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1. Triphoton State Generation via the SSWM Process
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Figure S1. Energy level diagram of the SSWM process in a 5-level system of 8Rb atomic vapor.
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In our scheme, time—energy entangled triphotons (Es;, Es, and Eg3) are generated via a spontaneous six-wave
mixing (SSWM) process, as schematically illustrated in Figure S1, implemented in a typical five-level #®Rb atomic
configuration. The relevant atomic states involved are |1) (5S12 F=2), |2) (5S12 F=3), |3) (5P12F=2), |4) (5P3x
F=3),and |5) (5Ds2 F=2). E; drives the transition |1) — |3) with a large red detuning. Meanwhile, two coupling
fields E, and E; couple the transitions |2) — |4) and |4) — |5), respectively, establishing the multi-photon
coherence required for the SSWM interaction. Through the Doppler-broadened SSWM process in the hot atomic
vapor, backward-propagating triplet photons Eg; (ws;, ks; With j = 1, 2, 3) are spontaneously emitted. This
nonlinear process simultaneously satisfies the energy conservation condition w; + w, + w3 = wg; + Wgy + Ws3,
and the phase-matching condition k, + k, + k3 = kg, + kg, + kg5. As a result, the generated triphotons exhibit
intrinsic time—energy entanglement. In particular, when the energy of one photon (e.g., Eg;) is measured, the
remaining two photons Es, and Eg; are projected onto a joint state that still satisfies the same total energy
constraint. Therefore, Eg, and Eg; remain entangled in the energy—time degree of freedom, even after conditioning
on the detection of E;. The indistinguishability among the multiple energy gives rise to a W-state structure in the
triphoton Hilbert space.

Furthermore, two external control fields, E,; and Ep,, are introduced to coherently couple the transitions
|2) — |4) and |4) — |5), respectively. These control beams enable flexible manipulation of the effective coupling
configuration and the associated non-Hermitian energy-level structure during the SSWM process.

In the EIT-based spontaneous six-wave mixing (SSWM) process, the physics of the triphoton generation process
can be explained by the nonlinear susceptibility y(. In the interaction picture, the effective Hamiltonian of SSWM
with a non-Hermitian system can be written as Hegr = Hegr_p + Hefr_nu i here Heg_p represents the effective
Hamiltonian of SSWM in five-energy levels can be written as:
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Herrpr represents the EIT-based non-Hermitian structure based on two coupled energy levels system |2) — [4) can
be written as:

. *
—il5, Opq

Heppnn = _h[ Opy Apy — iy (52)

where [;; = (1} + 1})/2 is the decoherence rate between |i) and |j). I; represents the decay rate of the |i).
0; is the Rabi frequency induced by the optical field E;, while A; is corresponding to the associated detuning.

1.1 Fifth-Order Doppler-Broadened Nonlinear Susceptibility

According to the motion equation, the density—matrix equations can be obtained to be

s .
%P = _%[Heff—F: pl—Tp (S3)

where Hg_p denotes the effective Hamiltonian of the five-level atomic system participating in the SSWM process,
and I' represents the phenomenological relaxation matrix incorporating spontaneous decay and dephasing processes.

For an arbitrary density-matrix element p;;, the equation of motion follows directly from Eq. (S3):

a i

2P = —ng(Hikij — pucHi;) = Tijpys (54)
This general expression forms the basis for deriving all relevant atomic coherences contributing to the nonlinear
polarization.

In the experiment, the three signal fields Eg;, Es, and Eg; are generated spontaneously and are therefore much
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weaker than the applied pump and control fields. We thus adopt a perturbative expansion of the density matrix in
powers of the signal-field Rabi frequencies:
The atomic ensemble is initially prepared in the ground state |1) by optical pumping, leading to the zeroth-order
solution
pP=1,pP =0 (=1 (S6)
with all coherences vanishing at zeroth order.

We first consider the coherence p;4, which is driven by the pump field E;. From Eq. (S2), we obtain
a . .
P31 = —iQyp11 — (Va1 + iB1)psy (S7)
where y3; isthe decoherence rate and A; is the detuning of Ej;.

