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ABSTRACT

We review our most recent research on quantum transport, organizing the
review according to the intensity of the magnetic field and focus mostly on
topological  semimetals  and  topological  insulators.  We  first  describe  the
phenomenon of quantum transport when a magnetic field is  not present.
We  introduce  the  nonlinear  Hall  effect  and  its  theoretical  descriptions.
Then,  we  discuss  Coulomb  instabilities  in 3D  higher-order  topological
insulators.  Next,  we  pay  close  attention  to  the  surface  states  and  find  a
function to identify the axion insulator in the antiferromagnetic topological
insulator MnBi2Te4. Under weak magnetic fields, we focus on the decaying
Majorana oscillations which has the correlation with spin–orbit coupling.
In  the  section  on  strong  magnetic  fields,  we  study  the  helical  edge  states
and  the  one-sided  hinge  states  of  the  Fermi-arc  mechanism,  which  are
relevant to the quantum Hall effect. Under extremely large magnetic fields,
we  derive  a  theoretical  explanation  of  the  negative  magnetoresistance
without a chiral anomaly. Then, we show how magnetic responses can be
used to detect relativistic quasiparticles. Additionally, we introduce the 3D
quantum  Hall  effect’s  charge-density  wave  mechanism  and  compare  it
with  the  theory  of 3D  transitions  between  metal  and  insulator  driven  by
magnetic fields.

Keywords  topological  semimetal, topological  insulator, axion  insulator,
nonlinear  Hall  effect  (NHE), quantum  oscillation, quantum  Hall  effect
(QHE), charge density wave (CDW)
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 1   Introduction

Quantum transport, especially in topological matter, is a
fascinating and increasingly important field of condensed
matter physics. We previously reviewed our research on
quantum transport phenomena in Refs. [1–3]. The studies
discussed in those reviews concerned such topics as weak
localization  (and  weak  antilocalization)  [4, 5],  negative
magnetoresistance  [6, 7],  quantum oscillations  in  nodal-
line  semimetals  [8]  and  Weyl  semimetals  [9],  magneto-
transport in the quantum limit [10, 11], the 3D quantum
Hall effect [12], vanishing backscattering [13] and Weyl-
node annihilation [14].

2 4

3 2

In this paper, we introduce latest works of ours which
were not addressed in Refs. [1, 2]. In Section 2, we will
introduce some models used in this review. In Section 3,
we summarize the nonlinear Hall effect from two theoretical
perspectives:  the  semiclassical  theory  and  the  quantum
theory  described  by  Feynman  diagrams  [15–19].  In
Section  4,  we  survey  Coulomb  instabilities  in  higher-
order  topological  insulators  (TIs)  [20].  In  Section  5,  we
present  an  analytical  solution  of  anti-ferromagnetic  TI
MnBi Te  for  the  surface  states  [21].  In  Section  6,  we
use a new method to identify the axion insulator which
called  nonlocal  surface  transport  [22].  In  Section  7,  we
reveal  the  decaying  Majorana  oscillations  which  may
induced by the spin–orbit coupling’s steplike distribution
[23].  In  Section  8,  we  propose  that  there  are  highly
tunable  one-sided  hinge  states  via  the  direction  of  field
and Fermi energy in Cd As -like Dirac semimetals  [24].
In  Section  9,  we  analyze  how  the  growth  direction,
Fermi energy, and thickness affect the QHE in topological
semimetals  [25].  In  Section  10,  we  explain  the  negative
magnetoresistance  of  Kramers  Weyl  semimetals  in  the
quantum limit [26]. In Section 11, we propose a method
for using magnetic responses to detect relativistic quasi-
particles [27]. In Section 12, we introduce a theory of the

3D QHE for  the  CDW mechanism,  which  captures  the
key  characteristics  observed  in  experiments  [28].  In
Section 13, we present a scaling theory for the transitions
between  metal  and  insulator  in  a  three-dimensional
system’s quantum limit [29].

 2   Effective models

In this section, we will introduce some models mention-
ed in this review.

 2.1   Weyl semimetals

In  general,  we  use  a  two-node  Hamiltonian  [30–33]
model to describe the Weyl semimetal,

H = A(kxσx + kyσy) +M(k2w − k2)σz, (2.1)

k = (kx, ky, kz) σi (i = x, y, z)

M A kw
Ek

± =

±[M2(k2w − k2)2 +A2(k2x + k2y)]
1/2

(0, 0,±kw)

σz

where  is the wave vector,  are
the  Pauli  matrices,  and , ,  and  are  the  model
parameters.  The  eigen  energies  are 

, with “–” for the valence
band and “+” for  the conduction band.  The two Weyl
nodes are at . This model has been demonstrated
to capture the whole properties of topological semimetals
[32].  This  ability  is  attributable  to  the  term  in  the
model [34].

 2.2   Dirac semimetals

The Hamiltonian for a Dirac semimetal can be expressed
as [35–37]

H = ε0(k) +


M(k) Ak+ 0 0

Ak− −M(k) 0 0

0 0 M(k) −Ak−
0 0 −Ak+ −M(k)

 ,

(2.2)

k± = kx ± iky ε0(k) = C0 + C1k
2
z + C2(k

2
x + k2y)

M(k) = M0 +M1k
2
z +M2(k

2
x + k2y)

x y z

k = (0, 0,±kw)

Ew = C0 − C1M0/M1 kw =
√
|M0/M1|

where , ,  and
. In the model presented

in Section 8,  the  [100],  [010],  and [001]  crystallographic
directions,  respectively,  define  the , ,  and  axes.  At

 the  model  has  two  pairs  of  Weyl  nodes.
The energies  and .

 2.3   Topological insulators

In Section 5, the 3D TI is expressed as

H(k)=ϵ0(k)+


M(k) A1kz 0 A2k−
A1kz −M(k) A2k− 0

0 A2k+ M(k) −A1kz
A2k+ 0 −A1kz −M(k)


+HX ,

(2.3)
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ϵ0(k) = C0 +D1k
2
z +D2(k

2
x + k2y) k± = kx ± iky

M(k) = M0 −B1k
2
z −B2(k

2
x + k2y) M0 Ai Bi C0

Di HX

|P1+z , ↑⟩,
|P2−z , ↑⟩, |P1+z , ↓⟩, |P2−z , ↓⟩

where , ,  and
. Here, , , ,  and

 are model parameters.  is the exchange field that
we characterize using the sinusoidal function for simplic-
ity.  The  basis  of  the  Hamiltonian  is  {

}.
In  Section  4,  the  3D  second-order  TI’s  four-band

Hamiltonian is expressed as

H0(ǩ) =
[
M +

∑
i

ti cos(aki)
]
τzσ0 +

∑
i

∆i sin(aki)

× τxσi +∆2[cos(akx)− cos(aky)]τyσ0,

(2.4)

σi τi a

ti M ∆2 ∆i

tx = ty = t⊥ ∆x = ∆y = ∆⊥
T

C4z C4zT
∆2 ̸= 0

where  and  are  the  Pauli  matrices,  is  the  lattice
constant, and , , , and  are the hopping parame-
ters. We take  and . This model
breaks the time-reversal symmetry  and four-fold rotation
symmetry  but  respects  their  combination  if

.

 2.4   Kramers Weyl semimetals

The  effective  model  suggested  in  Ref.  [38]  can
adequately explain a Kramers Weyl cone,

H = u(k2x + k2y + k2z) + v(kxσx + kyσy + kzσz).

