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ABSTRACT

© Higher Education Press 2026

Conventional differential interference contrast (DIC) microscopy is inher-
ently qualitative and lacks metrological capability, whereas high-precision
techniques such as weak value amplification impose stringent experimental
requirements. Here, we present a compact transmissive differential inter-
ferometric measurement system based on a birefringent crystal. By func-
tioning as an interference element, the crystal enables quantitative differ-
ential interference measurements in both real space and momentum
space. This approach avoids the dependence of weak value amplification
on weak coupling and non-orthogonal state selection, while retaining and
utilizing the inherent birefringent phase information of the crystal. We
propose two modulation strategies and establish a unified theoretical
model linking microscopic crystal parameters to macroscopic interfero-
metric observations. Based on this model, the system can achieve an angular
resolution on the order of 10~ rad, which exceeds that of typical commercial
polarimeters, and detects displacements as small as 0.35 nm, demonstrating
nanometer-scale sensing capability. Owing to its compact design and
tunable parameters, this system offers a compact quantitative approach for
high-precision applications, including chiral sensing, nanometrology, and
quantum material analysis.

Keywords differential interference metrology, tunable birefringent
crystal, quantitative measurement
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1 Introduction

Conventional differential interference contrast (DIC)
microscopy, introduced by Nomarski in 1955 [1, 2], is a
label-free imaging technique that employs Wollaston or
Nomarski prism. Its core principle involves real-space
shear orthogonal polarization components to convert
minute phase gradients in samples into visible intensity
contrast. DIC has been widely adopted in biology [3-7],
materials science [8-10], and surface topography inspection
[11, 12], benefiting from its ability to reveal microscopic
structures in transparent or weakly absorbing samples
without staining. However, conventional DIC systems
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remain inherently non-quantitative due to fixed prisms,
static polarization configurations, and the absence of an
invertible signal model linking optical shear to physical
phase gradients. In recent years, efforts to transform
DIC microscopy into a quantitative imaging platform
have advanced on multiple fronts [13], including the
development of metasurface-based systems for edge
detection and optical differentiation [14-18], the use of
theoretical modeling and phase retrieval to enable quan-
titative DIC [19-22], optical spatial differentiation tech-
niques [23, 24], and structured illumination for enhanced
resolution without sacrificing quantitative accuracy [25].
While these innovations have significantly improved
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imaging quality, they primarily focus on visual enhance- S
ment rather than establishing a rigorous, linear mapping @ Crystal
between image intensity and physical phase gradients Analyzer sl =
required for precision metrology. 2 —~ .
To address the escalating demands for precision e /

measurement, weak value amplification (WVA) [26-30] y = > | v%‘éﬁ@
has emerged as a prominent technological pathway. - R st\‘;jf;?a
Recent advancements have further diversified the capa- il 5°"“§$§ o y
bilities of WVA [31, 32]. Novel intensity-contrast-ratio ,‘ g \maoé\“om. o Z
pointers enable the decoupling of complex multi-parameter )
signals within a single measurement [33]. Furthermore, 6\\‘?“ 1“6 ﬁ“@-
integrating WVA with surface plasmon resonance signif- =ty " ‘b N

Polarizer ~Analyzer QWP

icantly enhances light-matter interaction for superior
resolution [34], while adaptive schemes utilizing white
light lasers demonstrate tunable sensitivity across a wide
dynamic range [35]. When combined with the spin Hall
effect of light [36-45], it can amplify nanoscale spin Hall
effect shifts to the micrometer scale, enabling ultra-
sensitive detection [46-48]. Nevertheless, despite these
recent sophistications, WV A-based metrology critically
relies on strict weak coupling conditions and non-orthog-
onal pre- and post-selection states [49-51]. Deviations
from these conditions can degrade its performance or
even cause it to fail. Moreover, its output derived from
complex weak values rather than direct physical
displacements raises concerns about interpretability and
metrological traceability. In contrast, birefringence-
based measurement technology rooted in crystal optics
provides a robust alternative [52-56]. These methods
impose no stringent requirements on polarization orthog-
onality or coupling strength, while preserving the intrinsic
symmetry information encoded in transverse optical
responses. They also offer high stability and experimental
simplicity. Nevertheless, despite their promise for precision
metrology, a unified theoretical framework that bridges
real-space shear operations with momentum-space optical
responses in birefringent interferometry remains lacking.
This gap not only limits the ability to fully harness the
anisotropic properties of crystals but also constrains the
overall precision, flexibility, and scope of application of
the technique. This constraint hinders its development
into a programmable, high-precision universal metrology
platform.

