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Note 1. Eigen-equations of the two-anyon model
In this part, we derive the eigen-equation of two anyons in the proposed lattice model. Here, Cipaymn,p) 1S the
probability amplitude with one anyon at ‘a’ sublattice in the mth unit and the other one at ‘5’ sublattice in the nth
unit. Solving the Schrdlinger equation, we can obtain the eigen-equation with respect to Cimq)(n,p) as
ECanayma) = —J(€PCmn*omein)Co ey gy + e OCEmntSnsn) € i gy + Comora)ma)
+Comr1,0ma) + Compymay + e OCmn*omsn)Co 1y oy
+Com—1m) ) + 0 COmntOmiin) Cop ey )

_P6mn(C(m,B)(n,B) + C(m—l,B)(n—l,B)) + UamnC(m,A)(n,A) + V6m(ni1)C(m,A)(n,A)n (Sl)

ECemnyme) = —J(Cimayn-1.8) T Comaymr1.8) T Com—1,0)n,8) T Com+1,0)(n,B)

+ei9(5m,n+5m+1,n)C(m‘A)(n’A) + C(m,B)(n,B) + C(m+1,A)(n,A) + C(m,B)(n—l,B))n (SE)

ECmpyna) = —JCimpyn-14) T Compynr1,4) T Com—1.8)(n,2) T Com+1,B)(n,0)

+Cimaynay + € COmntOm-10)Co oy gy + Com—1,8yn8) + Comayn-1,4))> (S3)

EConpynp) = —J(eOCmntomisn) Co oy gy + €T OCmtomsn) o iy gy
+Cim-15)mB) + Camrimynp) +e0CmntOman) Con py gy + Comanp)
+e_ie(gm'"wm_l'")C(m+1,3)(n,A) + Cona)(n+1,8))

—P&un(Comayna) + Com+1,0)n+1,4)) T UbmnCom,y(n,5)- (S4)
Under the case with strong interactions of two anyons (U, V > J), the probability amplitude Ci,q)n,p) Of two-
anyon states without interaction can be deleted in the steady-state Schrodinger equation of two anyons with strong
interaction (Cn, ay(n,a)s Cn+1,4)(n,a)> Cnayn+1,4) @0d Cinpyn,p)) in the high-energy region (e~U, V). In this case,
we can obtain effective eigenequations of two strongly interacting anyon in the high-energy region (e~U, V) as

EConma = —J€°Crnm-1.4 + € Conmira + Co-1.0ma) + Cnrra)ma)l

—P[Cnpymp) + Con-1.5)m-1,8)] + UC(na)(n)» (S5)

eCnr1.mma) = —J (€7 Conrrmymera) T Caonmymay] + VCint1,ayna)s (S6)



eCnayn+ra) = —J[€° Camyma) + Corraymsray] + VCinayn+1.a), (S7)
eConpyns) = —P[Conyma) + Carraymsray] + UChp)mp)» (S8)

where the deleted terms of two-anyon states without interactions are highlighted by strikethroughs.

Note 2. Numerical results of anyonic eigenspectra with different interaction strengths

In this part, we investigate the influence of the interaction strength on the energy spectra of the two-anyon model.
Figs. S1(a)-(c) present the numerical results of eigenspectra of two anyons with the interaction strength being
(U=V=20), (U=V=20), and (U=V=20), respectively. It is clearly shown that the flatness of two-anyon flat bands is
significantly enhanced with the interaction strength being increased. When the interaction strength is infinite, the

strictly degenerate eigenenergies of flat bands appear.
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Fig. S1 (a-c¢) Numerical results of eigenspectra with the interaction strength being (U=V=20), (U=V=80), and (U=V=200),

respectively.

Note3. Numerical results of anyonic flat bands with different statistical angles

In this part, we give numerical results two-anyon eigen-spectra with different statistical angles, where the
completely topological flat bands of two strongly-interacted anyons appear. Based on the effective Hamiltonian of
two strongly-interacted anyons in the momentum space [Eq. (3) in the main text], it is deduced that the perfect
two-anyon flat bands can be obtained with J,P and 6 satisfying the relationship of 2J%cos(8) + P? = 0. To
verify the correctness of this formalism, as shown in Figs. S2(a)-(c), we calculate eigenspectra of two anyons with
the statistical angle being 8 = 2/3m, 3/4m and 4/5m, where the associated hopping strengths equal to P =
2467, P =2.171, and P = 2.242, respectively. And, we set the single-particle hopping strength as | = 1.
Enlarged views correspond to eigen-spectra of two anyons with strong interaction. We can see that completely flat

bands appear in two-anyon systems with different statistical angles, being consistent with the analytical prediction.
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Fig. S2 (a-c) The eigenspectra of two-anyon systems with the statistical angle being 68 = 2/3m, 3/4m and 4/5m, respectively.
The two-anyon direct hopping strengths equal to P = 2.467, P = 2.171, and P = 2.242. Enlarged views of eigenspectra of

two strongly interacting anyons are shown in right insets.

