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ABSTRACT Numerical manifold method (NMM) is an effective method for simulating block system, however,
significant errors are found in its simulation of rotation problems. Three kinds of errors, as volume expansion, stress
vibration, and attenuation of angular velocity, were observed in the original NMM. The first two kind errors are owing to
the small deformation assumption and the last one is due to the numerical damping. A large deformation NMM is
proposed based on large deformation theory. In this method, the governing equation is derived using Green strain, the
large deformation iteration and the open-close iteration are combined, and an updating strategy is proposed. The proposed
method is used to analyze block rotation, beam bending, and rock falling problems and the results prove that all three
kinds of errors are eliminated in this method.
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1 Introduction

The numerical manifold method (NMM) proposed by Shi
[1] is an effective method for simulations of jointed rock
mass. As a generalization of the Discontinuous Deforma-
tion Analysis (DDA) [2] that dealing with block systems,
NMM provides a unified framework for simulations of
both continuous media and discontinuous media [3] and is
a method capable for large displacement simulation and
contact analysis.
So far, great progress has been made to improve the

accuracy of the NMM. In NMM, the deformation field is
described by a weighted cover system which is similar to
the later concept of “partition of unity” [4] in Finite
Element Method (FEM). Therefore, a higher order NMM
can be easily established by using higher order poly-
nomials in the local covers, in the weight functions or in
both. A second order NMM with linear weight functions is
provided in Ref. [5], further, a stiffness matrix automati-
cally derived algorithm for higher order NMM was

proposed in Ref. [6]. However, similar to the partition of
unity based on FEM (PUFEM) [4,7], a numerical problem
“rank deficiency” appeasers in the NMM procedure with
non-constant local covers [8] and a special matrix solver is
required. The concept “cover” in the NMM is more general
than the element in PUFEM. 1) The shape of cover is
independent of physical body. This could benefit to some
moving boundary problem, e.g., crack growth and
intersection [9–12]. 2) The cover in NMM could totally
overlap or partly overlap [13,14]. 3) The concept “cover”
generalizes the element used in numerical simulation, e.g.,
the element with a combined lumped mass matrix [15]. In
addition, similar to the Extended Finite Element Method
(XFEM), some special covers have been introduced into
NMM for local enrichment, such as the cover for the field
near crack tips (e.g., Ref. [9]) and the material disconti-
nuities (e.g., Ref. [16]).
Promising developments besides the improvements of

cover system also have been made, including: 1) 3D NMM
[17–19]; 2) Better contact accuracy, such as replacing the
penalty function contact algorithm (see Ref. [1], Chapter 6)
with a new scheme based on augmented LagrangianArticle history: Received May 22, 2018; Accepted Sep 14, 2018
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method [20] or complementarity theory [21], and the
general solution of contact problem-contact theory [22]; 3)
Other developments, such as the recursion formula of the
simplex integration [23] and the explicit NMM [24,25].
This study is motivated by the phenomenon “unreason-

able volume expansion after large rotation” in DDA
procedures (e.g., Ref. [26].). Some early researchers have
attributed the volume expansion of DDA to the fact that the
linear displacement field cannot precisely describe the
rotation field, which contains trigonometric function (sin
and cos) and can be expressed as,

ut ¼ u0 – ðy – y0Þsinαþ ðx – x0Þðcosα – 1Þ
vt ¼ v0 þ ðx – x0Þsinαþ ðy – y0Þðcosα – 1Þ

, (1)

where ut, vt are the displacements of point (x, y), and
Eq. (1) denotes the displacement of point (x, y) which is
first rotating around ðx0, y0Þ with a rotation angle of α and
then has a parallel translation of ðu0, v0Þ. Some remedial
measures for DDA has been proposed, such as post
modification after each step [26], replacing cosα by
1 – 0:5α2 [27] or replacing cosα – 1 by – sin2α=ð1þ
cosαÞ [28], and proved to be effective in decreasing the
volume expansion. However, These measures have some
limitations: 1) The volume expansion in NMM/DDA is
due to the accumulating error from the small deformation
assumption, that is, any rotation with zero small deforma-
tion strain will always lead to a volume expansion, and
thus block volume expands step by step in dynamic
procedure. Because strains are not included in Eq. (1), the
corrections based on Eq. (1) are not complete; 2) The
displacement function of DDA has similar expression with
Eq. (1) and can be easily to be modified, yet, NMM not.
To correct the rotation errors for NMM, Fan et al. [29]

proposed a modified NMM using strain-rotation decom-
position (similarly, a modified DDA is also proposed in
Ref. [30].) yet trigonometric functions are involved and
approximation is required in this method. Wei and Jiang
[31] proposed a modified NMM using large deformation
theory. However, the contact issue is not addressed in
Ref. [31]. In summary, the main limitation of previous
researches will be following three questions: 1) Why
volume expansion? How to quantitatively interpret (or
predict) the volume expansion? 2) Is there any rotation
error other than the volume expansion? 3) How to ensure
the accuracy of both rotations and contacts? The answers
will be addressed in this paper.
In this study, following the idea of the updated

Lagrangian scheme used in FEM [32,33] and replacing
the small strain with Green strain, a new NMM scheme is
proposed to erase the rotation errors with considering the
contact issue. The proposed large deformation NMM will
be further examined by theoretical solutions and practical
problems.

2 The volume expansion phenomenon in
the NMM

2.1 A brief introduction of NMM

NMM proposed by Shi [1] can be regarded as a superior
FEM. It releases the constraints of physical boundaries
using two subsets, as mathematical elements and physical
elements to describe the approximation function and the
physical body separately [3,34], and can flexibly handle
discontinuities using a robust contact algorithm named as
“open-close” iteration.

