. Notably, the
sensitivity and uncertainty analyses of the input
parameters [41,42] are beyond the scope of this study.

3.1 Numerical scheme and verification

The first task of the proposed numerical scheme is to
generate a stiffness matrix corresponding to each layer for
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a specified value of the Hankel transform parameter &.
Subsequently, a global stiffness equation in the form of
Eq. (12a) is established and solved for the global
displacement vector shown in Eq. (12¢), for the value of
&. Next, the displacement solution is substituted into
Eq. (11) to obtain the Hankel transforms of traction at the
top and bottom surfaces of the bulk of all the layers.
Finally, the displacements and tractions in the
multilayered medium are obtained from the numerical
inversion of the Hankel transform. In this study, a semi-
infinite integral was computed using an adaptive numeri-
cal integration based on the 21-point Gauss—Kronrod
rule [43].

For verification, the solutions obtained by Katebi and
Selvadurai [44] and Tirapat et al. [8] were compared with
the present solutions. Katebi and Selvadurai [44]
presented the solutions for an FG layer with a thickness /
bonded to an underlying homogeneous half-space under a
uniform vertical patch load of radius a applied over the
interface. In their model, an exponential variation along
the thickness direction of the shear modulus, expressed as
u(z) = pee™, was assumed. In the expression, m is a
constant and y, is the shear modulus at the top surface of
the FG layer; meanwhile, the Poisson’s ratio was set as
0.5. In the current study, the FG layer was modeled by
equally discretizing a finite layer into several sublayers
with a constant shear modulus specified using the
exponential function above at mid-height. The radial
profiles of the normalized vertical displacements at the
bottom of the FG layer with a thickness 4#/a = 1.0, and the
vertical profiles of the normalized vertical stresses along
the z-axis of the FG layer with a thickness #/a = 2.0 from
the current study were compared with the benchmark
solutions [44] for different values of m, and the results
are shown in Figs. 2(a) and 2(b), respectively. In the
numerical implementation, the normalized thickness of
each segmented FG layer was set to 0.1, where the
underlying layer was assumed to be extremely large for
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simulating a homogeneous half-space. Figure 2 shows
that both solutions yielded similar results in terms of both
the displacement and stress profiles for all values of m.

To validate the proposed solution scheme based on the
effect of surface energy, a layered elastic medium under a
uniform vertical surface load of radius a, as proposed by
Tirapat et al. [8], was considered. In their work, a Si
(100) upper layer with a finite thickness #/a 1.0
overlaid the half-space of Al (111) without slip. Their
bulk and surface elastic constants are listed in Table 1
[5,40], and the normalized loading radius was g = a/A =
10. The radial profiles of the normalized vertical surface
displacements and vertical stresses along the interface are
presented in Figs. 3(a) and 3(b), respectively, for different
values of the residual surface stress at the interface 75. To
demonstrate the capability of the proposed solution
scheme in managing the multilayered structure, the Si
(100) layer was equally discretized into 10 layers of the
same material properties, whereas the Al (111) half-space
was discretized into 10 layers of sufficiently large
thickness. To simulate the layered half-space presented
by Tirapat et al. [8], the surface energy effects were only
considered at the top surface and at the interface between
Si (100) and Al (111), whereas they were disregarded at
the interfaces between the discretized sublayers.
Similarly, the comparison shown in Fig. 3 indicates that
the two solutions agreed well in terms of both the vertical
surface displacements and vertical stresses.

3.2 Bi-material multilayered medium

In this subsection, the effects of surface energy and the
size dependency characteristics of a multilayered
nanoscale medium are presented. A Si/Al multilayered
medium, which can be applied extensively in micro- and
nanoelectric devices [45], was considered in the current
study. The multilayered medium was composed of two
distinct materials, i.e., Si (100) and Al (111) stacked

0.00 0 .
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0.054 ® m =0.5 (Katebi and Selvadurai [44])
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= 3
= N
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b —— current study
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Fig. 2 Comparison of: (a) vertical displacement along the interface;

space.

(b)

(b) vertical stress along z-axis of FG layer overlaying elastic half-
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Fig.3 Comparison of: (a) vertical displacement along top surface; (b) vertical stress along the interface of a layered elastic half-space

under surface energy effects.

alternately along the total thickness, H, and placed on a
rigid substrate. It was subjected to a uniformly distributed
vertical load applied over a circular area of radius « at its
surface, as illustrated in Fig. 4. The overall thickness of
the multilayered medium was assumed to be 1 pm, and
the thicknesses of the Si (100) and Al (111) layers were
assumed to be equal, i.e., h; = h, = 0.2 nm. The bulk
material properties of Si (100) and Al (111), and the top
surface properties of Si (100) are listed in Table 1. In
addition, the surface material properties of Al (111) listed
in Table 1 were assumed for all the interfaces. The
normalized loading radius, a = a/A =1.0, and the
normalized thickness of each layer, i, /A = h,/A = 1.195,
were used in the numerical calculation, where A is the
material length scale of the top layer, i.e., the Si (100)
layer.

