
RESEARCH ARTICLE

Risk-based probabilistic thermal-stress analysis of
concrete arch dams

Narjes SOLTANIa, Mohammad ALEMBAGHERIa*, Mohammad Houshmand KHANEGHAHIb

a Department of Civil and Environmental Engineering, Tarbiat Modares University, Tehran 1411713116, Iran
bDepartment of Civil Engineering, Shahid Beheshti University, Tehran 1983969411, Iran
*Corresponding author. E-mail: alembagheri@modares.ac.ir

© Higher Education Press and Springer-Verlag GmbH Germany, part of Springer Nature 2019

ABSTRACT The probabilistic risk of arch dam failure under thermal loading is studied. The incorporated
uncertainties, which are defined as random variables, are associated with the most affecting structural (material) properties
of concrete and thermal loading conditions. Karaj arch dam is selected as case study. The dam is numerically modeled
along with its foundation in three-dimensional space; the temperature and thermal stress distribution is investigated during
the operating phase. The deterministic thermal finite element analysis of the dam is combined with the structural reliability
methods in order to obtain thermal response predictions, and estimate the probability of failure in the risk analysis context.
The tensile overstressing failure mode is considered for the reliability analysis. The thermal loading includes ambient air
and reservoir temperature variations. The effect of solar radiation is considered by an increase in the ambient
temperatures. Three reliability methods are employed: the first-order second-moment method, the first-order reliability
method, and the Monte-Carlo simulation with Latin Hypercube sampling. The estimated failure probabilities are
discussed and the sensitivity of random variables is investigated. Although most of the studies in this line of research are
used only for academic purposes, the results of this investigation can be used for both academic and engineering purposes.
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1 Introduction

Concrete arch dams are important and critical infrastruc-
tures. Their safe operation is of great concern because their
damage or failure can lead to economic losses and potential
loss of life. Thermal loading is one of the main loadings of
thin arch dams which should be considered in their safety
analysis and design [1,2]. Temperature variation and the
associated thermal stresses should be determined to define
initial conditions in dam safety analysis. Temperature
effects on arch dams can be studied in two distinct phases:
construction and operation [3]. After the construction
phase, the closure or grouting temperature is considered as
free-stress temperature for the next phase. During the
operation phase, thermal loadings due to variations of
ambient air temperature, reservoir temperature, and solar
radiation cause difference between dam’s temperature and
the closure temperature. Because in this phase the dam is

assumed to be a continuous system, the temperature
difference would result in thermal stresses. However, for
proper evaluation of the stresses, the thermal analysis of
arch dams should be done in three-dimensional space [3].
The arch dams are frequently investigated using

deterministic thermal analysis methods, among them
[3–9], but because of the uncertainties related to the
parameters describing the structural system and the loading
conditions, probabilistic risk assessment methods are
preferred. The probabilistic methods provide more com-
prehensive information regarding the risk levels revealed
by a specific structure. Moreover, these methods give
insights and perspectives that deterministic analysis cannot
procure [10–12]. In addition to probabilistic approaches,
utilizing the stochastic analysis is inevitable in complex
systems to comprehensively model their behaviors. For
instance, the mechanical properties of nanocomposites is
influenced by miscellaneous uncertainty; hence, the
stochastic impacts of the involved randomness have to
be considered properly and thoroughly [13–15]. TheArticle history: Received Apr 7, 2018; Accepted May 29, 2018
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different types of uncertainties are classified as aleatory
(inherent randomness or natural variability) and epistemic
(lack of knowledge) [16]. While aleatory randomness
cannot be reduced, epistemic uncertainty can be reduced
by increasing the amount of information. Comprehensive
assessment of the risk of thermal-induced structural failure
requires a robust numerical method that accurately models
the behavior, and explicit consideration of important
sources of uncertainty. A primary source of modeling
uncertainties lies in the definition of numerical model
parameters, specifically those related to the structural
system and the loading conditions [17,18]. The uncertain
parameters are defined as random variables with proper
distribution functions and assigned values.
The risk in dam safety analysis is affected by the

combined impact of failure scenario, probability of
occurrence and the associated consequences [16,19–21].
Therefore, the risk analysis of dams first requires
identification of potential failure scenarios, and then
quantification of the conditional probability of these
scenarios for different loading conditions. The failure
scenario can be presented as limit-state inequality given by

ΨðXÞ£0, (1)

where Y(X) is the limit-state (performance) function with
the failure condition defined by the above inequality, and X
is the vector of random variables in the problem. Y(X) = 0
defines the failure or limit-state surface. The probability of
occurrence of the failure scenario, Pf [Y(X)£0], which is
equal to the exceedance probability of the corresponding
limit-state function, can be computed through the prob-
abilistic framework [10]

Pf ðΨðXÞ£0Þ ¼ !
ΨðXÞ£0

ΠðXÞdX , (2)

where P(X) is the joint probability density function of the
random variables. There are various statistical techniques
to quantify the risk. These techniques, which are known as
structural reliability methods, use different mathematical
formulations. Assuming that the random variables are
normally distributed, the reliability index b, is then defined
as