This paper presents a compact transmissive differential
interferometric measurement system that employs a
birefringent crystal as a programmable interference
element. The approach facilitates differential interference
in both real and momentum space. It eliminates the
stringent requirements associated with weak value
amplification, such as weak coupling conditions and
strict non-orthogonality selection, while retaining the
intrinsic symmetry information of the crystal. Two
modulation strategies are introduced, namely one based
on independent rotation of the analyzer and the other
involving coordinated adjustment of the quarter-wave
plate (QWP) and the analyzer. These approaches can

Fig. 1 Schematic illustration of the working principle of
the crystal-based differential interferometric scheme for high-
precision birefringence detection. Birefringence-sensitive
interferometer operating in the horizontal (|H)) and vertical
(|v)) linear polarization basis. The main optical components
and their polarization transformations are shown. The lower-
left inset illustrates the polarization trajectory on the
Poincaré sphere, with |¢;) and |;) marking the pre- and
post-selected states. The lower-right inset shows the coordinate
system and angular settings of the polarization optics.

achieve a theoretical angular resolution of up to 10=%rad
and a displacement resolution of 0.35nm, surpassing
conventional polarimeters and confirming nanometer-
scale sensing capability. Unlike conventional DIC
microscopy, which prioritizes wide-field morphological
imaging over absolute metrological precision, the
proposed system is specifically engineered for trace-level
quantification of minuscule physical parameters. The
system is characterized by a compact architecture,
tunable parameters, and straightforward integration. Its
ultrahigh sensitivity and robustness make it particularly
suitable for non-contact nanometrology of weakly
anisotropic samples, chiral-sensitive biosensing such as
protein binding detection, and real-time observation of
dynamic phase transitions in quantum materials, offering
a scalable pathway toward quantitative, crystal-based
interferometric sensing beyond conventional imaging
paradigms.

2 Theory and analysis

A propagation model is first established to investigate
lateral differential interference effects in real space (r-
space) and momentum space (k-space). As illustrated in
Fig. 1, the coordinate systems in r-space and k-space are
defined as (z,y, z) and (ky, ky, k.), respectively. In the
Cartesian coordinate system, the xy plane is parallel to
the optical interface, and the z-axis is aligned with the
central wave-vector component of the beam (i.e., the
principal propagation direction). The unit vectors é,
and é, define the horizontal and vertical directions in
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this plane. After passing through a polarizer oriented at
45°, the light field of the Gaussian beam is expressed as

Em A
75 (&t e, (1)

Ein(xv y) = \/7””0 Xp( +y ) the
complex amplitude distribution of the beam. Here wy
denotes the beam waist radius.

Two displacement scenarios arising from the interaction
at the light—crystal interface are considered, namely a
lateral shear ¢ in r-space (for a detailed derivation, see
Appendix A) and a shear « in k-space. In the interaction
between light and crystal interfaces, two common
displacements of a light beam are observed: r-space
displacement § and k-space shift x. The r-space
displacement reflects the transverse shift of the beam in
position space, which arises from the interplay between
the angular momentum of the beam, polarization state,
and the interface. In contrast, the k-space displacement
manifests as a shift in the angular spectrum of the
beam, corresponding to a redistribution of photon
momentum. These two displacements characterize the
complete information of light—crystal interactions in the
position domain and angular domain, respectively. By
measuring both displacements, we can extract physical
parameters of the interaction more comprehensively.
The resulting light-field transformation is then given by

E =

where represents

E;»space(x, y) x F; (x + 4, y) é, + Eq ($ -9, y) éy, (2)

E;c-space(km7 k’y) x 4 (k;z+,‘{7 k'y) é,+E; (k:s — R, k?y) éy

3)

