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ABSTRACT

Space-time modulation provides a powerful approach for controlling wave
behavior and enables forms of wave manipulation that are unattainable in
stationary systems. Here, we propose a generalized transfer matrix method
for analyzing wave propagation in periodic space-time modulated systems.
The proposed method relaxes the commonly assumed sinusoidal modula-
tion  constraint  and  accommodates  an  arbitrary  number  of  time-varying
components with general periodic modulations. A two-membrane acoustic
system subjected to three representative periodic modulations — namely,
square-wave modulation, triangular-wave modulation, and sawtooth-wave
modulation — is investigated. The results demonstrate that the proposed
method enables accurate and efficient analysis of weakly modulated space-
time periodic systems. This framework provides a versatile tool for analyz-
ing complex space-time modulated structures and may facilitate the devel-
opment of advanced acoustic devices for applications such as underwater
communication, medical ultrasound, and noise control.
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 1   Introduction

Recently,  wave  propagation  in  space-time  modulated
systems  has  attracted  considerable  attention.  A  new
class  of  metamaterials  whose  constitutive  parameters
vary  in  both  space  and  time  has  been  proposed  and
extensively  studied in  electromagnetics  [1–10],  acoustics
[11–25]  and  mechanics  [26–29].  By  introducing  time  as
an additional design degree of freedom, these space-time
modulated metamaterials offer unprecedented opportuni-
ties  for  wave  manipulation.  Various  functional  devices

have  been  realized  based  on  space-time  modulation,
including circulators [1, 11, 12, 28], isolators [13, 16–18],
amplifiers  [3, 5, 6, 19, 23]  and  metasurfaces  [2, 8–10,
20–22].  Recently,  increasing attention has been devoted
to  temporal  interfaces.  Wave  scattering  at  temporal
interfaces can be regarded as the time-domain counterpart
of  that  at  spatial  interfaces,  giving  rise  to  so-called
temporal reflection and refraction [30–32]. Unlike spatial
interfaces  [33, 34],  temporal  interfaces  do  not  conserve
energy,  thereby  enabling  the  possibility  of  broadband
amplification [35]. Furthermore, temporal interfaces can
serve  as  fundamental  building  blocks  for  general  time-
varying metamaterials and photonic/phononic time crys-
tals, making them even more intriguing [36–38].

 
*Special Topic: Advances in Metamaterials: From Theory to
 Applications Enabled by Functional Units  (Editor(s): Huanyang
 Chen, Minghui Lu & Yangyang Fu).

RESEARCH ARTICLE
Volume 21 /  Issue 12 /  124203 /  2026

https://doi.org/10.15302/frontphys.2026.124203

 

https://orcid.org/0000-0003-3535-8494
mailto:zhuxiaohui@zjhzu.edu.cn
https://orcid.org/0000-0003-3535-8494
mailto:zhuxiaohui@zjhzu.edu.cn
https://journal.hep.com.cn/fop/EN/collections/1162450807703658881
https://journal.hep.com.cn/fop/EN/collections/1162450807703658881
https://doi.org/10.15302/frontphys.2026.124203


However, the introduction of time-varying parameters
also  brings  difficulties  in  system  analysis.  Theoretical
calculation  methods  for  space-time  modulated  systems
remain scarce and are often limited to simple modulation
profiles such as sinusoidal modulation. The most primitive
and  direct  method  is  to  solve  the  coupled  differential
equations  of  the  wave  envelope,  which  is  originally
commonly  used  in  time-varying  transmission  lines  [39,
40]  and  recently  has  been  extended  to  modern  space-
time  modulated  systems  [14].  In  this  method,  only  the
incident  mode  and  the  first-order  generated  mode  are
taken  into  consideration,  and  all  other  possible  higher-
order generated modes are neglected, which may lead to
significant  inaccuracies  [15, 25].  Space-time  Floquet
theory  [26, 41],  on  the  other  hand,  focuses  on  mode
coupling and predicts  all  possible  coupled modes in the
space-time  modulated  systems.  However,  it  mainly
provides a qualitative description and cannot predict the
detailed  wave  evolution  during  propagation.  Further-
more,  the theoretical  models  of  the above two methods
assume infinitely long, continuous media, which is some-
what inconsistent with realistic implementations.