β ¼ –Φ – 1ðPf Þ, (3)

where F is the standard normal cumulative distribution
function.
The present study deals with the probabilistic assess-

ment of the arch dam’s failure risk under thermal loading
which incorporates the uncertainties associated with the
structural (material) properties and the loading conditions.
Karaj arch dam, located in Iran, is selected as case study.
The dam is numerically modeled along with its foundation
in three-dimensional space to investigate its temperature
and thermal stress distribution during the operating phase.
The deterministic thermal finite element analysis of the

dam is combined with the structural reliability methods in
order to obtain better thermal response predictions, and
estimate the probability of failure in the risk analysis
context. A single overstressing failure mode is defined for
the reliability analysis. The thermal loading includes
ambient air and reservoir temperature variations. The
effect of solar radiation is considered by increasing the
ambient temperatures. In the risk analysis, sources of
uncertainty related to the thermal loading and material
properties are treated using three reliability methods: 1)
first-order second-moment method (FOSM), 2) first-order
reliability method (FORM), and 3) Monte-Carlo simula-
tion with Latin Hypercube sampling (MC-LHS).

2 Uncertainty treatment

The temperature distribution and consequently the thermal
stresses in arch dams are affected by different parameters.
These parameters can be classified either as determined
variables, or as random variables whose values are not
exactly known and, therefore, are reliant on uncertainty.
For the variables considered as random, it is necessary to
determine their probability distribution functions, for
which, results of research, experiments, and field tests
should be taken into account [16]. The uncertainties must
reflect change in environmental loads and the actual
condition of the structure. The two main sources of
uncertainty captured in this study are related to the thermal
(environmental) actions and the material (structural)
parameters.
A variety of approaches have been used to study the

effects of modeling uncertainties on the structural
response. In this research, for propagating modeling
uncertainties and quantifying their effect on the structural
response, the following methods are implemented: FOSM,
FORM, and MC-LHS. These methods have different
accuracy and computational cost.
The FOSM has the least computational cost, so it is first

applied in order to obtain an initial estimation of the
occurrence probability of failure scenario, and to determine
the contribution of each random variable to the variance of
the limit-state function, Y(X) [16]. If the mean values of
the random variables are defined through vector M, in the
FOSM, Y(X) is linearized using a Taylor series expansion
about the mean point. The mean value of Y is determined
by mY =Y(M), and the standard-deviation of the limit-state
function σY, is computed from the gradients of Y(X). The
linear approximation may be problematic when the limit-
state function is highly nonlinear. The reliability index, b,
is computed by dividing mY to σY. A sensitivity importance
vector λ, can be also calculated by the FOSM whose
components measure the relative importance of random
variables [22]. The greater absolute value of λi shows the
greater importance of the corresponding ith random
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variable. The sign of λi indicates whether the random
variable is a resistance or load variable, i.e., whether an
increase in the realization of the random variable yields a
larger or smaller reliability index, respectively.
The FORM is another class of reliability-based methods

that uses linear approximation of the failure or limit-state
surface, Y(X) = 0. The approximation is centered around a
design point which is the point on the failure surface
associated with the highest probability of failure. The
distance between the design point and the origin is defined
as the reliability index. This method is very effective at
handling large numbers of random variables, and the
approximation is very good at low failure probabilities. Its
detailed formulation can be found elsewhere [17,22]. The
gradient computations required in the FORM would result
in the sensitivity measures. The importance vector, called
as α-vector, is related to the sensitivity measures and
reveals the relative importance of the random variables.
The contribution of each random variable to the total
variance of the limit-state function is represented by the α-
vector. The sign of the components of the α-vector
indicates that the random variable is load or resistance if
the sign is positive or negative, respectively. There are two
other importance vectors called as δ-vector and η-vector.
The δ-vector and the η-vector represent the influence of the
mean and the standard deviation of the random variables
on the reliability index, respectively [22].
The benchmark and most reliable method is sampling,

such as Monte-Carlo method, which is used for its ease of
application in problems formulated in terms of a
performance function [23]. In the Monte-Carlo method
realizations of each random variable are generated, which
form a simulation model, and then the model is analyzed to
determine the thermal response. By repeating the process
for thousands of sets of realizations, distribution of thermal
response results associated with the input random variables
is determined [17]. The exceedance probability of failure
scenario, Pf, is estimated by dividing the number of
simulations where failure scenario occurred to the total
number of simulations. While conceptually straightfor-
ward, the Monte-Carlo procedure can become computa-
tionally very intensive because the number of simulations
performed should be large enough to capture the searched
probability. The remedy can be using more efficient
sampling methods, among them Latin Hypercube Sam-
pling (LHS) is selected for this research because of its
efficiency and simplicity. The LHS is a variance reduction
sampling method that stratifies variable marginal distribu-
tions in order to fully cover the range of each variable in a
more efficient way than pure Monte-Carlo sampling [24].
Unfortunately, the appropriate sample size N, cannot be
formerly determined to achieve a certain confidence level.
However, using a relatively high N that is substantially
larger than the number of random variables will result in
reasonably accurate estimates for practical purposes.

