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Supporting Information

1. Specific derivation details of the formulas in the manuscript, including Note 1 and Note 2
Note 1 Diffraction theory of inversely-designed metegratings for TM waves
1.1 The diffraction theory for TM waves

A transverse Magnetic (TM) plane wave illuminates on the grating (see Fig. 1(a)), where the metal is considered as perfect
electric conductor (PEC) and there are multiple reflection diffraction orders governed by the grating equation. In the incident
region (z < 0), the magnetic and electric field components can be written as
H, = Y (8n0e#% + Rye ki) gikix, (S1-1)
Er = o Snk} (Boe™” — Rye ™97 ek, (S1-2)
where, 6, ¢ is Kronecker delta, k is the wave vector in free space,c is the speed of light in vacuum, € is the material
dielectric constant, R,, is the complex amplitude of n'" diffraction order, kI = k, + 2mn/p is the wave vector in the x-
direction, k} = \/m is the wave vector in the z-direction.
Considering a subwavelength groove with width w and depth L, the electromagnetic field in the groove can be written as

Hy m = Aycos (mmx/w)cos (B (z — L)), (S1-3)
Eym = # B, A cos (mmx/w)sin (B, (z — L)), (S1-4)

where, A, is the complex amplitude, k7' = mm/w is the transverse wave vector, and 3, = W is the propagation
constant for m™ waveguide mode. Considering the boundary condition of magnetic field at z = 0, Eq. (S1-1) and Eq. (S1-3)
can be written as

Hy = Zn(8no + Rp) €%, (S1-5)

H,, = Apcos (%) cos(BmL). (S1-6)

Considering the orthogonality of different diffraction orders, we multiply Eq. (S1-5) and Eq. (S1-6) by cos(mnx/w) and
then integrate over 0 < x < w respectively. It yields

Yn(8no + Ry) fow e¥xcos (mmx /w)dx = Ayycos(BpL) fow cos?(mmx/w)dx. (S1-7)

The integral term in Eq. (S1-7) can be written as



fow cos?(mmx/w)dx = fOW% [1+cos (anvnx)]dx = %(Sm_o + 1), (S1-8)

) ik} ik} (mm)-1
fow e¥x cos (mmx /w)dx = - [E)((Sl(:r /W‘;)_C(O:Q;Zn = My p. (51-9)
Eq. (S1-7) can be simplified as
2n(Bno + Rp) My = %(5"1,0 + DAycos(Bpl). (S1-10)
The boundary condition for electric field is considered at z = 0, Eq. (S1-2) and Eq. (S1-4) can be written as
By = o Znki (ng = Ro) 7%, (S1-11)
Eyp = ‘E BinAm €05 ("5 sin(BynL). (S1-12)

Considering the orthogonality of different diffraction orders, we multiply Eq. (S1-11) and Eq. (S1-12) by e~ 2% and then
integrate over 0 < x < p respectively. It yields

fop - 1CS Y kP (8no — Ry) e*i¥e~thixdy = me ,BmA cos ( x) sin(B,,L) e~ k¥*dx. (S1-13)
The integral term in Eq. (S1-13) can be written as
=" co ("”"‘) e~ IkExdx = M, .. (S1-14)
Eq. (S1-13) can be simplified as
ipk? (850 — Rn) = Zm BmAm Sin(BinL) Ny . (S1-15)

Egs. (S1-10) and (S1-15) constitute a complete set of linear algebraic problems with the parameters k,, w, L, and p
provided and set truncation of n and m. The reflection coefficient R,, and the amplitude in the groove A4,, of the MG can be

derived.

1.2 The inverse-design equations of Rj™ = 0 and R™Y = 0 for considering B, and 8,
Considering the designed MG with the evanescent first-order guided mode, m = 1. We notice that the definition of the
parameter in Eq. (S1-10) is different from that in Eq. (S1-15). Therefore, we rewrite 'm' in Eq. (S1-10) as '‘m", while keeping
'm' unchanged in Eq. (S1-15).