To  solve  the  above  challenges,  we  propose  a  transfer
matrix method in our previous work [15], which facilitates
the investigation of high-order modes generation during
propagation  and  enables  the  analysis  of  finite,
discretized  space-time  modulated  systems.  This  method
provides  a  fast  yet  reliable  approach  to  predict  various
acoustic  effects  and  functionalities  in  one-dimensional
space-time modulated metamaterials [15, 19, 25]. Never-
theless,  this  transfer  matrix  method  still  faces  certain
drawbacks  when  dealing  with  specific  space-time
systems. For example, like many other approaches, this
method  is  only  applicable  to  sinusoidal  modulation,
which is  the simplest  modulation profile  in physics  and
mathematics.  However,  when  it  comes  to  experimental
implementation,  sinusoidal  modulation  poses  significant
challenges, especially when multiple elements need to be
modulated  simultaneously  with  different  modulation
parameters. In fact, considering experimental feasibility,
researchers  have  adopted  a  more  conservative  strategy
in  the  study  of  space-time  modulated  metamaterials.
Binary  temporal  modulation  (on/off),  the  simplest
modulation  profile  in  practice,  is  highly  favored  in  the
design  of  space-time  modulated  metamaterials  and  can
produce  versatile  effects  [20, 42].  Based  on  the  above
considerations,  we  extend  our  transfer  matrix  method.
Periodic  space-time  modulation  represents  a  promising
direction for advancement. On the one hand, some forms
of  periodic  temporal  modulation  is  relatively  easy  to
implement  in  practice.  The  binary  modulation
mentioned above is a typical example of periodic modu-
lation  and  has  already  been  successfully  demonstrated.
On the other hand, there exists a well-established math-
ematical tool to connect periodic space-time modulation
with sinusoidal modulation: Fourier expansion. Based on

Fourier  expansion,  any  periodic  modulation  can  be
decomposed  into  multiple  sinusoidal  components  with
different  modulation  frequencies.  Grounded  in  this
central idea and substantiated by rigorous mathematical
derivations, we formulate the generalized transfer matrix
method  for  periodic  space-time  modulated  systems  in
this work.

This paper is organized as follows. First, we establish
the  model  of  a  one-dimensional  acoustic  system  with
periodic  space-time  modulation  and  derive  its  transfer
matrix  representation.  In  the  derivation,  we  use  an
acoustic formulation, but this general formulation can be
easily  applied to  electromagnetic  (EM) waves  and inte-
grated  circuits  (ICs).  Then,  to  verify  the  effectiveness
and  accuracy  of  the  proposed  method,  we  present  the
design  of  an  acoustic  isolator  via  a  two-membrane
system.  Three  typical  periodic  modulation  profiles,
namely square-wave, triangular-wave and sawtooth-wave
modulations,  are  applied  to  the  system.  Finally,  we
discuss  the  advantages  and  potential  improvements  of
this  generalized  transfer  matrix  method,  as  well  as  its
limitations and directions for future research.

 2   Modeling and matrix representation of a
periodic space-time modulated system

Consider  a  space-time  modulated  system  as  shown  in
Fig.  1,  which  consists  of  a  one-dimensional  waveguide
and a series of time-varying loads. Using acoustic waves
as an example, we outline the derivation of a series load
using the expression for acoustic impedance. For a parallel
load,  the  impedance  can  be  replaced  by  admittance.
Moreover, this general procedure can be readily applied
to the study of EM waves and ICs, where one just needs
to  substitute  acoustic  pressure  and  particle  velocity  (p,
v)  with  electric  and  magnetic  fields  (E, H)  or  voltage
and current (U, I).

Z (ω, t+ Tp) = Z (ω, t) ω

Tp

Assume  the  impedance  varies  as  a  general  periodic
function ,  where  is  the frequency
of the acoustic wave propagating in the system, and 
is  the  modulation  period.  Upon  applying  Fourier  series
expansion, this modulated impedance can be written as 

Z (ω, t) = Z0 (ω)

[
1 +

∞∑
N=1

AN cos (NΩt− ϕN )

]
, (1)

 

 i 3      i 2       i 1        i         i+1     i+2      i+3… …

p+

υ+

p−

υ−

x
 
Fig. 1  A 1D acoustic waveguide with periodic time-varying
loads. The brown line represents the waveguide. The colored
dots denote the periodic time-varying loads.
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Z0

Ω = 2π/Tp N

AN ϕN

AN ≪ 1

where  is  the  impedance  without  modulation,
 is the modulation frequency,  is the order of

harmonic modulation,  and  are the Fourier coeffi-
cients,  representing  the  modulation  depth  and  initial
phase  of  each  harmonic  modulation  component,  respec-
tively. Under the weak modulation assumption, we have

.