Note 4. The square-root topological insulator induced by quantum statistics

Here, we discuss the square-root topological insulator induced by quantum statistics. We note that the eigen-

spectrum of H(k) with 6 = m has a two-fold degenerated subspace at zero energy, and two non-degenerated bands

at energies +2v2. The topology of two non-degenerated bands can be evaluated by the Abelian Zak’s phase as
vi=i [, dle(vi ()]0, |vi (k). (89)

Differently, in order to capture the topological property of degenerated energy bands, the generalization of Abelian

Zak’s phase, called as the Wilzcek-Zee phase, should be used. It is expressed as
v = [, TriAGO)dk, (s10)

where we have A(k)™ = (v, (k)|0x |V (k)) with two labels of ‘n’and ‘m’ running over the involved energy
bands.
To get the topological invariant, we firstly derivate the analytical solution of two-anyon bulk bands |v;(k))

(i = 1,2,3,4) of the effective k-space Hamiltonian H(k). They are expressed as

—2v2e'* 0 0 2v2e*
i 1-—ek 11 1| —V2(1 +e') 1 1-ek
Vi) == . , |vy) =—= , |v3) == ) , |va) == . . S11
| 1) 2 \/E(l—elk) | 2) 2\/2 0 | 3) 2 —1+elk | 4-) 2 \/E(l—}—elk) ( )
—1+ek 1 0 —1+ek

Using Supplementary Eqgs. (a9)-(all), the topological invariants of different energy bands are obtained.
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Specifically, the Zak’s phase of the isolated energy band at energy E; = —2v2 ( E, = 2v2) equals to y; = .

Vs = g), and the Wilzcek-Zee phase of degenerated zero modes spanned by |v,) and |v3) equals to y,3; = m.

It is clearly shown that the winding phases y; and y, of lowest and highest energy bands are not quantized.
Then, we discuss the bulk topological properties of the square of k-space Hamiltonian H?(k), which is

written as



8 0 0 0
0 2—2cosk —2iv2sink —2 + 2cosk

H?(k) = 12
(k) 0 2iv2sink 4+ 4cosk —2i\/Zsink (512)
0 —2 + 2cosk 2iV2sink 2 — 2cosk
In this case, four eigen-vectors of H?(k) can be derived in the compact form as

0 . 0 . 0 N 1

_1 (1 _ 1 =v2(1+e™) _1f 1-¢ _{o
|W1) - 22 o/ |W2) - NA -1 + eik s |W3> - N \/2(1 + eik) > |W4) - 0/ (813)

1 0 —1+ek 0

We note that the state of |w;) is degenerated with |w,) at E=0, and the state of |w3) is degenerated with |w,)
at £=8. In this case, we can calculate the Wilzcek-Zee phases of these two types of degenerated eigen-bands. The
Wilzcek-Zee phase of the degenerate subspace spanned by |w;) and |w,) equalsto y,;, = m. And, the Wilzcek-
Zee of the degenerated subspace spanned by |wz) and |w,) equals to y3, = —m. Those quantized topological
invariants clearly manifest the topological feature of the effective two-anyon model.

To further propose a clear explanation of topological properties for the two-anyon mode, we perform a basis

transformation of H? (k). The corresponding rotation matrix is expressed as

0000 0000
{oo00-i\z _.[o0-i0|=
_l<0 000 )Z L(o i0 0)4
R=e ‘ioo/ ¢ ‘oooo/ | (S14)
After the basis transformation, the resulting Hamiltonian is in the form of

8 O 0 0

4 _4pik
Heans() = | §_poic 5 0 ) (s15)

0 o 0 0
It is clearly shown that HZ2.,,;(k) can be decomposed by a 1D SSH model and two isolated sub-lattice sites with

onsite potentials being 0 and 8. Hence, the non-trivial topology of 1D SSH chain can leads to the existence of

topological boundary states of the effective two-anyon model.

Note 5. Details for the derivation of circuit eigen-equation with 8 =
In this part, we give a detailed derivation of circuit eigen-equation, which could be mapped to the 1D stationary
Schralinger equation of two pseudofermions. Here, each lattice site possesses two circuit nodes. In this case, the
voltage and current at the site (m, a), (n,a) should be written as Vinayng) = [Vitmaympy Vamamsl’ and
Imaynp) = U mmaymp)y l2mamp]”- In addition, the voltage on the circuit node (m, @), (n, ) is in the form of
Vi maympet (=1 and 2).

