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The entangled coherent states (ECSs) have been widely used to realize quantum information processing
tasks. However, the ECSs may suffer from photon loss and decoherence due to the inherent noise in
quantum channel, which may degrade the fidelity of ECSs. To overcome these obstacles, we present
a measurement-based entanglement purification protocol (MBEPP) for ECSs to distill some high-
quality ECSs from a large number of low-quality copies. We first show the principle of this MBEPP
without considering the photon loss. After that, we prove that this MBEPP is feasible to correct the
error resulted from the photon loss. Additionally, this MBEPP only requires to operate the Bell state
measurement without performing local two-qubit gates on the noisy pairs and the purified high-quality
ECSs can be preserved for other applications. This MBEPP may have application potential in the
implementation of long-distance quantum communication.

Keywords measurement-based entanglement purification, entangled coherent state, photon loss,
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1 Introduction

Quantum entanglement is a counterintuitive phenomenon
which leads the quantum mechanic to be different from
classical one. There are two methods to encode the
qubit such as discrete variables (DVs) and continuous
variables (CVs). The DVs, i.e., polarization, time-bin
and spatial modes, have been widely employed in quan-
tum information processing, such as quantum dense cod-
ing [1, 2], quantum teleportation (QT) [3–6], quantum key
distribution (QKD) [7–11], quantum secure direct com-
munication (QSDC) [12–24], and some other important
quantum information processing protocols [25, 26]. The
CVs, i.e., coherent states, are quite important in quantum
computation [27–30]. Entangled coherent state (ECS),
which is the superposition of coherent states for different
modes [31, 32], also plays a key role in the application of
QT [33–37], QKD [38–43], and quantum metrology [44].
However, the ECSs are sensitive to photon loss in the
noisy quantum channel, which makes the maximally en-

∗This article can also be found at http://journal.hep.com.
cn/fop/EN/10.1007/s11467-021-1103-8.

tangled state become less-entangled state or even mixed
state, thereby largely decreasing the security and distance
of quantum communication.

To address this issue, the quantum repeater with
ECSs [45] was proposed to establish entangled quan-
tum channel with high fidelity. The research findings
show that the photon-number-resolving detectors with ex-
tremely high efficiency are essential to perform entangle-
ment swapping with high fidelity [45]. However, the re-
alization of this kind of detector is beyond current tech-
nology. Thus, it is necessary for one to explore other
methods to generate high-quality ECSs. For instance,
Kuang et al. utilized technique of electromagnetically in-
duced transparency to prepare ECSs between two distant
atomic Bose–Einstein condensates, which is sensitive to
detection inefficiency [46]. The scheme in Ref. [47] is ro-
bust to photon loss with inefficient detectors. In Ref. [48],
the researchers presented a method to generate ECSs in
a two-dimensional anisotropic trap. In 2019, Xiong et al.
prepared a scheme to generate entangled cat states in a hy-
brid optomechanical system [49], which shows that scheme
is feasible even in the presence of noise. Recently, Tian
et al. demonstrated experimentally the simultaneous gen-
eration and detection of two types of continuous variable
nonclassical states from one type-0 phase-matching opti-
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cal parametric amplification (OPA) and subsequent two
ring filter cavities (RFCs) [50].

Additionally, the entanglement concentration protocols
(ECPs) [51–58] and entanglement purification protocols
(EPPs) [59–75] can be separately employed to distill max-
imal entangled states and high-fidelity entangled states
from corrupted copies. For example, the hyperentangle-
ment concentration for polarization-spatial-time-bin was
investigated in multi-photon systems in Ref. [54]. In
Ref. [56], the entanglement concentration protocols for
cluster-type ECSs utilizing single-mode and two-mode co-
herent states were proposed to obtain the maximal cluster-
type ECSs. In 2002, Jeong et al. first proposed the en-
tanglement purification for ECSs and it is applicable to
Werner-type ECSs [74]. In Ref. [75], the authors con-
sidered the imperfect detection in the generation process
of ECSs and employed a random mode of entanglement
purification without the manual intervention on purify-
ing lossy errors. After that, Andersen et al. experimen-
tally demonstrated an EPP for coherent states in linear
optics assisted with an ancillary vacuum state [76]. In
2013, Sheng et al. used linear optical elements to pu-
rify mixed hybrid entangled states. The research findings
showed that the error caused by the dissipation can be
transformed to bit-flip error and then be purified [64].

In this paper, we investigate a measurement-based en-
tanglement purification protocol (MBEPP) for ECSs in
linear optics, which bases on the original work in Ref. [65],
to resist to the effects of noisy quantum channel on ECSs
and pave the route of measurement-based quantum re-
peater (MBQR) [77, 78]. We first illustrate the principle
of MBEPP for ECSs under the ideal case without pho-
ton loss. We show that our MBEPP has higher efficiency
than previous EPP for discrete variables. Then we con-
sider a practical scenario with the photon loss caused by
the noisy environment. Our findings show that the error
resulted from the photon loss can be converted to bit-flip
error and be purified by the same method in the next step.
Moreover, the purified high-quality ECSs can be well pre-
served for other applications. Consequently, this work
may have application potential in the implementation of
long-distance quantum communication.

The paper is organized as follows. In Section 2, we
first recall the BSM for ECSs and present the principle of
MBEPP to correct the bit-flip error without the photon
loss. In Section 3, we consider a practical scenario that
the ECSs may encounter the dissipation simultaneously
suffering from the bit-flip error. In Section 4, we present
a discussion and make a conclusion.

2 MBEPP for ECSs without photon loss

For this MBEPP, the Bell state measurement (BSM) is an
indispensable part. Thus, we start to briefly review the
BSM for the ECSs [79]. As discussed in Ref. [27], the four

Fig. 1 The schematic diagram of our MBEPP for ECSs in
linear optics. It needs two pairs of resource states entangled
in modes g1g2g3 and h1h2h3, where the photons in modes g1g2
(h1h2) are input photons and that in g3 (h3) is the output
photon. The photons in modes a1 and g1, a2 and g2, b1 and
h1, b2 and h2 are directed to four 50:50 BSs (the red lines rep-
resent the BSs) to perform BSMs [79]. The photon detectors
can distinguish the parity of photon number [79–81]. Here,
we take BS1 for example and the similar analysis can be car-
ried out for the other BSs. If photon number detected in c1
is even (odd) and no photon in d1, we can deterministically
distinguish |ϕ+⟩a1g1 (ϕ−⟩a1g1). Similarly, we can discriminate
|ψ+⟩a1g1 (|ψ−⟩a1g1) provided that the photon detector in d1
mode registers even (odd) clicks while that in c1 mode registers
no photon. The dotted line denotes the entangled photon pair
in modes g3 and h3 after one round of this MBEPP.