ωn = ω0 + nΩ

ω0

p− v− p+ v+

Due  to  the  varying  impedance,  a  series  of  harmonics
( ) will be generated under a monochromatic
incidence  ( ).  Therefore,  the  acoustic  pressure  and
velocity  upstream  ( , )  and  downstream  ( , )  of
the load can be written as  

p± =
∞∑

n=−∞
Pn
±ejωnt

v± =
∞∑

n=−∞
V n
± ejωnt

, (2)

Pn
± V n

±
nth

where  and  represent  the  complex  amplitude  of
the  harmonic’s  pressure  and  velocity.  According  to
the boundary conditions of  the series load, the acoustic
pressure  and  velocity  should  satisfy  the  continuity  and
impedance relations  {

v− = v+

p− − p+ = Zv+
. (3)

cos (NΩt− ϕN ) = ej(NΩt−ϕN )+e−j(NΩt−ϕN )

2

The expressions for the series load in Eq. (1) as well as
the pressure and velocity in Eq. (2) are then substituted
into  the  boundary  conditions  in  Eq.  (3).  Using  Euler’s
formula ,  the  two
boundary condition equations can be rewritten in terms

of individual harmonic orders:  

V n
− = V n

+

Pn
− − Pn

+ = Zn
0 V

n
+ +

∞∑
N=1

(
1

2
ANZn−N

0 e−jϕNV n−N
+

)
+

∞∑
N=1

(
1

2
ANZn+N

0 ejϕNV n+N
+

) ,

(4)

Zn
0 = Z0 (ωn)where .

The transfer matrix of the load is defined as follows:  

...
Pn−2
−

V n−2
−

Pn−1
−

V n−1
−

Pn
−

V n
−

Pn+1
−

V n+1
−

Pn+2
−

V n+2
−
...



= ML



...
Pn−2
+

V n−2
+

Pn−1
+

V n−1
+

Pn
+

V n
+

Pn+1
+

V n+1
+

Pn+2
+

V n+2
+
...



. (5)

From the boundary conditions in Eq. (4), the transfer
matrix of the load can be obtained as:

 

ML =



...
...

...
...

...
...

...
...

...
...

. . . 1 Zn−2
0 0

A1Z
n−1
0

2
ejϕ1 0

A2Z
n
0

2
ejϕ2 0

A3Z
n+1
0

2
ejϕ3 0

A4Z
n+2
0

2
ejϕ4 . . .

. . . 0 1 0 0 0 0 0 0 0 0 . . .

. . . 0
A1Z

n−2
0

2
e−jϕ1 1 Zn−1

0 0
A1Z

n
0

2
ejϕ1 0

A2Z
n+1
0

2
ejϕ2 0

A3Z
n+2
0

2
ejϕ3 . . .

. . . 0 0 0 1 0 0 0 0 0 0 . . .

. . . 0
A2Z

n−2
0

2
e−jϕ2 0

A1Z
n−1
0

2
e−jϕ1 1 Zn

0 0
A1Z

n+1
0

2
ejϕ1 0

A2Z
n+2
0

2
ejϕ2 . . .

. . . 0 0 0 0 0 1 0 0 0 0 . . .

. . . 0
A3Z

n−2
0

2
e−jϕ3 0

A2Z
n−1
0

2
e−jϕ2 0

A1Z
n
0

2
e−jϕ1 1 Zn+1

0 0
A1Z

n+2
0

2
ejϕ1 . . .

. . . 0 0 0 0 0 0 0 1 0 0 . . .

. . . 0
A4Z

n−2
0

2
e−jϕ4 0

A3Z
n−1
0

2
e−jϕ3 0

A2Z
n
0

2
e−jϕ2 0

A1Z
n+1
0

2
e−jϕ1 1 Zn+2

0 . . .