At first, we focus on the circuit node located at the main diagonal line (n,a), (n, a). Carrying out the
Kirchhoff’s law on the circuit node pair at (n, 4), (n,A), (n,A),(n,B), (n,B),(n,A),and (n,B), (n, B), we get
the following equations as
Vimayma) —Vimrrama| | Yimama = Vim-1.4ma)

Il,(n,A) (n,4) Vl,(n,A)(n,A) +

lw +

= i“’C|—11 _11|

I (A (n,4) Va,tn,4)(n,4) Va,mayma) — V2,tme1,4)(n,4) Va,mayma) — Vo,tn-1,4)n,4)

V1,(n,A)(n,A) - Vz,(n,A)(n+1,A)
Va2t m,a) — Vi,(n,a)(n+1,4)

Vimama — Vim-1,8)m4)
Va,tna)(m,a) — Vo,(n-1,8)(n,4)

Vl,(n,A)(n,A) - Vl,(n,B)(n,A)
Va,mama) — V2,8 (n,4)




Vi ma) — V2,ma)m-1.8)
Va,tna)na) — Vi,(na)(n-1,8)

Vi tna)n,a) — Va2,(na)(nB)

+ Vl,(n,A)(n,A) - VZ,(n,A)(n—l,A) +
Va,tna)n,8) — Vi,(n,4)(n,B)

Va4 — Vi,(na)(n-1,4)

Vi(ma)n,4) — Vi,(B)(nB) Vi,tn,ayna) = Vi,(n-1,B)(n-1,8) 1 Mmayma) +inC Vi, (n,4)(n4)

+iwCp )
( v, n,A)(n,A) — v, ,(n,B)(n,B) Vz,(n,A)(n,A) - Vz,(n—1,B)(n—1,B) iwl Vs, (n,A)(n,4) v Vz,(n,A)(n,A)
(S16)
I, n,a)(n.B) v | 1 —1| Vi, (n.4)n,B) Vimayme) — Vimrrams)| | |Yumams) — Vim-1,4m8)
I m,a)(nB) Vo, na)n,B) Vomayms) — Vomrramsy| - Vamayms = Va,m-10m8)
+ Vi,n,a)(nB) = V1,(n,B)(n,B) Vi, na)(nB) — V1,(n-1,8)(n,B) + Vi,n,a)n,B) = V2,(n,4)(n,4)
Vomayms) — Vampyms!|  Vemams —Vom-1eyms!  Va,mams — Vimama)
Vimams ~ Vimaom-18)| | [Vumams ~ Vimomeio| | [Vumoms ~Viaaomas |, i |Vimams)
Votnamp) — Vamam-10)  Vamams — Veamamiral  Vomams — Vamaminpl’ oL Va,maymsl’
(S17)
Il,(n,B)(n,A) _ | 1 —1| Vl,(n,B)(n,A) V1,(n,B)(n,A) - V1,(n+1,A)(n,A) V1,(n,B)(n,A) - V1,(n+1,B)(n,A)
I (nB)(n,4) Va,(n,B)(n,4) Vomyma) = Va,rrayma Vo, mpyma) — Va,m+1,8)(na)
V1 (B4 ~ V1i,ma)n,4) + Vi,Byma) — Vi,(n-1,8)(n,4) Vl,(n,B)(n,A) —VamBy(np)
Vz B ~ Vomamal  Vo,mpyma) — Vo,m-1,8)(n4) VZ,(n,B)(n,A) —Vampy(nB)
Vl ,(mB)(nA) — Vl ,(n,B)(n+1,A) Vl ,(mB)(n,A) — Vl ,(n,B)(n—1,A) Vl ,(mB)(n,A) — Vl ,(n,B)(n—1,B) i Vl,(n,B)(n,A)
Vz (B4 — V2,tnB)(n+1,4) Vz (B4 — V2,mB)(n-1,4) Vz (uBYnA) — Va2,nB)(n-1,8) iwL V2,m,8)n,4)
(S18)
I (nBy(n.B) _ | 1 —1| Vi,(n,B)(n,B) il Vi) — Vi,(nr1,0)(nB) + Vinp)ne) — Vi,(n+1,8)(n,B)
I, n,B)(n,B) Vo nBynB) Vo) — Vomrrayms! Vo mpyms) — Vamrieyms)

VinB)n,B) — Vi,(n-1,8)(n,B) Vi,n)n,B) — V2,(0,8)(n+1,4)

+ Vi,(nB)(n,B) — V1,(n,4)(n,B)
Vo inB)(n,B) — V2,(n-1,8)(n.B)

Vo, By — V2,tna)(nB)

Vz,(n,B)(n,B) - Vl,(n,B)(n+1,A)

+ Vi) — Vo,tp)m+1B) 4 Vimyms) — Vempyma| . |Viumsms) — Va,mpe)m-1.8)

Vonpymns) — Vimpymrney!|  Vompyms —Viamsymal  Vamsyms) — Vimsm-1.8)

Vi,n)n,B) — V1,(n,4)(n,4) Vi,n,B)n,B) — Vi,(n+1,4)(n+1,4)

Vo,iny(n8) — V2,(na)(n,4)

1 Vi (n8)(n,B)
iwL

Vi (n8)(n,B) iwl

+ iw
Va,nB)(n.B) )

Cp(

U Vo 5y () Von,3)n,8) — Va,(n+1,4)(n+1,4)