(2.5)

v uIn  the  original  model,  the  model  parameters  and 
have  anisotropy  which  has  been  suppressed.  This
model’s energy spectrum is

E±(k) = u(k2x + k2y + k2z)± v
√
k2x + k2y + k2z (2.6)

kx = ky = 0in the plane .

 3   Zero field: Nonlinear Hall effects

In  condensed  matter  physics,  the  study  of  Hall  effects
has a long history. Hall effects hold a significant position
in  the  field  and  continue  to  inspire  new  discoveries
[39–43].  The  hallmark  of  these  effects  is  a  transverse
voltage  that  is  triggered  by  longitudinal  currents.  In
general,  the  Hall  effect  occurs  when  time-reversal
symmetry  is  broken,  which  is  often  accomplished  by
providing a magnetic field [44].

The  nonlinear  Hall  effect  (NHE)  [18, 19, 45–50]  is  a
fascinating  addition  to  the  family  of  Hall  effects.  It  is
nonlinear in the sense that the Hall voltage is nonlinearly
reliant  on  the  longitudinal  current;  for  example,  there
may  be  a  quadratic  relationship  between  the  response
voltage and driving current. The traditional Hall voltage,
in contrast, is linearly related to the longitudinal current.
In  addition,  only  breaking  inversion  symmetry  can
generate nonlinear Hall effect, unlike the traditional Hall

effect, which requires breaking time-reversal symmetry.
This  section  introduces  the  NHE  and  presents  the

most  recent  advances  in  this  area.  We  start  by
discussing the measurement of the NHE, then proceed to
presenting the semiclassical Boltzmann theory, including
the disorder-induced contributions to the effect, symmetry
analysis,  and  other  important  aspects.  Finally,  we
discuss  the  NHE  from  the  quantum  theory  perspective
and present the relevant Feynman diagrams.

 3.1   Experimental measurements

Vω

Iω

V2ω

V0

A Hall bar is typically used in experiments to gauge the
Hall effect (Fig. 1), in combination with the lock-in tech-
nique  to  muffle  noise.  Across  the  device,  a  transverse
voltage with the same frequency, , is measured while a
low-frequency alternating current, ,  is  passed longitu-
dinally  over  the  Hall  bar.  The  NHE  is  measured  simi-
larly,  except  that  either  double  frequency  or  zero
frequency  are used to determine the Hall voltage.

The NHE has been theoretically predicted in 2D tran-
sition  metal  dichalcogenides  [19, 45, 46, 48, 49],  3D
Weyl semimetals [45, 47, 50],  the surfaces of crystalline
TIs [45], and the 2D transition metal dichalcogenides [19,
45, 46, 48, 49].  Low-symmetry  systems  exhibiting  this
nonlinear  quantum  transport  phenomenon  are  highly
desired,  and  symmetry-breaking  engineering  has  been
used to realize such systems [16].

2

2

ω

T 10 100

I V

The NHE was early seen in 2D layers of WTe  [18, 59],
a material with time-reversal symmetry. Utilizing encap-
sulated  bilayer  WTe  [Fig.  2(a)],  one  study  observed  a
double frequency transverse current induced by a longi-
tudinal  a.c.  excitation  current  with  frequency  of
10–1000  Hz  at  = – .  The  measurements  in  that
study  revealed  clear  quadratic –  relationships  [Fig.

 

Iω

V2ω

Fig. 1  This  picture  shows  the  method  of  Hall  effect
measurement.  The  lock-in  technique  is  used  to  amplify  the
nonlinear Hall signal. An input ultralow-frequency current 
produces a response transverse voltage . The NHE can be
generalized by substituting another response stimulus for the
electric driving field [51–58]. Reproduced from Ref. [16].
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2(b)].  Furthermore,  the  carrier  density  and  electrical
displacement field that is out of plane could be used to
tune  the  sign  of  the  NHE [Fig.  2(c)]  using  the  bottom
and  top  gate  voltages.  This  experiment  confirmed  the
existence of the NHE.

 3.2   Semiclassical theory

Both  extrinsic  and  intrinsic  contributions  lead  to  the
NHE. The intrinsic part is  determined by the quantum
geometry  of  the  band  structure,  while  disorder
contributes to the extrinsic part.

The Berry curvature [60] can describe the NHE, given
that the only factor that influences the intrinsic contri-

bution to conductivity is the band structure of a flawless
crystal.  For  an  ideal  lattice,  the  Kubo  formula  can  be
used to calculate the following result [43]:

σin
ij = −e2

ℏ
εijl

∫
dn

(2π)n
Ωcf0. (3.1)

Ω

Eq.  (3.1)  describes  the  relationship  between  the  Berry
curvature  and  linear  Hall  conductivity.  This  integral
equation has been used to calculate the intrinsic part of
the anomalous Hall effect (AHE) [43, 61, 62].

χabcIn  contrast,  the  nonlinear  conductivity  tensor  is
[45, 46]

χabc =
ϵacdDbde

3τ

2ℏ2(1 + iωτ)
, (3.2)

τwhere  is  the  relaxation  time.  The  Berry  curvature
dipole is defined as

Dbd =
∑
n

∫
ddk
(2π)d

(
∂kb

Ωd
k

)
f0. (3.3)

δr

δr

The disorder-induced extrinsic part, like the anomalous
Hall  effect,  has  two  mechanisms:  side-jump  and  skew-
scattering  contributions.  Disorder-induced  transverse
displacement  is the cause of the side-jump mechanism.
When  approaching  and  departing  from  an  impurity,  a
coordinate shift  is  produced, which causes an energy
shift which changes the rate of scattering. After numerous
scatterings,  these  displacements  are  accumulated  and
give rise to an effective transverse velocity.

As  the  name  implies,  the  skew-scattering  mechanism
involves  transverse  scattering  that  is  asymmetric.  We
can  expand  the  rate  of  scattering  in  the  disorder
strength up to the fourth order as follows:

ωll′ = ω
(2)
ll′ + ω

(3)
ll′ + ω

(4)
ll′ , (3.4)

ω
(2)
ll′

ω
(3)
ll′ ω

(4)
ll′

where  is the pure symmetric term and is the leading
symmetric contribution.  and  are the antisymmetric
parts  and  dominate  the  skew-scattering  contribution.
The first contains the non-Gaussian disorder distribution,
and the second contains the Gaussian disorder distribu-
tion.

 3.3   Quantum theory

The  NHE  is  a  quantum  transport  phenomenon  related
to  the  Berry  curvature.  This  section  diagrammatically
introduces the quantum theory of the NHE under disorder
effects.

Different  with  the  linear-response  theory’s  bubble
diagrams, we can use triangle and two-photon diagrams
to describe the quadratic responses, which represent two
inputs  and  one  output,  respectively.  Quantum  theory
identifies  69  Feynman  diagrams  and,  like  semiclassical

 
2

I V

V 2ω
baa R

V 2ω
baa

Fig. 2  (a) A  bilayer  WTe  device  with  dual-gated.
(b) The different –  curves due to the measurement from
different electrodes. (c) The black line shows the Hall voltage

, the red line depicts resistance . Abscissa axis is charge
density.  The  blue  (red)  area  marks  the  negative  (positive)
voltage . Reproduced from Ref. [18].
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theory,  takes  into  account  skew-scattering,  side-jump,
and  the  intrinsic  contributions. Figure  3 shows  the
resulting diagrams with the  non-crossed approximation.
The crucial disorder effects are taken into consideration
in 64 of these diagrams and give rise to dramatic differences
from nonlinear optics. We can use these diagrams for a

general  two-band  model  to  calculate  a  disordered  2D
tilted  Dirac  model’s  nonlinear  Hall  conductivity.  These
general  formulas  can  be  used  in  first-principles  calcula-
tions.