quasi-Bell states can be given by

|ϕ±⟩ab =
1

N±
(|α⟩a|α⟩b ± |−α⟩a|−α⟩b),

|ψ±⟩ab =
1

N±
(|α⟩a| − α⟩b ± | − α⟩a|α⟩b), (1)

where N± =
√
2± 2e−4α2 and the subscripts a and b rep-

resent two parties Alice and Bob, respectively. ±α repre-
sent the amplitudes of the coherent state | ± α⟩, respec-
tively. For simplicity, we consider α to be real through-
out the paper. Obviously, the state |ϕ+⟩ab and |ψ+⟩ab are
nonorthogonal due to the fact that the inner product is
⟨ϕ+|ψ+⟩ = 2(e2α2

+ e−2α2

)−1. However, if we choose a
large α, i.e., α = 2, the overlap ⟨ϕ+|ψ+⟩ between them
tends to 0. In this case, all the quasi-Bell states in Eq. (1)
are nearly orthogonal. As shown in Fig. 1, the 50:50 beam-
splitter (BS, take BS1 as an example) makes the coherent
state evolve to

|α⟩a1 |α⟩g1 → |
√
2α⟩c1 |0⟩d1 ,

|α⟩a1
|−α⟩g1 → |0⟩c1 |

√
2α⟩d1

,

|−α⟩a1
|α⟩g1 → |0⟩c1 |−

√
2α⟩d1

,

|−α⟩a1 |−α⟩g1 → |−
√
2α⟩c1 |0⟩d1 . (2)

After the photons in mode a1 and mode g1 passing
through BS1, the quasi-Bell states in Eq. (1) evolve to

|ϕ+(−)⟩a1g1 → |even(odd)⟩c1 |0⟩d1
,
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|ψ+(−)⟩a1g1 → |0⟩c1 |even(odd)⟩d1
, (3)

where

|even⟩ = Ne{
∞∑

n=0

[(
√
2α)

n
+ (−

√
2α)

n
]√

n!
}|n⟩,

|odd⟩ = No{
∞∑

n=0

[(
√
2α)

n − (−
√
2α)

n
]√

n!
}|n⟩. (4)

The |even⟩ and |odd⟩ denote the even number and odd
number of photons arriving at a photon detector, re-
spectively. Ne and No are the normalization coefficients.
Hence, we can unambiguously distinguish four quasi-Bell
states according to the different responses of photon detec-
tors. To be precise, if the photon detector in c1 registers
even (odd) number of photons and the photon detector
in d1 registers no photon, we can deterministically distin-
guish |ϕ+⟩a1g1 (|ϕ−⟩a1g1). Similarly, we can discriminate
|ψ+⟩a1g1 (|ψ−⟩a1g1) if the photon detector in d1 registers
even (odd) photons while that in c1 registers no photon. It
needs to be pointed out that the state |

√
2α⟩c1 |0⟩d1

may be
in |0⟩c1 |0⟩d1

with the probability of e−2α2 , which indicates
a failure event for BSM. However, the failure probability
tends to 0 when a large α is chosen. For example, if α = 2,
the success probability of the BSM is 0.9997.

Similar to the polarization degree of freedom, the ECSs
also suffer from the channel noise during the entanglement
distribution, which makes the maximal ECSs become less
entangled states or even mixed states. In detail, we con-
sider the initial state is |ϕ−⟩ab. If |ϕ−⟩ab becomes |ψ−⟩ab,
we call it the bit-flip error. If the phase-flip error hap-
pens, |ϕ−⟩ab will become |ϕ+⟩ab. And |ϕ−⟩ab will evolve
to |ψ+⟩ab when the bit-flip and phase-flip errors occur si-
multaneously. The phase-flip error cannot be purified di-
rectly. It is usually transformed to bit-flip error after the
Hadamard operations. We can obtain the transformation
as

|ϕ−⟩ → |ϕ−⟩, |ϕ+⟩ → |ψ+⟩,
|ψ−⟩ → |ψ−⟩, |ψ+⟩ → |ϕ+⟩, (5)

with the assistance of operation Ux(π/4) which means the
rotation by π/2 around the x axis [27]. This operation can
be given by

|α⟩ → e−iπ/4
√
2

(|α⟩+ i| − α⟩),

| − α⟩ → e−iπ/4
√
2

(i|α⟩+ | − α⟩). (6)

Thus, we merely consider to purify the bit-flip error to
describe the principle of this MBEPP. We assume that the
mixed state can be written as

ρab = F |ϕ−⟩ab⟨ϕ−|+ (1− F )|ψ−⟩ab⟨ψ−|, (7)

where F = ⟨ϕ−| ρab |ϕ−⟩ is the initial fidelity of the mixed
state. As a result, the whole system ρa1b1 ⊗ ρa2b2 can be

described as the mixture of four pure states. To be spe-
cific, the whole system is in the state |ϕ−⟩a1b1 |ϕ−⟩a2b2 with
the probability of F 2. It is in the state |ϕ−⟩a1b1 |ψ−⟩a2b2 or
|ψ−⟩a1b1 |ϕ−⟩a2b2 with an equal probability of F (1 − F ).
The whole system is in the state |ψ−⟩a1b1 |ψ−⟩a2b2 with
the probability of (1 − F )2. From Fig. 1, this MBEPP
also needs two pairs of resource states which are entangled
in modes g1g2g3 and h1h2h3, respectively. The resource
state can be given by

|GHZ⟩ = 1

N1
(|α⟩|α⟩|α⟩+ | − α⟩| − α⟩| − α⟩), (8)

where N1 =
√
2 + 2e−6α2 . The Ref. [82] discussed the

generation of arbitrary concatenated Greenberger-Horne-
Zeilinger (C-GHZ) state encoded in coherent states with
linear optics. Thus, we let N = 1 and M = 3 where N
and M respectively represent the number of blocks and
the physical qubits in each block. This resource state as
Eq. (8) can be prepared off-line in a probabilistic way.