3 Thermal-stress analysis of arch dams

3.1 System and boundary conditions

The system considered here is a concrete arch dam which
is affected by environmental thermal actions. The govern-
ing equation of conductive heat transfer within body of a
homogenous and isotropic arch dam in a three-dimensional
Cartesian system is defined by [25]

kr2T ¼ �Cp
_T –Q, (4)

in which k is the isotropic thermal conductivity coefficient
(W/(m2$°C)), T is the temperature (°C), r2 is Laplacian
operator, r is the concrete density (kg/m3), Cp is the
specific heat (J/(kg$°C)), Q is the internal heat generation
per unit volume such as hydration process (W/m3), and
‘dot’ represents derivative with respect to time. The
boundary conditions of the above equation are

T ¼ Tw on Λw, (5a)

k
∂T
∂n

¼ qa – qc – qr on Λa: (5b)

The first boundary is a prescribed temperature on
boundary Lw. In problem of arch dams, this boundary is
considered at the dam-water interface, and Tw is the water
temperature. On the exposure surface or dam-air interface
La, the heat can be exchanged through the convective heat
flux qc, the radiative heat flux qr, or the solar radiation flux
qa; all fluxes are in W/m2. n represents the outflow normal
direction of La. The convective heat flux is the result of
temperature difference between La and ambient air
temperature. It is formulated by Newton’s cooling law [6]

qc ¼ hðT – TAÞ, (6)

where h is the convection coefficient (W/(m2$°C)), T is the
temperature of dam surface (°C), and TA is the ambient air
temperature (°C). The heat transfer by convection is a
complex phenomenon and it can be influenced by many
parameters such as shape and rugosity of the surface,
viscosity, and speed of wind. However, some formulas
have been proposed which linearly relate h to the wind
speed [3].
The heat can be also exchanged by electromagnetic

radiation from the exposure surfaces of the dam. The
radiative heat flux, qr, can be measured by the Stefan-
Boltzman law

qr ¼ eCsðT4 – T4
AÞ, (7)

where e is the emissivity of surface, and Cs is the Stefan-
Boltzman constant (Cs = 5.669�10–8 W/m2).
The solar radiation heat flux absorbed by the body of the

dam is dependent on the total amount of solar energy
reaching the surface and solar absorptivity of the surface
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[3]. The amount of solar radiation reaching the concrete
surface follows cyclical seasonal variation. Unlike gravity
dams, in concrete arch dams, the total solar radiation
reaches have spatial variation through the whole exposed
surfaces of arch dam [3]. To simplify the model, in this
research, this effect is considered by increasing the air, and
consequently, the water temperatures.
The daily air temperature variation, Tair, can be

approximated by a sinusoidal function [6]

Tair ¼ T air þ Aaircos
2πt
365

� �
, (8)

where Aair is the amplitude (°C), T air is the mean annual
temperature (°C), and t is the time (days). The amplitude
Aair, is dependent on the maximum and minimum average
monthly temperatures and the yearly mean average
temperature. The reservoir temperature is estimated at
various depths of the reservoir. In this research, the
Bofang’s experimental-analytical formula is used to
predict water temperature stratification in the deep
reservoir.

3.2 Finite element formulation

By descretizing the temperature domain as T = NTT, where
NT is the matrix of shape functions and T is the vector of
unknown temperatures, the finite element formulation of
Eq. (4) considering the defined boundary conditions of
Eq. (5), would be in the form of

H _T ðtÞ þ KTðtÞ ¼ QðtÞ, (9)

whereH is the system heat capacity matrix, K is the system
thermal conductivity matrix, and Q(t) is the system heat
flux vector which is the sum of fluxes due to internal heat
generation, solar, convection, and radiation using the
following equations:

H ¼ !
Ω

�CpNNTdΩ, (10)

K ¼ !
Ω

k
∂N∂NT

∂x2
þ ∂N∂NT

∂y2
þ ∂N∂NT

∂z2

� �
dΩ

þ!
Ωs

Nhdsþ !
Ωs

Nhrds, (11)

QðtÞ ¼ !
Ω

NQdΩþ!
Ωs

Nqadsþ!
Ωs

NhTAds

þ!
Ωs

NhrTAds, (12)

where Ω and Ωs are the total domain of the system and its
surface, respectively.
In the presence of radiation, K is dependent on the

unknown temperatures. So the above equations are a
system of nonlinear ordinary differential equations. The
solution at each time step may be carried out by iteration
[25]. Other sources of nonlinearity in the finite element
implementation of thermal conduction within the dam
body are: 1) the time or temperature dependence on
mechanical-thermal properties of concrete, 2) the presence
of latent heat effects during phase change, and 3) the
presence of anisotropic conductivities. In the operation
phase, the heat transfer process will not be affected by the
latent heat effects. Since the temperature varies in a relative
narrow region of – 18°C–36°C during this phase, the
temperature dependence of thermal and mechanical
properties of concrete are negligible [3]. Therefore, the
only source of nonlinearity in Eq. (9) is the presence of
radiative boundary conditions.