2.1.1 NMM Element

A comparison between FEM, NMM, and DDA elements
(with same order) is illustrated in Table 1. The major
differences between these three elements are:
For FEM, the elements shapes are limited, either triangle

or quadrilateral. The mesh is dependent on the boundaries.
For DDA, the element shape is the shape of block, i.e.,

each block is a DDA element.
For NMM, the element contains two subsets:

1) mathematic element defining the approximation func-
tion; 2) physical element representing the physical body.
Therefore, each physical element is a subset of a
mathematic element, e.g., the pentagon in Table 1 is
covered by the triangle mathematic element. The local
approximation function of a mathematical element can be
defined as

u

v

� �
¼

X
i¼1,n

wiðx,yÞdi, (2)

where di represents the approximation function of i
mathematical cover (i.e., the cover functions; if first
order displacement function is used, a mathematical cover
can be regarded as a FEM node) and is the unknown
variables to be solved; wi represents the weight of i
mathematical cover (just like the shape function of i node,
but it has many other options (e.g., Refs. [9,13,16]).
NMM first adopts such kind an idea that uses two

subsets in element description. Later, similar idea was
proposed by Hansbo and Hansbo [35] and successfully
applied to the simulation of contacts, material discontin-
uous and crack growth. In their method, the mathematic
node that outside the physical body as phantom node.
Thus, Hansbo and Hansbo’s method is also named as
phantom node method by later researchers [36,37].
Basically, the main difference between phantom node
method [35] and the original NMM [1] might be the
contact matrix and the contact iteration.
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2.1.2 Equilibrium equation

As same as that used in DDA, the equations of
equilibrium in NMM is based on principle of minimum
potential energy (or principle of virtual work), and is
established on the deformed configuration of last time
step:

ðK0 þ KconÞΔdn þM€dn ¼ f þ f � þ f con, (3)

where Δd is the unknown displacement increment of the
nth time step; _dn – 1 is the velocity and €dn is the
acceleration; K0 and Kcon are the assembled stiffness
matrices for the deformation and the contacts, respectively;
f , f �, f con are the assembled force for external loads, initial
stress and contacts, respectively. The time integration in
the original NMM (and DDA) is performed by substituting
€dn solved from Eq. (4) to the governing equation Eq. (3)
(see Ref. [1])

Δdn ¼ _dn – 1Δt þ 0:5€dnΔt
2: (4)

It can be noted that Eq. (4) is the same with the
Newmark method with parameters β ¼ 1 and γ ¼ 0:5 [38]
which can be expressed as,

_dn ¼ _dn – 1 þ ð1 – βÞ€dn – 1 þ β€dn

� �
Δt,

Δdn ¼ _dn – 1Δt þ ð0:5 – γÞ€dn – 1 þ γ€dn�Δt2:
� (5)

For Newmark method expressed by Eq. (5), β with a
value larger than 0.5 will induce numerical damping [33].
Compared Eq. (4) to Eq. (5), it can be noted that Eq. (4)
uses constant acceleration within a time step interval Δt.
Such numerical damping allows contact force oscillation to
dissipate rapidly and results in a stable contact state
[39,40], however, also leads to an attenuation of angular
velocity in rotation simulation (as to be verified by the
example in Section 3.1).

2.1.3 Discontinuity and contact

Many efforts have been paid to unify the continuous and
discontinuous computation [41]. For discontinuous com-
putation, contacts among physical bodies must be carefully
considered. In NMM, an updated Lagrangian scheme is
used (see Eq. (3)) to accurately search the contact position
after large displacements. Then, an implicit scheme, named
as “open-close” iteration, is used to deal with contact
issues in NMM (and DDA). Three contact states, as open,
sliding, and locking, give different stiffness matrices and
forces, which will be assembled to Kcon and f con (see Eq.
(3)) in each open-close iteration.
Usually, NMM/DDA uses small time step interval and is

inertia dominated (Eq. (3) and referring to Ref. [1]). Such
inertia dominated phenomenon can benefit to the conver-
gence of open-close iteration. With the help of contact
springs, the convergence of open-close iteration can be
always ensured if the time step is small enough in NMM
(referring to Ref. [1], Chapter 3).
In short, NMM proposed by Shi [1] has following

features:
1) Its element contains two subsets, as mathematic

element defining the approximation function and the
physical element describing integration area (i.e., physical
body).
2) Its reference configuration is updated after each small

time step and constant acceleration is used in the time step
integration.
3) Its convergence of contact is ensured by the “open-

close” iteration with time step interval small enough.
Compared to many meshless methods capable for large

displacement simulation, such as the Smoothing Particle
Hydrodynamics (SPH) which is capable for the interaction
simulation between fluid and solid [42], the crack particles
method that is efficient for crack growth simulation [43],
and the Peridynamics method that adopts a simplified

Table 1 Comparison of FEM, NMM, and DDA mesh for a same pentagon

method reference configuration deformed configuration

FEM
(3 elements)

NMM
(1 element)

DDA
(1 element)
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scheme based on integral form rather than the partial
differential form [44,45], NMM is more flexible and
benefits from that the approximation function (mathema-
tical element) is free from the physical boundaries. In
NMM, the analysis precision is majorly determined by the
order or approximation function of the mathematical
element. Meanwhile, many old problems, such as the
difficulty of the mesh generation for complex geometry or
the simulation of accurate boundary conditions, are no
longer exists.
However, the updated Lagrangian scheme, the implicit

time integration (Eq. (3)) and the strict convergence
criterion of the open-close iteration make NMM be a
procedure trustworthy but less efficient.

2.2 The volume expansion phenomenon during rotation
process in the NMM

The original NMM [1] is an implicit dynamic procedure
and follows the small assumption used in FEM. In each
time step, the displacement increment must be small
enough to ensure the accuracy of calculation and the
convergence of contact iteration.
Small deformation assumption (or small strain assump-

tion)
For describing the deformation field, the following

approximation equation is usually used in the original
NMM/DDA:

εx � ∂u
∂x

� ∂u
∂X

εy � ∂v
∂y

� ∂v
∂Y

γxy �
∂v
∂x

þ ∂u
∂y

� ∂v
∂X

þ ∂u
∂Y

,

8>>>>>><
>>>>>>:

(6)

where the strain fεx, εy, γxyg is called small deformation
strain and thus Eq. (6) is named as the small deformation
assumption; the lower case ðx, yÞ is the body coordinates
of deformed configuration; the upper case ðX ,YÞ is the
body coordinate of reference configuration (see Table 1)
and ðu,vÞ is the displacement, i.e.:

ðx, yÞ ¼ ðX , YÞ þ ðu, vÞ: (7)

The strain error in Eq. (6) is limited in each step if the
real displacement is small enough, however, such error can
be accumulated by steps, and can lead to significant
rotation errors.