Then, Alice and Bob make BSMs for the photons in
modes a1g1, a2g2, b1h1, and b2h2, respectively. Whether
the purification is successful or not is determined by the
outcomes of BSMs [77]. The success cases and the cor-
responding operations performed on the photon in one of
the output modes are listed in Table 1. In detail, with the
probability of F 2, the state ρa1b1 ⊗ ρa2b2 ⊗ |GHZ⟩g1g2g3 ⊗
|GHZ⟩h1h2h3 is in

|ϕ−⟩a1b1 ⊗ |ϕ−⟩a2b2 ⊗ |GHZ⟩g1g2g3 ⊗ |GHZ⟩h1h2h3

=
1

N2
−N

2
1

(|α, α⟩a1b1−|−α,−α⟩a1b1)

⊗ (|α, α⟩a2b2−|−α,−α⟩a2b2)

⊗ (|α, α, α⟩g1g2g3+|−α,−α,−α⟩g1g2g3)
⊗ (|α, α, α⟩h1h2h3+|−α,−α,−α⟩h1h2h3). (9)

From Eq. (9), the two modes in |ϕ−⟩ have the same am-
plitudes. Therefore, if the results of BSMs on (g1, a1) and
(h1, b1) are the same (different), the measurement out-
comes on (g2, a2) and (h2, b2) must be the same (different)
without considering the sign. Hence, the resultant state is
|ϕ+⟩g3h3 or |ϕ−⟩g3h3 . We define that when above measure-
ment results are obtained, our MBEPP is successful. The
state |ψ−⟩a1b1⊗|ψ−⟩a2b2⊗|GHZ⟩g1g2g3⊗|GHZ⟩h1h2h3

can
also lead to the successful measurement results. After the
BSMs, |ψ−⟩a1b1 ⊗ |ψ−⟩a2b2 ⊗ |GHZ⟩g1g2g3 ⊗ |GHZ⟩h1h2h3

will evolve to |ψ+⟩g3h3 or |ψ−⟩g3h3 .
On the other hand, we will show that the crossed com-

binations |ϕ−⟩a1b1 |ψ−⟩a2b2 and |ψ−⟩a1b1 |ϕ−⟩a2b2 can be
eliminated automatically. For example,

|ϕ−⟩a1b1 ⊗ |ψ−⟩a2b2 ⊗ |GHZ⟩g1g2g3 ⊗ |GHZ⟩h1h2h3

=
1

N2
−N

2
1

(|α, α⟩a1b1−|−α,−α⟩a1b1)

⊗ (|α,−α⟩a2b2−|−α, α⟩a2b2)

⊗ (|α, α, α⟩g1g2g3+|−α,−α,−α⟩g1g2g3)
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⊗ (|α, α, α⟩h1h2h3
+|−α,−α,−α⟩h1h2h3

). (10)

It can be found that the measurement outcomes on (g1, a1)
and (h1, b1) are the same (different) while the results on
(g2, a2) and (h2, b2) are different (same). The similar mea-
surement results can be obtained for |ψ−⟩a1b1 |ϕ−⟩a2b2 . In
this way, the crossed combinations states cannot lead to
the successful measurement results, so that they can be
discarded automatically.

Consequently, if the number of sign “−” in the BSM
outcomes is odd, i.e., |ϕ+⟩g1a1

|ψ−⟩g2a2
|ϕ+⟩h1b1 |ψ+⟩h2b2 ,

the output state can be described as

ρg3h3
= F1|ϕ−⟩g3h3

⟨ϕ−|+ (1− F1)|ψ−⟩g3h3
⟨ψ−|, (11)

where F1 = F 2

F 2+(1−F )2
. The fidelity of the new mixed

state is larger than that of the initial one when F >
0.5 [59]. While if the number of sign “−” is even, such
as |ϕ+⟩g1a1

|ϕ−⟩g2a2
|ϕ−⟩h1b1 |ϕ+⟩h2b2 , the resultant state is

ρ′g3h3
= F1|ϕ+⟩g3h3

⟨ϕ+|+ (1− F1)|ψ+⟩g3h3
⟨ψ+|. (12)

After operating σz on the photon in one of the output
modes, we can transform the mixed state ρ′g3h3

in Eq. (12)
to ρg3h3 in Eq. (11) (see Appendix A). The operation σx
corresponding to be a phase shift can be implemented by
employing the giant Kerr nonlinearity [83] and the op-
eration σz can be constructed by using a displacement
operator D(iπ/4α

√
1− T ), where T → 1 is the transmis-

sion coefficient of beam splitter. The success probability
of this MBEPP is (1− e−2α2

)4[F 2 + (1− F )2].
From the analysis beforehand, the fidelity of this

MBEPP for ECSs is the same as that of the MBEPPs
for discrete variables such as polarization in linear op-
tics [77, 78] while the success probability of this MBEPP is
larger. The BSM plays a key role in MBEPP. The success
probability of those MBEPPs for polarization entangle-
ment in linear optics [73, 77, 78] is [F 2 + (1− F )

2
]/16,

for only two of the four Bell states can be distinguished
with the standard BSM in linear optics, so that the suc-
cess probability for each BSM is only 1

2 [79]. However,
the four Bell states in Eq. (1) can be completely dis-
criminated with the probability 1 − e−2α2 , which results
in the total success probability of this MBEPP being
(1− e−2α2

)4[F 2 + (1− F )2]. In this way, if α >
√

ln 2/2,
the success probability of this MBEPP is larger than
that of the MBEPPs in Refs. [73, 77, 78]. Moreover,
with the growth α, the success probability will tend to
F 2 + (1 − F )2 [59]. This MBEPP has another attrac-
tive advantage that the purified ECSs can be well re-
mained for further application, i.e., quantum communi-
cation [38, 39, 45].

3 MBEPP for ECSs with photon loss

So far, we have completely discussed the principle of our
MBEPP without considering the photon loss. However, in

Table 1 The outcomes of BSMs and the corresponding
operations performed on one mode of output state without
photon loss. The first column denotes the measurement out-
comes on g1a1, g2a2, h1b1 and h2b2. The second column rep-
resents the parity of number of “−”, i.e., the number of “−” of
|ϕ−⟩g1a1 |ϕ−⟩g2a2 |ϕ−⟩h1b1 |ϕ−⟩h2b2 is even. The third column
means the additional operations are needed to operate.

BSM outcomes Number of “–” Operation

|ϕ⟩g1a1 |ϕ⟩g2a2 |ϕ⟩h1b1 |ϕ⟩h2b2 odd “–” I
|ϕ⟩g1a1 |ψ⟩g2a2 |ϕ⟩h1b1 |ψ⟩h2b2

|ψ⟩g1a1 |ϕ⟩g2a2 |ψ⟩h1b1 |ϕ⟩h2b2 even “–” σz

|ψ⟩g1a1 |ψ⟩g2a2 |ψ⟩h1b1 |ψ⟩h2b2

|ϕ⟩g1a1 |ϕ⟩g2a2 |ψ⟩h1b1 |ψ⟩h2b2 odd “–” σx

|ϕ⟩g1a1 |ψ⟩g2a2 |ψ⟩h1b1 |ϕ⟩h2b2

|ψ⟩g1a1 |ϕ⟩g2a2 |ϕ⟩h1b1 |ψ⟩h2b2 even “–” σxσz

|ψ⟩g1a1 |ψ⟩g2a2 |ϕ⟩h1b1 |ϕ⟩h2b2

the practical scenario, the coherent states may suffer from
photon loss which will degrade the fidelity of entanglement
and threaten the security of quantum communication. To
address this issue, it is essential to correct the error of
photon loss caused by dissipation. Here, we utilize BS
with the transmission coefficient of η and the reflection
coefficient of 1−η to describe the loss model. Let’s denote
|β⟩ = |√ηα⟩ and |γ⟩ = |