For the sake of clarity and convenience in subsequent
analyses, the complex amplitudes of the horizontal and
vertical components of E, are denoted as h and wv,
respectively. Thus, the complex amplitude of the light
field is expressed as E, = (h,v)". Subsequently, the
beam is passed through a QWP, which introduces an
optical path difference of \/4 between the orthogonal
polarization components, corresponding to a relative
phase shift of n/2. Assuming that the fast axis of the
QWP is rotated by an angle ¢ with respect to the z-
axis, the corresponding Jones matrix is obtained by a
similarity transformation based on the rotation matrix

). @)

cos ¢

cos
sin ¢

R(p) = (

Specifically, the Jones matrix of the rotated QWP is
given by

Jowr(¢) = R(p) Jowr(0) R(—),

where Jowp(0) denotes the Jones matrix of the QWP
when its fast axis is aligned with the z-axis. By combining

Egs. (1)—(4), the transformation of the light field is
expressed as follows:
_ 1 [ h—1ihcos2p —ivsin2¢p
Es = Jowr(¢) B> = V2 < v + iv cos 2 — ih sin 2¢p ) :

(5)

After transmission through an analyzer oriented at an
angle 6 relative to the z-axis, the electric field is
projected onto the transmission axis of the analyzer. The
resulting output field is given by

1
Ey = —|cosf (h —ihcos2¢ — ivsin2
+ sinf (v + iv cos 2¢ — ik sin2p) |. (6)

By substituting the rotation angles of the QWP and the
analyzer into Eq. (6) with ¢=-2+3 and 6=-Z+
a+ B, and simplifying, a unified expressmn for the
output field is obtained, which encompasses both r-
space and k-space differential interference techniques, as
follows:

OFE
Euslp =4 | (0 8) Elp. o)+ falo, 98 2220,
(7)
where fi(a, 8) =sin(a+ ) +isin(a— ) and fi(a, B) =
cos(a+ ) —icos(aw — B), with  pe{z, k.}, qe{y, ky},

A € {4, k}, and A a normalization constant. The optical
field is expressed in a unified form as
E(p, q) = exp [-C(p* + ¢*)] , where the parameter C takes
different forms depending on the physical space. In r-
space, with (p, q) = (z, y), C is given by C = k/[2(r +i2)],
while in k-space, with (p, q) = (k,, k), it becomes
C =r/(2k). Here » denotes the propagation distance,
and r=mw2/\ is the Rayleigh length, where X is the
wavelength.

Given the light field distribution of a transmitted
beam, we quantify the amplified displacement arising
from differential interference in r-space and k-space by
the expectation value of the lateral displacement. To
characterize this displacement directly in r-space, we
employ Fourier duality to obtain the real-space field via
the inverse Fourier transform E(r) = F~1{E(k)}, where
F~1 denotes the inverse Fourier transform. Based on
this r-space representation, the expectation value of the
lateral displacement is given by the centroid of the
transverse intensity distribution:

// ‘Ea:y‘ dz dy .

/ |Ea:y’ dazdy

Substituting Eq. (7) into Eq. (8) yields the transverse
displacement in real space induced by perturbations in r-
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Fig. 2 Simulated beam interference patterns at » =400 mm in r-space [panels (a;
e;) Intensity of the Gaussian field; (b;, f;) Intensity of its first-order z-derivative component;

(e;—h;), k=6.52 x 107* pum1]. (a,

Momentum space

rm c, m r \ !
(by) 2

—d;), 6 =17.46 pm] and k-space [panels

(ci, gi) Phase difference between the Gaussian field and its first-order derivative with respect to x; (d; h;) Intensity of the
resulting interference field. Insets show the corresponding phase distributions. Panels (ad;) share the (z,y) coordinate
system; panels (e;-h;) share the (k., k,) coordinate system. Index i = 1-3 corresponds to (a,3) angle pairs: (0°, 0°), (2°, 0°),

and (0°, 2°).

space (§) and k-space (), as follows:

226 sin 2«
r-space 9
() 5=0 2r + k62 + (—2r + ké?) cos 2o’ ®)
(yromee _ _ 2rd sin 23 (10)
a=0 2r + ko2 + (—2r + kd?) cos 28
27K sin 2«
k-space
_ 11
()50 2k +rr? — (2k — r?) cos 2’ ()
) 22k sin 23
k-space — . 12
() amo 2%k + rr2 — (Qk; - r,‘iZ) cos 20 (12