2.2.1 A simple rotation simulation using the original NMM

As shown in Fig. 1, an equilateral triangle ABC is fixed at
vertex A and applied with an initial angular velocity of
ω0 ¼ 2π=s. The time step interval in the computation is
used as Δt ¼ 0:01s. Therefore, the triangle is supposed to
turn a circle every 100 time steps with constant volume.

In this test, the boundary condition of the fixed vertex A
was imposed by eliminating the freedoms (just like that
adopted in FEM) instead of the penalty method (see
Ref. [1]). Therefore, no errors are involved in the boundary
condition.
Referring to Fig. 2, significant volume expansion was

observed in the simulation using original NMM. Although
the stain was zero in the whole process (each component
less than 1e – 7), about 43% volume error and – 9.1%

Fig. 1 Triangle ABC rotates around vertex A

Fig. 2 The errors at different rotation angles. (a) Volume
expansion phenomenon; (b) relationships between relative error
and cumulative rotation angle
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cumulative rotation angle error appeared after one circle.
About 153% volume error and – 23.0% cumulative
rotation angle error appeared after three circles (see Fig. 2).

2.2.2 The rotation expansion associated with small defor-
mation assumption

In fact, the rotation expansion phenomenon is associated
with the small deformation assumption used in NMM.
Since DDA use the same assumption (see Ref. [2]), such
phenomenon also exists in DDA.
A graphic explanation of the rotation expansion

phenomenon
A square block OABC (the dashed line) with unit length

is shown in Fig. 3. Without loss of generality, the pointO is
assumed to be fixed and a rigid rotation of block OABC is
considered. Let OA0B0C represents the deformed square,
then an incremental rotation angle of α is used in the
simulation and no other deformation exists, the displace-
ment at any point can be calculated by Eq. (1), as shown in
Fig. 3(a).

The strain should be zero for such a rigid rotation
problem in Fig. 3. If small deformation assumption is
adopted (Eq. (6)), we have,

εx ¼ ∂u
∂x

¼ 0, εy ¼ ∂v
∂y

¼ 0, γxy ¼
∂v
∂x

þ ∂u
∂y

¼ 0: (8)

Note that the displacement at the point A is
∂u
∂x

,
∂v
∂y

� �
,

thus with Eq. (4), the point A0 is just on the line AB;
similarly, the point C0 is on the extended line of BC (see
Fig. 3(b)). Clearly, the edge length of deformed square isffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tan2α

p
. Therefore in this condition, the calculated

volume strain εv, i.e., the strain error, is

εv ¼ tan2α � α2 þ oðα4Þ: (9)

The volume will expand during rotation and the volume
expansion in each step is approximately equal to the square
of incremental rotation angle.
A theoretical explanation of the rotation expansion

phenomenon
Green strain can also be used to explain such rotation

expansion phenomenon. Let E denotes the Green strain
tensor [32,46], e denotes the small deformation strain
tensor, u denotes the displacement and X denotes the body
coordinate. We have

Eij ¼
1

2

∂ui
∂Xj

þ ∂uj
∂Xi

þ ∂ui
∂Xk

∂uj
∂Xk

� �

¼ eij þ
1

2

∂ui
∂Xk

∂uj
∂Xk

: (10)

In small deformation assumption, only the linear-part e

is used, i.e., the nonlinear term
1

2

∂ui
∂Xk

∂uj
∂Xk

is the strain

error. Specifically, for a two-dimensional analysis, let ε
represents the vector form of Green strain tensor E, ε0 the
vector of small strain e, εN the vector of high order strain,
i.e., nonlinear term. We have

ε ¼ fεx, εy, γxygT ¼ ε0 þ εN , (11)

ε0 ¼
∂u
∂X

,
∂v
∂Y

,
∂v
∂X

þ ∂u
∂Y

� �T

εN ¼ 1

2

∂u
∂X

� �2

þ ∂v
∂X

� �2

,
∂u
∂Y

� �2

þ ∂v
∂Y

� �2�
,

2
∂u
∂X

∂u
∂Y

þ ∂v
∂X

∂v
∂Y

� ��T

, (12)

where ðX , YÞ and ðu, vÞ represent the body coordinates
and the displacement, respectively.
Referring to Fig. 3(b), the following relation is valid,

∂v
∂X

¼ –
∂u
∂Y

¼ tanα,

α � 1

2

∂v
∂X

–
∂u
∂Y

� �
:

(13)

Fig. 3 The rigid rotation of the square. (a) Real rotation
displacement; (b) approximation of small deformation assumption
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Therefore, if small deformation strain is zero, i.e., ε0 ¼
f0g (referring to Eq. (8)), the strain error, i.e., the nonlinear
part of strain, is

εN ¼ 1

2

∂u
∂X

� �2

þ ∂v
∂X

� �2

,
∂u
∂Y

� �2

þ ∂v
∂Y

� �2

,

�

2
∂u
∂X

∂u
∂Y

þ ∂v
∂X

∂v
∂Y

� ��T

¼ 1

2
ðtan2α, tan2α, 0ÞT, (14)

and the real volume strain would be contributed from εN,
as

εv ¼ tan2α � α2 þ oðα4Þ: (15)

In short, giving a small rotation angle α and zero small
deformation strain, the strain error of small deformation
assumption is fεx, εy, γxyg � f0:5α2, 0:5α2, 0g, and

therefore the volume strain error is εV � α2. False volume
expansion will happen in the rotation process if small strain
assumption is adopted.