√
1− ηα⟩. In this case, the state

|ϕ−⟩ will not only face the bit-flip error but also suffer
from the photon loss. Therefore, the mixed state ρab in
Eq. (7) will evolve to

ρlab = F |ϕ−1 ⟩ab⟨ϕ
−
1 |+ (1− F )|ψ−

1 ⟩ab⟨ψ
−
1 |, (13)

where

|ϕ−1 ⟩ab =
1

N−
(|β⟩a|γ⟩Ea

|β⟩b|γ⟩Eb

− |−β⟩a|−γ⟩Ea
|−β⟩b|−γ⟩Eb

),

|ψ−
1 ⟩ab =

1

N−
(|β⟩a|γ⟩Ea

| − β⟩b| − γ⟩Eb

− |−β⟩a|−γ⟩Ea
|β⟩b|γ⟩Eb

). (14)

The superscript l means the mixed state undergoing the
photon loss and the subscripts Ea and Eb denote the envi-
ronment modes at Alice and Bob. Thus, the whole system
ρla1b1

⊗ ρla2b2
can be described as follows. With the prob-

ability of F 2, the system is in the state |ϕ−1 ⟩a1b1 |ϕ−1 ⟩a2b2 .
With an equal probability of F (1 − F ), the system is in
the state |ϕ−1 ⟩a1b1 |ψ−

1 ⟩a2b2 or |ψ−
1 ⟩a1b1 |ϕ−1 ⟩a2b2 . It is in the

state |ψ−
1 ⟩a1b1 |ψ−

1 ⟩a2b2 with the probability of (1−F )2. In
addition, the resource state entangled in modes g1g2g3 and
h1h2h3 can be rewritten as

|GHZ⟩n =
1

N2
(|β⟩|β⟩|β⟩+ | − β⟩| − β⟩| − β⟩), (15)

where N2 =
√
2 + 2e−6ηα2 and the superscript n means

the new resource state regenerated corresponding to the
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transmission coefficient η. Therefore, with the probability
of F 2, the state |GHZ⟩ng1g2g3⊗|GHZ⟩nh1h2h3

⊗ρla1b1
⊗ρla2b2

can be written as

|GHZ⟩ng1g2g3 |GHZ⟩
n
h1h2h3

|ϕ−1 ⟩a1b1 |ϕ−1 ⟩a2b2

=
1

N2
−N

2
2

(|β⟩g1 |β⟩g2 |β⟩g3 + | − β⟩g1 | − β⟩g2 | − β⟩g3)

⊗ (|β⟩h1
|β⟩h2

|β⟩h3
+ | − β⟩h1

| − β⟩h2
| − β⟩h3

)

⊗ (|β⟩a1
|β⟩b1 |γ⟩Ea1

|γ⟩Eb1
− | − β⟩a1

| − β⟩b1
⊗ | − γ⟩Ea1

| − γ⟩Eb1
)(|β⟩a2

|β⟩b2 |γ⟩Ea2
|γ⟩Eb2

− | − β⟩a2
| − β⟩b2 | − γ⟩Ea2

| − γ⟩Eb2
). (16)

Due to the existence of photon loss, only the items

|GHZ⟩ng1g2g3 |GHZ⟩
n
h1h2h3

(| − β⟩a1 | − β⟩b1 | − γ⟩Ea1

⊗ | − γ⟩Eb1
| − β⟩a2

| − β⟩b2 | − γ⟩Ea2
| − γ⟩Eb2

+ |β⟩a1 |β⟩b1 |γ⟩Ea1
|γ⟩Eb1

|β⟩a2 |β⟩b2 |γ⟩Ea2
|γ⟩Eb2

),

(17)

can be employed to distill high-quality entanglement.
Similarly, with the probability of (1 − F )2, the state

|GHZ⟩ng1g2g3 ⊗ |GHZ⟩nh1h2h3
⊗ ρla1b1

⊗ ρla2b2
is in

|GHZ⟩ng1g2g3 |GHZ⟩
n
h1h2h3

|ψ−
1 ⟩a1b1 |ψ−

1 ⟩a2b2

=
1

N2
−N

2
2

(|β⟩g1 |β⟩g2 |β⟩g3 + | − β⟩g1 | − β⟩g2 | − β⟩g3)

⊗ (|β⟩h1 |β⟩h2 |β⟩h3 + | − β⟩h1 | − β⟩h2 | − β⟩h3)

⊗ (|β⟩a1 | − β⟩b1 |γ⟩Ea1
| − γ⟩Eb1

− | − β⟩a1 |β⟩b1
⊗ | − γ⟩Ea1

|γ⟩Eb1
)(|β⟩a2

| − β⟩b2 |γ⟩Ea2
| − γ⟩Eb2

− | − β⟩a2 |β⟩b2 | − γ⟩Ea2
|γ⟩Eb2

), (18)

in which only the components

|GHZ⟩ng1g2g3 |GHZ⟩
n
h1h2h3

(|β⟩a1 | − β⟩b1 |γ⟩Ea1

⊗ |−γ⟩Eb1
|β⟩a2

|−β⟩b2 |γ⟩Ea2
|−γ⟩Eb2

+|−β⟩a1

⊗ |β⟩b1 |−γ⟩Ea1
|γ⟩Eb1

|−β⟩a2 |β⟩b2 | − γ⟩Ea2
|γ⟩Eb2

),

(19)

make contributions to this MBEPP.
Moreover, with the similar principle as described in

Section 2, the crossed combinations |ϕ−1 ⟩a1b1 |ψ−
1 ⟩a2b2 and

|ψ−
1 ⟩a1b1 |ϕ−1 ⟩a2b2 can be eliminated automatically. All the

cases corresponding to the successful purification and the
corresponding operations are listed in Table 2 in detail.

In this way, when the MBEPP is successful, we can
obtain the resultant state as (see Appendix B)

ρlg3h3
= F1|ϕ−1 ⟩g3h3

⟨ϕ−1 |+ (1− F1)|ψ−
1 ⟩g3h3

⟨ψ−
1 |, (20)

where F1 = F 2

F 2+(1−F )2
and

|ϕ−1 ⟩g3h3
=

1

N3
(|β⟩g3 |β⟩h3

|γ⟩Ea1
|γ⟩Ea2

|γ⟩Eb1
|γ⟩Eb2

Table 2 The outcomes of BSMs and corresponding opera-
tions performed on the photon in one output mode with the
photon loss. The first column denotes the measurement out-
comes on g1a1, g2a2, h1b1 and h2b2. The second column rep-
resents the parity of number of “−”. The third column means
the additional operations are required to operate.