(S19)
where L is the inductor linking the node (n,a)(n,B) to the ground. C and C, are the capacitances used for
connecting circuit nodes along the m or n-axis and the diagonal line. Cy is the capacitance linking the circuit
nodes belonging to the same lattice site. We assume that there is no external source, so that the current flowing out

of the node is zero. In this case, Supplementary Egs. (S16)-(S19) become

1 \Vimama V1 (n,4)(n.4) 1 =11 |Vuuama) 0 11 |Viuan+ra)
— | N — e, 8¢ + 2, +C D _ e A,
iwL V2 (n,4)(n,4) (Cy ») Va,(n,4)(n,4) | 1 | V2,tn,4)(n,4) 1 0| ( V2,4 (n+1,4)
Vimam-10| . Vima@s|  |Vimam-1,8) Vimrrama|  |Vim-1,4M04)
Vomaym-101  Vo,mayme) Va,(n,a)(n-1,8) Vo)) Vo tnm1,0)(na)
+ Vl,(n,B)(n,A) Vl,(n—l,B)(n,A) Vl,(n,B)(n,B) _ Vl,(n—l,B)(n—l,B) (320)
VZ,(n,B)(n,A) V2,(n—1,B)(n,A) VZ,(n,B)(n,B) VZ,(n—l,B)(n—l,B) '
1 Viaams| _ c Vi,(n4)(n.B) | 1 —1| Vimams| . [Vim+rams) + Vi,(n-1,4)(n.8)
iwL V2,(n,4)(n,B) Va,tn,8)(n,B) Va,(n,4)(n,B) Va,tmn+1,4)(n,8) Vatn-1,4)(n,8)
V1,(n,B)(n,B) V1,(n—1,B)(n,B) V1,(n,A)(n—1,B) V1,(n,A)(n+1,A) V1,(n,A)(n+1,B) 0 1 V1,(n,A)(n,A)
V2,tnB)(n,B) Vom-180mm| V2 mam-18  Vomaymrral  Vamamern) 1 01V mama)

(S21)



1 Manma| _ 8c Vi,(n,B)(n.4) + C| 1 —1| Vimpyna)| c Vim+rayma)| | [Vi@m+18)ma)
iwL Vo, ) (n,4) Vo, () (n,4) -1 1 1Vomp)na Va,tn+1,4)(n,4) V2,tn+1,8)(n.4)
V1,(n,A)(n,A) Vl,(n—l,B)(n,A) V1,(n,B)(n+1,A) V1,(n,B)(n—1,A) V1,(n,B)(n—1,B) 0 1 Vl,(n,B)(n,B)
)-c| . (522)
Vomaymal  WVem-1ymal  Vampymrral  Vompym-1.a1  Vo,mpym-1,8) 1 0 VympymB)
1 1V V —11 1V V.
— 1,(n,B)(n,B) _ (CU +8C + ZCP) 1,(n,B)(n,B) + C| 1 1| 1B (nB)| _ 0 1 1,(n,B)(n+1,A4)
iwL V2,m,8)(n,B) Va,(n,8)(n,B) -1 1 HVmpms 1 0V (B)(n+1,4)
Vimpm+ip)| | [Vompma| | [Viws@-18)], ¢ Vimrrms)| | |Vim+1m)mp) + Vi,tna)(n.B)
Vo)l Vaapymal  Vo,mp)n-18) Vomirame)|  WVominpymp!  Vamams

Vi,mB)nB)
V2,mB)nB)

V1imB)np)
Va2, nB)

1

iwl

%4 %4
wCy —Cp (’VI,(n,A)(n,A)’ + |V1,(n+1,A)(n+1,A) ) (S23)

Vi,(n-1,8)(n,B)
2,(n,A)(n,A) 2,(n+1,A)(n+1,4)

Va2, (n-1,8)(n,B)

Performing the diagonalization of Supplementary Egs. (S21)-(S24) with a unitary transformation

! 1 ein
F_ﬁ[l —ei"]' (524)