3 Rotation errors in the NMM for the rigid
rotation problem

3.1 Volume error and angle error in the rotation simulation
by NMM

In this section, the results of numerical simulation are
compared with a theoretical solution to verify whether the
volume expansion in the NMM is owing to small
deformation assumption. Based on Eq. (15), the volume
under small deformation assumption can be calculated as,

Vn � ð1þ α2n – 1ÞVn – 1

� ð1þ α2n – 1Þð1þ α2n – 2Þ� � �ð1þ α20ÞV0, (16)

where αi represent the incremental rotation angle at ith
time step and Vi represent the volume.
While in the NMM simulation, the computation settings

are listed in Table 2. Five tests, with time step interval Δt
ranges from 0.01–0.0001s (i.e., theoretical incremental
rotation angle α ranges from 3.6° to 0.036°), were
investigated.
The results of five tests are summarized in Table 3. Both

the volume error and the rotation angle error are linear
increase with the theoretical incremental rotation angle α
(see Fig. 4).
The volume error can be calculated as Vn=V0 – 1

(referring to Eq. (16)). As shown in Fig. 2(b) and Table
3, the real volume error does fit the volume error calculated

by Eq. (16). Thus, this result verified that small deforma-
tion assumption is the reason of the rotation expansion
phenomenon.
Both the volume error and the angle error have strong

linear relationship (R2 > 0:997) with the rotation angle
increment used in the simulation (see Fig. 4). However, it
is time-consuming to maintain an extremely low rotation
angle increment. Even the incremental rotation angle is
taken as α ¼ 0:036°, i.e., 10000 steps for a rotation of one
circle, the volume error still has 0.4%.
The linear relationship between the volume errors and

the incremental rotation angle α can be explained. If
incremental rotation angle α is much less than 1, we
have

Vn ¼ ð1þ α2n – 1Þð1þ α2n – 2Þ� � �ð1þ α20ÞV0

� ð1þ α2n – 1 þ α2n – 2 þ � � � þ α20ÞV0

� ð1þ nα2 ÞV0, (17)

and n is the step number for a circle rotation, thus

n � 2π=α: (18)

Substitute Eq. (18) into Eq. (17), the block volume after

Table 2 The settings of the rotation test

small triangle block (see Fig. 1)
(elastic plain strain)

value

edge length a 0.1 m

initial angular velocity ω0 360°/s

time step interval Δt 0.01–0.0001 s

total time tmax 1 s

elasticity modulus E 10 Gpa

Poisson’s ratio � 0.3

Fig. 4 Linear relationship between the rotation errors and the
incremental rotation angle α
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a rotation of one circle can be estimated by

Vcircle � ð1þ 2παÞV0 ðα << 1Þ, (19)

where Vcircle is the block volume after one circle, and thus
2πα is a estimation of the volume error.
Besides the volume error, a negative rotation angle error

is found in Table 3. Use test 2 as an example, the curves of
angular velocity and the rotation angle versus time are
plotted in Fig. 5, where the simulation time is 10 s and the
block should finish ten circles in theory. It can be found
that the angular velocity was decreasing in the simulation
and the block only finishes 7.8 circulars after 10 s. Such
attenuation of angular velocity is supposed to be owing to
the numerical damping in the original NMM scheme
(referring to Section 2.1). This issue will be further
discussed and corrected later in this paper.

3.2 Stress vibration phenomenon during rotation process

Besides the volume error and the rotation angle error
(attenuation of angular velocity), stress vibration is also
found in upper simulation using NMM.
For the simple rotation example illustrated in Fig. 1, the

stress (σx, σy or τxy) will be uniform for the single element
used and should complete two periods after a circle. For
example, σx here should reach maximum value at rotation
angle of – 30° (that is, 330°, where the center of gravity is
on the positive axis for x) and 150° because of the

centrifugal force in the rotation process. Figure 6 shows the
stress variation with time of test 1. (The wave of σy is
similar to that of σx, thus only σx and τxy are illustrated.)
Referring to Fig. 6, it can be found that the stress

containing two waves, as

1) The low frequency one, which approximately
completes two periods in 1 s and is as expected.
2) The high frequency one, which has a remarkable

amplitude. It can be found that the stress vibration with
high frequency has a period equal to 2Dt, i.e., 2 times of

Table 3 The errors with different rotation angle in per step

test No. total step nð1Þ Δt (s) theoretical αð°Þ volume error angle error

actual Eq. (16)

1 100 0.0100 3.6 39.4% 39.4% – 8.40%

2 300 0.0333 1.2 13.1% 13.1% – 3.10%

3 1000 0.0010 0.36 3.9% 3.9% – 0.97%

4 3000 0.0033 0.12 1.3% 1.3% – 0.33%

5 10000 0.0001 0.036 0.4% 0.4% – 0.10%

Fig. 5 The decreasing of angular velocity

Fig. 6 High frequency vibration phenomenon. (a) �x ; (b) τxy
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time step interval. As shown in Fig. 7, when Dt is changing
from 0.01 to 0.005 s, the period of stress vibration changes
from 0.02 to 0.01 s. Consequently, the stress vibration
cannot be eliminated by decreasing the time step interval
Δt.
The low frequency waves versus the time and the

rotation angle are plotted in Fig. 8. The phases of waves
differ with each other in time domain (Fig. 8(a)) due to the
decrease of incremental rotation angle induced by
numerical damping, and as expected, the phase differences
disappear in the rotation angle domain (Fig. 8(b)),
nevertheless, significant amplitude differences are still
observed among the three waves. According to the later
discussion in Section 5.2, the low frequency wave with
small Δt = 0.0001 s is nearly as same as that obtained in
large deformation analysis. The stress calculation with
large Δt is not correct.
In summary, an unreasonable stress vibration is

observed during the rotation simulation. Such vibration
neither disappeared due to the increasing of time, nor
eliminated by using smaller time step interval (e.g., Fig. 7).
Such stress vibration may cause significant error in the
stress calculation and is not acceptable.