χabc = χI
abc + χII

abc + χIII
abc

The quadratic conductivity in the d.c. limit is calculated
by , where

χI
abc = −e3ℏ2

4π

∫
[dk]

∫ ∞

−∞
dε

∂f(ε)

∂ε
Im

{
Tr
[
v̂a

∂ĜR(ε)

∂ε
v̂bĜ

R(ε)v̂cĜ
A(ε)

]}
+ b ↔ c, (3.5)

χII
abc = −e3ℏ2

8π

∫
[dk]

∫ ∞

−∞
dε

∂f(ε)

∂ε
Im

{
Tr
[
v̂a

∂ĜR(ε)

∂ε
v̂bcĜ

A(ε)
]}

+ b ↔ c, (3.6)

χIII
abc = −e3ℏ2

8π

∫
[dk]

∫ ∞

−∞
dεf(ε)Im

{
Tr
{
v̂a

∂2ĜR(ε)

∂ε2
v̂bcĜ

R(ε) + 2v̂a
∂

∂ε

[∂ĜR(ε)

∂ε
v̂bĜ

R(ε)
]
v̂cĜ

R(ε)
}}

+ b ↔ c,

(3.7)

[dk] = dnk
2π

n
n v̂ab = ∂b

k∂
a
kĤ/ℏ2

v̂abc = ∂c
k∂

b
k∂

a
kĤ/ℏ3

v̂a = ∂a
kĤ/ℏ ∂a

k ≡ ∂/∂ka

v̂abc v̂ab
Ĝ(ε)

f(ε)

 where  is the dimensionality.  
and  represent the tensor generalization
of  the  velocity  operator ,  where .

 and  are  the  cases  for  two-photon  and  three-
photon processes,  respectively.  is  Green’s  function.

 is the Fermi distribution.
χI
abc χII

abc

χI
abc

χII
abc

χIII
abc

χIII
abc

The first two terms,  and , are the contributions
from  the  Fermi  surface.  depicts  the  triangular
diagrams,  and  describes  the  two-photon  diagrams.

 is completely determined by a single Green’s function
and  is  one  order  smaller  than  the  other  terms  in  the
weak-disorder limit. Therefore, the Fermi sea contribution
term  can  be  ignored  for  low-frequency  transport.

We  can  explicitly  characterize  the  distinct  mechanisms
of  nonlinear  Hall  conductivity  in  the  diagrammatic
approach by translating into the eigenstate basis. Figure
3 depicts  diagrams  of  time-reversal  symmetric  systems
governed by various mechanisms corresponding to semi-
classical theory.

 4   Zero field: Coulomb instabilities

Higher-order TIs [63–72] have recently drawn interest as
generalizations of TIs [30, 73–83].

A  3D  gapped  bulk  state  may  be  found  in  the  most

 
Fig. 3  (a) and (e) are  diagrams  of  the  intrinsic  contribution. (b) and (f) are  diagrams  of  the  side-jump  contribution.
(c) and (g) are diagrams of intrinsic skew-scattering. (d) and (h) are diagrams of extrinsic skew-scattering. More diagrams
can be found in the supplementary section of Ref. [15]. Reproduced from Ref. [15].
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basic  3D  second-order  TIs.  Gapped  2D  surface  states
and  gapless  1D  hinge  states  are  also  present  (Fig.  4).
Noticed that the hinge states are protected by topology.

Experimental  evidence  for  higher-order  topology  has
been  observed  in  bosonic  systems,  including  acoustics
[84–86],  phononics  [87],  circuitry  [88–90],  and photonics
[91–94]. We know that the stability of high-order TIs is
very  poor.  There  are  two  different  topological  phase
transition  (Fig.  4).  First,  second-order  TIs  undergo  a
topological  phase  transition  to  topological  insulators
when the Coulomb contact is present, and this transition
is  protected  by  inversion  and  time-reversal  symmetries.
This  phenomenon  indicates  that  when  there  is  a
Coulomb  interaction,  the  second-order  TI  becomes
unstable. Along with the phase transition, inversion and
time-reversal  symmetry  also  appear.  The  other  phase
transition, which is also induced by the Coulomb inter-
action,  involves  change  from  a  second-order  TIs  to  a
trivial  insulator.  Both  the  surface  and  hinge  modes
vanish after this transition. And on the transition critical
position,  there  is  no  time-reversal  or  inversion  symme-
tries. However, these two emergent symmetries resurface
when the phase transition is completed in the low-energy
limit. It is interesting that there is not a general dynamical
critical exponent for the transition. For each of the three
scenarios, the dynamical critical exponent has a distinct
value that is below 1. The four-band model is shown in
Section 2.

In general, topological phase transitions from a higher-
order  TIs  to  a  trivial  insulator  or  a  normal  TI  are
accomplished by doping, as in studies using the candidate
materials [70], EuIn2As2 [95], and MnBi2Te4 [96].

 5   Zero field: The antiferromagnetic
topological insulator’s surface states

A TI has an insulator bulk and conductor surface states
which  are  topologically  protected  [30, 81, 82, 97, 98].
The  breaking  of  time-reversal  symmetry  will  open  a
band  gap  in  the  surface  states  if  we  allow  TIs  to  be
doped  with  magnetic  impurities  [99–102],  which  is

2 4

2 4

2 4

important  for  the  realization  of  the  QAHE.  However,
the QAHE can usually only be seen at low temperatures,
as  magnetic  impurities  invariably  create  disorder  and
inhomogeneity  [103, 104].  The  recently  developed
concept  of  the  intrinsically  magnetic  TI  suggests  a
promising strategy to increase the working temperature.
One of the predicted candidate intrinsically magnetic TI
materials  is  MnBi Te  [105–108].  However,  the  most
recent  experiments  suggest  that,  in  contrast  to  past
predictions and observations [108–111], a bulk crystal of
MnBi Te  may  have  gapless  topological  surface  states.
To  solve  this  problem,  beginning  from  a  3D  model  for
MnBi Te  and considering magnetization’s spatial distri-
bution, we analytically build an 2D surface state’s effective
model.

k · p

2 4

The  approach  yields  results  that  are  consistent
with  those  of ab  initio calculations,when  the  envelope
function  is  used.  The  calculations  of  the  surface  states’
distribution  and  depth  of  penetration  show  that  the
utmost edge two septuple layers are permeated by most
surface  states.  The  3D  Hamiltonian  of  MnBi Te  is
shown in Section 2.3.

n

n

The  localization  of  intralayer  ferromagnetic  order  is
described  by  odd-integer ,  such  that  the  greater  the
localization, the greater is .