Supplementary Egs. (S520)-(S23) become

—c|0 0| |VT,(n,A)(n,A) = (Cy +8C +2C) Maoma| _ 1 Meama _C|1 0 |(|VT,<n,A)(n+1,A)
0 21Vimayma u PPV | il WVima)ma) 0 e ™MV mam+1,4)
+ Vi,(n,4)(n,B) ) — C|1 0 | (|VT,(n,A)(n—1,A) Vimam-1p)|y .~ Vierroma| | [V1o-10ma)
Vi, (n,4)(n,B) 0 e™IMVmaym-10l  Vimam-1,8) Vi (n+1,4)(n,4) Vi (n-1,4)(n,4)
ey ma| | |Vim-1.8)ma) Vi pmp)|  |Vim-1.8)(n-1.8)
+ —Cp ), (S25)
Vi (n,B)(n,4) Vi,(n-1,8)(n,4) Vi,(n,8)(n,B) Vi (n-1,8)(n-1,B)
a C|O 0| |VT,(n,A)(n,B) Y Vimams| 1 Maaws| C|1 0 [|"eama
0 21V, ma)ymp) Vimayme)! iwLVima)me) 0 eV ma)ma)
M mrrms| | [Vra-va@e)| | [Vianms| | [Vie-ueyas)| . [Vhma)(n-1.8)
Vimirome!l  Vim-ramp!  Wiapms!  Via-18)es!|  Vimam-18)
M amrra)] | [V1ma)@m+1B) (526)
Vvmaymerol - WVmamen!”
3 C|0 0| |VT,(n,B)(n,A) _8C Vimpao| 1 Mapma| C|1 0 1|
0 21WVinp)na Vimpymal  iwL [Vimp)ma) 0 e ™V mpynp)
t+rmay|  |V1m+1B)ma) + Mdma| | [Vro-18ma| | V@) (4
Vimrraymal  Wimereymal  WVimamal  Wim-1pymal  Vimp) 1,4
" pym-1,4)|  |V1.(B)(n-1B) (s27)
Vi (n,B)(n-1,4) Vi pym-1,8)1"’
—C|0 0| |VT.(n,B)(n,B) — (Cy +8C +2C») Vimwpas| 1 Vasms)| C|1 0 |(|VT,(n,B)(n+1,A)
0 21Vimp) e v P IVimpms! ol Vims)ms) 0 e ™IMVmB)(n+1,4)
Vi (nB)(n+1,8) —C|1 0 |(|VT,(n,B)(n,A) + V1) (n-1,8)
V1,(n,B)(n+1,B) 0 e™MVimpmal  Vime)n-18)
Vrrams|  Vharneyms)|  [Vimams)| | |Vim-1,8)n8)
Vimtrms!  WVimripymp!  Viaaoms!  Vim-18008)
Vi (n,4)(n,4) Vi (n+1,4)(n+1,4) 28
—Lp v —Lp v . ( )
1,(n,A)(n,A) l,(n+1,4)(n+1,4)

The basis are expressed as Viy anayng) = F[Vi,tma)np) Vz,(m,a)(n,ﬁ)]T, which are two decoupled terms acting
as a pair of pseudospins Vtmaymp) = (V1,(m,a)(n,ﬁ) + Vz,(m,oc)(n,;;))/\/E and Vi maymp) = (Vl,(m,a)(n,ﬁ) -

Vo (ma)(n,8)) /N2. Thus, Supplementary Egs. (a25)-(a28) can be divided into two independent equations as



1
0= (Cy +8C+2Cp) Vinayna) — = V1 nayma) — CVrmaymera) T Vima)m-14) + Vimsrama)
iwL

V' c10ma) T Vimame T Vimam-1.8) T Vi ma) T Vim-1,8)ma4))

= Cp(MtmynB) + Vi(n-1,8)(n-1,8))> (S29)
1 1 —im
(m =20V, ayma) = (Cy +8C + 2Cp)Vi (n ay(na) — mvl,(n,A)(n,A) = C(e™™V(m,a)(n+1,2)

+e MV sy F €TV m-1.4) T €TV ayn-1.8) T Viupyma) T Vitn-1,8)n.4))

V0w T Vim-1,0m4) — Ce(VLmp)me) + Vi,-1,8)(n-1,8)) (S30)
1
0=8CVy(mna)np) — = V1mams — CVrmama) + Vimrrame + Vim-1ame) + V@) mp)
iwL
V' -1.8)mB) T Vrmam-1,8) T Vima)mer,a) T Vrma)(ne,p)s (S31)

1 1 )
(iw_L =20 Vimams) = 8CVimame) — ol Vinayme) — C€™Vitama) + Vimerams)

V1008 T Ve etV a-18ms + Viaam-18) T Vimamrna T Vimames)) (832)

1
0=8CVimpyna) — = Vimpma) — CVimpme) ¥ Vimerama) T Vime,e)ma) T Vima)ma)

iwL
WV -1B)ma) T Vimp mrra) T Vimeym-1,4) T VB (n-1,8))> (S33)
1 1 —im
(iw_L = 20) Vi, (npyn,a) = 8CVi(np)(na) — l-w_LVl,(n,B)(n,A) = CEe™™Vympme) T Vim+uma) + Vims1ema)
i mama T Vim-1.8)ma) T Ve mr,a) T Vime)m-1,4) T Vimpe)n-1,8)) (S34)
1
0= (Cy +8C+2Co)Vy(npymp) — HVT,(n,B)(n,B) = CMhmpym+ra) T Vimpym+1e) + Vi) ()

+Vmpyn-1,8) T Vimrra@mp) + Vimrueyms) ¥ Viaams) + Vim-15)ms))

—Cp(Vr(nay(mna) + Vi (ne1,4)(n+1,4))> (S35)

1 )
(iw—L - ZC) Vipymp) = (Cy +8C + 2Co)Vi(npynp) — C(€™ "V (np)m+1.4)

+e ™V, () nr18) T €TV (B ma) + €TV n-18) T Vis1)m5) T Vitir)mp) T Vimame)
Hom-18m8) = CpVimama) T Vime1,0mLa)- (S36)
Based on the similar derivations, we can obtain the eigen-equation at any circuit node (m, a), (n, 8). As for the
case of n =m — 1, we have