Under steady-state conditions (% P31 = 0), the first-order solution reads
1) _ -iQq
Par = ¥31+ilq (S8)
The signal field Eg; couples the coherence p3; to p,;. The equation of motion for p,; is

a . * * .
:P21 = —i(Q51p31 + Q3041) — [V21 + (A1 — As1)]p21 (S9)

Retaining only the lowest-order contribution and substituting Eq. (S8), we obtain

@ _ ~0105, |
P21 (r31+iA1)[y21+i(A1—As1)] (510)

This coherence represents a Raman-type ground-state coherence induced by the joint action of E; and Eg.
The coupling field E, transfers the coherence p,; to the excited state |4). The corresponding equation reads

a . .
3P = —i(Qzp21 + Qs2p11) — [Yar + (A1 — Agy + A3)]pas (S11)

Under steady-state conditions, the third-order solution is

()

P = (s12)

The field E; further couples |4) to |5), yielding
%Pm = —iQ3p41 — [¥51 + 1A — Agy + Az + A3)]ps1 (S13)

The steady-state fourth-order coherence is therefore
o = ~i03p} (S14)

¥s51+i(81—As1+A2+A43)
Finally, the emission of the third signal photon Eg; is associated with the coherence ps,, whose equation of

motion is

a . .
5 P54 = ~is3par — [Vsa +i(A; — Ay + Ay + Az — Ag3)]psa (S815)

Solving in the steady-state limit and substituting the lower-order coherences, we obtain

©) _ i03p57

Psq = (y31+iA1)[y21+i(A1—As1)][va1+i(A1—As1+A5)]
[ys1+i(A1—As1+A2+A3)][y54+i(A1—As1+Az+A3—Ag3)]

where the product runs over all intermediate virtual states involved in the SSWM process.

(S16)

Consequently, the fifth-order Doppler-broadened nonlinear susceptibility ¥ in the SSWM process can be

identified as:

5[(I31+i4p1) 21 +iWp_82+iWp463)(Iy1 +idB2+iWp_62+iWp+83)

. 2
5 _ 2f(VINin3ta3tzalys s
x5(8,,65) = [ dv (S17)
E0M%| (ryy+idpo+idps +iWp_82+iW 4 83)(Tyq +idpa+iWp_83+dq +d3)
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Here f(v) = |—=Rb exp|—ZREZ| js the Maxwell-Boltzmann velocity distribution of the Rb atoms in the thermal
2nkgT 2kpT

motion, where mgy, is the mass of the Rb atom, ks is the Boltzmann constant, T is the vapor temperature, and v is the
atomic Kinetic velocity; N is atomic density, u;; (i, j=1,2,3,4,5) refers to the electric dipole matrix elements for the
atomic transition [i) - |j), [ = (i +1“]-)/2 is the decoherence rate between levels |i) and |j); 4g; = 4; +
vw;j/c with frequency detuning 4; = w;; — w;, and w;; being the frequency between levels |i) and [j); Wy, =
1 + v/c accounts for the first-order Doppler shift which depends on atomic velocity with ¢ the speed of light in
vacuum, c is the speed of light in the vacuum; 25, and ,, are the Rabi frequency of E,; and Ep,; 6;
represents the deviations around the corresponding central frequency ws; of generated photons that is wg; = @wg; +
6; (i=1, 2) where |§;| < @g;. Furthermore, it is essential to recognize that, due to the energy conservation in SSWM,
the generation of these two photons is contingent upon the detection of the output Eg; photon at the frequency
ws1 = Wy + W, + w3 — wg, — wg3. This necessitates that the spectral distributions of the entangled triphoton state
must satisfy the condition &§; + 8, +&; = 0 [,

To enhance the fifth-order nonlinear interaction, a length of L=7 ¢m *Rb vapor cell is heated to 80°C using a
resistive heating tape 2. At this temperature, the Doppler broadening is estimated to be approximately Ap= 555 MHz,
which is several orders of magnitude larger than the Rb natural linewidth 1. The atomic density is calculated to be
N=1.2x10" cm>, based on N = P/(kgT), where P is the saturated vapor pressure and kg is the Boltzmann
constant. The optical depth (OD), defined as OD = No,, L, has a value of 4.6, where 6,; = 3nNI,,c?/(24pw?;)
is the on-resonance absorption cross-section for the transition |1) — |4) Bl. When the temperature is increased to
115°C, the OD rises to 45.7.