Figures 5(a) and 5(b) show the radial profiles of the
normalized vertical surface displacements and vertical
stresses at depth z = 0.1, respectively, of the bi-material
layer under three different vertical loading cases, namely,
a uniformly distributed vertical load, loading A, and
loading B. All three loading cases were applied over a
circular area of radius @ with the same amount of total
applied force. The functions of loading 4 and loading B
were obtained from the contact pressure distribution
under a rigid frictionless cylindrical and a paraboloidal
indenter on the surface of an elastic half-space. They are
expressed as follows, respectively [46].

Po

e — 0<7r<a,
p(r) =3 1-@F/a)yuva (13a)
, a<r<oo,
poV1-(/a) 0<7<z
ﬁ(?) = ,u(l)ﬁ ~ <r<a, (13b)
0, a<r<oo.
The classical solutions for the vertical surface

2a
——
p(r)

Tl

Ist surface r
ill ((11?(1); 2nd surface
Si (100) 3rd surface

AT(ITD : |

I~ —
i L b

Fig. 4 Bi-material multilayered medium of Si (100) and Al
(111) under vertical loading.

Table 1 Material properties of Al (111) and Si (100) ([5,40])

material parameters Al (111) Si (100)
u(GPa) 26.1300 40.2256
A (GPa) 58.1700 78.0849
1 (N/m) —0.3760 2.7779
A* (N/m) 6.8511 4.4939
£ (N/m) 6.0991 10.0497
7° (N/m) 0.9108 0.6056
A (nm) 0.15288 0.16739

displacements due to loading 4 and loading B, as shown
in Fig. 5(a), show flat and paraboloid shapes, respecti-
vely. The contribution of the surface/interface energy
effects is clearly presented in Fig. 5(a); in particular, the
bi-material layer became considerably stiffer owing to the
surface stresses, which resulted in reduced vertical
surface displacements in all loading cases. In addition, the
numerical results presented in Fig. 5(a) show that the
maximum displacement occurred under the flat-ended
loading case (loading A), and a kink occurred at the edge
of the loading; meanwhile, the displacement was minimal
under the paraboloid loading case (loading B). The
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surface energy effects were significant and resulted in
reduced vertical stresses, as shown in Fig. 5(b),
particularly beneath the surface loading, i.e., #/a < 1.0.

To investigate the size-dependent characteristics of the
multilayered medium, the normalized vertical surface
displacements and vertical stresses at the depth of z = 0.1
nm of the Si/Al layered system under a uniformly
distributed vertical surface loading were plotted against
the size of the loading radius a, as shown in Figs. 6(a)
and 6(b), respectively. The solutions were plotted at r/a =
0.5, and the ratio H/a was maintained constant for all
values of a. Based on Fig. 6, when surface energy was
present, both the vertical displacements and stresses
depended significantly on the size of the loading radius a,
whereas the classical solutions were size independent.
The discrepancy between the present and classical
solutions decreased gradually as a increased and became
insignificant when a > 4.0; in other words, the effects of
surface/interface energy are negligible for high value of

0.00
—— current study
0024 ——- classical solution
: e uniform loading
= Joading 4
0.044 loading B

ulpga

2.0
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3.3 Functionally graded layer

Next, the mechanical behavior of the FG layer was
investigated by incorporating surface energy effects.
Consider an FG layer of finite thickness /4, completely
attached to an underlying homogeneous elastic layer of
thickness #,, overlaying a rigid base, and subjected to a
uniform vertical patch load of radius a at its top surface,
as shown in Fig. 7. The material properties of the FG
layer were assumed to vary in the thickness direction,
where the material properties of Si (100) and Al (111)
were assumed based on depths of z = 0.0 and z = h,
respectively. In this subsection, the overall normalized
thickness H/a = 1.0 and normalized loading radius a =
1.0 are used.