1

1
(iw_L -2C ) Vi maym-1,4) = (Cy + 8Oy ayn-1,4) — ol Vi (n,4)(n—1,4)

—C(E™Vymmma T Vimam-18 t Vimam-24 + Vimam-25

V) m-1.4) T Vitn-1,8)n-1,4)) T Vis1r,a)n-1,4) T Vitn-1,4)n-1,4))> (S37)
1
(m =20 Vinayin-1,8) = 8CV (nay(n-1,8) — oL Vi) — CVLaym-1,4) T Viner,a)(n-1,8)

Vi —1,0m-1,8) T Vi) (n-1.8) TV1,(n-1,8)(n-1,8)

Vo mm-28 T €V + Vimams)- (S38)

1

1
(m —20) Vi py(n-1,4) = 8CVi,(nB)(n,2) — oL Vi na) — CVimpym-1.8) + Vim+1,0)(n-1,4)



V1B m-1.4) T VL) m-1,4) T VL-1,8)(n-1,4)

ey ma) T Vi) m-24) T Vi, (B)n-2,8))> (S39)

1 )
(m -2C ) Vipym-1,8) = (Cu +8C + 2Cp)V (npym-1.8) = CVi,npyma) + €~ Vi up)np)
ey m-1.4) T Ve m-—28 * Viarram-18) T Vimripym-18) T Vimam-18) T Vi-18)m-15))- (540)

As for the case of n =m + 1, we have

1 1
(m -2C ) Vinayn+1,4) = (Cv + 8OV, (o ayn+1,4) — oL e

—CWV ez + Vimamezs) + €™V mama + Viaams) T Vimsmer,a) T Vim-18)m+1,4)

VL m+1.a@m+14 T Vim-1.4)@m+1,4)))s (841)
1 1
(m =20 Vimaymr1,8) = 8CVi (na)(n+1,8) — oL a1 T CVimaymrra) + Vimeram+1,8)

V1,008 T Ve men TVim-1e) 1) T Vima)me) T Vima)ma) T Vima)me)) (542)

1

1
(iw_L =20 Vi (npy(me1,0) = 8CV (npyn+1,4) — l-w_LVl,(n,B)(n+1,A) = CVimpyn+1,8) T Vi(e1,0)(n+1,4)

e mrra) T Vima)mena) T Vim-18)m+1,4) T Vimp)mza) T Vimema) + Vimeme)), (543)

1
(iw_L -2C ) Vi pym+1,e) = GOV, pymern) = CVimp)n+2,.4) T Vimp)(n+2.8)

Vo pymera) T € Vimpm) + Vimsrames) + Vimsrnmens) + Vimamrie) + Via-1,8)m+1,5)- (544)

As for the case of |n —m| > 1, we have

1 1
(m =200V mayma) = 8CVy (m,a)(na) — oL VLmama) ~ CVy (ma)(n+1,0) T Vi,ema)n,B)
Vi mayn-1,4) T Vima)m-1.8) T Vimp)na) T Vitm-1,8)(n,4))> (545)
1

(iw_L =20) Vi, anayn) = 8CVym,a)(n,B) — oL Vimayms — CVimayma) + Vime1,a)ns)

Vi m-1,0m8) T VimpmstVim-18)ms) + Vimam-18 T Vimamira + Vimamers),  (546)

1 1
(m =20) Vi (mpy(n,a) = 8CVi,mB)(n,a) — HVL,(m,B)(n,A) = CVympynp) + Vi merama) T Vime1B)(ma)
Vi mama) T Vim-18)ma) T Vimpsymrra) T Vimpeym-14) + Vi,one)n-18)) (S47)

1
(m -2C ) Vi imeyng) = 8CVimpynp) — CVimp)n+1,0) T VimB)(n+1,B)
V1 mpyma) + Vimpm-1,8) T Vi,enrra)me) + Vimerp)ms) + Vimams + Vi, m-1,8)n5)- (548)

Combing Supplementary Eqgs. (S37)-(S48), the eigen-equation of the designed electric circuit is described by

fZ

_ein(sm’n+5m+1’n)(Vl,(m,A)(n—l,A) + Vima)n-1,8)) = Vi,omp)n,a) — Vitm=-1,8)(n,4) — Vi,0m+1,4)(n,4)

fo* »
<— —10 | Vi maynay = —e~TOmntOmns) (V) (0 ynrn) + Vimaying) )

Cp Cy Cy + 2Cp
_Vl,(m—l,A)(n,A) - ? 6m,n (Vl,(m,B)(n,B) + Vl,(m—l,B)(n—l,B)) + ? 6m,nilvl,(m,A) (n,A) + C 6m,nVl,(m,A)(n,A)

(S49)