By analyzing the fifth-order Doppler-broadened nonlinear susceptibility x under various coupling
configurations, we identify a distinct evolution in the system’s optical response as the Rabi frequencies of the control
fields are increased. This evolution signifies a transition from the weak coupling regime, where light-matter
interaction is dominated by dissipative dynamics, to the strong coupling regime, characterized by coherent splitting
of energy levels. Correspondingly, the temporal profile of the triphoton correlation function transforms—from an
anti-bunching distribution to damped Rabi oscillations, which arise from quantum interference among multiple
resonant generation pathways. Figure S2(a) shows x® as a function of the eigenvalues 8, and &, in the weak
coupling regime. In this case, y® displays a single dominant resonance peak, consistent with the presence of a
single effective photon-generation pathway. As the Rabi frequency of the E,; field increases and the coupling
between states |2) and |4) enters the strong coupling regime, the nonlinear response evolves: ¥ develops two
distinct resonant features along &, direction, as shown in Figure S2(b). Similarly, ¥ develops two distinct
resonant features along &5 direction with the increasing Rabi frequency of the Ep, field, which is shown in Figure
S2(c).

170 ,:L\G‘@

Figure S2. Simulated fifth-order nonlinear susceptibility y under various coupling conditions, illustrating the
transition from weak to strong coupling regimes. (a) ¥ in regime A of Figure 1(e) in the main text,
corresponding to the weak coupling case with a single dominant resonance. (b) and (c), and (d) show ¥® in
regimes B, C, in the Figure 1(e) of main part, respectively. Simulation parameters are set as follows: I, =
21 X 0.66 MHz, I3, =1, =2n X 6 MHz, I;; = I, = 0.4 X [;,and [;; = 0.2 X I.



1.2 Doppler-Broadened Linear Susceptibility
According to Figure S1, the respective linear susceptibilities for Es;, Eg, and Eg; have been determined as: [
2
Xs1=J f@)— Rt dv (S18)
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Xs2 = J f(®) iy dv, (S19)

e 02,|2 032
coh| Ty +(1-2)is+iag+—220 L T
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Xs3=J f(w) NSy dv. (S20)
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Based on the relationship (V, = c/(n(w) + 6d(Re[xs;(6)])/dd) ) between group velocity and linear
susceptibilities [*51, we can get the group velocity of Eg, and Egs:

2kgyLe [A12+(F32F54)2]2

= S21
Yg(s1) w320DT33 [(F32+T42) A1 —T32 42 B11[A1+(T32T54)?] (521
_ 2kgalc [43+(Tsar)?]’ S22
Vg(s2) = ©410DT 41 [(T54+T44)A2—Taal54B2)[AS+(T54041)?] ( )
kgl [43+ (T 1s0)?)” s23
Vg(s3) = 5,001, [(Tsa+Taa)A3—T44T54B3][A3+(Ta1T54)2] (523)

Where A; = IyyD3oy + 12,12 + 051215, By = loa(lyy + Ip) + Dyplyn + 12517 + 102512,
Ay = Lyl Dy + 12,7 T5g + 10317, By = Isg(Tyy + Dy) + g Dy + 10,12 + 1517, Az = Dalialiy +

|231°T1 + [2,|%Ty, and B = Iy (Isg + Toy) + T34l + 10517 + [12,]2.

2. Non-Hermitian System

Based on the non-Hermitian laser—atom coupling configuration described in the Eq. (S2), we derive its eigenvalue
equation. The eigenvalues § of the Hamiltonian satisfy the characteristic equation:
Hefpnup = 89 (524)
This leads to the secular equation det (Hrf_ny — 6I) = 0, where I is the identity matrix.
For convenience, we introduce the average decoherence rate (I5rrq = (I31 + I31)/2) and differential decoherence

rate (Igirrq = (I31 — I41)/2). To simplify the quadratic equation, we shift the eigenvalue variable as:

A ,

where x satisfies x% = 22, + (A p1/2 — ily; ffa) . Therefore, the eigenvalues of the non-Hermitian Hamiltonian

are:

. . 2
Op1+ = Ap1/2 —ilpppq \/-012)1 + (Am/z - leiffa) (S26)

Using the energy-level structure shown in Figure S1 and the eigenvalues of the non-Hermitian Hamiltonian, we
numerically evaluate the variation of the eigenvalue under different modulation parameters.