E±
surface = E0 −Dk2 ±

√
m2 + γ2k2

Γ |m|

We can show that  for
states localized at the surface. This indicates that at the
 point there will have a 2  gap opened by the surface

states.
n

m m0

ξ 16.2

When  increases,  there  may  have  more  localized
intralayer  ferromagnetic  order  and  smaller  effective
magnetic  moment .  The  same  happens  when 
decreases.  Therefore,  our  calculations  imply  that  a
considerably smaller and more localized intralayer ferro-
magnetic  order  may  be  the  root  of  the  diminished
surface  gap.  It  is  significant  that  we  discover  that  the
penetration depth  (  Å)  is  more  than the  septuple
layer  thickness  (13.7  Å).  This  suggests  that  the  second
septuple  layer  has  already  been  penetrated  by  the
surface states.

k · p 2 4

µB µB

µB 2 4 µB

In  Ref.  [21],  a  model  was  derived  for  MnBi Te
thin films, and the Chern number was shown to oscillate
between odd and even septuple layers, which is consistent
with  the  nature  of  intrinsic  antiferromagnetic  TIs  [106,
107].  Recent  studies  have  revealed  that  the  atomic
magnetic  moment of  Mn is  significantly lower than the
theoretically expectation of  5  and 4.6 ,  being about
3.8  in  bulk  of  MnBi Te  and  around  1.14  in  thin
films.  This  suggests  that  in  actual  materials,  the
intralayer  ferromagnetic  order  shrinks  significantly  and
becomes much more localized.

 6   Zero field: Nonlocal surface transport

The  hypothetical  particle  axion  has  not  been  seen  in

 
Fig. 4  The  left  diagram  is  a  3D  second-order  TIs.  When
Coulomb interaction exists,  this  system may transition to a
TI or a trivial insulator. Reproduced from Ref. [20].
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experiments but is thought to be necessary to solve the
strong  CP  problem  [112].  On  its  top  and  bottom
surfaces, antiparallel chiral currents in the axion insulator
are believed to be “half-quantized”, which could result in
the  topological  magnetoelectric  effect  [113–119]  or  a
“half-quantized” surface  Hall  conductance  [119–123].
Each  current  carries  a  quantized  conductance 
and the total measured conductance is 0. Unfortunately,
the axion insulator has yet to be discovered experimentally
because its signatures require extremely precise measure-
ments  and  high  device  manufacturing  precision.  As
shown in Figs. 5(a) and (b), the parallel chiral currents
on the bottom and top surfaces of Chern insulator make
it significantly different with the axion insulator. Optical
measurements  can  be  used  to  distinguish  between  the
Chern and axion insulators.  However, there is also zero
Hall conductance in normal insulators [Fig. 5(c)], which
makes it very difficult to identify signatures of the axion
insulator.

2 4

p, q = 3, 6

A device made of the antiferromagnetic TI MnBi Te
may  be  used  to  measure  nonlocal  surface  resistance  to
tell  axion  insulator  apart  from  a  normal  insulator.  We
can use some classical  theoretical  approach to calculate
the  nonlocal  surface  transport  [124–129].  The  nonlocal
resistances  of  a  pair  of  surfaces  are  the  same  for  odd
layers. In contrast, the two surfaces’ nonlocal resistance-
susually  differ  for  even  layers,  except  when .
This means that both the Chern insulator in odd layers
and  the  axion  insulator  in  even  layers  exhibit  unique
nonlocal  surface  transport  features.  More  significantly,

the  absence  of  chiral  current  in  the  normal  insulator
results in zero nonlocal resistance. As a result, the axion
insulator  has  a  special  nonlocal  resistance  that  sets  it
apart from other insulators.

2 4

Stacking septuple layers with out-of-plane magnetization
results in the formation of MnBi Te . The magnetizations
of  adjacent  septuple  layers  are  in  opposition.  The  even
layers have opposite direct chiral currents on the bottom
and top surfaces, satisfying the conditions for the formation
of an axion insulator. In contrast to the Chern insulator
and trivial insulator, the axion insulator exhibits significant
nonlocal surface transport because of the chiral currents.
As a result, the nonlocal surface transport offers an efficient
way to find axion insulator.

The calculation in Ref. [22] shows that the thick elec-
trodes,  disorder  and  side-surfaces  have  little  effect  on
nonlocal surface transport.

 7   Weak field: Decays of Majorana
oscillations

E0

It  is  still  difficult  to  identify  and  engineer  Majorana
bound states (MBSs) [130–134] for topological quantum
computing  [135–137].  A  widely  investigated  candidate
[138–152]  for  topological  quantum  computing  is  the
Majorana zero mode in a superconductor–semiconductor
nanowire [153, 154]  because of  its  high tunability [155].
The MBSs are localized at the nanowire’s two endpoints
and  are  always  found  in  pairs,  which  are  presumed  to
have zero energy. However, the MBSs hybridize within a
few  micrometers  in  practical  nanowires.  According  to
the  theory  of  Majorana  oscillations,  the  hybridization
energy  fluctuates  depending  on  the  wire  length,
chemical potential, or Zeeman energy [156–158].

E0

Recent  research  on  islands  of  nanowires  has  revealed
that  oscillates  as  the  magnetic  field  increases.  After
an overshoot, the oscillation’s amplitude either decreases
or disappears [149, 159–162], while the oscillation period
increases [159, 162]. These behaviors, however, contradict
the  existing  theories  [157]  of  MBSs,  which  predict  an
increase in both the oscillation amplitude and period.

The oscillation pictures  seen in the studies,  including
the  increase  in  period  and  the  decrease  in  amplitude,
may be explained by a simple but reasonable hypothesis
that  there  is  a  steplike  distribution  spin–orbit  coupling
along the nanowire [Figs. 6(b)–(d)].

The blue lines  in Fig.  6 plot  the results  of  numerical
simulations  calculated  utilizing  three  different  model
parameter settings [23].

In  addition  to  reproducing  the  declining  amplitude,
the  simulations  also  capture  the  increasing  oscillation
time  [Fig.  6(c)],  anticrossing  [Fig.  6(d)],  and  lowest-
energy crossover [Fig. 6(b)], all of which are in agreement
with the  experiments.  If  the  magnetic  field  is  increased
further,  the  oscillation  amplitude  may  start  to  increase

 
2 4

nt 2 4

σxy

Fig. 5  For  MnBi Te , (a) a  Chern  insulator  is  formed
from  odd  septuple  layers, (b) an  axion  insulator  is  formed
from  even  septuple  layers. (c) The  normal  insulator.
(d, e) The nonlocal surface measuring device. The thickness
of the thick electrodes is . The phase of a MnBi Te  can be
known  by  measuring  its  Hall  conductance .  Reproduced
from Ref. [22].
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rather  than decrease  as  superconductivity  is  suppressed
under such conditions.

It is not just MBSs that exhibit these decaying oscilla-
tions.  The  possibility  of  using  the  same  device  to  host
Andreev bound states has been proposed [163–166].

 8   Strong field: One-sided hinge states

Great  efforts  have  been  made  to  find  a  quantum  Hall
effect  in  dimensions  other  than  two  [28, 167–193]  since
the quantum Hall effect was discovered [194, 195]. Fermi
arcs and Weyl nodes from opposite surfaces can form a
“Weyl orbital”, a mechanism that enables the magnetic
field to drive the cyclotron motion and the 3D QHE in
topological semimetals [65, 196] [Figs. 7(a)–(c)].

3 2

3 2

This 3D QHE is distinguished by the one-sided hinge
states. As shown in Fig. 7(c), one state is located on side
of the bottom surface and the other one on the opposite
side  of  the  top surface.  These  states  were  not  observed
in any previously studied systems [63, 64, 66–71, 87–90,
197–222]. Due to stringent symmetry requirements, it is
very difficult  to experimentally detect higher-order TIs.
On the other hand, the one-sided hinge states can both
explain  the  3D  QHE  and  possibly  make  it  easier  to
detect higher-order topological states. Only the topological
semimetal  Cd As  have  shown  evidence  of  the  QHE
[223–228], and its mechanism is still a matter of discus-
sion. Furthermore, time-reversal symmetry produces two-
sided  hinge  states  rather  of  the  anticipated  one-sided
ones  since  two  Weyl  semimetals  with  time-reversed
symmetry constitute Cd As  [Figs. 7(d–e)].