Figures 8(a) and 8(b) show the radial profiles of the
normalized vertical surface displacements and vertical
stresses at the depth z = 0.1 of an FG layer with different
thickness ratios, i.e., h,/h, = 1.5, 4.0, and 9.0. The elastic
properties of the FG layer were assumed to reflect the

0.00

—0.02+

—0.04 4

— current study
——— classical solution

a7 e uniform loading
-0.149 , -~ = Joading 4
2 loading B
—0.16 . . :
0.0 0.5 1.0 1.5 2.0
rla

(b)

Fig. 5 Profiles of: (a) vertical displacement at top surface; (b) vertical stress at z = 0.1 nm of Si/Al multilayers under different types of

vertical loading.
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0.0
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Fig. 6 Variations in: (a) vertical displacement; (b) vertical stress of Si/Al multilayers with normalized radius @ at different depths.
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*

. . - _ 1 .

exponential function L(z) = Lye™, where m = h—logL— is
1 0

the grading constant, and L, and L* represent the Lamé

constants of Si (100) and Al (111), respectively. In the
current study, the FG layer was segmented into 10
sublayers of equal thickness, with their elastic properties
assigned a constant value obtained from the exponential
function above at mid-height. In addition, the surface
elastic properties of Si (100) and Al (111) were
designated for the top surface and the interface between
the FG layer and elastic substrate, whereas the effects of
surface were disregarded at each interface of the FG
sublayers.

The vertical surface displacements shown in Fig. 8(a)
indicate that both the classical and current solutions
depend on the variation in the thickness ratio, particularly
in the loading region, i.e., when r/a < 1.0. Because the
values of the elastic properties of Al (111) are lower than
those of Si (100), the stiffness of this FG system is lower
for a higher ratio of h,/h, at a fixed value of H/a, thus
resulting in a larger vertical surface displacement. By
contrast, the variation in the thickness ratio does not
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significantly affect the vertical stresses of the FG layer,
particularly in the classical case, as shown in Fig. 8(b). In
addition, the effects of surface energy reduce both the
surface vertical displacements and vertical stresses under
the loading region, and the discrepancy between the two
solutions is negligible when r/a > 2.0.

For problems involving FG materials, the grading
function is the key parameter that determines the
mechanical behavior of those materials. To investigate
the effect of the grading function, the radial profiles of
the normalized vertical surface displacements and vertical
stresses at the interface were obtained for different
grading functions, namely, exponential, linear, and
power-law distributions, as shown in Fig. 9. The linearly
distributed grading function is expressed as L(z) =
Lo(1+mz), where m = (L' —Ly)/(Loh;), and the power-
law distribution is expressed in the form L(z)=
Lo(1+2z/h,)", where m = log, (L*/L,). Here, hypothetical
materials with y, = 100 GPa, Ay/u, = 1.5, u* = 10 GPa,
and A*/u* = 1.5, along with the surface and interface
material parameters of Si (100) and Al (111),
respectively, were assumed. In addition, thickness values

homogeneous layer
(AT [111])

interface

NANNNNNNNNNN

\

N NN NN NN NNNANN

Fig. 7 FG layer overlaying Al (111) under uniform vertical loading.
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Fig. 8 Profiles of: (a) vertical displacement at top surface; (b) vertical stress at z = 0.1 of FG layer with different 4,/A, ratios.
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of h, = 0.4 and h, = 0.6 were considered in the numerical
calculation.

Based on Fig. 9, the effect of the grading function is
more prominent on the vertical surface displacements
than on the vertical stresses. The results of the vertical
surface displacements shown in Fig. 9(a) indicate that the
FG layer with a linear distribution grading function is the
stiffest layer, followed by the FG layers with exponential
and power-law grading functions. However, results from
extensive numerical experiments show that the effect of
the grading function appeared only in extreme cases,
where the difference between the bulk elastic properties
at the top surface and interface was significant, as well as
in cases involving extremely thick FG layers.

3.4 Frictionless indentation on bi-material multilayered
media

Nanoindentations are used to determine the mechanical
properties of extremely small systems such as
nanocoatings, NEMS, and MEMS. In this subsection, the
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0.0

0.24

0.4

ulpya

— current study
——— classical solution
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- s quadratic
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indentation problem is examined to exemplify the
application of the proposed solution scheme. Figure 10
shows a rigid frictionless cylindrical indenter on a bi-
material multilayered medium comprising Si (100) and
Al (111). The shear surface traction on the contact surface
vanishes, and the normal contact pressure can be
computed by solving the boundary condition of the
vertical surface displacement in the contact region, as
expressed in the following equation.

u;

Z:O:fUiv(r,r*)p(r*)dr* =d,0<r<a, (14)
0

where UY(r,r) denotes the displacement Green’s
function associated with the vertical surface displacement
at point 7 under a unit normal ring load applied at radius
r~ on the surface, p the contact pressure, and d the
indentation depth.