3.3 Thermal stresses

The difference between calculated nodal temperatures T
and the nodal closure (grouting) temperatures T0 for each
element of the dam domain would result in a thermal strain
vector as

εth ¼ αðT –T0Þ, (13)

where α is the coefficient of thermal expansion (1/°C). The
thermal strain generates the thermal force vector in the
following form

F t ¼ !
Ω
BTDεthdΩ, (14)

in which B is the strain-displacement matrix, and D is the
stress-stain matrix. This force vector contributes in the
force balance of the system and leads to nodal displace-
ment vector δ and element stresses through the following
equation:

F t ¼ K sδ, (15)

K s ¼ !
Ω

BTDBdΩ: (16)

Under long-term action of stress, creep phenomenon
would result in an increase in the concrete strain, so
relieves some of the induced static thermal stresses. The
stress-creep-temperature interaction analysis is beyond the
scope of this study and is not considered.

4 Karaj arch dam model

Karaj dam, which is located on Karaj River, was the first
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multi-purpose dam in Iran completed in 1961 (Fig. 1(a)). It
is 180 m high double curvature arch dam with the crest
length of 384 m. The dam width is about 32 m at the base
and 8 m at the crest level. The complete description of its
geometry can be found in Ref. [3]. The dam is modeled
along with a part of its rock foundation using the finite
element method, the finite element mesh is shown in Fig. 1
(b). The only source of loading is the thermal effects during
its operation phase; the other static loads due to self-weight
or hydrostatic pressure is not considered. This is because of
the fact that tensile stress distribution due to temperature,
self-weight, and hydrostatic load is very similar with that
of only temperature load conditions. So thermal loading
has a significant effect on tensile stress response of this
concrete arch dam [3].
Because of small thickness of the arch dam, it can be

assumed that the majority of the hydration heat has been
dissipated in a few years after the dam completion [3].
Therefore, the generation of internal heat by hydration of
concrete is not considered. The mean monthly reservoir
depth of Karaj dam shows 40 m difference between winter
and summer [3]. But in this study, the reservoir depth is
considered constant same as the dam height. At the dam-
water interface, neither convection nor radiation occurs,
and the concrete temperature is considered equal to the
water temperature [6]. At the concrete-air interface, the
considered boundary conditions are convection between
concrete and air, and radiation from concrete surface. The
effects of solar radiation are taken into account as an
increase in the ambient air and water temperatures. The
foundation thermal effects are ignored. The closure
temperature recorded at the time of grouting of the dam
monoliths was different along the dam height, but the same
closure temperature is considered for the entire dam body.
The concrete and foundation rock are assumed to be

homogeneous and linear elastic. The effective mechanical
and thermal properties of concrete are assumed as random
variables, but isotropic and temperature-independent. The
effects of uncertain random variables on the predicted
limit-state function are incorporated employing the FOSM,

FORM, and MC-LHS methods in the probabilistic risk-
based thermal analysis of the dam. The random variables
and the limit-state function are defined in the next sections.
In the MC-LHS method, there is no predefined sample size
N to achieve a certain confidence level [26]. Some
formulas have been presented for various applications
[27]; one of the simplest formulas suggests that [28]

N > –
ln½1 –Cl�

Pf
, (17)

where Cl is the confidence level, and Pf is the exceedance
probability of failure. Based on this convenient formula,
about 4000 samples are required for a 98% confidence
level and Pf = 10–3. This Pf value is reasonable in dam
engineering [29]. In this study, total of 1000, 2000, and
4000 realizations of the dam system are separately
generated for the MC-LHS method. These numbers are
relatively high such that allow acceptable level of accuracy
and lead to statistically significant results. In all above-
mentioned procedures, the impact of modeling uncertain-
ties on the thermal response may be significantly affected
by the correlations between the input random variables
[30]. There is insufficient data to quantify these correla-
tions, so values are typically based on previous experi-
ments and expert judgment.

4.1 Random variables

The assessment of modeling uncertainties focuses on those
determine the structural material properties and the loading
(boundary) conditions or environmental parameters which
are defined as random variables. The uncertainties of
concrete material properties show the extent to which the
idealized model accurately represents real behavior. The
thermal and mechanical properties of concrete which are
considered as random variable are listed in Table 1 along
with their probability density function, mean and standard
deviation. It should be noted that some of these variables
have large uncertainties due to the lack of data (epistemic).