Figure S3 illustrates the evolution of the eigenvalues of the system as functions of both the Rabi frequency () and
detuning (A) of the control optical field, focusing on the real part (Re(§)) and imaginary part (Im(8)) of the
eigenvalues. As () increases, the real components of the eigenvalues transition from a single branch to two separated
branches, signaling the emergence of dressed-state splitting and entry into the strong coupling regime. Simultaneously,
the imaginary components—initially distinct—merge into a single degenerate value, indicating the presence of an

exceptional point (EP) where the decay rates of the eigenstates coalesce. The detuning A also plays a critical role in
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shaping the non-Hermitian eigenvalue. When A = 0, the eigenvalue &, associated with the dressed state Eg,
exhibits characteristic signatures that depend on the coupling strength: either a single-valued or split real component
and either coalesced or distinct imaginary components. When A # 0, both the real and imaginary parts of &§p;
evolve continuously with detuning, reflecting the interplay between coherent coupling and dissipative dynamics in

the non-Hermitian regime.
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Figure S3. (a) and (b) represent the real and imaginary parts of the eigenenergy nature of Eg, under non-Hermitian
interaction, respectively. T,; = 0.2 I,.

The optical field Ep, regulates the coupling dynamics between atomic energy levels |4) and |5). The
effective non-Hermitian structure Hamiltonian describing this subsystem can be written as 671

4 =il Op,

Hn—p2 = 0p, Ay —Apy —ilgy (527)

0y, is the Rabi frequency induced by the optical field Ej,, while Ap, is the corresponding associated detuning.
Similar to solving the eigenvalue equation of H,rr_,y, the eigenvalues of H,y_p, are pyy = 4,/2 —ilysp, £

. 2 .
J—QLZJZ +(8p/2 = ilypsp)" Toppp = (T + 151)/2, Typp = (T — I51)/2 and 4, = 24, — Ap,. Similarly, the

complex eigenvalues of H,y_p, also have different resonant components when Qp, > IG;ffp, indicating that the
system operates in the strong coupling regime (the right part in Figures S4 (a) and (b)). The imaginary components
for the two resonant eigenstates coalesce when Qp, = I;¢5p,, Signifying eigenstate degeneracy as shown in the
middle regime of Figure S4, while it enters the weak coupling regime when Qp, < I¢sp. This non-Hermitian
framework provides crucial insight into how tuning the Rabi frequency of E,, modulates the quantum correlations
of the generated triphoton state through manipulation of the dressed-state structure.
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Figure S4. (a) and (b) Eigenvalue diagram for the real part and imaginary parts as functions of 2p,/I%;.

As the Rabi frequency 2, increases, the system enters the intermediate regime (middle region in Figure 1c),
where the eigenvalue spectrum exhibits one real and one imaginary component—a hallmark of the exceptional point
(EP). In this regime, the bandwidth is approximately comparable to the effective parameters (Awg, =~ [|!2€2|, Feffz]).
Upon further increase of 25, the system reaches the strong coupling regime (right region in Figure S4), where the
eigenvalues contain two real parts and one imaginary part. The system satisfies Awg, > [|2¢,], Ief2]. In this strong

coupling regime, two real parts of the eigenvalue are 1, = —0.5 * (Am + 4%, + 4|!2D1|2) and A_ =—0.5=*
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(Am — 43, + 4|.(2D1|2). Meanwhile, the gap between these two parts is Ag, = /4%, + 4|2,,]%. Figure S5

illustrates the dependence of these two real parts of the eigenvalue on the Rabi frequency of the regulating optical
field. The red curve represents the splitting behavior at a detuning of 4, = 50 MHz, while the black curve
corresponds to 4, = 200 MHz. As shown in the figure, the gap between two real parts increases nonlinearly with
the Rabi frequency, following an approximately exponential trend. Notably, when the Rabi frequency is relatively
small, the energy gap between two real parts is larger for the case with greater detuning (4, = 200 MHz). These
results highlight the tunability of the non-Hermitian adjusting via both Rabi frequency and detuning, offering a

versatile control knob for manipulating light-matter interactions in non-Hermitian quantum systems.
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Figure S5. The distance 4, between two sub-levels as a function of 2. The black line represents 4,=200 MHz,
and the red line represents A,=50 MHz.