. . . 0 0 0 0 0 0 0 0 0 1 . . .

...
...

...
...

...
...

...
...

...
...



.

(6)
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On the other hand, the transfer matrix of the waveguide
can be expressed as follows: 

Mw =



...
...

...
. . . Mn−1

w 0 0 . . .

. . . 0 Mn
w 0 . . .

. . . 0 0 Mn+1
w . . .

...
...

...


, (7)

where 

M i
w =

 cos(kil) jz0 sin(kil)
j

z0
sin(kil) cos(kil)

 . (8)

z0 = ρ0c0
i(= · · · , n− 1, n, n+ 1, · · · )

ki = ωi/c0
ith l

Here  is  the  characteristic  impedance  of  the
background  medium,  is  the
order of harmonics,  is the wave number of the

 harmonics, and  is the length of the waveguide.
Q

M = MwML1MwML2Mw · · ·
MwMLQ−1

MwMLQ
Mw

For  a  system  composed  of  equally  spaced
time-varying  series  loads,  the  total  transfer  matrix
can  therefore  be  obtained  as 

 by  concatenating  the  individual
transfer  matrices  of  the  loads  and  the  waveguide.  The
acoustic  response  of  this  periodic  space-time  modulated
system  can  then  be  analyzed  using  the  transfer  matrix
method.

 3   Analysis of typical periodic modulations
in a space-time modulated membrane
system

R = 7.5 mm
D = 20 mm
ρair = 1.21 kg/m3 cair = 343 m/s

d = 0.2 mm ρm = 1300 kg/m3

Em = 117.5 kPa

In  this  section,  we  start  with  a  simple  acoustic  system
consisting  of  a  circular  tube  and  two  edge-clamped
membranes  under  space-time  modulation  as  shown  in
Fig. 2. It is assumed that the membranes with modulated
tension  do  not  radiate  acoustic  waves.  The  parameters
are  as  follows:  the  radius  of  the  tube  and  membrane

,  the  distance  between  the  two  membranes
;  the  density  of  the  background  medium

 and  the  sound  speed ;  the
membrane thickness , density ,
Young’s  modulus  and  shear  modulus

Gm = 40 kPa. The tube wall is assumed to be acoustically
rigid.

The membrane is a typical series load element, and its
impedance can be written as 

Zm(ω) = −jωρmdJ0

(
ωR

cm

)
/J2

(
ωR

cm

)
, (9)

J0 J2 0th 2nd

T = T0[1 +mF (t)]
2

m F (t)

cm =
√

T
ρmd

m ≪ 1

cm0

where  and  are  the  order  and  order  Bessel
functions of the first kind. Time-varying surface tensions
in  the  form  of  are  applied  to  these
two membranes,  where  and  are the modulation
depth  and  modulation  waveform  function,  respectively.
The surface tension function here needs to be squared to
achieve  the  desired  modulated  sound  speed  and
impedance,  as  indicated  by  the  relation .
Under the weak modulation ( ), we can expand the
impedance at  as 

Zm (ω) = Zm0 (ω) +mZv0F (t) , (10)

cm0 =
√

T0

ρmd

Zm0 = Zm|cm=cm0
Zv0 = cm0

∂Zm

∂cm

∣∣∣
cm=cm0

where  is the sound speed of the unmodulated

membrane, and .
In our previous research [15–18], we have demonstrated

that the combination of temporal sinusoidal modulation
and  a  phase  difference  between  the  modulation  signals
constitutes  a  simple  yet  typical  form  of  space-time
modulation, which can give rise to nonreciprocal acoustic
transmission.  As  one  can  imagine,  this  nonreciprocal
effect can also be induced by periodic modulation, owing
to its underlying mathematical equivalence, as shown in
Eq. (1),  which can be used to design acoustic isolators.
In the following subsections, we will verify the effectiveness
and accuracy of the proposed method through the design
of two-membrane acoustic isolators under typical periodic
space-time modulations, namely square-wave, triangular-
wave  and  sawtooth-wave  modulations.  It  should  be
noted that the selection of these three types of periodic
modulation  profiles  is  based  on  the  considerations  of
future experimental implementation. In contrast to sinu-
soidal  temporal  modulation,  the  linear  variation  of
parameters with time in these three periodic modulation
profiles  is  more  readily  achievable  and  allows  for  more
precise experimental control.