3 2

EF θ

In this section, we introduce the realization of the one-
sided  hinge  states  in  tilted  magnetic  fields  in  Dirac
semimetals  such  as  Cd As ,  as  shown in Figs.  7(e)–(c).
In experiments, we get a sample grown along [110] direction
and then numerically calculate wave function distributions
and  energy  spectra  (Fig.  8).  The  slab  exhibits  desired
hinge  states,  the  placement  of  which  can  be  tuned  via
the Fermi energy  and magnetic field’s angle .

3 2 By = 15 T
θ = 0,±5◦

E = 0

Figure  8 shows  the  wave  function  distributions  and
energy  spectra  of  Cd As . .  Here  we  choose
three  tilt  angles: .  In  each  scenario,  the  gap
near  appears  in  the  energy  spectrum.  The  hinge
states  appear,  as  illustrated  by  the  pink  dashed  line  in

 

E0

E0

VZ

Fig. 6  (a) The  superconductor–semiconductor  nanowire
island  [149, 159–162]. (b–d) As  a  function  of  the  B,  the
hybridization  energy  oscillates  in  experiments  with  a
rising  period  and  diminishing  amplitude.  However,  these
experimental  observations  contradict  the  theory  of  MBSs,
which  predicts  that  oscillates  with  increasing  amplitude
induced Zeeman energy  [157]. Reproduced from Refs. [23,
159].

 

B

Fig. 7  (a) Energy  band  schematic  for  a  Weyl  semimetal.
(b, c) The schematic of Fermi-arc surface states and corre-
sponding  one-sided  hinge  states  under  magnetic  field .
(d, e) The schematic of hinge states on both sides in Dirac
semimetals.  We  have  shown  that  in  Dirac  semimetal  the
Fermi  energy  (Fig.  8)  and  slanted  magnetic  field  may
produce  one-sided,  highly  tunable  hinge  states.  Reproduced
from Ref. [24].
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a1Fig.  8( ).  The  slab’s  four  hinges  move  in  opposing
orientations  along  the  opposing  flank  surfaces  [Figs.
8(a)].  Additionally,  the  gray points  represent  the chiral
states on the flank surfaces and the Landau levels on the
bottom and top surfaces.

5◦

EF =

EF = 0

EF = 0 θ

Next,  we  discuss  the  case  of  a  tilted  magnetic  field.
When  we  let  angle  to ,  the  Fermi  suface  is  inside  of
the  Landau-level  gap  [Figs.  8,  Part  (b)].  For 
–4.5  meV,  the  red  and  blue  lines  illustrate  the  hinge
states  with  well-localized.  The  states  are  shifted  to
opposing  flanks,  while  meV.  Because  the  hinge
states and the side-surface chiral states may couple with
each other,  the hinge states will  not localized very well
at .  If  we  change  the  sign  of ,  the  hinge  states
shift to the other flank, as illustrated in Figs. 8(c1)–(c6).

θ = 0

∆y

The  aforementioned  hinge  states’ evolution  may  be
explained  using  the  Fermi  arcs,  which  are  controllable
by  the  Zeeman  fields.  The  hinge  states  are  the  edge
states  of  the  Fermi  arc  surface  states’ Landau  levels
under  magnetic  fields.  The  blue  and  red  lines  are  the
Fermi  arcs  in Fig.  7,  which  are  the  cornerstone  of  the
the one-sided hinge states and 3D QHE. When , on
both  the  topbottom  and  top  surfaces,  Fermi  arcs  are
equally  dispersed.  Weyl  semi-metals  with  time  reversal
symmetry  are  coupled  by  Zeeman  coupling .  The

±5

z

∆z

results of this coupling are illustrated in Fig. 8(a7). This
even distribution takes rise to four hinge states on different
flanks, as shown in Fig. 8(a6). However, when the angle
have °, the hinge states are produced by the decoupling
of  Fermi  arcs  on  opposing  surfaces  by  the  direction
Zeeman splitting .

Calculations  prove  that  the  one-sided  hinge  states
need a big enough Landau-level gap to be protected, and
this  Landau-level  gap  depends  on  the  strength  of  the
Zeeman coupling.

 9   Strong field: Helical edge states and
QHE

3 2

Since the find of the QHE in 2DEG [41, 195], there have
been considerable  efforts  to  generalize  this  exotic  phase
in  higher  dimensions  matter  [167, 168, 186],  systems
without  magnetic  fields  [100, 229],  and  the  nonlinear
response regime [17–19, 45, 46, 59]. In the Cd As , which
is a topological Dirac semimetal, quantized conductance
plateaus  have  recently  been  seen  [223, 224, 226–228,
230–233].  One  mechanism  of  the  QHEt,  introduced  in
Section  8,  depends  on  Fermi-arc  surface  states  [24, 65,
196]. Table  1 summarizes  the  results  of  studies  of  the
QHE in 3D topological  semimetals  and the mechanistic

 
By = 15 θ = 0

1 EF = −4.5

θ = 5◦ θ = −5◦

Fig. 8  (a1) The Dirac semimetal’s energy spectrum, when  and ( ). (a2–a5) The distributions of wave functions
for  the  states  indicated  in  (a )  by  horizontal  dashed  lines. (a6) illustrates  the  position  hinge  states  at  meV.
(a7) shows the Fermi surface when only taking the magnetic field’s Zeeman effect into account. (a8) shows the state indicated
by the star’s wave function dispersion in (a7). (b1–b8) . (c1–c7) . Reproduced from Ref. [24].
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explanations proposed therein.

3 2

We  propose  a  novel  mechanistic  explanation  of  the
QHE in topological semimetals. First, we note that there
are  three  crystallographic  orientations  that  are  easily
accessible  to  experiment  and  are  often  studied  in  the
Dirac semimetal Cd As  slabs. We introduce the numerical
calculation of the Hall conductance in these three orien-
tations.  For  the  thick  plate  grown  in  [001]  orientation,
the amount of the quantized Hall conductance rises with
the field due to the Zeeman splitting of the helical edge
states (Fig. 9). In contrast, as a result of the Fermi-arc
3D  QHE,  the  Hall  plateaus  for  the  thick  plate  grown
along the [110] orientation decline as the magnetic field
increases [65]. Considering these observations, it is possible
to interpret the conductance in the slab along the [112]

orientation  as  a  clash  between  helical  edge  states  and
the  Fermi-arc  surface  states.  In  this  situation,  the  Hall
plateaus  decrease  while  the  field  is  weak  and  increase
while the field become larger.

 10   Extremely strong field: Kramers Weyl
semimetal’s negative magnetoresistance

Negative magnetoresistance is a very important physical
phenomenon. Randomly oriented ferromagnetic domains
in  magnetic  materials  reduce  electron  tunneling  and
increase  resistance.  A  negative  magnetoresistance  can
result  from a magnetic  field that reduces the resistance
and aligns the domains. Negative magnetoresistance [236]
is uncommon because electrons are prevented from trav-
eling  forward  by  the  Lorentz  force  in  non-magnetic
materials. A well-known negative magnetoresistance case
is weak localization [237], which can only occur at very
low  temperatures  as  it  is  caused  by  quantum  interfer-
ence. At higher temperatures, negative magnetoresistance
in  non-magnetic  TIs  [238–243]  and  semimetals  [6,
244–255]  has  recently  sparked  great  attention.  The
chiral anomaly is commonly thought to be the source of
the negative magnetoresistance in topological semimetals
[256–258]. In TIs, it has also been discovered that negative
magnetoresistance  is  connected  to  the  nontrivial  Berry
curvature distribution induced anomalous velocity [7].