Then Eq. (S1-10) and Eq. (S1-15) can be written as

Yn(Ono + Rn) Myt = = (8t 0 + 1) Ay c0S(Byr L), (S1-16)
ipk?(Sn,O - Rn) = Yon BmAm Sin(BL) N . (S1-17)

Considering the retroreflection conditions Ry = 0 in Eq. (S1-17), we get
ipk? = BoAo sin(BoL) No,o + B1A; sin(B,L) Ny g. (S1-18)

We multiply Eq. (S1-17) by M,,s ,/(ipk}) and then summate from n. Eq. (S1-16) plus the result of the summation, after

simplification, we get

Mml,n .
21V[mr,0 = %(Sm’,o + I)AmICOS(ﬁmIL) + Zn (WZm ﬁmsm(ﬁml‘) Nm,n)- (51‘19)

Expanding Eq. (S1-19), we can obtain

2My 0 = wAgcos(Bol) + AgBo sin(BoL) Zn

MonNon MonN1in

+ A1 By sin(ByL) ¥ — 5 P (S1-20)

MynNin
ipk} *

MlnN()n

2Myo = Alcos(ﬁlL) + AoBo sin(BoL) Zn + Ay By sin(ByL) ¥op =75 (S1-21)



The complex amplitude 4, and A; can be solved by Eqs. (S1-20) and (S1-21). Taking the solution into Eq. (S1-18) and
using retroreflection conditions k = —kz1, k2 = k;! it yields, the new inverse-design condition of perfect retroreflection is

written as

2
WT cot(BoL) cot(B1L) + Cyw cot(BoL) By + Cow cot(BiL) Bo = C3Pop, (S1-22)
where the coefficients C;, C, and C; are written as
¢, =Di,y
1
G, = EDo,o
C3 = D11 (Doo = Dg0) = Dix Do + Dyo(Do,s = 2Dg,1) = 2D 0Doy

, (S1-23)

MmN 1 MmNt
where D, .1 = Z"T and D, 1= Yys0-1 T

Considering specular-reflection conditions R_; = 0 in Eq. (S1-17), it yields
BoAo sin(BoL) No,—1 + B1A; sin(B1L) Ny, = 0. (S1-24)
The complex amplitude 4, and A; can be solved by Eqs. (S1-20) and (S1-21). Taking the solution into Eq. (S1-23) and
using retroreflection conditions k2 = —k;1, kQ = k7! it yields, the new inverse-design condition of perfect specular-

reflection is written as

M1nN1n

MonN
BoNo,—1 (ZMo,o [ cot(BiL) + B1 Xn ipkl ] 2M, 0By Xn (z'pn—k;ll'n)

Mo,nNo,n

M3,nNon
+B1N1,-1 (2M10 [WCOt(ﬁoL) +Bo Z”T] — 2My,0B0 Xn Z,T;') =o', (51-25)

1.3 The inverse-design equations of RIM = 0 and R™ = 0 for considering 3,

Considering the designed MG with only the fundamental mode of propagation, m = 0. Then Eq. (S1-10) and Eq. (S1-15) can

be written as

Yn(8n0 + Rn)Mop = wAscos(BoL), (S1-26)
ipkz (8,0 = Rn) = BoAosin(BoL) No. (S1-27)
Considering retroreflection conditions Ry, = 0 in Eq. (S1-27), it yields
ipk? = Aosin(ByL)No,ofo. (S1-28)
Operating on the above equations with Eq. (S1-24) +3,[Eq. (S1-25) X My, /(ipk})], after simplification, we get
2M, 0 = whocos(Bol) + BOAOS;:(BOL) 2n MO'ZgO'n (S1-29)
Replace the term A, in Eq. (S1-29) by Eq. (S1-28),
2My = P2 cor(p, z% (S1-30)
It can be simplified as
Bo [2MooNo, MonNon
cot(Bol) = po[Fegrer — 3, o | (S1-31)
The MN term in Eq. (S1-31) can be written as
My Ny, = wsinc ( ) (S1-32)

Due to the retroreflection conditions k2 = —kz1, k2 = k;1, it yields



Mo,0No,o = Mo,—1No,—1. (S1-33)
The reversal design equation of retroreflection for TM waves with fundamental mode can be obtained by taking the condition
Eqgs. (S1-32) and (S1-33) into Eq. (S1-31),

sinc? (k2w/2)

COt(BoL) = "2 T2 g2 (81-34)

Considering specular-reflection conditions R_; = 0 in Eq. (S1-28), it yields
Apsin(BoL)Ny B0 = 0. (S1-35)