3.3 A summary of rotation error

Three types of rotation errors exist in the original NMM,
and are listed below:
1) Volume expansion. Volume expansion is a direct

result of small deformation assumption. The volumetric
strain error within a time step is approximately equal to the
square of rotation angle increment and the error will be
cumulative in the simulation.
2) Speed slowing. Because of the numerical damping,

the angular velocity decreases with the simulation steps.
3) Stress vibration. A stress vibration with remarkable

amplitude and a period of 2Δt is observed during the
rotation simulation. The vibration cannot be eliminated by
decreasing the time step interval and will cause unaccep-
table accuracy of stress calculation.

4 The implementation of a large
deformation NMM

To deal with the volume expansion phenomenon, many
commercial FEM softwares, such as Abaqus and Comsol,
have provided an additional option using large deformation
theory. Meanwhile, some DDA researchers have found the
rotation expansion phenomenon and provide some reme-
diation methods, such as [27,47]. However, as indicated in
Sections 1 and 3, a correction still use small deformation
assumption is insufficient and cannot erase the stress
vibration.
To erase the rotation errors in NMM, a large deformation

NMM (LDNMM) is proposed and its basic idea is as
follows: Green strain is used instead of the linear small

Fig. 7 The period of high frequency is exactly 2Δt

Fig. 8 After high frequency wave manually removed. (a) �x vs
time; (b) �x vs rotation angle
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deformation strain and a large deformation iteration is
introduced to deal with the nonlinearity. There are two
difficulties to be overcome as:
1) The derivation of governing equation with the use of

Green strain for NMM;
2) The coupling of large deformation iteration with

contact iteration in NMM.

4.1 The governing equation of the large deformation NMM

Giving a virtual displacement δd and based on the
principle of virtual work, the governing equation of can
be written as,

!δεTðσ þ σ0ÞdAþ � � � ¼ f δd, (20)

where �0 is the initial stress; A is the integration area; f is

the extern force and !δεTðσ þ σ0Þ dA is the virtual work

from deformation, which can be divided into 2 parts

!δεTDε dA and !δεTσ0dA, (21)

where the first part gives the deformation stiffness matrix
and the second part refers to the initial stress matrix. The
only things necessary is to derive the expression of δε and
ε.
If the Green strain (Eq. (10)) is used instead of the linear

small strain, the linear part is retaining as same as that in
the original NMM and the nonlinear part of strain should
be added. The nonlinear part of strain is

εN ¼ 1

2

∂u
∂X

� �2

þ ∂v
∂X

� �2

,
∂u
∂Y

� �2

þ ∂v
∂Y

� �2

,

�

2
∂u
∂X

∂u
∂Y

þ ∂v
∂X

∂v
∂Y

� ��T

, (22)

and can be also expressed as

εN ¼ 1

2

∂u
∂X

∂v
∂X

0 0

0 0
∂u
∂Y

∂v
∂Y

∂v
∂Y

∂u
∂Y

∂u
∂X

∂v
∂X

2
6666664

3
7777775

∂u
∂X
∂v
∂X
∂u
∂Y
∂v
∂Y

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

¼ 1

2
A�, (23)

where � ¼ ∂u
∂X

,
∂v
∂X

,
∂u
∂Y

,
∂v
∂Y

� �T

. It is noted that the

matrix A is determined by �, and then the differential of
nonlinear strain can be derived as

δεN ¼ 1

2
δA�þ 1

2
Aδ� ¼ Aδ�, (24)

and � can be calculated from the displacement as

� ¼ GΔde, (25)

where Δde is the unknown incremental displacement of a
NMM element e; G is a coefficient matrix which can be
derived from Eq. (2) and just similar to the coefficient
matrix for linear strain B0 (see Ref. [1], Section 5.1) G is
independent of Δd and can be regarded as a constant
matrix in the derivation.
Substituting Eq. (25) into Eqs. (23) and (24), we have

εN ¼ 1

2
AGΔde ¼ BNΔd

e

δεN ¼ AGΔde ¼ 2BNΔd
e
, (26)

where BN is the nonlinear part of strain matrix, as

BN ¼ 1

2
AG: (27)

Therefore, substituting Eq. (26) into Eq. (21), the
following relation valids:

!δεTDε dA ¼ δðΔdeÞT!ðB0 þ 2BNÞTDðB0 þ BNÞdA Δde

!δεTσ0 dA ¼ δðΔdeÞT!ðB0 þ 2BNÞT�0dA,
(28)

where B0 is the coefficient matrix of the linear strain and is
as same as that used in original NMM (see Ref. [1]).
Hence, the stiffness matrix of the element e is

Ke ¼ !ðB0 þ 2BNÞTDðB0 þ BNÞ dA ¼ Ke
0 þ Ke

N, (29)

Ke
0 ¼ !B0

TDB0dA

Ke
N ¼ !2BN

TDB0 þ 2BNDBN þ B0
TDBNdA

,

8><
>: (30)

and the force from initial stress of element e is

f e� ¼ –!ðB0 þ 2BNÞT�0dA: (31)

Thus, the governing equation in matrix form at nth time
step is

ðK0 þ KN þ KconÞΔdn þM€dn ¼ f þ f � þ f con, (32)

where K0 , Kcon f , f �, and f con are as same as those
involved in original NMM (Eq. (3)); KN and f � are two
newly introduced terms to consider the nonlinear strain.
Different with that B0 is a constant matrix, BN is not a
constant matrix (Eq. (27)). Hence, iteration is required to
achieve the convergence of nonlinear strain in the large
deformation analysis.