3. Coincidence counting of triphotons

To compute the resultant triphoton state generated through the spontaneous six-wave mixing (SSWM) process, we
analyze the triphoton coincidence counting rate under various energy level configurations at the output surfaces of
the interaction medium. The interaction Hamiltonian governing the triphoton generation, within the rotating-wave

approximation and neglecting surface reflections, is defined as:/>%°]
H=¢, [ d*ry®EEEESESES +H.c (S28)
o), 1b2b3b53 By Egy :

x® represents the fifth-order Doppler-broadened nonlinear susceptibility, V is the interaction volume illuminated
by the input fields, and H.c is the Hermitian conjugate 1%, The state vector of the triphotons can be derived using

first-order perturbation theory in the Schrédinger picture and can be formulated as follows: 1!
AKL
[yp) = fff dwsdws; dw53)((5)<D(T)6(Aw) lws1, w2, Ws3) (529)

Here, Aw = wg; — @1 + Ws; — Wy + Wg3 — w3 ;. P(AKL/2) = sinc(AkL/2)e~"4kL/2 s the phase-mismatch
longitudinal function which ascribes the triphoton natural spectral width arising from their different group velocities;
L is the interaction length; 4k = Ak - 2 is the phase mismatch; Dirac function (8) is derived from the time integral
in the steady-state approximation, ensuring the energy conservation in the SSWM process .

3.1 Coincidence counting of triphotons

The triphoton coincidence counting is described by the equation:
2 2
Ry = [(OIES (2 ES (0B )W) = |69 (120, 7a0)| (S30)

where G® (1,1, T31) = AY ks1 X ks2Sxsze PF (kgy, ksy, kgs) is often referred to as the triphoton amplitude, p =
w1 Ty + W, T, + wg3T3, Where all slowly varying terms and constants have been absorbed into A. F(kgy, ksp, ks3) =
cx®PP(AKL)S(Aw), Aw = w; + w, + w3 — wg; — Wgy — Wg3, With ¢ being a grouped constant, where Dirac §
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function comes from the time integral in the steady-state approximation, ensuring the energy conservation in the
SSWM process. ®(AKL) = sin c [Ak(8,,55)L/2] 11131,
The conditional two-photon coincidence counting is described by the equation:

2 2
Ry = Sk, |aks, (O1ESY GDES )W) = Tk, | 6P (231))] (S31)

assuming, for instance, that the Eg, photons are traced away. Notably, G®(z;,) also represents the triphoton
amplitude, even though one subsystem is not detected in the experiment. And G®(73,) =
Ay Yis1 sz e H@s1T1t0ssTIE (ke ke, ks), where all the slowly varying terms and constants have been grouped
into As. F(ksy, ksp ks3) = CYPPAKL)S (0, + wy + w3 — gy — Wgy — Ws3) ?(AKL) =
sin ¢ [Ak(8,,55)L/2] 11131,

3.2 Waveform of Triphotons in SSWM

In the process of spontaneous four-wave mixing (SFWM) generation, the biphoton wave function in the interaction
picture is known to arise from the convolution of nonlinear and linear optical responses 4. Depending on which
contribution dominates, the biphoton temporal correlation can be categorized into two regimes: the damped Rabi
oscillation regime and the group delay regime 1%,

Analogously, the triphoton wavefunction generated via spontaneous six-wave mixing (SSWM) in the interaction
picture is also described by a convolution of nonlinear and linear responses along each detection dimension,
corresponding to the time delays 7,; = 7, —7; and t3; = T3 — ;. These two directions represent the temporal
correlations between the photon pairs (Eg,, Es,) and (Eg,, Es,), respectively. In a five-level atomic system used for
triphoton generation, the respective emission processes of photons Es, and Eg; are largely governed by
independent coupling paths. This weak mutual influence implies that the correlation waveforms along t,; and 75
evolve essentially independently, allowing each direction to reveal distinct nonlinear and non-Hermitian features of
the SSWM process.

When the Rabi frequency 2, modulates the coupling between energy levels |2) and |4), the resulting triphoton
temporal correlations exhibit qualitatively distinct behaviors governed by the non-Hermitian eigenvalue structure.
Within the SSWM process, three coupling regimes can be identified depending on the relative magnitude of 2,
and the dissipation rate Iy rq.