β 2

β 2

−20%
β 2

With  the  current-parallel  magnetic  field,  a  recent
experiment on the -Ag Se [38] demonstrated a negative
magnetoresistance. Kramers Weyl semimetals have time-
reversal  invariant  momenta  in  the  Brillouin  zone  that
hold  Weyl  nodes  in  place,  and -Ag Se  is  a  candidate
material  for  this  type  of  system  [259, 260].  Given  that
they are present in all chiral crystals, the Kramers Weyl
nodes  have  handedness  [260].  At  a  magnetic  field  of
about 9 T, a negative magnetoresistance of about 
was noted in -Ag Se. The system reached the quantum
limit  under  that  powerful  magnetic  field.  In  this  situa-
tion, the Fermi energy can only be crossed by the lowest
Landau  band,  and  the  scattering  mechanisms  have  a
subtle impact on the magnetoresistance [10, 11, 261].

1/B

In  this  section,  a  theory  for  a  Kramers  Weyl
semimetal’s longitudinal magnetoresistance in the quan-
tum limit is presented. We begin with a single Kramers
cone  model  with  and  calculate  the  conductivity  using
the  Kubo  formalism  while  taking  Gaussian  potentials
and  impurity  scattering  into  consideration.  Results
demonstrate that the resistance has a  dependency in
the  quantum limit  when  disorder  are  present,  resulting
in a negative magnetoresistance.

ν = 0Now for the  band, the longitudinal conductivity
is

σzz,0 =
e2

h

ϵℏv0F
π2nimpe2ℓ4B

. (10.1)

3 2

Table  1  Recent  experimental  studies  of  the  QHE  in  the
topological  semimetal  Cd As :  slab  growth  direction,  thick-
ness, and mechanistic explanation.

Ref. Crystal
orientation

Thickness
(nm) Analysis

[231, 226] [112] 12–23, 35 Bulk subbands
[234, 227] [112] 20, 38–43 Surface states
[233, 224] [112] 80, 100 Mixed Fermi arcs

[230, 232] [112] 55–71,
80–150 Weyl orbit

[223] [001] 45–50 Topological insulator type
surface states

[235] [010] 150–2000 Weyl orbit

 

Cs

Fig. 9  (a) The schematic of helical edge states. The different
colour represent different spin polarizations and directions of
propagation. (b) The  green  line  shows  the  spin  Chern
number .  The  red  line  is  the  confinement-induced  energy
gap. (c) The Hall conductance. (d) The Hall conductance as
a function of thickness and field. Reproduced from Ref. [25].
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1/ℓ4B ∝ B2 z

v0F ∝ 1/B

σzz,0 B

We know that  and the velocity along the -
direction . Then, we can obtain the dependency
between  and magnetic field :

σzz,0 ∝ B. (10.2)

B

ρzz,0

As there is no Hall effect under a parallel , the resistance
 is equal to the conductivity’s inverse. Get,

ρzz,0 ∝ 1

B
, (10.3)

and  it  indicates  that  the  Kramers–Weyl  cone  has  a
negative  longitudinal  magnetoresistance  in  quantum
limit.

If  we  consider  a  Gaussian  scattering  potential,  the
conductivity is

σG
zz,0 =

e2

h

(ℏv0F)2(2d2 + ℓ2B)

Vimpℓ2B
e2(2d

2+ℓ2B)(k0
F )

2

. (10.4)

k0F ∝ v0F ∝ 1/B σG
zz,0 BAccording  to ,  will  decrease  as 

increases. This relationship indicates when the Gaussian
scattering  potential  is  present  there  is  no  negative
magnetoresistance.  We  demonstrate  that  a  negative
magnetoresistance requires a screened Coulomb scattering
potential.

 11   Extremely strong field: Non-saturating
quantum magnetization

The low-energy states of electrons in topological materials
may  be  seen  as  a  group  of  quasiparticles  adhering  to
various  representation  of  the  Dirac  equation  [262–266].
The  Weyl  fermion,  a  three-dimensional  massless  quasi-
particle,  was  found  in  Dirac  and  Weyl  semimetals  [36,
267–273].  Numerous  unexpected  properties  of  these
massless  quasiparticles,  including  surface  Fermi  arcs,
monopoles,  and  linear  energy  dispersion,  are  promised
by  Weyl  semimetals’ distinctive  topological  nature
[274–276]. In particular, the Weyl fermions’ 0th Landau
bands in strong magnetic fields are entirely chiral modes
[256, 257, 277].  As  discussed  in  Section  10,  a  negative
longitudinal magnetoresistance, which is the hallmark of
the chiral anomaly in quantum field theory, is anticipated
to  be  present  in  the  1D  chiral  Landau  bands  [278].
However,  in  Section  10  we  present  the  fact  that  the
magnetoresistance also depends on the property of impurity
scattering  in  a  sophisticated  manner  in  the  quantum
limit and cannot provide information on the spectrum of
the quasiparticles deterministically [10, 11, 261].

The magnetic response of electrons, in comparison, are
considerably easy as they do not interact with impurity
scattering. In fact, the derivatives of the thermodynamic
potential  of  the  electrons  with  respect  to  the  magnetic
field  are  all  that  need  to  be  considered  to  determine
them, and can be applied to study the characteristics of
Fermi surface [279–281].

M//

MT

For this section, we propose a technique for using the
magnetic  responses  of  electrons  to  detect  relativistic
quasiparticles. When all of the other Landau bands have
departed from the Fermi surface, we concentrate on the
zeroth  Landau  band’s  magnetic  response  under  a  suffi-
ciently large magnetic field.  Under these extreme situa-
tions,  the  magnetic  response  of  the  crossing  bands  is
noticeably  different  from  that  of  ordinary  parabolic
bands. Because TaAs hosts well-defined Weyl quasi-elec-
trons  which help to  demonstrate  the unique features  of
such a material, it was selected for a prototype topological
semimetal.  We  demonstrate  that  beyond  the  quantum
limit,  the  parallel  magnetizations  ( )  and  effective
transverse  ( )  of  TaAs  are  quasi-linearly  field-depen-
dent.  The  non-relativistic  quasiparticles’magnetic
responses  are  different  from  non-saturating  magnetic
responses, in agreement with our calculations.

EF

M//

MT

EF

EF

EF

M// MT

Nc

EF

M// MT

MT M//

2 3

MT M//

The  magnetic  response  pictures  for  non-relativistic
and  relativistic  electron  systems  are  compared  first.
Figures 10(a) and (b) depict the band diagrams for holes
and  non-relativistic  electrons.  When  the  field  is
increased,  the  Landau  bands  gradually  depart  from 
[Fig.  10(b)],  which  causes  to  oscillate  around  zero
and  to decrease with increasing field strength [Figs.
10(c)  and  (d)].  This  process  continues  until  all  the
Landau  bands  with  the  exception  of  the  lowest  have
exited . Note that as the system go in to the quantum
limit,  the  change  in  under  a  strong  magnetic  field
becomes  non-negligible.  If  we  fixed ,  the  0  point
energy will put up the zeroth Landau band above Fermi
energy,  which  will  cause  and  to  disappear
(above the critical magnetic field), as shown by the red
dotted  lines  in Figs.  10(c)  and  (d).  If  we  fixed ,  no
matter the magnitude of the magnetic field increase, 
will be pinned at the margin of the zeroth Landau band.
As  illustrated  by  the  blue  lines  in Figs.  10(c)  and  (d),

 will  saturate  under  this  constraint,  and  will
remain  constant.  Consequently,  due  to  band  dispersion
of  non-relativistic,  and  are  unchanging  in  the
quantum limit.  For 3D massive bulk systems, including
InSb [281–283], sulfur-doped Bi Te , and Bi, the signature
of  the  saturated  and  in  the  quantum limit  has
been observed.