Fig. 1 (a) Aerial view of Karaj arch dam; (b) finite element mesh of the dam and its foundation
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The large uncertainty justifies using the probability
distributions such as uniform or triangular with large
coefficients of variation. This is the case for thermal
conductivity, emissivity, coefficient of thermal expansion,
and specific heat. For the other random variables, some
information is available from dam sites or empirical data of
similar dams, so they are assumed to be lognormally
distributed, where the mean and standard deviation are
obtained from previous research [3,6,25,29–33]. The
material’s random variables are all assumed to be
uncorrelated.
The closure temperature or the concrete temperature at

time zero for transient computations of Eq. (9) is usually
determined by a steady-state heat transfer analysis with
applying mean annual air and water temperatures. But in
practice, it is common to relate the closure temperature T0
of the dam with the mean annual air temperature T air. In
this study, the following correlation is considered [30]

T0 ¼ T air – 3°C: (18)

Environmental uncertainties in the thermal loading are
related to the variation of ambient air and water
temperatures. The ambient air temperature can be
predicted using Eq. (8). In this equation, the amplitude
and the mean annual air temperature are considered as
independent random variables listed in Table 2.
The effect of solar radiation is considered as an increase

in the ambient air temperature [6]

ΔTsolar tð Þ ¼ Bs þ Ascos
2πt
365

� �
¼ 3:5 – 1:5cos

2πt
365

� �
,

(19)

where As and Bs are two constants that are assumed as 3.5
and – 1.5, respectively.
So the applied air temperature would be

Tairþsolar tð Þ ¼ T air þ 3:5
� �þ ðAair – 1:5Þcos

2πt
365

� �
:

(20)

The reservoir water temperature Twater, which is function
of the depth of water y and time t, is correlated to the air
temperature using the Bofang’s method with some
empirical modifications [3,25].

Twater y,tð Þ ¼ T w yð Þ þ Aw yð Þcos 2πðt – zÞ
365

� �
, (21)

TwðyÞ ¼ cþ T surf – c
� �

eð – 0:04yÞ, (22)

AwðyÞ ¼ Asurf e
ð – 0:018yÞ, (23)

T surf ¼ 3:84þ 0:76T air, (24)

Asurf ¼ 3:84þ 0:76Aair, (25)

c ¼ Tbot – T surf e
ð – 0:04HÞ

1 – eð – 0:04HÞ , (26)

z ¼ 30� ð2:15 – 1:3e – 0:085Þ ¼ 28:68, (27)

where Tw (y) and Aw (y) are the mean annual and amplitude
of the water temperature at depth y, respectively, z is the
phase lag between air and water temperatures, Tsurf and
Asurf are the mean annual and amplitude of the water
surface temperature, respectively, Tbot is the temperature of
the deep reservoir which is assumed constant as 6°C, andH
is the depth of reservoir. To be applied in numerical model,
the mean annual and amplitude of the water temperature
are computed and applied separately at nine different levels

Table 1 Random variables related to the structural system properties

parameter unit probability function mean standard deviation

concrete density (r) kg/m3 lognormal 2400 480

Young’s modulus (E) GPa lognormal 30 6

thermal conductivity (k) W/(m2$°C) uniform 2.91 0.85

convection coefficient (h) W/(m2$°C) lognormal 20.90 6.27

emissivity (e) - uniform 0.775 0.072

coefficient of thermal expansion (a) 1/°C uniform 1.02e-05 1.62e-06

specific heat (Cp) J/(kg$°C) uniform 967 65

Table 2 Independent random variables related to the environmental actions

parameter unit probability function mean standard deviation

air temperature amplitude (Aair) °C uniform 11.5 2.02

mean annual air temperature (T air) °C normal 24 4.8
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below the water surface. Therefore, the number of thermal
loading random variables is 23, and the total number of
random variables in the model is 30.

4.2 Limit-state function

The proper definition of the limit-state function and the
associated failure scenario is a key issue to ensure the
soundness of the solutions obtained with the probabilistic
risk analysis [16]. This study simply focuses on over-
stressing limit-state as it is one the most important failure
scenario when evaluating the static performance of arch
dams [10]. This overstressing is assessed in tension,
because the previous analyses of Karaj arch dam have
shown that the compressive stresses are far below the
compressive strength of concrete [3]. The tensile over-
stressing would result in tensile cracking of the dam body
which is one of the most important failure modes of
concrete dams [30]; however it is dependent on the tensile
strength of the concrete. So, the limit-state function Y, is
defined as

ΨðXÞ ¼ f t – τmaxðXÞ < 0, (28)

where ft is the tensile strength of concrete, and τmax is the
maximum principal thermal stress of the dam body during
the transient thermal analysis. The state of Y< 0 indicates
that the limit-state function is exceeded or the failure
scenario (tensile cracking) occurs, however, this failure
scenario is not coincident with the total failure of the arch
dam.

5 Probabilistic analysis results

In this section, the results of the probabilistic analysis
methods are separately presented. Also the sensitivity of
the random variables is investigated.