BSM outcomes Number of “–” Operation

|ϕ⟩g1a1 |ϕ⟩g2a2 |ϕ⟩h1b1 |ϕ⟩h2b2 odd “–” I
|ψ⟩g1a1 |ψ⟩g2a2 |ψ⟩h1b1 |ψ⟩h2b2 even “–” σz

|ϕ⟩g1a1 |ϕ⟩g2a2 |ψ⟩h1b1 |ψ⟩h2b2 odd “–” σx

|ψ⟩g1a1 |ψ⟩g2a2 |ϕ⟩h1b1 |ϕ⟩h2b2 even “–” σxσz

− |−β⟩g3 |−β⟩h3 |−γ⟩Ea1
|−γ⟩Ea2

|−γ⟩Eb1

|−γ⟩Eb2
), (21)

|ψ−
1 ⟩g3h3

=
1

N3
(|β⟩g3 | −β⟩h3

|γ⟩Ea1
|γ⟩Ea2

|−γ⟩Eb1
|−γ⟩Eb2

− |−β⟩g3 |β⟩h3
|−γ⟩Ea1

|−γ⟩Ea2
|γ⟩Eb1

|γ⟩Eb2
),

(22)

where 1/N3 is a normalization coefficient. For the
whole system, the loss modes |±γ⟩Ea1

|±γ⟩Ea2
and

|±γ⟩Eb1
|±γ⟩Eb2

can be respectively viewed as a large en-
vironment as |±

√
2γ⟩Ea

and |±
√
2γ⟩Eb

for Alice and Bob.
As a result, the Eqs. (21) and (22) can be rewritten as

|ϕ−2 ⟩g3h3
=

1

N3
(|β⟩g3 |β⟩h3

|
√
2γ⟩Ea

|
√
2γ⟩Eb

− |−β⟩g3 |−β⟩h3
|−

√
2γ⟩Ea

|−
√
2γ⟩Eb

), (23)

and

|ψ−
2 ⟩g3h3 =

1

N3
(|β⟩g3 | − β⟩h3 |

√
2γ⟩Ea |−

√
2γ⟩Eb

− |−β⟩g3 |β⟩h3 |−
√
2γ⟩Ea |

√
2γ⟩Eb

). (24)

With the method described in Ref. [64], we use an
orthogonal two dimensional basis {|u⟩, |v⟩} to represent
|±

√
2γ⟩y where y = Ea or Eb, yielding

|
√
2γ⟩y = µy|u⟩y + νy|v⟩y,

| −
√
2γ⟩y = µy|u⟩y − νy|v⟩y, (25)

in which µ2
y = 1+e−4(1−η)α2

2 and ν2y = 1−e−4(1−η)α2

2 .
Then, when we trace out the loss modes, the states

|ϕ−2 ⟩g3h3 and |ψ−
2 ⟩g3h3 will become

ρl1 = N−1
4 [N2

1−(1 + e−8(1−η)α2

)|ϕ−3 ⟩g3h3
⟨ϕ−3 |

+N2
1+(1− e−8(1−η)α2

)|ψ+
3 ⟩g3h3

⟨ψ+
3 |], (26)

and

ρl2 = N−1
4 [N2

1−(1 + e−8(1−η)α2

)|ψ−
3 ⟩g3h3

⟨ψ−
3 |

+N2
1+(1− e−8(1−η)α2

)|ϕ+3 ⟩g3h3⟨ϕ+3 |], (27)
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where N−1
4 is a normalization factor and

|ϕ±3 ⟩g3h3 =
1

N1±
(|β⟩g3 |β⟩h3±| − β⟩g3 | − β⟩h3),

|ψ±
3 ⟩g3h3

=
1

N1±
(|β⟩g3 | − β⟩h3

±| − β⟩g3 |β⟩h3
). (28)

In Eq. (28), N1± =
√
2± 2e−4ηα2 . Subsequently, we can

rewrite Eq. (20) as

ρl1 = N5[F1F2|ϕ−3 ⟩g3h3
⟨ϕ−3 |+ F1(1− F2)

× |ψ+
3 ⟩g3h3⟨ψ+

3 |+ (1− F1)F2|ψ−
3 ⟩g3h3⟨ψ−

3 |
+ (1− F1)(1− F2)|ϕ+3 ⟩g3h3

⟨ϕ+3 |], (29)

where N5 is the normalization factor and

F2 =
N2

1−[1 + e−8(1−η)α2

]

N2
1−[1 + e−8(1−η)α2 ] +N2

1+[1− e−8(1−η)α2 ]
. (30)

It is clear for one to observe from Eq. (29) that the
photon loss resulted from the noisy environment can be
transformed to the bit-flip error. Thus, the mixed state
given by Eq. (20) can be rewritten as the general case
containing both bit-flip error and phase-flip error. In this
case, the high-quality ECSs can be obtained from Eq. (29)
if F1F2 >

1
2 . As a result, after performing one round of

purification, one can obtain the new mixed state as

ρln = A|ϕ−3 ⟩g3h3
⟨ϕ−3 |+B|ψ+

3 ⟩g3h3
⟨ψ+

3 |
+ C|ψ−

3 ⟩g3h3⟨ψ−
3 |+D|ϕ+3 ⟩g3h3⟨ϕ+3 |, (31)

with

A=
[F 2

1 +(1−F1)
2
]F 2

2

F 2
2 +(1−F2)

2 , B =
[F 2

1 +(1−F1)
2
](1−F2)

2

F 2
2 +(1−F2)

2 ,

C =
2F1(1−F1)F

2
2

F 2
2 +(1−F2)

2 , D =
2F1(1−F1)(1−F2)

2

F 2
2 +(1−F2)

2 . (32)

The fidelity of ρln is ⟨ϕ−3 |ρln|ϕ
−
3 ⟩ = A. To ensure that the

fidelity of Eq. (31) is larger than that of Eq. (13) after
tracing out the loss modes, we require

[F 2
1 +(1−F1)

2
]F 2

2

[F 2
2 +(1−F2)

2
]F

>
(1−e−4ηα2

)(1+e−4(1−η)α2

)

2(1−e−4α2)
. (33)

Further, it is necessary for one to perform the operation
Ux(π/4) to transform phase-flip error to bit-flip error, i.e.,
|ϕ+3 ⟩ ⇔ |ψ+

3 ⟩ before each round of purification which is
similar to that in Ref. [60]. Thus, the fidelity of the state
|ϕ−⟩g3h3 increases with an increasing round of purification,
accordingly. In addition, we assume that F1 tends to unity
after purifying the mixed state as the form of Eq. (20)
after a large number of purification rounds. Under this
circumstance, we can obtain

N2
1−[1 + e−8(1−η)α2

]>N2
1+[1− e−8(1−η)α2

], (34)

when η > 2
3 .