 3.1   Square-wave modulation

F (t)

ϕ

We begin with the analysis  of  square-wave modulation.
As depicted in Fig.  3(a),  the modulation functions 
of the two membranes are both standard square waveforms
and  are  identical  except  for  a  phase  difference .
According  to  the  method  outlined  above,  the  square-
wave  function  can  be  expanded  into  a  Fourier  cosine
series, given by 

 

Membrane 1 Membrane 2

x

pi

pr

pt

 

pi pr pt

Fig. 2  Schematic of a two-membrane system with modula-
tion. :  incident  wave. :  reflected  wave. :  transmitted
wave.
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F (t) =
∞∑

N=1

AN cos (NΩt− ϕN ) (11)

AN ϕN F1(t)

F2(t)

N ≤ 7

The  Fourier  coefficients  and  for  and
 are  listed  in Table  1.  In  the  following  theoretical

analysis,  only  the  first  seven  modulation  frequency
components ( ) are retained, while the higher-order
components  are  neglected.  The  resulting  truncated
square  waveforms reconstructed from these  components
are shown in Fig. 3(b).

fm = Ω/(2π) = 200 Hz

IF =
∣∣20 log

(
t+0 /t

−
0

)∣∣
TA =

∣∣t+0 − t−0
∣∣ t+0 t−0

Without loss of generality, the fundamental modulation
frequency  is  set  as  for  all  three
modulation  types.  The  design  parameter  space  includes
incident wave frequency (also referred to as the operating
frequency) and modulation phase difference between two
membranes.  To  evaluate  the  nonreciprocal  performance
of the two-membrane system under periodic modulation,
two  metrics  are  introduced:  the  isolation  factor

 and  transmission  asymmetry
, where  and  denote the transmission

coefficients  of  the  fundamental  mode  in  positive  and
negative directions, respectively.

Figures 4(a) and (b) depict the variation of the isolation
factor  and  transmission  asymmetry  as  functions  of  the

f0 = 2520 Hz ϕ = 0.48π

incident  wave  frequency  and  modulation  phase  differ-
ence,  respectively.  A  pronounced  nonreciprocal  band
emerges  near  the  resonance  frequency  for  moderate
phase  differences.  The  isolation  factor  can  reach  up  to
23.6 dB, while the maximum transmission asymmetry is
approximately  0.7.  These  results  indicate  that  the  two-
membrane  system  under  square-wave  modulation  can
achieve strong nonreciprocity with relatively low insertion
loss through appropriate selection of modulation param-
eters.  The  parameters  selected  for  the  simulations  are
marked by red stars in Figs. 4(a) and (b), corresponding
to  and ,  determined  based  on  a
trade-off  between  the  isolation  factor  and  transmission
asymmetry.

Then we analyze the nonreciprocal (acoustic isolator)
behavior of this two-membrane system with the marked
optimal modulation parameters. The theoretically calcu-
lated transmission coefficients of the generated harmonics
in  the  positive  and  negative  directions  are  depicted  by
the  black  dashed  curves  in Figs.  4(c)  and  (d),  respec-
tively.  A  clear  nonreciprocal  transmission  is  observed.
The fundamental-mode (2520 Hz) transmission coefficients
for opposite directions are 0.726 and 0.048, respectively,
which correspond to an isolation factor of 23.6 dB and a
transmission asymmetry of 0.678. To further demonstrate
the nonreciprocal transmission, time-domain simulations
are  performed  using  the  designed  parameters.  A
monochromatic acoustic wave is incident on the waveguide
from  one  end,  and  a  modulated  transmitted  signal  is
obtained  at  the  other  end.  By  applying  the  Fourier
transform, the signal spectrum is obtained, as shown by
the red solid curves in Figs. 4(c) and (d). In the positive
direction,  the  transmission  coefficient  amplitude  of  the
fundamental mode (2520 Hz) is 0.730, while in the negative
direction,  the  transmission  coefficient  amplitude  is  only
0.055. The corresponding isolation factor is 23.4 dB, and
the  transmission  asymmetry  is  0.675.  Note  that  in  the
simulations, we adopt the ideal modulation waveform as
shown  in Fig.  3(a),  while  in  the  theoretical  calculation
the modulation waveform is harmonically truncated and
reconstructed  as  shown  in Fig.  3(b).  The  results  from
the theoretical  calculation and time-domain simulations
are  in  excellent  agreement,  which  effectively  validates
the  theoretical  calculation  method  proposed  in  this
work.