The new inverse-design condition of perfect specular-reflection is written as

L= I;—",(N =012..) . (S1-36)
0

We use a finite-element numerical simulation software (COMSOL) to further compare the retroreflection performance
designed using Eq. (S1-34) (Eq. (3) in the main text) and Eq. (S1-22) (Eq. (2) in the main text). The MG period is for the
retroreflection. By employing the theorical design parameters obtained from these two inverse-design methods (see Figs.
S1(a) and (b)), we show the corresponding numerical results of retroreflection efficiency in Figs. S1(c) and (d). The results
show that Eq. (S1-34) (Eq. (3) in the main text) can be also used to design perfect retroreflection of TM waves except for a

larger incident angle and a wider groove width.
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Fig. S1 (a, b) The designed groove depth for perfect retroreflection using Eq. (3) and Eq. (2) for TM polarized
waves, respectively. (e, d) Analytically calculated retroreflection efficiency |RT|? based on the analytical

solution in (a) and (b).
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Note 2 Diffraction theory of inversely-designed metegratings for TE waves

2.1 The diffraction theory for TE waves

A transverse electric (TE) plane wave illuminates on the grating (see Fig. 1(a)), where the metal is considered as perfect
electric conductor (PEC) and there are multiple reflection and transmission diffraction orders governed by the grating equation.

The total derivation process is similar as above. For brevity, the repetitive steps will be omitted here.



In the incident region, the magnetic and electric field components can be written as

El = ¥,(8,,0e"%7 + Rye ki)t (S2-1)
Hi = =7 Sn kP (Bnoe™” — Rye™87) e, (52-2)
where, Z is the impedance. Owing to the effect of PEC, the electromagnetic field in the groove can be written as
E, = Apsin (mnx/w)sin (B, (z — L)), (S2-3)
Hy = 1 S BmAmsin (mmx/w)cos (B (z = L), (S2-4)

where, 4,, is the complex amplitude of m™ waveguide mode.

The boundary condition for electric field is considered at z = 0 yields, Eq. (S2-1) and Eq. (S2-3) can be written as

E} = Zn(8no + Ry) ™7, (82-5)
E, = —Apsin (%) sin(B,,L). (S2-6)
Considering the orthogonality of different diffraction orders, we multiply Eq. (S2-5) and Eq. (S2-6) by e~ k¥%and then

integrate over 0 < x < p respectively. It yields

p(8n0 + Rn) = — fow 3 A sin (%) sin(B,,L) e~ *¥* dx. (S2-7)
The integral term in Eq. (S2-7) can be written as

. _p—ikRw
Cirm = % [ sin (mmx/w) e~ #Exdy = 2T IS s (D) ‘EM" cos (mm) (S2-8)

pw  CHI-(k?

Eq. (S2-7) can be simplified as

Ono + Ry = — Xm Am Sin(B L) Gy . (S2-9)
The boundary condition of magnetic field at z = 0, Eq. (S2-2) and Eq. (S2-4) can be written as
1 iLn
H)% =- ﬁZn k? (6n,0 - Rn) elkxx> (82-10)
H, = ﬁzm BmAmsin (mmx /w)cos (B, L). (S2-11)

Considering the orthogonality of different diffraction orders, we multiply Eq. (S2-10) and Eq. (S2-11) by sin(mnx/w) and
then integrate over 0 < x < w respectively. It yields
—Jy Zn(8no — Ry) kPe™**sin(mux/w)dx = i% Apfmcos(Bml) - (S2-12)
The integral term in Eq. (S2-12) can be written as

, i . ) 1—eikRw
ik fow e X xgin(mrx/w)dx = ik! %w =G} (S2-13)

Eq. (S2-12) can be simplified as
Zn(8n0 = Rn) Cim = 5 AmBmC0s(BmL). (S2-14)
Egs. (S2-9) and (S2-14) constitute a complete set of linear algebraic problems. With the parameters k,, w, L and p provided

and set the truncation of n and m, we can derive the reflection coefficient R,, and the amplitude in the groove A,,, of the MG.

2.2 The inverse-design scheme of R} = 0 and R = 0 for considering 8
Considering the designed MG with the fundamental mode of propagation TE, m = 1. Then Eq. (S2-9) and Eq. (S2-14) can
be written as

Ono + Ry = —Assin (B1L)Cr 4, (S2-15)



Sn(8no = Rn) Gty = S A1Brcos(ByL). (S2-16)

Operating on the above equations with Y,, Eq. (S2 — 15) plus Eq. (S2-16), we get

2C3, = 7 A1Prcos(BiL) — Ay sin(ByL) Xy Cay G- (82-17)
Considering retroreflection conditions Ry = 0 in Eq. (S2-15), it yields
1= —A;sin(p;L) Cy;. (S2-18)
Replace the term A, in Eq. (S2-17) by Eq. (S5-18),
2C51Co1 = =5 B1cot(BiL) + Tn Caa G- (S2-19)
It can be simplified as
= Bicot(B;L)= Xy Cia Cif1 — 2C1Can- (S2-20)