It is clear to observe from Eq. (34) that the basic re-
quirement of this MBEPP just relies on the transmission
efficiency without depending on the photon number. So
far, we have completely carried out the analysis for the
MBEPP under the dissipation combined with the bit-flip
error. Interestingly, the error caused by dissipation can be
transformed to bit-flip error which is similar as Ref. [64].

4 Discussion and conclusion

We have discussed the MBEPP for ECSs under the pho-
ton loss combined with the bit-flip error. The phase-flip
error can be transformed to bit-flip error assisted by the
operation Ux(

π

4 ) [27] and can be purified in the subse-
quent purification step. It is interesting for us to compare
this MBEPP with the conventional EPP using controlled-
not (CNOT) gate [59], in which one pair is considered to
be a control and the other pair as a target. After pass-
ing through the CNOT gate, the target pair is measured
by z-basis and the source pair is retained if the measure-
ment results are the same. In this MBEPP, let us denote
|ϕ⟩ ≡ |0⟩ and |ψ⟩ ≡ |1⟩. For Alice’s side, the outcomes of
BSMs on g1a1 and g2a2 have four cases, i.e., |ϕ⟩g1a1

|ϕ⟩g2a2
,

|ϕ⟩g1a1
|ψ⟩g2a2

, |ψ⟩g1a1
|ϕ⟩g2a2

and |ψ⟩g1a1
|ψ⟩g2a2

, which
correspond to |0⟩|0⟩, |0⟩|1⟩, |1⟩|0⟩ and |1⟩|1⟩. Subse-
quently, we can obtain |0⟩ and |1⟩ by applying additional
modulo 2 to these two measurement outcomes. The same
case happens at Bob’s side. We retain the states entangled
in modes g3 and h3 when the results of addition modulo 2
at Alice’s and Bob’s sides are the same. In addition, the
corresponding operations should be performed on one of
the output modes based on the number of sign “−” among
four outcomes of BSMs. In this view, it plays a similar role
as a CNOT gate. Moreover, this MBEPP is able to toler-
ate photon loss while the MBEPPs in Refs. [73, 77, 78] be-
come invalid once any photon loses. In this MBEPP, the
photon-number-resolving detector is pivotal. Fortunately,
the photon counting detector working at visible and near-
infrared wavelengths have been constructed [80], which
employs superconducting transition-edge sensors. The ef-
ficiency of this detector is 95% at 1556 nmwavelengths and
it can be further improved by utilizing some appropriate
methods.

In conclusion, we propose the first MBEPP for ECSs to
correct the bit-flip error. Subsequently, we consider the
practical scenario that the coherent states suffer from the
dissipation and the bit-flip error. Surprisingly, we show
that the error resulted from the dissipation can be con-
verted to bit-flip error and then be corrected with the same
method for correcting the bit-flip error. Additionally, if
one combines our MBEPP with the entanglement gener-
ation [46–49] and entanglement swapping [45] as well as
quantum memory [84] for ECSs, the long-distance quan-
tum communication based on ECSs may be realized in the
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future.

Appendix A

In this appendix, we show the MBEPP without consider-
ing the photon loss. As shown in Fig. 1 of the main text,
we need two noisy copies, the whole mixed state is

ρt = F 2|ϕ−⟩a1b1⟨ϕ−| ⊗ |ϕ−⟩a2b2⟨ϕ−|
+ F (1− F )× |ϕ−⟩a1b1⟨ϕ−| ⊗ |ψ−⟩a2b2⟨ψ−|
+ F (1− F )× |ψ−⟩a1b1⟨ψ−| ⊗ |ϕ−⟩a2b2⟨ϕ−|
+ (1− F )2 × |ψ−⟩a1b1⟨ψ−| ⊗ |ψ−⟩a2b2⟨ψ−|. (35)

Here, we only carry out the analysis for the item
|ϕ−⟩a1b1 |ϕ−⟩a2b2 . The discussion for the other items can
be done with the same principle. Thus, with the prob-
ability of F 2, the system ρa1b1 ⊗ ρa2b2 ⊗ |GHZ⟩g1g2g3 ⊗
|GHZ⟩h1h2h3

is in the state

|ϕ−⟩a1b1 ⊗ |ϕ−⟩a2b2 ⊗ |GHZ⟩g1g2g3 ⊗ |GHZ⟩h1h2h3

=
1

N2
−N

2
1

(|α, α⟩a1b1 − |−α,−α⟩a1b1)⊗ (|α, α⟩a2b2

−|−α,−α⟩a2b2)⊗ (|α, α, α⟩g1g2g3+|−α,−α,−α⟩g1g2g3)
⊗ (|α, α, α⟩h1h2h3

+ |−α,−α,−α⟩h1h2h3
). (36)

Subsequently, if we reorganize the order of the photons,
the state in Eq. (36) can be expanded as

|ϕ−⟩a1b1 ⊗ |ϕ−⟩a2b2 ⊗ |GHZ⟩g1g2g3 ⊗ |GHZ⟩h1h2h3

= |α, α⟩g3h3 [|α, α⟩|α, α⟩|α, α⟩|α, α⟩ − |α, α⟩|α,−α⟩
|α, α⟩|α,−α⟩ − |α,−α⟩|α, α⟩|α,−α⟩|α, α⟩+|α,−α⟩
|α,−α⟩|α,−α⟩|α,−α⟩] + |α,−α⟩g3h3 [|α, α⟩|α, α⟩
| − α, α⟩| − α, α⟩ − |α, α⟩|α,−α⟩| − α, α⟩|− α,−α⟩
−|α,−α⟩|α, α⟩| − α,−α⟩| − α, α⟩+ |α,−α⟩|α,−α⟩
|−α,−α⟩|− α,−α⟩] + |−α, α⟩g3h3

[|−α, α⟩|−α, α⟩
|α, α⟩|α, α⟩−| −α, α⟩|−α,−α⟩|α, α⟩|α,−α⟩
− |− α,−α⟩|− α, α⟩|α,−α⟩|α, α⟩+|−α,−α⟩
|−α,−α⟩|α,−α⟩|α,−α⟩] + |− α,−α⟩g3h3