 

F

t

ϕ

0

1

−1

Square waveform

F

ϕ

0

1

−1

t

(a)

(b)

 
F (t)Fig. 3  Square-wave  modulation  function  applied  to

the two membranes. (a) Ideal waveform used in simulations.
(b) Harmonic-truncated waveform used in theoretical calcu-
lations. Blue line: Membrane 1; Red line: Membrane 2.

 

Table  1 Fourier coefficients for square waveforms.

N 1 2 3 4 5 6 7 …
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 3.2   Triangular-wave modulation

F (t)

ϕ AN ϕN F1(t)

F2(t)

In  this  subsection,  we  follow  the  same  procedure  and
focus on the analysis of triangular-wave modulation. As
depicted in Fig. 5(a), the modulation waveform functions

 of the two membranes are both standard triangular
waveforms and are identical except for a phase difference
.  The  Fourier  coefficients  and  for  and

 are listed in Table 2. After truncating the harmon-
ics,  the  two  triangular  waveforms  reconstructed  from
these components are shown in Fig. 5(b).

First, we calculate the variation of the isolation factor
and transmission asymmetry as functions of the incident
wave  frequency  and  modulation  phase  difference,  as
shown  in Figs.  6(a)  and  (b),  respectively.  Compared

with  the  results  for  square-wave  modulation  shown  in
Figs.  4(a) and (b),  it  can be seen that there are strong
similarities between the two modulation schemes.

f0 = 2510 Hz ϕ = 0.50π

Then,  we  choose  the  optimal  incident  frequency
 and phase difference  as marked by

red stars in Figs. 6(a) and (b), which are slightly different
from those of the square-wave modulation. The theoreti-
cally calculated transmission coefficients of the generated
harmonics  in  the  positive  and  negative  directions  are
depicted  by  the  black  dashed  curves  in Figs.  6(c)  and
(d),  respectively.  It  can  be  seen  that  the  fundamental-
mode  (2510  Hz)  transmission  coefficients  for  opposite
directions are 0.721 and 0.078, respectively, which corre-
spond to an isolation factor of 19.3 dB and a transmission
asymmetry of 0.643.

Finally,  we  conduct  the  time-domain  simulations  of
triangular-wave  modulation  with  the  optimal  parame-
ters. The results are depicted by the red solid curves in
Figs. 6(c) and (d). In the positive direction, the transmission
coefficient  amplitude  of  the  fundamental  mode
(2510  Hz)  is  0.725,  while  in  the  negative  direction,  the
transmission  coefficient  amplitude  is  only  0.084.  The
corresponding isolation factor is 18.7 dB, and the trans-
mission  asymmetry  is  0.641.  Like  the  case  of  square-
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fm = 200 Hz
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Fig. 4  (a) Isolation factor and (b) transmission asymmetry
of the two-membrane system under square-wave modulation
with  modulation  frequency  and  modulation
depth . The red star marks the parameters used
in  the  following  theoretical  and  numerical  analysis.  Trans-
mission  of  different  modes  in (c) the  positive  direction  and
(d) the  negative  direction.  Red  solid  curves:  Transmission
spectra  obtained  from  time-domain  finite  element  simula-
tions. Black dashed curve: theoretically predicted transmission
at  the , ,  and  harmonic  orders.  Higher-order
harmonics are negligible and are not shown.
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Fig. 5  Triangular-wave  modulation  functions  applied  to
the two membranes. (a) Ideal waveform used in simulations.
(b) Harmonic-truncated waveform used in theoretical calcu-
lations. Blue line: Membrane 1; Red line: Membrane 2.

 

Table  2 Fourier coefficients for triangular waveforms.

N 1 2 3 4 5 6 7 …
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wave modulation, the results from theoretical calculations
and simulations are also in excellent agreement.