M// MT

MT M//

In  contrast,  because  of  the  relativistic  spectrum  and
band inversion, gapless Weyl fermions provide a distinct
contribution  to  the  magnetization  [Figs.  10(e)  and  (f)],
which in low magnetic field strengths causes  and 
to oscillate around a mean value, as illustrated in Figs.
10(g)  and  (h).  When  the  remaining  Landau  bands  exit
Fermi  energy,  both  chiral  modes  contribute  to  the
magnetic response [Figs. 10(f)], resulting in non-saturating

 and  in a large magnetic field. The nature of rela-
tivistic electrons in the quantum limit is responsible for
the fundamental difference in magnetic responses.

Because in the quantum limit the linear non-saturating
magnetization deviates from Landau’s theory of magne-
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tization for classical electrons, it is of special importance.
Semimetals with overlapped parabolic hole and electron
bulk  bands  have  never  demonstrated  such  a  property
under large magnetic fields. The linear energy dispersion
of  Weyl  fermions’ 0th  Landau  band  has  a  distinctive
magnetic  response  in  the  quantum  limit,  as  shown  by
our calculations and measurements. We stress once more
that  the  explanation  and  calculations  are  based  on  a
single-particle  case.  Future  study  will  be  interesting  in
examining how our theory of one-particle physics applies
to many-body phenomena like excitons.

 12   Extremely strong field: CDW
mechanism of 3D QHE

5

5

It is difficult to perceive the QHE in 3D systems because
the Landau levels combine into a collection of 1D bands
known as Landau level dispersion, which have momentum
along  the  direction  of  the  magnetic  field.  However,  the
QHE is often observed in 2D systems because the interior
becomes metallic as a result of the Fermi energy always
crossing  particular  Landau  bands,  which  covers  up  the
edge  states’ quantiztion  [284].  One  of  the  best-known
theories for the 3D QHE depends on the possibility that
the  CDW  creates  gaps  in  the  1D  Landau  band  and
makes the bulk non-conducting. To create a 3D QHE in
real  space,  the  3DEG  is  divided  by  the  CDW  into
decoupled  2D  quantum  Hall  layers.  Lately,  the  CDW
mechanism of  the 3D QHE has been reported in  ZrTe
[181].  In  contrast  to  earlier  instances,  in  ZrTe ,  the  1D
band  of  Landau  levels,  which  is  heavily  reliant  on  the
magnetic field, is where the CDW forms.

5

I V

Here, we introduce a theory for the CDW mechanism
of  the  3D  QHE.  The  most  important  features  experi-
mentally  observed in  ZrTe  are  quantitatively  captured
by the theory. Instead of e–e interactions, we show that
e–ph interactions are more important in the development
of the CDW. We take the non-Ohmic –  relation and
derive the e–ph coupling constant. We draw attention to
a magnetic field-tunable crossover between incommensu-
rate  and  commensurate  CDW.  More  crucially,  the
theory  accounts  for  an  uncommon  but  experimentally
accessible  case  that  using  a  single  magnetic  field,  one
may  tune  both  an  order  parameter  along  one  direction
and a topological Chern number in the other two.

∂Eg/∂|∆| = 0

Eg ≡ ⟨Ĥm⟩

The gap equation established by  is used
to  calculate  the  self-consistent  CDW  order  parameter.
The ground-state energy  is found to be

Eg =
∑
k

(Ekz
− EF )Θ (EF − Ekz

) +
|∆|2V
g2kF

, (12.1)

Θ(x) Eg

Ĥm =
∑

k Ψ̂
†
kH

0+
kz

Ψ̂k + |∆|2V /g2kF
Ψ̂k ≡ (d̂k+, d̂k−)

T

g2kF
= e2/{2ϵ[(2kF )2 + κ2]}

g2kF
= g0/[(2kF )

2 + κ2]2

g0

where  is the step function,  includes phonon part,
, .  The

coupling  for  e–e  interactions
and  for  e–ph  interactions  with
the coupling constant . The mean-field phonon Hamil-
tonian is able to account for the second positive term.

5 2 3

Symbol  of  the  fractional  QHE  have  been  seen  at
greater magnetic fields [181]. The plateau-like Hall resis-
tivity at lower magnetic  fields were also experimentally
observed,  suggesting  the  coinstantaneous  CDW  phase
composed of numerous bands. In layered materials such
as HfTe , TaS , and NbSe , the CDW mechanism of the
3D QHE can also be accomplished.

 

M// MT

Fig. 10  (a–d) Non-relativistic fermion. (a) The energy bands without magnetic field. (b) The Landau bands. (c) Parallel
magnetization . (d) Effective  transverse  magnetization  ( ). (e–h) Schematic  of  Weyl  fermion  same  with  (a–d).
Reprocuced from Ref. [27].
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 13   Extremely strong field: 3D metal–
insulator transitions

The  transition  from  metal  to  insulator  induced  by
magnetic field [285–287] have been widely researched in
2D systems [285–301],  but a 3D theory remains absent.
Recent  studies  illustrate  metal–insulator  transitions  in
3D systems may due to the presence of  magnetic  fields
[181, 302–305]  with  quantum  phase  transition  features
[306, 307],  specifically  under  strong  magnetic  field  of  a
TI [181, 305].

ν z

ξ

ξ = 5.5

This  section,  we  introduce  a  scaling  theory  for  the
transition from metal to insulator of a 3D TI at strong
magnetic  fields.  Our theory and recent  experiments  are
in great agreement [181].  The phase transition is  deter-
mined by the critical exponents of general relations that
correspond to  distinct  instabilities  and universal  classes
[307–314]. We determine the correlation length exponents
 and  dynamical  critical  exponents  for  the  candidate

instabilities  using  a  renormalization-group  calculation.
We  construct  scaling  relations  connecting  the  magnetic
field, temperature, and resistivity, which are represented
by a critical exponent . By contrasting our results with
the  experimentally  obtained  [181],  we  come  to
the  conclusion  that  the  insulating  ground  state  is  a
CDW  driven  by  backscattering  disorder,  strong  e–e
interactions, and e–ph interactions. By fitting the corre-
lation length exponent and dynamical critical exponent,
we  additionally  offer  the  experiment  of  current-scaling
for additional demonstration.