To improve readability, we simplify the above Eq. (9)—

Eq. (12) as follows:

d cot

(o = Z0ooralT (13)
1 + —3 COt2 (6%
Wo
J cot
(aTye = ——2 (14)
1 + W COt2 ﬁ
0

) 2cota/2
<x>gip0ace _ :“iu]]-() Oé/ r ’ (15)
1+ Zr@w% cot? o

<x>k—space _ ZK cot 6/2T

a=0 — =

(16)

T .
1+ Zkﬂwg cot? 3

The above formula remains applicable under strong
coupling conditions. In the modified weak measurement
theory, the core criterion distinguishing strong from
weak coupling relies on the relative magnitude of the
transverse spin-splitting displacement § versus the probe
beam waist wg, as well as the value of the post-selection
angle a. According to the definition in Ref. [57], when
the coupling is weak (§ < wp) and the post-selected state
is not orthogonal to the pre-selected state, the modified
theory should degenerate to the conventional weak
measurement form. Specifically, for Eq. (13) and
Eq. (14), the weak-coupling limit is governed by the
dimensionless parameter |§cotal/wy < 1, the nonlinear
term ¢2cot? /w2 arising from strong coupling in the
denominator becomes negligible. Consequently, Eq. (13)
degenerates to (), ~ zd cota/r, and Eq. (14) degener-
ates to —dcot3, which aligns with the linear relationship
of conventional theory where the amplified shift is
proportional to § cota.

For the more structurally complex formulas Eq. (15)
and Eq. (16), the weak-coupling boundary condition is
characterized by § < wy and sin® A not too small. Under
these conditions, terms proportional to x? in the denom-
inator become negligible compared to terms proportional
to 1/w? or constant terms. Thus, the denominators of
both Eq. (15) and Eq. (16) approximate to quantities
independent of §, simplifying the overall expressions to

—kwdcota/2r and —zrkwicotB/2r. This degenerative
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behavior confirms the universality of these four modified
formulas: they retain their full form in the strong-
coupling regime to describe wave function distortion,
while seamlessly transitioning to conventional weak
measurement theory in the weak-coupling regime.

Next, we analyze the differential interference principle
theoretically in both r-space [see Figs. 2(a;)—(d;)] and k-
space [see Figs. 2(e;)—(h;)]. The physical mechanism can
be interpreted by regarding the output field [see Eq. (7)]
as resulting from interference between a Gaussian beam
and its spatial derivatives. The balance between the
contributions of the beam and its derivatives is governed
by the parameters f; and f;, which depend on the
selected angles o and 3. Adjusting these angles changes
the relative weighting of the two contributions. On the
Poincaré sphere, this corresponds to a change in the
polarization state of the final beam (see lower-left inset
of Fig. 1), and such variation directly affects the structure
of the interference pattern, leading to distinct interference
features.

First, we analyze the case of orthogonal pre- and post-
selection states (o = 0,3 =0) in r-space [Figs. 2(a;)—(dy)]
and k-space [Figs. 2(e;)—(hy)]. In this configuration,
destructive interference occurs for a phase difference of
7, whereas constructive interference occurs for a phase
difference of 0. According to the amplitude and phase
values shown in the figures, the theory indicates
complete destructive interference. The intensity distribu-
tion of the interference field exhibits a double-lobed
profile symmetric about p =0, as seen in Figs. 2(d;) and
(hy).

Next, a post-selection angle is introduced by indepen-
dently setting the rotation angles o and S. Specifically,
when only the analyzer is rotated, which means that the
QWP angle is fixed at =0 while o #0, the output
field [see Eq. (7)] simplifies to  Euu(p, q) o
(1+1i)[sina E(p, q) —icosaAd,E(p, q)]. This configuration
corresponds to subfigures Figs. 2(a;)—(h;) with i = 2. The
second term in this expression is purely imaginary and
proportional to the transverse derivative 8,E(p, q),
corresponding to a 7/2 phase shift relative to the original
Gaussian beam. For quantitative phase analysis, the
phase results from both the field and the derivative
components are normalized to the interval (-, ). The
resulting phase difference distribution shows an approxi-
mate phase jump of 7 at p = 0, indicating that the
sensitive region for differential interference lies near this
position. Under the current post selection angle condi-
tion, § leads to an interference field with the central
dark fringe disappearing and an asymmetric double
peaked intensity profile, while x produces an interference
field that maintains a shifted central dark fringe and a
pair of asymmetrically sized bright spots.