In the weak-coupling regime (2p, < 454, regime A in Figure 1 (e) of the main part), the imaginary parts of the
two resonant eigenvalues coalesce while their real parts remain nondegenerate, indicating that the system is
dominated by loss. Under this condition, the coupling between |2) and |4) isweak, and the corresponding triphoton
coincidence count is described by

GO (T1,T31) = Ce?(ery ™%/ Wosinh? (S722) ©(31)©(731) (s32)
D

At the critical point (25, = Iyifrq, regime AB in Figure 1 (e) of the main part), both the real and imaginary parts
of the eigenvalues become degenerate, signaling the emergence of an exceptional point (EP). In this regime, the
energy levels |2) and [4) undergo a non-Hermitian phase transition, and the triphoton coincidence function reduces
to a single-exponential form,

G(3)(T211T31) = Bkgvgze_2(u1v92T21+F3T31)/WD®(Tz1)®(731) (S33)
which is a hallmark of EP-induced critical dynamics.

In the strong-coupling regime (25, > I3iffq, regime B in Figure 1 (e) of the main part), the complex eigenvalues
of the non-Hermitian Hamiltonian H,,;_p, split into distinct resonance branches, indicating coherent coupling
between |2) and |4). The corresponding triphoton coincidence count exhibits damped oscillatory behavior,

GO (3, 731) = A 2lesrmantTams)/Wo [1 — cos (2E22)] @(1,1)0(15,) (S34)

Wp



Figure S6 presents numerical simulations of the triphoton coincidence distributions under these distinct coupling
conditions, highlighting the unique quantum correlation features associated with different non-Hermitian mechanisms.
In Figure S6(a), the coincidence distribution calculated from Eq. (S32) exhibits pronounced antibunching along both
the 7,; and 75, axes, with the maximum coincidence probability shifted away from 7,; = 75; = 0. This behavior
is characteristic of the weakly coupled, loss-dominated regime. The corresponding two-photon coincidence
projections are shown in Figures S6(al) and (a2).

Figure S6(b) corresponds to the exceptional point, evaluated using Eq. (S33). At this singularity, the merging of
the real and imaginary parts of the eigenvalues places the system at the critical boundary between weak and strong
coupling. Consequently, the triphoton correlation exhibits a symmetric single-exponential decay along the 7,
direction, while maintaining antibunching along 75,. This behavior is further corroborated by the two-photon
coincidence distributions in Figures S6(b1) and (b2), where the single-mode exponential decay is observed
exclusively along t,,, confirming that only the |2) <> |4) coupling resides at the exceptional point.

—~
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[ (T21, T31)
G® (T21, T31)

-35
21 (NS)
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Figure S6. Simulation results of coincidence counts of time-energy-entangled W-triphoton state under various
energy level coupling states. The upper panels (a—c) present the three-dimensional distribution of triphoton plotted
in the (z,,, T5,) parameter space. The corresponding lower subfigures (al—c1) and (a2—c2) display the conditional

two-photon coincidence counts for (a-c) in t,; and t3; directions, respectively. (a) triphoton generated in the

regime A in Figure 1(e) of the main part. (b) and (c) triphoton are generated in regimes AB and B, respectively.
Simulation parameters are set as follows: Iz, = 2m X 0.66 MHz, I3, =1}y =2n X6 MHz, [}; = [,, =
04 xI;;,and I; = 0.2 X I;.

Figure S6(c) shows the system in a strong coupling regime between [2) and |4), corresponding to regime B. Here,
the triphoton correlation exhibits damped Rabi oscillations along 7,4, while still showing anti-bunching along ;.
The conditional two-photon coincidences in Figures S6(c1) and S6(c2) confirm this behavior, indicating that the
|2) < |4) transition resides in the strong coupling regime.

When the Rabi frequency 25, modulates the coupling between energy levels |4) and |5), the RCC exhibits
qualitatively different behaviors determined by the corresponding non-Hermitian eigenvalue structure. In the weak-
coupling regime (2p, < IGiffp, regime A in Figure 1 (e) of the main part), the imaginary parts of the two resonant
eigenvalues coalesce while their real parts remain distinct, indicating a loss-dominated coupling between |4) and
|5). Under this condition, the triphoton coincidence count is given by

G®(151,731) = Ce2(C2T21+Teff731)/ W gjp 2 (Q;/—T;l> 0(1,1)0(131) (S32)

At the critical point (2p, = [iffp, » regime AC in Figure 1 (e) of the main part), both the real and imaginary parts of
the eigenvalues become degenerate, signaling the formation of an exceptional point (EP) associated with the |4) <
|5) transition. In this EP regime, the triphoton coincidence function simplifies to a single-exponential form,
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(S33)