4.2 The large deformation iteration

In the large deformation iteration of Eq. (32), � is chosen as
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the key iteration variable and the iteration procedure is
implemented as follows:
1) An initial value �0 is given, e.g., taken as the

convergent value obtained in the last time step.
2) Matrix A is calculated from �i, then BN, KN, and f �

can be obtained using Eqs. (27), (30), and (31),
respectively, where i is the number of iteration step and
is counting from 0.
3) The governing equation (Eq. (32)) is solved, resulting

in a displacement field, i.e., Δd.
4) A new value of �iþ1 is calculated by Eq. (25) with

using coefficient matrix G and Δd.
5) The difference between �iþ1 and �i are checked. If the

error is larger than the tolerance, �iþ1 will be substituted
into step 2 to replace �i and the steps 2 to 5 will be
repeated.
The upper iteration is in fact a fixed-point iteration

which adopts the secant matrix instead of the tangent
matrix that is used in Newton Raphson iteration. It is noted
that the contact iteration [1] (i.e., open-close iteration) also
is a fixed-point iteration, thus the large deformation can be
easily coupled with the contact iteration.
To present a clear vision of the large deformation

iteration, both the dynamic and static simulation are
discussed as follows:
Case 1: static simulation without contact
For a static problem, the govern equation (Eq. (32)) can

be simplified as,

ðK0 þ KNÞd ¼ f : (33)

The time step for such problem is meaningless. The
large deformation iteration can be implemented as follows:
Step 1: Let i ¼ 0, the initial value of � is given as

�0 ¼ ð0,0,0,0Þ;
Step 2: With �i , Eq. (27) is used to calculate matrix BN,

Eq. (30) is used to calculate KN and Eq. (33) is used to
solve d;
Step 3: Substitute d into Eq. (25) to compute �iþ1;
Step 4: Let �i equals to �iþ1 and repeat step 2 to 4 until

the difference between �iþ1 and �i is smaller than the
tolerance.
Case 2: dynamic simulation without contacts
For a dynamic problem without contacts, the governing

equation (Eq. (32)) can be simplified as,

ðK0 þ KNÞΔdn þM€dn ¼ f þ f �: (34)

In each time step, it is effective to use the same
procedure for static problem (Case 1). However, a better
initial value can help to make the iteration more efficient.
The converged � at last time step is a good candidate, i.e.,

�n,0 ¼ �n – 1, (35)

where �n,0 is the initial value of � in nth time step; �n – 1 is
the converged � in (n – 1)th time step. If time interval do

not change in nth time step, The � of nth time step should
be close to that of (n – 1)th due to system inertia.

4.3 The coupling of large deformation iteration and contact
iteration

If contacts exist in the system, the large deformation
iteration must be coupled with the open-close iteration in a
practical NMM simulation. In this study, the open close
iteration is embedded in the large deformation iteration (As
shown in the flow chart Fig. 9) where a double nested loop
is used with the outer loop for large deformation iteration
and the inner loop for open-close iteration.
Case 3: practical NMM simulation involving contacts
A general simulation of NMM is dynamic and involving

contacts. It follows the governing equation expressed in
Eq. (32). When contacts are involved, open-close iteration
is used and often needs to select a time step interval small
enough to ensure the convergence. Hence, the time step
interval is often non-constant. In this condition, system
inertia can be considered by the velocity as follows:

v�n ¼
�n
Δtn

, (36)

and

v�n,0 ¼ v�n – 1, (37)

where v�n,0 is the initial value in nth time step; v�n – 1 is the
converged value in (n – 1)th time step. Then, the iteration
processes can be implemented as follows:
Step 1: Let i ¼ 0, and give initial value v�n,0.
Step 2: Calculate �n,i by Eq. (36). Then, use Eqs. (27),

(30), and (31) to calculate BN, KN, and f �, respectively.
Step 3: Carry out open-close iteration. If the open-close

iteration is not converged within 8 iterations, time step
interval will be reduced by 0.35 times and go back to
Step 2. After the open-close iteration is converged, go to
next step.
Step 4: Solve Eq. (32) and Substitute the solved

displacement Δd into Eq. (25) to recalculate �n,iþ1.

Step 5: Substitute �n,iþ1 into Eq. (36) to calculate v�n,iþ1

and check the convergence. If the difference between v�n,iþ1

and v�n,i for any element is larger than the tolerance, set
i ¼ iþ 1 and return to Step 2.
So far, a large deformation NMM is established using

Green strain. In the new scheme, the large deformation
iteration is coupled with the open-close iteration. In
addition, because of the inertia effect, a better selection
of initial value can benefit to the convergence of large
deformation iteration.
Special discussion on the explicit time integration
Obviously implicit time integration is used in upper

large deformation iteration. If an explicit time integration
scheme is used, the governing equation can be
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MlumpedΔd ¼ fres, (38)

where Mlumped and fres represents the assembled lumped
mass matrix (which is a diagonal matrix) and the
assembled resultant force, respectively. Subsequently in
the large deformation iteration, the element force from
deformation can be calculated either by,

f edef ¼ –!ðB0 þ 2BNÞ�dA, (39)

or by

f edef ¼ f e� – ðKe
0 þ Ke

NÞΔde, (40)

where f edef is the element force from deformation and
should be assembled into the resultant force fres.
An explicit time integration algorithm usually requires

more iteration numbers. Generally, a small time step
interval (such as 1e – 5 s, or even as small as 1e – 8 s), a
large tolerance of unbalanced force and a lower stiffness
for contact spring can benefit to the computational stability
and accuracy. However, because only the diagonal matrix
Mlumped is involved in the explicit time integration, the
computation cost can be speed up significantly. In this
study, only the implicit algorithm is addressed. An explicit
large deformation NMM can be a valuable work in future
and it seems to be more efficient with using parallel
computation and suitable for the simulation with large
number of freedoms [24,25].

4.4 The updating rule in large deformation NMM

As same as DDA, NMM also adopts updated Lagrangian
scheme, i.e., the variables are defined on the deformed
configuration of last time step. Not only the coordinates of
substance (i.e., mesh) should be updated, but also all the
variables associated with physical body must be updated
before carrying out a new step simulation. Such updated
Lagrangian scheme has two benefits: 1) it can be easily
coping with the deformation with large displacement; 2) it
can help to accurately search the contact position.
In original NMM, only the coordinate of mesh and the

density of an element are updated. In NMM, the physical
body is served as an integration area. If the integration area is
deformed and updated, not only the density, but also all the
variables depending on the integration area should be
updated either. For example, the initial stress should be
updated because that �n is defined on the physical body at
nth step, not on the deformed physical body at (nþ 1)th
step. In large deformation theory, the deformation gradient F
is used to represent the mapping rule from the reference
configuration to the deformed configuration [33]. Let u
denotes the incremental displacement, X the initial position
of nth time step and x the deformed position (in other words,
x is the initial position of (nþ 1)th time step), we have

x ¼ X þ u: (41)