The Cy 1 Cy 4 term in Eq. (S2-20) can be written as

ik} 2 2+2c0 (kpw)

— At s :
Coalny =) @ —amne (S2-21)

Considering retroreflection conditions k2 = —k;1, k2 = k1, it yields
CiaCiy = €214 CH s (S2-22)

The reversal design equation of retroreflection for TE waves with fundamental mode can be obtained by taking the condition
Egs. (S2-21) and (S2-22) into Eq. (S2-20),

n 1+cos (k}w)

2 Brcot(BiL)=2 ()? Tneo -1k} B (52-23)

Considering specular-reflection conditions R_; = 0 in Eq. (S2-15), it yields
—A;sin(BL)CS 1 =0 . (S2-24)

The new inverse-design condition of perfect specular-reflection is written as
L= % (N=012..). (S2-25)

2.3 The inverse-design scheme of Rt = 0 for considering 8, and 3,
Considering the designed MG with the evanescent first-order guided mode, m = 2. We notice that the definition of the
parameter in Eq. (S2-9) is different from that in Eq. (S2-14). Therefore, we rewrite 'm' in Eq. (S2-9) as 'm", while keeping 'm'
unchanged in Eq. (S2-14).

Then Eq. (S2-17) can be written as

20 = %Am,ﬁm,cos([)’m,L) — YmAm sin(BuL) ComCm. (S2-26)

Expanding Eq. (S2-26), we can obtain
205, = %A1B1C05(B1L) — Ay sin(B1L) Dy 3 — Ay sin(B,L) D 4, (52-27)
2C5, = %Azﬁzcos(ﬁz L) — Ay sin(B1L) Dy 5 — Az sin(B,L) D . (52-28)

Due to the retroreflection conditions Ry = 0 in Eq. (S2-14), we can obtain
Ono + Ry = —A;sin(B,L) Cyy — Ay sin(f,L) Cr,. (S2-29)
The complex amplitude A; and A, can be solved by Eqs. (S2-27) and (S2-28). Taking the solution into Eq. (S2-29) and
using retroreflection conditions k2 = —k;1, k2 = k;1, the new inverse-design condition of perfect retroreflection is written

as



2
=~ B1Bz cot(ByL)cot(B,L) — Fy = Bycot(BiL) — F, = B, cot(B,L) = Fi,
where the coefficients Fy, F, and F; are written as
Fy=D;,
F, =Dj,
F3=Dy1Dy,+Df, = Di1Dz5 — D11D35 — 2D1,Ds 5

1 = - + ! _ - +
with Dm,m’ =Yn CromCams and Dy, o, = Zn:o,—l CromCmr

>

(S2-30)

(S2-31)

We use a finite-element numerical simulation software (COMSOL) to further compare the retroreflection performance

designed using Eq. (S1-30) (Eq. (4) in the main text) and Eq. (S1-23) (Eq. (5) in the main text). The MG period is for the

retroreflection. By employing the theoretical design parameters obtained from these two inverse-design methods (see Figs.

S2(a) and (b)), we show the corresponding numerical results of retroreflection efficiency in Figs. S2(c) and (d). The results

show that the MG designed based on Eq. (3) or Eq. (4) both can achieve perfect retroreflection for TE incident wave.

Limit. w<p

w < 1 /(kosind,)
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Fig. S2 (a, b) The designed groove depth for perfect retroreflection using Eq. (4) and Eq. (5) for TE polarized
waves, respectively. (¢, d) Analytically calculated retroreflection efficiency |R™E|? based on the analytical

solution in (a) and (b).

2. Supplementary figures to support the contents of Fig. 3, Fig. 4 and Fig. 5 of the main text
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Fig. S3 The analytical solutions for perfect retroreflection (blue curve for TE, red scatter dots for TM) and perfect
specular reflection (blue dashed for TE, red hollow dots for TM), in which the working frequency is 2 GHz and
(@)w = 0.52; (b)) w = 0.542; (c) w = 0.61; (d) w = 0.62A.
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Fig. S4 Simulated scattered field patterns (H,, and E,,) for a Gaussian beam incident on the designed MGs with
different groove depth, respectively, in which (a) w = 0.522, (b) w = 0.544, (¢) w = 0.64, (d) w = 0.6241.
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Fig. S5 (a, b) Numerically calculated reflection efficiency of the n = —1 order versus the incident angle and the

incident wavelength for TM and TE polarized waves. The geometry parameters of the MG are p = 12.2 cm, L =
23.5cm,w = 8.4 cm.