Further exploration is conducted on the differential
interference effects obtained when the QWP and the
analyzer are simultaneously rotated to an angle g3.
Under this condition, the governing equations for the

system  simplify to  Euu(p, q) o (1 —i)sin B[E(p, q)+
cot 3A9,E(p, q)]. The second term in this expression is
purely real and in phase with the original field E(p, q),
indicating sensitivity to the amplitude gradient rather
than the phase gradient. The contribution of the gradient
term is controlled by B. Under Case 2 conditions,
Figs. 2(a;)—(d;) and Figs. 2(e;)—(h;) with i =3 illustrate
the intensities and phase distributions of the two types
of interference field components in r-space and k-space,
respectively. These include the Gaussian term, the
partial differential term, and the final output interference
field E,. Comparison with the orthogonal-state case
indicates that increasing 3 causes the interference field
under & spatial displacement to develop increasingly
pronounced asymmetric lobes and a shift of the central
dark fringe. In contrast, & yields the opposite effect. The
differential interference effect obtained by simultaneously
rotating the quarter-wave plate and the analyzer in
opposite directions by angles —«a and —g3, respectively, is
presented in Appendix B. This configuration yields
results that are symmetric with respect to those
obtained with rotation angles +« and +8.

After thorough investigation of the differential inter-
ference effects induced by different post-selection angles,
attention is further focused on the influence of the initial
spatial displacement on the differential
phenomenon. The differential interference phenomenon
introduced by the two crystals is mainly affected by the
magnitude of the initial displacement, with a smaller
initial displacement resulting in more significant differ-
ential interference and higher corresponding measurement
accuracy.

Finally, we analyze the displacement amplification
effect arising from differential interference. The analysis
indicates that, under the condition o # 0 and 3 =0, the
amplified displacement depends on the propagation
distance 2 and the real part Re[A] of the initial lateral
displacement A. Specifically, for an initial r-space shift,
corresponding to Re[A] # 0 and Im[A] =0, the amplified
displacement varies with the transmission distance z,
and its magnitude is positively correlated with z-Re[A].
For an initial angular displacement (Re[A]=0 and
Im[A] #0), the amplified displacement is negatively
correlated with r - Im[A] and in this case it is independent
of the transmission distance. When o =0 and g # 0, the
dependence of the amplified displacement on displacement
type and propagation distance is reversed. In this case,
the amplified displacement is negatively correlated with
both z-Im[A] and r-Re[A]. Consequently, for an initial
spatial displacement, the amplified displacement remains
independent of the transmission distance, whereas an
initial angular displacement leads to amplification that
varies with z. Note that the specific interference pattern
is also closely related to the beam waist radius. The
waist radius determines the Rayleigh distance, which in
turn governs the resulting differential interference
phenomenon. In addition, the propagation distance

interference
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Fig. 3 Experimental setup for differential interference
metrology. (a) Birefringence-sensitive vector differential
interferometry setup. A 21 mW He—Ne laser emits a Gaussian
beam (wo = 0.35 mm). A half-wave plate (HWP) adjusts the
intensity. Glan—Laser polarizers GLP; and GLP., together
with a quarter-wave plate (QWP), prepare the pre- and post-
selected states. The output is recorded by a charge-coupled
device (CCD) camera. (b) Coordinate system and pre-
selected state. GLP; is oriented at = /4 relative to the z-axis.
Three cases of post-selected state are considered: Case 0:
GLP, and QWP are set at —m/4, orthogonal to GLP;; Case
1: GLP; is at —7/4+ o, QWP at —n/4; Case 2: GLP, is at
—m/4+a+ 8, QWP at —n/4+ 8. (c) Optical path and polar-
ization state evolution in the calcite crystal element. The red
arrow indicates the direction of the optical axis.

modulates the interference effect, because the accumulated
phase during propagation alters the relative phase
between the interference components, thereby changing
the diffraction pattern, as detailed in Appendix B.