Then, the deformation gradient F is written as [33],

Fig. 9 Flowchart of large deformation iteration in practical NMM simulations
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½Fij� ¼
∂xi
∂Xi

	 
 ∂u
∂X

þ 1
∂u
∂Y

∂v
∂X

∂v
∂Y

þ 1

2
664

3
775: (42)

Clearly, deformation gradient F can be obtained by �.
Then, the mass density of an element should be updated as

�nþ1 ¼
�n
jFj, (43)

where � is the density of an element e; jFj is the
determinant of F and Eq. (43) can give the same result with
that used in original NMM as

�nþ1 ¼
�nAn

Anþ1
, (44)

where A represents the area of an element e.
The stress obtained in nth time step is

�n ¼ �ini
n þ DðB0 þ BNÞΔden, (45)

then updated as

�ininþ1 ¼
1

jFjF�nF
T, (46)

�ini
nþ1 is the initial stress of (nþ 1)th time step. The detail

derivation of Eq. (46) could be found in Ref. [33], section
6.2.2, where �n is the second Piola – Kirchoff stress and
�ini
nþ1 the Cauchy stress. If under small rotation or strain, �n

could be close to �ini
nþ1 and the error is limited (see Eqs. (42)

and (46)). For large deformation problems, the upper
treatment is necessary.
The updating rule in large deformation NMM can be

summarized as:
Update the coordinates of mesh.
Update mass density using Eq. (43) and then update

stress using Eqs. (45) and (46).
Update other variables applying on the integration area

if exists.

5 Verifications of large deformation NMM

5.1 Verification of the volume error and rotation angle error

The simple rotation problem illustrated in Fig. 1 is

simulated by the proposed large deformation NMM
(LDNMM). The time step is adopted as 0.01s and is
corresponding to an incremental rotation angle of 3.6° in
each step. The simulation results of NMM and LDNMM
are compared in Table 4 and illustrated in Fig. 10.
Obviously, the volume expansion existed in NMM (T1
and T2, referring to Fig. 10) is eliminated in the
LDNMM (T3 and T4) where the volume error is negligible
(Table 4).
As the rotation angle error is owing to numerical

damping, it can be eliminated by adjust the parameter
involved in Newmark method [38]. As introduced in
section 2.1, there are two parameters, as γ and β (see
Eq. (5)), in Newmark method. All the tests in Table 4 adopt
same g value of 0.5. As discussed in Ref [38], β with value
larger than 0.5 introduces numerical damping and a γ larger
than 0:25ðβ þ 0:5Þ can ensure the numerical stability. By
changing β value from 1.0 to 0.5, the rotation angle errors
existed in T1 and T3 are eliminated in T2 and T4 where the
rotation angle error is limited.
Based on the results in Table 4 and Fig. 10, it can be

concluded that: 1) the small deformation assumption will
lead to significant volume errors, and this volume errors
are eliminated in large deformation NMM; 2) numerical
damping will lead to some rotation angle error, and a
simple remedy is to use β ¼ 0:5 instead of 1.0.
In addition, the volume error and the rotation

angle error in T4 remain the same after five circles, as
volume error less than 1e – 6% and rotation angle
error about – 0.033%. The errors are much smaller than
that obtained by the original NMM (referring to the
Table 3) using 10000 times steps (T4 involves only
100 time steps), where the volume error is 0.395% and the
rotation angle error is – 0.099%, i.e., LDNMM is superior
to NMM for the rotation simulation.

5.2 Verification of the stress error

The stress waves in the simple rotation tests are plotted in
Fig. 11. Referring to Fig. 11, the stress from large
deformation NMM is of high accuracy. The max error of
new scheme with 3.6°/step is 0.8% of the amplitude, close
to 0.9%, which is the error of original NMM with extreme
small incremental rotation angle 0.036°/step and removing
high frequency wave. Besides, the troublesome rotation
stress vibration phenomenon occurred in the original
NMM was eliminated.

Table 4 the results of 4 cases

No. method strain newmark (β) numerical damping volume error (%) rotation angle error

T1 NMM small strain 1.0 yes 39 – 8.40%

T2 NMM small strain 0.5 no 47 0.46%

T3 LDNMM green strain 1.0 yes < 1e – 6 – 4.52%

T4 LDNMM green strain 0.5 no < 1e – 6 – 0.033%
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5.3 Verification of the convergence of large deformation
analysis

The large deformation iteration in the new scheme is
outside the open-close iteration. Since the open-close
iteration used here is as same as that used in the original
NMM and has been proved to be converged, only the
convergence of large deformation iteration should be
verified. A static analysis with large angle rotation is used
to check the convergence of large deformation analysis.
As shown in Fig. 12, the deflection of cantilever beam

ABCD with point forces P ¼ 500 N applied at vertex C
and D were simulated by the proposed large deformation
NMM. Following are the settings: beam length L = 1000
mm, section size 20 mm� 100 mm, elastic mesh with
Young’s modulus E = 200 Mpa and Possion’s ratio
� ¼ 0:3.
Using the theories of small deflection beam, it is

obtained that vertical displacement at the end is v ¼

1000 mmand horizontal displacement is u ¼ 0. While
using the theoretical solution of large deflection beam [48],
the displacement are v ¼ 603 mmand u ¼ – 253 mm.
Clearly, the solution of small deflection beam is unreal and
large deformation theory is necessary.
As shown in Fig. 13(a), the error of the horizontal and

the vertical displacement are 1.9% and 0.8%, respectively.
The iteration process in large deformation NMM is plotted

Fig. 10 The results of new scheme vs original NMM

Fig. 11 The stress obtained by new scheme

Fig. 12 Cantilever beam. (a) Boundary conditions; (b) the 1st
order NMM mesh

Fig. 13 The results of the static simulation. (a) Deformed beam;
(b) iteration process
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in Fig. 13(b), where the max error of � decrease 1 order of
magnitude about every 6 iterations and the vertical
displacement is converged in 15 iterations. The conver-
gence of large deformation iteration can be assured in
several iterations, even for the case that large rotation
occurs in one step.