[|− α, α⟩
| − α, α⟩| − α, α⟩| − α, α⟩ − | − α, α⟩| − α,−α⟩
| − α, α⟩| − α,−α⟩ − | − α,−α⟩| − α, α⟩| − α,−α⟩
| − α, α⟩+ | − α,−α⟩| − α,−α⟩| − α,−α⟩
| − α,−α⟩], (37)

where we neglect the normalization factor. The photon
pairs in the brackets are in the order of g1a1, g2a2, h1b1
and h2b2. Here, we merely consider the items Eq. (38) of
Eq. (37) and the similar analysis can be carried out for
the other remaining items

|α, α⟩g3h3
|α, α⟩g1a1

|α, α⟩g2a2
|α, α⟩h1b1 |α, α⟩h2b2

+ | − α,−α⟩g3h3
| − α,−α⟩g1a1

| − α,−α⟩g2a2

| − α,−α⟩h1b1 | − α,−α⟩h2b2 . (38)

Then, we replace ±α of Eq. (38) with the quasi-Bell basis
{ϕ±, ψ±}, yielding

(|α, α⟩g3h3 + | − α,−α⟩g3h3)(N
4
+|ϕ+⟩|ϕ+⟩|ϕ+⟩|ϕ+⟩

+N2
+N

2
−|ϕ+⟩|ϕ+⟩|ϕ−⟩|ϕ−⟩+N2

+N
2
−|ϕ+⟩|ϕ−⟩|ϕ+⟩|ϕ−⟩

+N2
+N

2
−|ϕ+⟩|ϕ−⟩|ϕ−⟩|ϕ+⟩+N2

+N
2
−|ϕ−⟩|ϕ+⟩|ϕ+⟩|ϕ−⟩

+N2
+N

2
−|ϕ−⟩|ϕ+⟩|ϕ−⟩|ϕ+⟩+N2

+N
2
−|ϕ−⟩|ϕ−⟩|ϕ+⟩|ϕ+⟩

+N4
−|ϕ−⟩|ϕ−⟩|ϕ−⟩|ϕ−⟩)

+(|α, α⟩g3h3
−| − α,−α⟩g3h3

)(N3
+N−|ϕ+⟩|ϕ+⟩|ϕ+⟩|ϕ−⟩

+N3
+N−|ϕ+⟩|ϕ+⟩|ϕ−⟩|ϕ+⟩+N3

+N−|ϕ+⟩|ϕ−⟩|ϕ+⟩|ϕ+⟩
+N+N

3
−|ϕ+⟩|ϕ−⟩|ϕ−⟩|ϕ−⟩+N3

+N−|ϕ−⟩|ϕ+⟩|ϕ+⟩|ϕ+⟩
+N+N

3
−|ϕ−⟩|ϕ+⟩|ϕ−⟩|ϕ−⟩+N+N

3
−|ϕ−⟩|ϕ−⟩|ϕ+⟩|ϕ−⟩

+N+N
3
−|ϕ−⟩|ϕ−⟩|ϕ−⟩|ϕ+⟩). (39)

It is clear for one to see that if we get odd number of
|ϕ−⟩, the state will collapse to

|ϕ−⟩g3h3 =
1

N−
(|α, α⟩g3h3 − | − α,−α⟩g3h3). (40)

On the contrary, an even number of |ϕ−⟩ makes the state
change to

|ϕ+⟩g3h3
=

1

N+
(|α, α⟩g3h3

+ | − α,−α⟩g3h3
). (41)

Thus, an additional operation σz is performed on
the coherent state which will realize the transformation
from |ϕ+⟩g3h3 to |ϕ−⟩g3h3 . The same analysis can be
carried out for the other remaining items of the state
in Eq. (37). Similarly, the discussion on the state
|ϕ−⟩a1b1 ⊗ |ψ−⟩a2b2 ⊗ |GHZ⟩g1g2g3 ⊗ |GHZ⟩h1h2h3

and
|ψ−⟩a1b1 ⊗ |ϕ−⟩a2b2 ⊗ |GHZ⟩g1g2g3 ⊗ |GHZ⟩h1h2h3

as well
as |ψ−⟩a1b1 ⊗ |ψ−⟩a2b2 ⊗ |GHZ⟩g1g2g3 ⊗ |GHZ⟩h1h2h3

can
be done with the same principle. Finally, we can readily
obtain the new mixed state with a higher-fidelity with or
without operations, which is given by Table 1 in the main
text.

Appendix B

This appendix presents the detailed discussion on the
MBEPP with the photon loss. Similar to the ideal case,
the total system encountering from the photon loss can be
described as

ρlt = F 2|ϕ−1 ⟩a1b1⟨ϕ−1 | ⊗ |ϕ−1 ⟩a2b2⟨ϕ−1 |
+ F (1− F )× |ϕ−1 ⟩a1b1⟨ϕ−1 | ⊗ |ψ−

1 ⟩a2b2⟨ψ−
1 |

+ F (1− F )× |ψ−
1 ⟩a1b1⟨ψ−

1 | ⊗ |ϕ−1 ⟩a2b2⟨ϕ−1 |
+ (1− F )2 × |ψ−

1 ⟩a1b1⟨ψ−
1 | ⊗ |ψ−

1 ⟩a2b2⟨ψ−
1 |, (42)

where |ϕ−1 ⟩ and |ψ−
1 ⟩ are given by Eqs. (21) and Eq. (22),

respectively. Here, we merely consider the item |ψ−
1 ⟩a1b1
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|ψ−
1 ⟩a2b2 . As a result, the state |ψ−

1 ⟩a1b1 |ψ−
1 ⟩a2b2 com-

bines with two pairs of resource states |GHZ⟩ng1g2g3
|GHZ⟩nh1h2h3

can be written as

|GHZ⟩ng1g2g3 |GHZ⟩
n
h1h2h3

|ψ−
1 ⟩a1b1 |ψ−

1 ⟩a2b2

=
1

N2
−N

2
2

(|β⟩g1 |β⟩g2 |β⟩g3 + | − β⟩g1 | − β⟩g2 | − β⟩g3)

⊗ (|β⟩h1 |β⟩h2 |β⟩h3 + | − β⟩h1 | − β⟩h2 | − β⟩h3)

⊗ (|β⟩a1 | − β⟩b1 |γ⟩Ea1
| − γ⟩Eb1

− | − β⟩a1 |β⟩b1
⊗ | − γ⟩Ea1

|γ⟩Eb1
)(|β⟩a2

| − β⟩b2 |γ⟩Ea2
| − γ⟩Eb2

− | − β⟩a2 |β⟩b2 | − γ⟩Ea2
|γ⟩Eb2

). (43)

Due to the photon loss, only some components of
Eq. (43) can make contributions to this MBEPP, which
are described as

|β, β⟩g3h3 [|β, β⟩g1a1 |β, β⟩g2a2 |β,−β⟩h1b1 |β,−β⟩h2b2

⊗ |
√
2γ⟩Ea

| −
√
2γ⟩Eb

+ |β,−β⟩g1a1
|β,−β⟩g2a2

⊗ |β, β⟩h1b1 |β, β⟩h2b2 |−
√
2γ⟩Ea

|
√
2γ⟩Eb

]+|β,−β⟩g3h3

⊗ [|β, β⟩g1a1
|β, β⟩g2a2

| − β,−β⟩h1b1 | − β,−β⟩h2b2

⊗ |
√
2γ⟩Ea | −

√
2γ⟩Eb

+ |β,−β⟩g1a1 |β,−β⟩g2a2

⊗ | − β, β⟩h1b1 | − β, β⟩h2b2 |
√
2γ⟩Ea

| −
√
2γ⟩Eb

]