3 Results and discussion

To validate the feasibility of the proposed approach, we
employed calcite crystals and Nomarski prisms as test
samples for differential interferometric measurements in
r-space and k-space, respectively. The experimental
setup is illustrated in Fig. 3. A Gaussian beam at wave-
length X\ ~ 632.8nm is generated by a He-Ne laser. A half-
wave plate (HWP), in conjunction with the first
Glan-Laser polarizer (GLP;), is used to prepare the
preselected polarization state, while a QWP followed by
the second Glan-Laser polarizer (GLP,) enables precise
post-selection of the output state. The resulting interfer-
ence pattern is recorded by a CCD camera. Three post-
selection configurations are defined in this study. Case 0
serves as the orthogonal reference condition where the
QWP and GLP, are fixed at —=/4, ensuring the post-
selected state is fully orthogonal to the pre-selected
state. In Case 1, only GLP, is rotated to —r/4 + o while
the QWP iskept at —n /4. In Case 2, a coupled configuration
is established by tuning the QWP to —x/4+ 3 and
GLP, to —w/4+a+ 3 to jointly control the post-

—_
&0
~

Experiment  Theory

®) 500w © 04 200 — Theory
=400 mm z=400 mm —— Experiment
£ 150¢ 600 mm 0.03 #2600 mm
2 100} 4 s20mm R ST S SR
Z50f « =ewmm PiassEE=001) . (o)
5 :
= 0 x ¥ < 0.00}
Y =2 [+ =
Z sofaantit F-001} ()
00k et 5o /{ E 002 Her e
< —150+ S, W'Sz E—0.03 ::iggmnl peory
z=400 mm —— Experiment
200p by ) 00 e
3 =2 -1 0o 1 2 3 3 =2 -1 0 1 2 3
a(®) a ()

Fig. 4 Theoretical and experimental comparison of the
differential interference results in r-space under Case 1 at
three different propagation distances 2z =200, 400, and
600 mm. (a) Intensity evolution. (b) Transverse amplified
displacement results. Theoretical predictions are shown as
solid lines, while experimental data are represented by solid
points with error bars. The inset illustrates the trajectories of
the initial and final selected states on the Poincaré sphere.
(c) Initial displacement results. Experimental data simulation
predictions and theoretical predictions are distinguished by
solid lines of different colors. All data results were derived
from statistical analysis of three replicate experiments.

selected polarization state.

First, a systematic investigation of the experimental
results for the differential interference effect in r-space
induced by a calcite crystal is conducted, and the results
are compared rigorously with theoretical predictions. For
Case 1, the real space interference field exhibits three
distinctive features, that is, the gradual disappearance of
the central dark fringe, a lateral displacement, and an
asymmetric double-peak intensity distribution, as shown
in Fig. 4(a). These phenomena result from incomplete
destructive interference between the two polarization
components, accompanied by evolution of the polarization
state. Rotation of GLP, causes the initial linear polar-
ization to evolve into an elliptical state, which means
that the post-selection states on the Poincaré sphere are
symmetric with respect to the S, axis along the same
meridian, as illustrated in the inset of Fig. 4(b). Theoretical
analysis predicts that the amplified displacement
increases positively with the propagation distance z.
This prediction is confirmed by experimental measure-
ments at z=200mm, 400mm, and 600mm, where the
measured displacement shows a strong positive correlation
with z, as seen in Fig. 5(b). For Case 2, the r-space
interference fringes undergo a global translation with
pronounced asymmetry, producing one larger and one
smaller spot, as shown in Fig. 5(a), and the beam
centroid displacement remains independent of the propa-
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Rong Wang, et al., Front. Phys. 21(12), 122201 (2026)



FRONTIERS OF PHYSICS f P

RESEARCH ARTICLE
(a) p=-3° p=-20 p=-1° =0° p=1° p=2° p=3° a)

>

=

=

2 (b)