 3.3   Sawtooth-wave modulation

F (t)

ϕ

AN ϕN F1 (t) F2 (t)

In this subsection, the analysis of sawtooth-wave modu-
lation is carried out. As depicted in Fig. 7(a), the modu-
lation  waveform  functions  of  the  two  membranes
are both standard sawtooth waveforms and are identical
except for a phase difference . The Fourier coefficients

 and  for  and  are  listed  in Table  3.
The  harmonic-truncated  sawtooth  waveforms  recon-
structed from these components are shown in Fig. 7(b).

Firstly,  we  calculate  the  variation  of  the  isolation
factor  and  transmission  asymmetry  as  functions  of  the

incident  wave  frequency  and  modulation  phase  differ-
ence,  as  shown  in Figs.  8(a)  and  (b)  respectively.
Compared  with  the  results  for  square-wave  modulation
shown in Figs. 4(a) and (b), there are slight differences
between the two modulation schemes.

f0 = 2560 Hz
ϕ = 0.35π

Then, the optimal incident frequency  and
phase  difference  are  selected  and  marked  by
green stars in Figs. 8(a) and (b), which are clearly different
from those of square-wave and triangular-wave modula-
tions. The theoretically calculated transmission coefficients
of the generated harmonics in the positive and negative
directions  are  depicted  by  the  black  dashed  curves  in
Figs. 8(c) and (d), respectively. It can be seen that the
fundamental-mode  (2560  Hz)  transmission  coefficients
for opposite directions are 0.634 and 0.135, respectively,
corresponding  to  an  isolation  factor  of  13.4  dB  and  a
transmission asymmetry of 0.499.

Finally,  we  perform  the  time-domain  simulations  for
sawtooth-wave  modulation  using  the  optimal  parame-
ters.  The  results  are  shown  by  the  red  solid  curves  in
Figs. 8(c) and (d). In the positive direction, the transmission
coefficient  amplitude  of  the  fundamental  mode
(2560 Hz) is 0.643, while in the negative direction, it is
only  0.130.  The  corresponding  isolation  factor  is
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Fig. 6  (a) Isolation factor and (b) transmission asymmetry
of the two-membrane system under triangular-wave modulation
with  modulation  frequency  and  modulation
depth .  The  red  star  marks  the  parameters
used  in  the  following  theoretical  and  numerical  analysis.
Transmission of different modes in (c) the positive direction
and (d) the negative direction. Red solid curves: Transmission
spectra  obtained  from  time-domain  finite  element  simula-
tions. Black dashed curves: Theoretically predicted transmission
at  the , ,  and  harmonic  orders.  Higher-order
harmonics are negligible and not shown.
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Table  3 Fourier coefficients for sawtooth waveforms.
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13.9 dB, and the transmission asymmetry is 0.513. The
results  from  theoretical  calculation  and  time-domain
simulation are in excellent agreement.

 4   Discussion and conclusion

As the number of matrices has negligible impact on the
calculation  process  of  the  transfer  matrix  method,  we
adopt  one  of  the  simplest  systems  to  demonstrate  the
capabilities of the proposed method in periodic modula-
tion.  Results  show  that  the  generalized  transfer  matrix
method  can  help  identify  the  optimal  parameters  for
acoustic  isolator  design  under  three  typical  periodic
modulation profiles through parametric sweeps, which is
impractical in simulation or experiment. Then, to verify
the  calculation  accuracy,  time-domain  simulations  are
performed under  the  three  typical  periodic  modulations
using  the  optimal  parameters.  The  results  from  the
generalized  transfer  matrix  method  and  time-domain
simulations are in excellent agreement, which effectively
validates the proposed method. It should be emphasized
that while we present only three representative periodic
modulation profiles here, the method is, in fact, applicable
to arbitrary periodic modulation profiles. Moreover, it is
theoretically  extendable  to  arbitrary  temporal  modula-

tions,  since  any  modulation  profile  can  be  expressed  in
terms of a Fourier expansion. Although the present work
focuses on one-dimensional wave propagation, the frame-
work  holds  promise  for  extension  to  two-dimensional
cases.  However,  such  an  extension  poses  challenges,
including spatiotemporally  coupled modulation of  inter-
facial  acoustic  impedance,  added  spatial  complexity  of
the  acoustic  field  distribution,  and  corresponding
increase in computational demands.