5.1 FOSM

First, the exceedance probability of limit-state function, Pf

[ft – τmax(X)< 0], is computed using the FOSM for varying
values of concrete tensile strength ft. The obtained Pf - ft

plot considering all random variables (30 R.V.) is shown in
Fig. 2. From this figure, the probability of development of
thermal tensile stress within the dam body is about 70%.
But, the probability of exceeding the thermal tensile stress
of 1.5 MPa within the dam body is below 1%. Moreover, it
is observed from this figure that the exceedance prob-
abilities obtained for the model with 30, 7, and 5 random
variables are the same. Consequently, it can be concluded
that it is reasonable to consider the model with only 5
random variables for further analysis to reduce the
computational cost of the analyses and also the complexity
of the model. In addition, this figure reveals the exceedance
probabilities of the concrete of the dam body with
allowable tensile varying from 1 to 3 MPa which can be
used by not only the researchers but also practical
engineers.
The contribution of all random variables to the variance

of the limit-state function is computed using the FOSM
importance vector; some of its measures are presented in
Fig. 3 with blue color with their related values. In this
figure, Tw,h is the mean annual water temperature at depth h
which is dependent random variable. So Tw,0 is equal to
Tsurf in Eq. (24). The variables with highest contributions
or the most important variables of the structural system

Fig. 2 FOSM Pf - ft plot

Fig. 3 FOSM importance measures for random variables of (a) structural system properties; (b) thermal loading parameters

Narjes SOLTANI et al. Risk-based probabilistic thermal-stress analysis of concrete arch dams 1013



properties, from Fig. 3(a), are the concrete Young’s
modulus E, and coefficient of thermal expansion α, with
the positive sign which shows that an increase in these
random variables yields a larger probability of failure. The
importance measures for the other structural properties are
near or almost zero. About the thermal loading parameters
in Fig. 3(b), the most important variables are the closure
temperature T0, and the mean annual air temperature T air,
with opposite signs which means that T0 is a resistance
variable while T air is a load variable. From Fig. 3(b), it is
observed that the mean annual water temperature in top
20 m depth of the reservoir is the most important, below
that the annual mean temperatures of the reservoir can be
assumed deterministic at their mean values. The amplitude
of air temperature is of low importance, and the amplitudes
of water temperatures have almost zero importance
measure. Also, the importance of loading variables is
much higher than the structural properties.
Based on the importance measures, it is decided to

reduce the number of random variables to the most
important ones, making the values of the rest constant and
equal to their mean values. Hence, two new sets are
defined: 1) 7 random variables, 7 R.V., including α, E, T air,
Aair, T0, Tw,0, Tw,20; and 2) 5 random variables, 5 R.V.,
including T air, Aair, T0, Tw,0, Tw,20. In the latter set, the
parameters of structural properties are all considered
deterministic. By repeating the FOSM analysis for these
two sets, their Pf -ft plots and importance measures are
shown in Figs. 2 and 3, respectively. As it is observed, the
results of the two new sets are very similar to those
calculated with 30 random variables, so it is concluded that
the number of random variables can be reduced to just 5
loading random variables; the other random variables
including all of structural variables can be considered
constant.
The contour of exceedance probability of the dam body

for tensile strength of ft = 2 MPa, normalized with respect
to the maximum value, considering all 30 random

variables is illustrated in Fig. 4. The probabilities are
calculated for maximum envelope of tensile stress during
the transient thermal analysis of the dam. Higher
exceedance probabilities are observed along the dam-
foundation interface specifically on the downstream face.
The highest values belong to the crest level near
abutments. The lowest probabilities occur at the middle
regions of the dam body on both faces. From this figure,
the regions in which the cracking is most probable can be
predicted.

5.2 FORM

The estimated values of reliability index and exceedance
probability obtained from the FORM for varying concrete
tensile strength are illustrated in Fig. 5. Also shown are the
results of the FORM considering 7 and 5 important random
variables, as previously defined. The probability of
exceedance of the maximum thermal tensile stress of the

Fig. 4 Contour of exceedance probability from the FOSM for ft = 2 MPa: (a) upstream face; (b) downstream face

Fig. 5 FORM Pf – ft plot. In legend, the numbers in parentheses
show the number of random variables
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dam body from 1.5 MPa, considering all of random
variables, is about 0.2%. As it is obvious, the results of 30
and 7 random variables are almost identical. It means that
other unimportant variables can be eliminated from the
analysis in order to decrease computational cost of
analysis. However, they show more probability of failure
with respect to 5 random variables set. Therefore,
neglecting randomness due to important structural proper-
ties α and E, underestimates the probability of failure
especially for higher values of ft, it is because of dispersion
for lower exceedance probabilities. Since the FORM
sensitivity results are more reliable than what was provided
by the FOSM, the important system properties α and E
should be considered as random variables in the thermal
reliability analysis of concrete arch dams.
The components of the FORM’s sensitivity α-vector