To solve Eq. (14), the contact area is segmented into n
annular ring elements, and the contact pressure
corresponding to each element is assumed to be constant,

0.2

0.0

0../p,

— current study

-0.8 ——— classical solution
S e exponential
1.0+ ——- r0a—= = linear
a quadratic
-1.2 ; - - - -
0.0 0.5 1.0 1.5 2.0 2.5 3.0
rla

(b)

Fig. 9 Profiles of: (a) vertical displacement at top surface; (b) vertical stress at interface of the FG layer with different grading functions.
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Fig. 10 Bi-material multilayered medium of Si (100) and Al (111) under rigid indentation.
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as follows.

%

P =pu s << =120 (19)

where p; is the contact pressure at the middle of
segmented element ;.

By employing the collocation technique, Eq. (14) can
be rewritten as

iUf(r,-,r;)pjzd, i=12,..n, (16)

j=1

where U? (r,»,rj) denotes the vertical surface displacement
at 7; due to a uniformly distributed unit vertical surface
load applied in the annular region r; | <r* <rj; it can be
calculated by performing the inverse Hankel transform to
the first component of the global displacement vector U
(see Eq. (12¢)). By solving Eq. (16), the distribution of
the contact pressure can be obtained.

To validate the proposed technique, the normalized
contact pressure and vertical surface displacements of a
nanolayer with thickness # and A/u = 2.226, A = 1 nm,
and 7° = 5 N/m under a rigid cylindrical indenter of radius
a obtained in the current study and by Intarit et al. [16]
for various layer thicknesses were compared, as shown in
Fig. 11. In the present solutions, the layer was discretized
into many sublayers of the same thickness (0.2 nm) and
material properties. The normal ring load at » = ¢ must be
added to the formulation when considering surface
energy effects to represent the ring induced by the
displacement discontinuity at the punch edge. As shown
in Fig. 11, the current results are consistent with the
benchmark solutions for all layer thicknesses.

Next, the effects of the surface/interface energy on the
elastic responses of a multilayered system subjected to a
rigid frictionless indenter was investigated. Consider a
frictionless indentation of a Si/Al multilayer under a flat-
ended cylindrical punch, as shown in Fig. 10. All material
properties of the layers, top surface, and interfaces were

3.0
e /i/a=2 (Intarit et al. [16])
® jh/a=5 (Intarit et al. [16])
254 a h/a=10 (Intarit et al. [16])

—— current study

Fig. 11
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specified as presented in Subsection 3.2, except the
residual surface stress of each interface 75, which was
hypothetically assumed to be 0.57;, 2.07;, and 5.07} to
demonstrate the effects of interface energy. Here, 7 is the
residual surface stress of the top surface, i.e., the Si (100)
layer. As shown in Fig. 12(a), the normalized contact
pressure increases with 73, and a singularity occurs in the
contact pressure at the punch edge in both cases for all
values of 75. Owing to the effects of interface energy in a
multilayered system, which do not occur in a homoge-
neous elastic layer, the normalized contact pressure in
this study was higher than that in the classical case [16].
In addition, Fig. 12(b) shows that the normalized vertical
surface displacement decreases as 75 increases. This
implies that the multilayered medium became stiffer,
which necessitated a higher indentation force to deliver
the same indentation depth for a higher value of 7.

4 Conclusions

A mathematical model for solving a multilayered
nanoscale structure subjected to axisymmetric loading
was proposed herein based on the G-M surface elasticity
theory. An exact stiffness matrix approach was adopted
along with Love’s strain function and the Hankel
transform technique. Extensive parametric studies were
conducted to demonstrate the capability of the solution
scheme and the effects of the surface/interface energy on
the elastic responses of the multilayered nanoscale
medium. The numerical results showed that the surface/
interface energy effects, particularly the contribution of
the residual surface stress of both the top surface and
interfaces, significantly affected the elastic fields and
resulted in the size-dependent behavior of the multilaye-
red nanoscale structures. The present solution can be
employed as a benchmark for verifying numerical
solutions based on the BEM and FEM to solve practical
problems involving multilayered nanoscale structures.

0.0
e h/a =2 (Intarit et al. [16])
= p/a =15 (Intarit et al. [16])
a h/a=10 (Intarit et al. [16])
— current study
0.4
S
0.8
1.2 T T T
0.0 0.5 1.0 1.5 2.0

rla

(b)

Comparison of rigid indentations on a nanolayer over a rigid base: (a) contact pressure; (b) surface displacement.
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—current study
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Fig. 12 Profiles of elastic fields of Si/Al multilayers under rigid indentations for different ratios of 75/75: (a) contact pressure; (b) surface

0.5 : . . .
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displacement.
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