Apart  from  theoretical  calculation  method  itself,  we
also  find  meaningful  insights  in  the  study  of  periodic
modulation in this work. Figures of isolation factor and
transmission  asymmetry  for  the  three  different  periodic
modulations show that the overall nonreciprocal acoustic
transmission  effect  under  sawtooth-wave  modulation  is
significantly  weaker  than  those  under  square-wave  and
triangular-wave  modulations.  This  result  can  be
explained  by  the  Fourier  expansion  of  the  modulation
waveform.  In  theory,  periodic  modulation  can  be
regarded  as  multi-frequency  sinusoidal  modulation,  in
which  the  fundamental  modulation  frequency  plays  the
dominant  role,  while  higher-order  frequencies  have
diminishing  influence.  In  square-wave  and  triangular-
wave  modulations,  the  second-order  modulation
frequency  component  is  zero.  In  contrast,  in  the
sawtooth-wave modulation, the proportion of the second-
order  modulation  frequency  component  reaches  half  of
the fundamental, which likely diminishes the modulation
effect. Moreover, to support this conjecture, the modulation
depth  in  all  three  modulation  profiles  was  carefully
designed  to  ensure  that  the  fundamental  modulation
coefficient equals 0.1, identical to that used in sinusoidal
modulation  in  our  previous  work  [18].  A comparison  of
the positive and negative transmission coefficients under
four  modulation  profiles  shows  that  square-wave  and
triangular-wave modulations yield results nearly identical
to sinusoidal modulation, whereas sawtooth-wave modu-
lation leads to a marked reduction in the positive trans-
mission  coefficient  and  a  pronounced  increase  in  the
negative  coefficient,  providing  additional  evidence  for
our hypothesis.

The  primary  focus  of  this  work  is  the  development
and  validation  of  the  generalized  transfer  matrix
method,  demonstrated  via  a  simple  two-membrane
system  for  a  basic  nonreciprocal  acoustic  effect.  Never-
theless, this approach establishes a foundation for a wide
range of potential design possibilities. On the one hand,
multiple  modulation  profiles  including  square,  triangu-
lar,  and  sawtooth  waveforms,  have  the  potential  to
generate diverse and novel functionalities. On the other
hand,  since  periodic  modulation  is  inherently  a  multi-
frequency  sinusoidal  modulation,  it  is  possible  to  go
beyond the limitations of traditional periodic modulation
profiles  and  directly  design  the  parameters  of  each
modulation  frequency  components,  thereby  greatly
enhancing design flexibility and opportunities. Moreover,
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Fig. 8  (a) Isolation factor and (b) transmission asymmetry
of the two-membrane system under sawtooth-wave modulation
with  modulation  frequency  and  modulation
depth .  The  green  star  marks  the  parameters
implemented in the following theoretical and numerical anal-
ysis.  Transmission  of  different  modes  in (c) the  positive
direction  and (d) the  negative  direction.  Red  solid  curves:
transmission  spectra  obtained  from  time-domain  finite
element  simulation.  Black  dashed  curves:  theoretically
predicted  transmission  at  the , ,  and  harmonic
orders. Higher-order harmonics are negligible and not shown.

FRONTIERS OF PHYSICS RESEARCH ARTICLE

124203-8   Xiaohui Zhu and Chen Shen, Front. Phys. 21(12), 124203 (2026)

 



as  the  design  freedom  expands,  artificial  intelligence
techniques can be integrated to facilitate the exploration
of a broad spectrum of potential nonreciprocal effects.

To conclude, a generalized transfer matrix method for
one-dimensional periodic space-time modulated system is
proposed and demonstrated. This method overcomes the
limitations  associated  with  sinusoidal  modulation
profiles in space-time modulated metamaterials,  making
the  design  of  space-time  modulated  meta-devices  more
practical  and  applicable.  It  should  be  noted,  however,
that the proposed model of a one-dimensional space-time
modulated system is idealized, as it does not account for
damping  and  nonlinear  effects,  which  may  lead  to
discrepancies between theoretical predictions and experi-
mental results, particularly in systems with high damping
or strong modulation. We anticipate that this generalized
transfer matrix method will serve as a valuable technique
and fundamental framework for various studies in space-
time  modulated  metamaterials.  Future  research  will
focus  on  addressing  the  effects  of  neglected  loss  while
further  exploring  the  potential  directions  mentioned
above.
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