considering 30, 7, and 5 random variables are depicted in
Fig. 6. Also reported are the values of the 30 R.V. set. The
results are computed for ft = 2.0 MPa; they are
approximately the same for other ft values. The important
random variables are the same as those predicted by the
FOSM with the same sign, but with a significant difference
that the importance of structural properties α and E are in
the same order with the loading important variables. So the
results of the 5 random variables set differ from 30 and 7
random variables sets which are approximately the same.
Therefore, it is found out that the structural properties α
and E play important rule in reliability analysis and it is

mandatory to be assumed as random variables. The other
structural properties are of very low importance. The
amplitude of water temperature is again not important at
all. The mean annual water temperature is important just
for top 20 m of the reservoir. From the sign of sensitivity
measures in Fig. 6, it can be inferred that as all important
random variables except T0 increase, reliability index
decreases. On the other hand, by increasing T0, the
structure response which is based on maximum tensile
stress decreases, and the system becomes more reliable
(higher value of reliability index).

5.3 MC-LHS

The random variables are separately sampled 1000, 2000,
and 4000 times, each time generating a set of realizations
that are consistent with their assumed probability distribu-
tion functions. For each set of realizations, the maximum
(tensile) principal stress during the transient thermal
analysis is computed. The histograms of the obtained
thermal stresses, considering all 30 random variables, are
shown in Fig. 7 along with the best distribution fit and its
second-moment characteristics determined by the Ander-
son-Darling test [33]. Regardless of the number of
samples, the best-fitted probability distribution is lognor-
mal with approximate mean and standard deviation of 0.61
and 0.47 MPa, respectively. Although increasing the
number of samples would lead to more accurate results,

Fig. 6 Components of the FORM’s α-vectors for random variables of (a) structural system properties; (b) thermal loading parameters

Fig. 7 Histograms of MC-LHS simulations along with the best distribution fit, its mean and standard deviation (STDEV): (a) 1000
samples; (b) 2000 samples; (c) 4000 samples. The horizontal axis is the concrete tensile strength
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but large coefficient of variation (standard deviation
divided by mean) of 0.77 shows high dispersion in the
results due to the assumed random variables. It means that
large uncertainties are controlling the results, no matter
what number of simulations is being used. So it is expected
that the assumed distribution functions and the related
parameters, specifically those for important random
variables, have high impact on the probabilistic and
reliability analysis as it has been shown in other
applications [10]. Furthermore, by increase number of
realizations, the probability characteristics of the outputs
do not change significantly indicating that lower number of
samples will provide the same result accuracy as greater
number of samples. Hence, for complex system which has
high computational cost, similar to what is dealt in this
investigations, it is recommended to use efficient and also
practical number of realizations. It is worth mentioning
that performing more realizations may be impractical as
the computational cost of deterministic model is high. In
addition, there are several methods in the literature which
have dealt with complex engineering models using meta-
models, chaos polynomial expansion method, and surro-
gate models [11–15]. They can be the subject of future
studies.
The failure exceedance probabilities Pf can be conse-

quently computed from the histograms and plotted for
different ft values as shown in Fig. 8. As it is clear, the Pf - ft
curves are very close for different number of model
evaluations, N. So, approximately the same estimation for
Pf would be obtained by using lower number of samples
that demands lower computational cost. The exceedance
probability drops significantly for ft< 1 MPa and its
decline rate decreases for higher ft value. The exceedance
probability for ft = 1.5 MPa is about 6%.

Because approximately the same exceedance probability
is obtained using lower number of samples, the Pf - ft
curves are re-generated including 7 and 5 random
variables, as described before, using 1000 samples. The
curves are illustrated in Fig. 9 along with that one
considering 30 random variables. From this figure, the

curves of 30 and 7 random variables are very close to each
other showing more Pf values in every ft level with respect
to the curve of 5 random variables, similar to what was
concluded from the FORM. Therefore, the structural
parameters of elastic modulus and coefficient of thermal
expansion should be considered as random variables while
the other structural parameters can be assumed determi-
nistic. The same conclusion can be drawn for the thermal
loading parameters.

6 Comparison of the reliability methods

The Pf - ft curves generated through various reliability
methods considering all 30 random variables are compared
in Fig. 10. In each ft level, the highest exceedance
probability of failure belongs to the MC-LHS method
while the FORM provides the lowest value. Although the
FORM is time-consuming and demands high computa-
tional cost, but it is observed the more expensive the
reliability method such as the MC-LHS method used, the
higher the values of the exceedance probability obtained.
Because the MC-LHS method is a more reliable method,
which provides more precise results, it is concluded that
simpler methods such as the FOSM systematically under-
estimates the failure probability in entire ft range.