G(S)(T21vT31) = Bkgvgzze_2(FZT“MZV"’ZTM)/WD@(Q1)®(T31)
In the strong-coupling regime (2p, > I555, regime C in Figure 1 (e) of the main part), the complex eigenvalues of
the non-Hermitian Hamiltonian split into distinct resonance branches, indicating coherent coupling between energy
levels |4) and |5). The corresponding triphoton coincidence count exhibits damped oscillatory behavior,

G(3)(T21,T31) = Ae_z(r2T21+reffT31)/WD [1 — Cos (M)] 0O(121)0(131) (S34)

Wp

Figure S7 summarizes the simulated triphoton coincidence distributions under these distinct coupling conditions.
In Figure S7(a), the distribution calculated from Eq. (S32) exhibits pronounced antibunching along both the 7,, and
T3, axes, with the maximum coincidence probability significantly displaced from 7,; = 75; = 0, consistent with a
weakly coupled, loss-dominated regime. The corresponding conditional two-photon coincidence counts are shown in
Figures S7(al) and (a2). Figure S7(b) corresponds to the EP regime of the |4) < |5) transition. At this singular
point, the coalescence of the real and imaginary parts of the eigenvalues leads to a single-exponential decay of the
triphoton coincidence function along the 75, direction, while antibunching along 7,, persists. This directional
asymmetry is further confirmed by the conditional two-photon coincidence distributions in Figures S7(b1) and (b2),

demonstrating that only the [4) <> |5) coupling satisfies the EP condition.
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Figure S7. Simulation results of coincidence counts of time-energy-entangled W-triphoton state under various
energy level coupling states. The upper panels (a—c) present the three-dimensional distribution of triphoton plotted
in the (z,,, T5,) parameter space. The corresponding lower subfigures (al—c1) and (a2—c2) display the conditional

two-photon coincidence counts for (a-c) in t,; and t3; directions, respectively. (a) triphoton generated in the

regime A in Figure 1(e) of the main part. (b) and (c) triphoton are generated in regimes AC and C, respectively.
Simulation parameters are set as follows: Iz, = 2m X 0.66 MHz, I3, =1}y =2n X6 MHz, [}; =[,, =
04 xI;;,and I; = 0.2 X I;.

As shown in Figure S7(c), the triphoton coincidence distribution corresponds to triphoton generation in the strongly
coupled region labeled as state C in the phase diagram. In this regime, the |4) < [5) coupling supports coherent
dynamics, giving rise to damped Rabi oscillations along the 75, direction while maintaining antibunching along ;.
This behavior is corroborated by the conditional two-photon coincidence counts in Figures S7(cl) and (c2), which

clearly reveal oscillatory features associated with the strong-coupling non-Hermitian regime.

4. Time-Energy Entangled W-State Triphotons under various Coupling Regimes

In the SSWM process, triphotons are spontaneously generated in the SSWM process, denoted as (Esz), (Esz), and
(Ess), which correspond to Alice, Bob, and Charlie in our experiment. The process is governed by strict energy
conservation condition (w; + w, + w3 = wg; + wWs, + wg3) and phase-matching condition (k; + k, + k3 = kg; +
ks, + kg3). As a result, the individual photon energies (ws,), (ws,), and (wg3) are not independently determined;
instead, they are intrinsically correlated. The triphoton state generated via SSWM is shown in Eq. (S26). The presence
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of the global delta function is crucial: it enforces a fixed total energy while allowing each individual photon energy
to fluctuate. This immediately implies genuine time—energy entanglement among all three photons.

A defining feature of W-class multipartite entanglement is that bipartite entanglement survives after conditioning
on or tracing out one particle. In our system, when the energy of one photon—say, the photon (Alice)—is measured
to be wg,, the remaining two photons (Bob) and (Charlie) are projected onto the conditional state

|l/’sa;§13 =[If dwszdw53x(5)q)(4‘zﬁ)5(4]w)|w52, Wy + W, + w3 — Wsy — Wsy) (S35)
This state is non-separable in the energy-time degree of freedom, demonstrating that photons (Esz) and (Ess) remain
entangled even after the energy of (Esi1) is known. This persistence of bipartite entanglement under conditional
measurement is a hallmark of W-class tripartite entanglement, in clear contrast to GHZ-type states, for which
measuring one particle destroys all remaining entanglement.

Although the triphoton state is fundamentally generated as a continuous-variable time—energy entangled state, it
can be equivalently expressed in a discrete, channel-based form that makes the W-class structure explicit.