+ | − β, β⟩g3h3
[| − β, β⟩g1a1

| − β, β⟩g2a2
|β,−β⟩h1b1

⊗ |β,−β⟩h2b2 |
√
2γ⟩Ea

| −
√
2γ⟩Eb

+ | − β,−β⟩g1a1

⊗ |−β,−β⟩g2a2 |β, β⟩h1b1 |β, β⟩h2b2 |
√
2γ⟩Ea |−

√
2γ⟩Eb

]

+ |−β,−β⟩g3h3
[|−β, β⟩g1a1

|−β, β⟩g2a2
|−β,−β⟩h1b1

⊗ | − β,−β⟩h2b2 |
√
2γ⟩Ea | −

√
2γ⟩Eb

+ | − β,−β⟩g1a1

⊗ | − β,−β⟩g2a2 | − β, β⟩h1b1 | − β, β⟩h2b2

⊗ |
√
2γ⟩Ea

| −
√
2γ⟩Eb

]. (44)

Here, we neglect the normalization factor. Similarly to
Eq. (39), we only discuss the components in Eq. (45)
(With the same principle, the analysis for the other com-
ponents in Eq. (44) can be done.).

|β,−β⟩g3h3
|β, β⟩g1a1

|β, β⟩g2a2
| − β,−β⟩h1b1

⊗ | − β,−β⟩h2b2 |
√
2γ⟩Ea

| −
√
2γ⟩Eb

+ | − β, β⟩g3h3

⊗ | − β,−β⟩g1a1
| − β,−β⟩g2a2

|β, β⟩h1b1 |β, β⟩h2b2

⊗ |
√
2γ⟩Ea | −

√
2γ⟩Eb

. (45)

Let us rewrite Eq. (45) with the quasi-Bell basis {ϕ±, ψ±},
we can obtain

(|β,−β⟩g3h3 |
√
2γ⟩Ea | −

√
2γ⟩Eb

+| − β, β⟩g3h3 |
√
2γ⟩Ea

⊗ | −
√
2γ⟩Eb

)(N4
1+|ϕ+3 ⟩|ϕ

+
3 ⟩|ϕ

+
3 ⟩|ϕ

+
3 ⟩

+N2
1+N

2
1−|ϕ+3 ⟩|ϕ

+
3 ⟩|ϕ

−
3 ⟩|ϕ

−
3 ⟩

−N2
1+N

2
1−|ϕ+3 ⟩|ϕ

−
3 ⟩|ϕ

+
3 ⟩|ϕ

−
3 ⟩

−N2
1+N

2
1−|ϕ+3 ⟩|ϕ

−
3 ⟩|ϕ

−
3 ⟩|ϕ

+
3 ⟩

−N2
1+N

2
1−|ϕ−3 ⟩|ϕ

+
3 ⟩|ϕ

+
3 ⟩|ϕ

−
3 ⟩

−N2
1+N

2
1−|ϕ−3 ⟩|ϕ

+
3 ⟩|ϕ

−
3 ⟩|ϕ

+
3 ⟩

+N2
1+N

2
1−|ϕ−3 ⟩|ϕ

−
3 ⟩|ϕ

+
3 ⟩|ϕ

+
3 ⟩

+N4
1−|ϕ−3 ⟩|ϕ

−
3 ⟩|ϕ

−
3 ⟩|ϕ

−
3 ⟩)

− (|β,−β⟩g3h3
|
√
2γ⟩Ea

| −
√
2γ⟩Eb

− | − β, β⟩g3h3 |
√
2γ⟩Ea

⊗ | −
√
2γ⟩Eb

)(N3
1+N1−|ϕ+3 ⟩|ϕ

+
3 ⟩|ϕ

+
3 ⟩|ϕ

−
3 ⟩

+N3
1+N1−|ϕ+3 ⟩|ϕ

+
3 ⟩|ϕ

−
3 ⟩|ϕ

+
3 ⟩

−N3
1+N1−|ϕ+3 ⟩|ϕ

−
3 ⟩|ϕ

+
3 ⟩|ϕ

+
3 ⟩

−N1+N
3
1−|ϕ+3 ⟩|ϕ

−
3 ⟩|ϕ

−
3 ⟩|ϕ

−
3 ⟩

−N3
1+N1−|ϕ−3 ⟩|ϕ

+
3 ⟩|ϕ

+
3 ⟩|ϕ

+
3 ⟩

−N1+N
3
1−|ϕ−3 ⟩|ϕ

+
3 ⟩|ϕ

−
3 ⟩|ϕ

−
3 ⟩

+N1+N
3
1−|ϕ−3 ⟩|ϕ

−
3 ⟩|ϕ

+
3 ⟩|ϕ

−
3 ⟩

+N1+N
3
1−|ϕ−3 ⟩|ϕ

−
3 ⟩|ϕ

−
3 ⟩|ϕ

+
3 ⟩). (46)

From Eq. (46), we can obtain

|ψ−
2 ⟩g3h3

=
1

N3
(|β,−β⟩g3h3

|
√
2γ⟩Ea

| −
√
2γ⟩Eb

− | − β, β⟩g3h3
|
√
2γ⟩Ea

| −
√
2γ⟩Eb

), (47)

when the number of |ψ−⟩ is odd. While if it is even, we
can get

|ψ+
2 ⟩g3h3

=
1

N3
(|β,−β⟩g3h3

|
√
2γ⟩Ea

| −
√
2γ⟩Eb

+ | − β, β⟩g3h3
|
√
2γ⟩Ea

| −
√
2γ⟩Eb

), (48)

which can be evolved to |ψ−
2 ⟩g3h3

with the assistance
of σz. With the similar principle, the analysis for the
other items of ρla1b1

⊗ ρla2b2
⊗|GHZ⟩ng1g2g3⊗|GHZ⟩nh1h2h3

can be done. Consequently, the state |ϕ−1 ⟩a1b1 |ψ−
1 ⟩a1b2

|GHZ⟩ng1g2g3 |GHZ⟩nh1h2h3
and |ψ−

1 ⟩a1b1 |ϕ−1 ⟩a1b2

|GHZ⟩ng1g2g3 |GHZ⟩nh1h2h3
can be eliminated according

to the measurement outcomes. Thus, the new mixed
state can be written as Eq. (20).
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