Fig. 8 MC-LHS Pf - ft plots for 1000, 2000, and 4000 samples

Fig. 9 MC-LHS Pf - ft plots for 30, 7, and 5 random variables (R.
V.) with 1000 samples

Fig. 10 Comparison of Pf - ft curves obtained from the FOSM,
FORM, and MC-LHS methods considering 30 random variables
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Considering ft = 2 MPa as a common lower bound for static
tensile strength of dams’mass concrete [32], the probability
of exceeding this ft value is 0.036%, 0.004%, and 1.82%
for the FOSM, FORM, and MC-LHS methods, respec-
tively. So the probability of tensile cracking of the dam
body under thermal loading in the worst case is below 2%.
This is a high failure probability in dam engineering [23],
but it is noteworthy that this thermal cracking does not lead
to total collapse of the dam.
In the risk context, the exceedance probabilities

conditioned on specific and deterministic thermal loading
situation do not provide much information about the dam
safety [16]. To be applicable, these probabilities should be
multiplied by the annualized probability of the thermal
loadings. In this way, the effects of large scatter in the
obtained results can be evaluated on the global results and
on the decisions related to the dam safety. The total
annualized probability of thermal overstressing failure can
be calculated as the sum of the products of the probability
of loading by the conditional probability of failure.
However, in this study, the probability of the most
affecting thermal loadings was directly considered as
random variables with proper distributions and parameters.
The total probability can be meaningfully compared with
the published guidelines [34–36], according to which, the
individual risk, considering consequences of the failure
computed as the product of the total annualized probability
of failure by 1 fatality should be less than 10–4 yr–1 [16].
The FOSM importance measures expressed that struc-

tural properties are not important which is in contrast with
the sensitivity α-vector calculated by the FORM. The
results of the MC-LHS method confirmed the FORM
results which revealed that only 7 of 30 assumed random
variables are important and the other parameters should be
omitted as random variable in order to lower computa-
tional cost of analyses. Between all random variables, T0
and T air are the loading parameters that affect results the
most in opposite direction. The mean annual temperature
of top 20 m of the reservoir is important as well, however
among these temperatures just T air varies independently.
Among structural properties, concrete elastic Young’s
modulus and coefficient of thermal expansion are the most
important parameters that should be considered as random
variable in thermal reliability analysis of arch dams.

7 Summary and conclusions

The thermal response of concrete arch dams was
probabilistically investigated considering uncertainties
associated with the structural (material) properties and
the thermal loadings. Considering Karaj arch dam as case
study, it was numerically modeled along with its founda-
tion in three-dimensional space to investigate its tempera-
ture and thermal stress distribution during dam operating

phase. The thermal loading included ambient air tempera-
ture variation using a sinusoidal function, and reservoir
temperature variation employing Bofang’s method. The
effect of solar radiation was considered by increasing the
ambient temperatures. The tensile overstressing that leads
to tensile cracking of the dam body was taken into account
as the potential failure mode. The thermal finite element
analysis of the dam was combined with three reliability
methods: FOSM, FORM, and MC-LHS in order to obtain
better thermal response predictions, and estimate the
probability of failure in the risk analysis context. The
obtained reliability curves showed that in each level of
concrete tensile strength, the highest exceedance prob-
ability of failure belongs to the MC-LHS method while the
FORM provides the lowest value. Since the MC-LHS
method is a more precise method, the more expensive the
reliability method used, the higher the values of the
exceedance probability obtained. It was concluded that
simpler methods such as the FOSM systematically under-
estimates the failure probability.
Investigating the contribution of random variables to the

variance of the limit-state function using the FOSM
importance vector showed that the most important
variables of the structural system properties are the
concrete Young’s modulus E, and coefficient of thermal
expansion α, such that an increase in these random
variables yields a larger probability of failure. About the
thermal loading parameters, the most important variables
are the closure temperature T0, and the mean annual air
temperature T air, such that T0 is a resistance variable while
T air is a load variable. It was observed that the mean annual
water temperature in top 20 m depth of the reservoir is
important, below that the annual mean temperatures of the
reservoir can be assumed deterministic. The FOSM
showed that the importance of loading variables is much
higher than the structural properties, so the number of
random variables can be essentially decreased from 30 to
just 5 loading random variables; the other random
variables including all of structural variables can be
considered deterministic. It means that the other unim-
portant variables can be eliminated from the analysis in
order to decrease computational cost of analysis. But the
FORM and MC-LHS methods showed that neglecting
randomness due to important structural properties, α and E,
underestimates the probability of failure. Since the FORM
and MC-LHS are more reliable than the FOSM, the
important system properties α and E should be considered
as random variables in the thermal reliability analysis of
concrete arch dams.
The results of the MC-LHS showed that regardless of

the number of samples, the best-fitted probability distribu-
tion of the output results is lognormal with large coefficient
of variation of 0.77 meaning that large uncertainties are
controlling the results, no matter what number of
simulations is being used. Also, approximately the same
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estimation of exceedance probability would be obtained by
using lower number of samples, in order of 1000 samples
in this type of analysis, that demands lower computational
cost.
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