6 Numerical examples

6.1 A simple rock fall simulation

Rock fall [49] is a common disaster in geotechnical
engineering and is lack of a good numerical simulation
tool. A simple rock falling problem is simulated here to
demonstrate the applicability of the proposed large
deformation NMM.
As shown in Fig. 14, a square block with edge length of

0.05 m falls down to a slope. The slope is 0.5 m in height,
with slope angle of 45° and connecting to horizontal
ground at slope foot. The computation settings were:
elastic plain strain with E ¼ 10 GPa and � ¼ 0:3, Gravity
g ¼ – 10 m=s2, and default time step interval Δt0 ¼
0.01 s.
The block tracks from the original NMM and that from

the proposed large deformation NMM were illustrated in
Fig. 14. In LDNMM, the volume change of new scheme
was – 0.00024%, while that of original NMM was 62%.
Besides, the two methods offer two different traces. In the
simulation using the original NMM, the block starts to
rotate after it contacted with the slope at point A (Fig. 14)
and its volume will expand. Such rotation expansion after
the first impact will cause a tiny error of the contact
position and time during the open-close iteration in the
original NMM. After the first impact, the block will keep
rotating and expanding. Thus, the second impact between
the block and slope happens earlier.

In short, the rotation errors in the original NMM could
lead to the wrong solution of large deformation problems,
such as impact, toppling, and rolling. A large deformation
NMM is required to deal with such kind of simulation.

6.2 A simple sliding test on an arc surface

As shown in Fig. 15, a sliding test is simulated where a
rectangle block is sliding along a frictionless, arc shaped
slope (the arc is approximated by a polyline with 20
points). The block is supposed to enter the slope foot with
an initial velocity of v, then move up to the highest point of
the arc and finally return back to the horizontal ground at a
speed of – v.

The NMM mesh is shown in Fig. 16. The gravity is set
as g ¼ – 10 m=s2. The initial velocity v entering the arc
should be v ¼ ffiffiffiffiffiffiffiffi

2gh
p ¼ ffiffiffiffiffi

20
p

m=s and is realized by
imposing a horizontal acceleration 4

ffiffiffiffiffi
20

p
m=s2 from 0 to

0.25 s. The computation settings were: elastic plain strain
with E ¼ 30 GPa and � ¼ 0:3, default time step interval
Δt0 ¼ 0:005 s and Newmark parameters [0.5, 1.0].
The block tracks simulated by LDNMMwere illustrated

in Fig. 17. It is found the block reaches the highest point at
0.921 s with the center elevation of 0.957 m (error – 4.3%).
The block volume V vs time t is plotted in Fig. 18, which
indicates that: the volume in the original NMM is
increasing step by step when block is sliding on the arc
surface, and this unreasonable volume expansion is
eliminated in the proposed LDNMM.
The recorded velocity versus time t is plotted in Fig. 19.

Referring Fig. 19, if β ¼ 1, the block speed after sliding
back to the horizontal surface has lost 3.85% (the original
NMM) and 4.05% (the proposed LDNMM), respectively.
Such loss of velocity could be induced by the numerical
damping.
During the sliding process, the energy of the sliding

block is calculated by Eq. (42) as

E ¼ 1

2
mvc

2 þ 1

2
Iωc

2 þ mgΔh, (47)

Fig. 14 Two methods offer two different traces

Fig. 15 The model of the sliding test
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where m denotes the density, I is the rotational inertia, vc is
the velocity of the block center, ωc is the angular velocity
of block center (which is measured using the velocities of
two points on the block), and Δh is the lifting height of the
block.
The energy from different β is compared in Fig. 20. It

can be noted that energy loss happens when the block is
sliding on the arc surface. A small β can decrease such
energy loss, however, may lead to unreasonable energy
oscillation. Referring to Fig. 20, the energy oscillation is
negligible when the test using a larger β such as 0.8 (i.e.,
introduce more numerical damping). A possible explana-
tion can be that the numerical damping decreases the
oscillation of the energy storage in contact spring which is

not existed in nature. Another possible explanation is
reported in Ref. [39], as that the numerical damping allows
contact force oscillation to dissipate rapidly and results in a
stable contact state. Thus, although numerical damping
will lead to energy loss during rotation process, the
numerical damping is still necessary for the simulation
involving contacts.

7 Conclusions

Through the theoretical and numerical analysis in this
study, it can be revealed that volume expansion and stress
vibration will happen in the rotation simulation by original

Fig. 16 The NMM mesh with 20 elements

Fig. 17 The sliding process of the sliding test
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NMM. Such errors are owing to the small deformation
assumption adopted in the original NMM and can be
eliminated by replacing the linear strain with Green strain.
A large deformation NMM is proposed by introducing

Green strain and the large deformation iteration. In the
proposed LDNMM, open-close iteration is embedded in
the large deformation iteration and a updating strategy for
variables defining on the physical body is included.
The proposed method was used to analyze block

rotation, beam bending, and rock falling problems. The
numerical test results demonstrate that the proposed
LDNMM is proved to be converged, serves well for
rotation problems, and can eliminate these rotation errors.

Numerical test results also indicate that the time step
integration in NMM is in fact a special case of Newmark
method which use b as 1.0. Numerical damping exists in
NMM or LDNMM if the Newmark parameter b is larger
than 0.5. Such numerical damping will lead to a decreasing
of angular velocity; however, can help to avoid unreason-
able oscillations of the energy in the simulation involving
contacts. A further study for the influence of numerical
damping on contacts is required.
In addition, although many efforts have been carried out

to deal with crack issues over the past decades and great
achievements have been achieved (e.g., Refs. [9,10,12,50–
52], the issues of crack propagation induced (or accom-

Fig. 18 Block volume vs time

Fig. 19 Block velocity vs time
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panied with) large displacement and rotation, such as the
bending crack, hydraulic fracturing and topping, etc., need
urgent solutions. The coupling simulation of cracks,
contacts and large deformation theory will be a promising
work in in future.
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