ξ = 3zνβ = 1.5

ξ = 5.5

There are two fixed points for a system that exclusively
has e–e and e–ph interactions. In such system, the critical
exponent  is .  This  number  is  much  lower
than the experimental value  [181]. Therefore, the
experimental  metal–insulator  transitions  cannot  be
induced  by  the  simultaneous  presence  of  e–e  and  e–ph
interactions without disorder [181].

b (u∗, β∗,∆
∗
b) = (0, 0, 0) b [0, (1 + 1/γ)2, 0]

b (0, 0, 1/4) b (1/2, 0, 1/2)

u ∆b

u

u

b

z = 1 + 2∆∗
b = 1.5 ξ = 3zνβ = 4.5

When considering disorder of backscattering, the fixed
points  are  (i)  ;  (ii)  ;
(iii)  ; and (iv)  . Due to their various
critical exponents, they belong to four separate universality
classes. There is a demarcation line in the –  plane, as
illustrated in Fig. 11(c), where  flows to infinity on the
right,  suggesting  a  CDW  driven  by  e–e  interactions.
Meanwhile, the system reaches a steady zero-valued e–e
coupling and a fixed point of finite disorder on the left.
The deed of  does not qualitatively alter when including
e–ph interactions, as demonstrated in Fig. 11(d). In the
presence of limited backscattering disorder and negligible
e–e  coupling,  there  will  be  a  critical  point  (iii)  for  a
CDW induced by e–ph interactions. For this universality
class,  the  dynamical  critical  exponent  is  calculated  as

.  Thus,  we  obtain  for  the
scaling  of  resistivity,  which  nearly  matches  the  experi-
mental number 5.5 [181].

u βBoth  and  are  volatile  when  close  to  fixed  point

b

u

b

u β

u

(iv)  and rise without bounds while the starting value of
 is  very  large.  For  the  Peierls  phase  transition  or

Wigner crystal, fixed point (iv)  is a multicritical point.
The  ratio  of  to  rapidly  declines  and  eventually
vanishes if its starting value is too low, as shown in Fig.
11(e),  demonstrating  that  the  Peierls  phase  transition
occurs  first.  The  Wigner  crystal,  on  the  other  hand,
always appears first when the starting value of  is large
enough, as indicated by the dotted line in Fig. 11(f).

The  critical  behaviors  and  gap  sizes  of  these  two
phase transitions are distinct, although they both result
in CDWs [315, 316].

 14   Remarks and perspective

1014

Nonlinear  optics  and  the  nonlinear  Hall  effect  are  very
different  from  one  another.  Light  has  a  frequency  of
about  Hz in nonlinear optical phenomena [317], for

 
γ = 2 γ = 0.002

β

u γ = |vb/vF |

u∗,∆
∗
b

u β u/β ℓ u

Fig. 11  (a) , (b) .  The  effective  electron–
phonon and electron–electron interactions are measured by 
and ,  respectively. . (c) The  diagram  without
electron–phonon  coupling.  This  picture  shows  double  non-
Gaussian  points  at  ( )  =  (0,  1/4)  and  (1/2,  1/2).  The
red line separates between a Wigner crystal and a disordered
metal  with  zero  electron–electron  interaction  on  the  left.
(d–f) , , and  as a functiong of  for various  starting
values. Reproduced from Ref. [29].
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instance, the second-harmonic generation and photovoltaic
effect, which is high enough to cause interband transitions
in  semiconductors.  Contrarily,  in  nonlinear  Hall
measurements,  the  frequency  is  too  low  to  result  in
interband  transitions,  preventing  the  pertinent  physical
effects from manifesting beyond the Fermi surface.  The
research of topological physics and quantum transport is
pushed into the nonlinear response regime by the nonlinear
generalization of the Hall effects, opening up a extensive
prospect of intriguing possibilities for future study. Our
understanding  of  the  nonlinear  Hall  effect  has  come  a
long way, but there are still many unanswered problems
and difficulties to be overcome, such as identifying addi-
tional materials that have significant NHE. Additionally,
as the NHE shown in experiments typically exist at high
temperature, the effect of temperature warrants theoretical
investigation.

BiTl (S1−δSeδ)2

In2As2 Bi2Te4

The  research  for  higher-order  TIs  will  depend  on
Coulomb  interactions,  even  if  these  interactions  are
weak.  We have  created  a  theory  in  [318]
analogous to that explaining the transition between TIs
and trivial insulators by keeping the parameter values at
the cutoff and observing their behaviour at a certain low-
energy scale. Changes in the parameters’ starting values
correspond to changes in the parameters on the specific
energy  scale  that  is  related  to  the  experiment.  Hence,
the  phase  transitions  between  a  higher-order  TI  and  a
trivial  insulator  or  a  TI  are  experimentally  achievable
via doping, such as with the candidate materials Bi [70],
Eu  [95], and Mn  [96].

2 4

The  assumption  that  the  intralayer  ferromagnetic
order  becomes  significantly  lesser  and more  localized in
actual materials is supported by a number of experimental
results.  In  recent  experiments,  the  diminution  for  the
intralayer  ferromagnetic  order  has  been  demonstrated
such  as  the  example  MnBi Te  in  Section  5  [105, 107,
109, 319, 320].  Another  interesting  thing  is  what  we
talked about non-uniform spin–orbit coupling [321]. One
is  the  steplike  distribution  spin–orbit  coupling.  The
localized zero-energy Andreev bound states in the quantum
dot are produced in the non-uniform case by connecting
a  spin–orbit-coupled  quantum  dot  to  a  nanowire  with
zero spin–orbit coupling.

In  large  magnetic  field,  we  anticipate  that  the
Aharonov–Bohm  effect  be  used  to  probe  the  one-sided
hinge  states,  such  as  in  a  Fabry–Pérot  interferometer
[322].  By  studying  the  quantum  Hall  effect  in  various
growth  directions  in  topological  semimetals,  we  may
learn  to  identify  the  QHE  caused  by  the  helical  edge
states  and  bulk  subbands  by  measuring  the  nonlocal
bulk transport, as demonstrated in Section 6.

Since it goes beyond Landau theory of magnetization
for classical electrons, the linear non-saturating magneti-
zation  in  the  quantum  limit  is  particularly  intriguing
[323]. Topological materials with relativistic quasiparticles
that  have  recently  emerged for  prospective  applications

generally  occur  small  Fermi  surfaces  in  which quantum
limit may be attained in a permanent magnetic field. It
is difficult to identify the relativistic nature of quasiparticles
using  electrical  transport  and  spectroscopic  techniques.
Magnetization  can  offer  a  way  to  identify  relativistic
quasiparticles in emerging matters. It will be very inter-
esting  to  see  how  the  one-particle  physics  theory
described  in  Section  11  may  be  used  to  explain  many-
body effects like excitons [324].

5 2 3

Signatures  of  the  fractional  QHE  have  been  seen  at
higher  magnetic  fields  [181, 325].  Plateau-like  behavior
has also been experimentally observed in the Hall resistivity
at lower magnetic fields [181], indicating a simultaneous
CDW phase composed of multiple bands. Layered struc-
tures like HfTe , TaS , and NbSe  might also be used to
realize the CDW mechanism of the 3D QHE. Addition-
ally,  CDWs  might  be  studied  using  X-ray  diffraction
[326–329],  although  the  use  of  X-ray  equipment  in  the
presence of a strong magnetic field is difficult.

β-Bi4I4
ξ = 6.5

In Section 13, although we use the experiments in Ref.
[181]  as  a specific  point of  comparison,  our theory may
be used to explain various 3D metal–insulator transitions
from  metal  to  insulator  that  occur  in  large  magnetic
fields.  Laterly,  it  was  discovered  that  the  field-driven
transition  from  metal  to  insulator  in  [329]  had

,  demonstrating  the  broad  applicability  of  our
theory.  However,  our  theory  cannot  explain  3D
metal–insulator  transitions  of  spin-correlated  systems
induced  by  magnetic  fields  [302–304],  which  remains  a
challenging problem for future research.
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