2
<];?_2 - 10) Vimayns) = €™ OV, n ya) = Vigmsr,am8)
—Vim-1.4)n.8) = Vi,an8)n.8) ~Vion-1.8)(n,B) — Vi (na)im-1.8) = Viua)m+1,4) = Vi, (n,a)(m+1,8)> (S50)
<sz - 10) v = —e~m(8mn)y, -V -V
2 1,(m,B)(n,A) L(m,B)Y(n,B) ~ Vim+1,4)(n,4) — Vi,an+1,8)(n.4)
=V mama) — Vi,n-1,5)ma) — VLamp)m+1,4) — Vimsym-1,4) — Vi,inB)(n-1,8) (S51)

fo? L
=5 =10 ) Vi) = —e Tt Omni) (Vy i pynr1.a) + Vimm)nv1.))
f

—em(Bmn+Omern) (V) oo v ) + Viimpyne1,8)) = Viima1.a)m5) = Vims1,8)m5) — Vi(ma)(ms)

6m,n Vl,(m,A) (n,4)- (SSZ)

C Cy+2C
Vi m-18)mB) = = Omn Vi mayma) + Vime18)(nr1,8)) +——
Cc c

We provide the following identification of tight-binding parameters in terms of circuit elements as

J=1,P =Cp/C,U = (Cy + 2Cp)/C,V = Cy/C, fo = 1/2mVLC, (853)
where J, P, U, V and ¢ correspond to the strength of the particle hopping, the two-particle hopping, on-site
interaction, nearest-site interaction and the eigen-energy of two anyons. In this case, Supplementary Eqgs. (S49)-

(S52) become

Comaymay = —J(0Omntomusn)Co oy gy + e OCmntOmsnd Co iy i1 4y + Com—1,4yn,a) + Com1,4)(m4)

—i0(8mn+8. i0(8mn+6

tlmpyma) T 1) Cnayn5) + Com-1,5)ma) + € 1) C i, ) (n-1,5))
—P8mn(Conpynp) + Con-1,8)m-1,8)) T USmnCimaym,a) + Vmmt1)Coma)(na)» (S54)

eCamnmp = ~J(Cmam-1.8) + Conaym+1.8) T Com-1,9)m,8) T Can+1,4)(n,B)
+e0Omn*Pmarn) €y 1y a) + Cimp)(n.B) + Cam+1,0)m,a) + ComB)(n-1,8))> (855)

eCempyna) = —J(Canpyn-1.4) + Conmyn+1.4) T Com-1.8)(na) T Com+1,8)(n,)
+Cma)n,a) + €~ OCmntoms)Cn iy + Com1,8)(mB) + Coma)in-1,4))- (a56)

ECampynpy = —J(€0Cmntomian)Cy g gy + €7 O0CmatOmsn) C o by i1 gy + Com—1,8)m,8) + Con+1,8)(n.8)

+e100mn*Omiin) C o gy n,a) + Camaynpy + €0 CmatOmain) oy pyna) + Camoayins1,))
—P8mn(Conayma) + Comn+ra)m+1,4)) + USmnCom,py(n,5)» (S857)

with Coma)n,p) corresponding to Vi im o)(np)-

Note 6. Details on the fabricated circuit sample

We exploit the electric circuit by using PADs program software, where the PCB composition, stack up layout,
internal layer and grounding designs are suitably engineered. Here, the well-designed PCB possesses totally six
layers to arrange the intralayer and interlayer site-couplings. It is worth noting that the ground layer should be
placed in the gap between any two layers to avoid their coupling. Moreover, all PCB traces have a relatively large
width to reduce the parasitic inductance and the spacing between electronic devices is also large enough to avert
spurious inductive coupling. The SMP connectors are welded on the PCB nodes for the signal input and detection.
The tolerance of circuit elements and series resistance of inductors should be as low as possible. For this purpose,

we use WK6500B impedance analyzer to select circuit elements with high accuracy (the disorder strength is only



1%) and low losses.

As for the measurement of the voltage evolution in the time-domain, we use the signal generator (NI PXI-
5404) with eight output ports to act as the current source for exciting two circuit nodes related to a single lattice
site with a constant amplitude and node-dependent initial phases. We measure the voltage signal at one circuit
node. Generator (the initial phase is set to 0) is directly connected to one end of the oscilloscope (Agilent
Technologies Infiniivision DSO7104B) to make sure an accurate start time. The measured voltage signals are in
the range from Oms to 5ms, where the Oms is defined as the time for the simultaneously signal injection and
measurement.

As shown in Figs. S3(a) and (b), we plot the photograph image of the fabricated circuit sample with 6 =«
and N=5. Enlarged views around the diagonal (enclosed by orange block) and far away from the diagonal (enclosed

by the pink block) are plotted in Figs. S3(c) and (d).

Fig. S3 (a) and (b) Photos of front and back sides for the fabricated 2D circuit with 8 = m and N=5. Enlarged views around
the diagonal (enclosed by orange block) and far away from the diagonal (enclosed by the pink block) are plotted in (c) and (d).