Because the total energy (w) is fixed, there exist three equivalent and indistinguishable conditional configurations:

e the energy of (Esi) is specified, leaving (Esz)—(Ess) entangled,

e the energy of (Esy) is specified, leaving (Es1)—(Ess) entangled,

e the energy of (Esz3) is specified, leaving (Es1)—(Es2) entangled.
These three configurations form a symmetric set of orthogonal conditional channel states (|y,), [¥3), [¥3)), and the
total triphoton state can be written as their coherent superposition,

[Pw) = = (ba) + [¥2) + [3)) (S36)
In the occupation-number representation of the three spatial modes (S1), (S2), and (S3), this is equivalent to the

canonical W state |¥,,) = \/%(|001) +[010) + |100)). Where the three modes correspond exactly to the Alice—

Bob-Charlie detection channels in the experiment. Thus, the W-class description is not an additional assumption but
an equivalent representation of the same energy-conserving triphoton state in a different basis.

Figure S8 illustrates schematic representations of the generated triphoton state under various coupling conditions,
each corresponding to a specific regime in the non-Hermitian phase space depicted in Figure 1(e) of the main text.
These diagrams visualize the correlation relationship among three emitted photons (denoted Eg,, Es, and Ess),
offering physical insight into how energy-level structure governs triphoton correlations.

Figure S8(a) shows the case where both E,; and Ep, are absent, placing the system in the weak-coupling regime
A. There is only one state for each photon in the W-state triphoton, and each photon correlation pathway involves
one single coherent channel and two decay channels. The corresponding level diagram and triphoton correlation are
presented in Figures 2(b) and 3(a), respectively. Figure S8(b) illustrates triphoton generation in a strong coupling
state (regime B in Figure 1(e)) between |2) and |4), where energy-level |4) splits into two sub-levels, thus there
are two sub-coherence channels for the generation of Eg,. This leads to enhanced quantum interference with two
resonant channels. Thus, in the W state triphoton, there are two coherent channels for both Eg, & Eg; and Es, <
Egs correlation. Figures 2(d) and 3(c) show the corresponding level structure and triphoton correlations.

Figure S8(c) represents the strong coupling state (regime C) between |4) and |5). Here, the level |5) splitting
leads to two excitation branches for photon Eg5, supporting two resonant channels in the generation of Egs. In the
correlation of triphoton, both Eg; < Eg; and Es, & Eg; contain two coherent channels. This configuration gives
rise to damped Rabi oscillations, as shown in Figure 3(e), and energy level structure in Figure 2(f). Figure S8(d)
illustrates the generated triphoton state where both Rabi frequency of Ep, and Ej, are strong, corresponding to
regime D. Both generation of Es, and Eg; photons exhibit dual-resonance channels enabled by strong coupling-
induced level splitting. Eg, and Eg; engage in two resonance channels and one absorptive channel. In the generated
triphoton state, both Eg; < Eg; and Es, < Eg; contain two coherent channels, Eg; < Eg, contains four coherent
channels.
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Figure S8. Time-energy-entangled W-triphoton state under the various energy level coupling states.

5. Additional detection of diagnose photons Ej

To further validate that the detected photons originate from SSWM, we conducted an additional detection of the
two-photon coincidences Eg; and Ep simultaneously in conjunction with the coincidences between Eg; and Es,
by artificially introducing the diagnosed photons Ej,. In our experiment, the detection direction of Ej, is deliberately
chosen to lie outside the phase-matching condition of the SSWM process. As a result, the signal observed in this
channel primarily arises from background sources such as stray photons in the laboratory environment, photons
generated via Raman scattering in the Rb vapor cell, and dark counts from the single-photon counting module.
Crucially, E, photons have no intrinsic quantum correlation with the genuine triphoton events produced via the
SSWM process, and thus serve as an effective diagnostic probe to identify and suppress spurious threefold
coincidences. To illustrate the functioning of each two-photon coincidence counting component, Figures S9a-c
showcases a representative set of experimental data collected over a span of 20 minutes, employing a time bin width
of 0.25 ns for each SPCM.
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Figure S9. (a-c) the recorded two-photon coincidence counts, respectively, by SPCM1 and SPCM2, SPCM1 and
SPCM3, and SPCM3 and SPCMD. These trigger events are plotted against the relative time differences (t21, t31 and
tp3) between clicks of the two respetive single-photon detectors.
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