Note 7. The influence of loss effect in the circuit sample

In this part, we evaluate the loss effect of the circuit. At first, we simulate the impedance spectrum of the (3,A),(3,A)
node. Figs. S4(a)-(d) show the simulation results with the effective series resistances of inductance being 10 m(2,

50mf, 100mN and 150ma, respectively. Similarly, Figs. S4(e)-(h) and Figs. S4(i)-(I) present simulated

impedance spectra of the (4,A),(2,A) and (1,A),(1,A) nodes with the same values for the effective series resistances

of inductance used in Figs. S2(a)-(d). We can see that the larger the loss value is, the lower the impedance peak

(the larger the impedance peak width) becomes. Comparing with the experimental results in Fig. 3 of the main

text, it can be seen that the effective loss in our circuit sample is about 100 m.2.
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Fig. S4 (a-d) Simulated impedance responses of the (3,A)(3,A) node with the effective series resistance of inductance being
10 mQ, 50ma, 100mN and 150m(2, respectively. (c-h) Simulated impedance responses of the (4,A)(2,A) node with the
effective series resistance of inductance being 10 mQ2, 50mf, 100m2 and 150m.2, respectively. (i-) Simulated impedance

responses of the (1,A)(1,A) node with the effective series resistance of inductance being 10 mf, 50m, 100m2 and 150m.Q,
respectively.

Note 8. Numerical results of impedance responses in electric circuits with different effective statistical
angles

In this part, we introduce the simulation method on tuning the effective statistical angle of two anyon in electric
circuits, and theoretically investigate the influence of effective statistical angle on the formation of topological
flatbands in electric circuits by impedance measurements and voltage dynamics, that is, the proposition that the
topological transition caused by a certain parameter should be included in our experimental design, and the
topological sequence parameter is adjustable and can be visualized.

As shown in Fig. S5(a), the schematic diagrams on the realization of different valued effective statistical angle
in electric circuits with 8 =, 0.8m, 2/3m, 0.5m and 0 are presented. We note that the eigenequations of
electric circuits with different values of the effective statistical angle are consistent to eigenequation of two anyons
with different statistical angles. Then, we calculate the impedance responses at {(3, B), (3, B)} node in these
circuits, as shown in Fig. S5(b). It is clearly shown that there is always a large central impedance peak at 0.2656Hz
and the frequency of such impedance peak is matched to the eigenenergy of two-anyon flat band at ¢ =102.8.
These results are consistent with our theoretical model that there is always a statistical angle-independent two-

anyon flat band at & = 102.8. In addition, lots of impedance peaks appear at two sides of the central impedance



peak with the low-value of 8, manifesting the significant dispersion effect of high-energy and low-energy two-
anyon bands. By increasing the value of effective statistical angle, the peak number is decreased and impedance
value is increased, consisting to the flat-band properties. These results clearly shown that our designed electric

circuits can simulate the effective statistical angles induced anyonic flat bands.
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Fig. S5 (a) The schematic diagrams on the realization of different-valued effective statistical angle by electric circuits.
(b) Numerical results of the impedance responses of designed electric circuits with different effective statistical angles of 8 =

m, 0.8m, 2/3m, 0.5 and 0.

Note 9. Simulation results of voltage dynamics

In this part, we simulate the voltage dynamics. Here, the circuit excitation is in the form of [V, = Vye'®t,V, =
—Voei“’t]. In order to avoid the influence of size, the simulated circuit side is set to 16 X 16 nodes, and the
corresponding parameters are the same to that used in Fig. 4 (in the main text). Firstly, to simulate the localization
phenomenon caused by the two-anyon flat band effect, we input the voltage signal at the (11,A),(11,A) node. The
associated excitation frequency is set as 0.269MHz, which matches to the two-anyon flat-band bulk mode. Fig.
S6(a) shows the voltage signal in the time range from O to Sms. In addition, we plot the voltage distribution at 3ms,
as shown in Fig. S6(b). We can clearly see that in the clean circuit, the extremely high voltage signal concentrates
at several circuit nodes near the excitation point. Then, we simulate the voltage evolution by exciting the
(14,A),(2,A) circuit node at frequency 0.139MHz (matched to the two-anyon scattering states), as shown in Fig.
S6(c). Fig. S6(d) displays the corresponding spatial profile of voltage signal at 3ms. It is clearly shown that the
input voltage signal quickly diffuses into the whole space over time, indicating that there is no dynamic localization
phenomenon. Finally, we input the voltage signal at the (1,A)(1,A) node to simulate the voltage dynamics related
to two-anyon topological edge states, as shown in Fig. S6(e). The associated excitation frequency is set as
0.263MHz, which matches to the two-anyon topological edge mode. Fig. S6(f) plots the distribution of the voltage
signal at 3ms. We can see that the extremely high voltage signal concentrates at circuit nodes of (1,A),(1,A) and
(1,B),(1,B). Similar to the experimental results, those results clearly demonstrate the existence of topological edge

states.
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Fig. S6 (a), (¢) and (e) The simulation results of the time dynamics of (11,A)(11,A), (14,A)(2,A) and (1,A)(1,A) nodes.
(b), (d) and (f) The distribution of the voltage amplitude at t=3ms related to results in Figs. S6 (a), (c) and (e), respectively.