E

)

o

*

m

0 EET— Max
(b) 200 + 22200 mm, 400 mm, 600 mm 0 04 =200 mm —— Theory (o),
i - =400 mm —— Experiment 200f 5 .

g 150 [ . _ 0.03 = 22600 mm o = 150 '\!\§\,
2 100 . E 002f it b, o4 ed g o/ 2 N
z B £ 0o \
Z 50 s < 001 2 50 X
7 0 S5 o £ o0 \
= ) & 0.00 =
B =50 | lyyy 2 2 001 2 50
= 3 = =100
Z.-100 2 S-0.02p — - £
£ 150 ) ¢ E oo (x) < -150
< s 5, Pa | 003 22300 min — Experiment 200

—200 =) —004p, 0 cF00mm 8 6 -4 2 0 S 6 -4 20 2 4 6 8

-3 2 -1 0 1 2 3 -3 -2 -1 0 1 2 3 a(®) B
B©) B©)

Fig. 5 Theoretical and experimental comparison of the
differential interference results in r-space under Case 2 at
three different propagation distances 2z =200, 400, and
600 mm. (a) Intensity evolution. (b) Transverse amplified
displacement results. Theoretical predictions are shown as
solid lines, while experimental data are represented by solid
points with error bars. The inset illustrates the trajectories of
the initial and final selected states on the Poincaré sphere.
(c) Initial displacement results. Experimental data simulation
predictions and theoretical predictions are distinguished by
solid lines of different colors.

gation distance. Experimental results are consistent with
the prediction of Eq. (10), as shown in Fig. 5(b). In this
case, the post-selection states correspond to motion
along the equator of the Poincaré sphere, as illustrated
in the inset of Fig. 5(b).

Subsequently, a Nomarski prism is used as a test case,
and differential interference phenomena caused by
displacement perturbations in k-space are observed
during the experiment. Based on Fourier duality, a local
displacement in k-space corresponds to a linear phase
modulation in r-space, while a phase modulation in k-
space induces a tilt or shift in the overall interference
fringes in r-space. Based on the analysis in section II, we
can know that when the initial displacement manifests
as a momentum-space translation, the resulting interfer-
ence pattern exhibits an asymmetric double-peak distri-
bution, translation of the dark fringe, and displacement
of the beam centroid for Case 1. All these effects become
progressively more pronounced with increasing rotation
angle. This prediction is clearly verified in Fig. 6(a). For
Case 2, as the rotation angle increases, the central dark
fringe gradually vanishes, accompanied by a transverse
shift of the beam centroid [see Fig. 6(b)]. Analysis of the
measured displacement values [see Figs. 6(c) and
(d)] further supports this finding. This not only validates
the experimental approach but also reinforces the intrinsic
unity of interference effects within this dual space.

Based on the theoretical framework of the quantitative

Fig. 6 Theoretical and experimental comparison of the
differential interference results in k-space at three different
propagation distances z = 200, 400, and 600 mm. (a) Intensity
evolution under Case 1. (b) Intensity evolution under Case
2. (¢, d) Measured transverse displacement at a selected
angle together with crystal parameter measurement results
for Case 1 and Case 2, incorporating the theoretical model
fitting (TMF), experimental results of amplified displacement
(ERAD), experimental results of initial displacement
(ERID), and the average of experimental results (AER).
Subscripts indicate the corresponding transmission distances
of z = 200, 400, and 600 mm, respectively. Theoretical predictions
are shown as solid lines, while experimental data are represented
by solid points with error bars.

relationship between the amplified and initial displace-
ments established in Section 2 and the experimentally
measured amplified displacement data, an application is
subsequently developed. This application focuses on the
determination of the intrinsic parameters of the crystal.
When the propagation distance z is much greater than
the Rayleigh length r, the system operates in the far-
field regime, where the beam exhibits a significant
lateral shift. Independent inversions are performed for
each propagation distance, and the average of the
measured results is taken to improve the reliability of
the data. The horizontal and vertical polarization
components are assumed to undergo equal lateral
displacement. In Case 1, the mean values of the initial
displacement obtained from theoretical prediction and
experimental inversion are 17.46 pm and 19.13 pm,
respectively [see Fig. 4(c)]. In Case 2, the corresponding
values are 17.46 pm and 19.58 pm [see Fig. 5(c)]. The
high degree of agreement between the theoretical and
experimental values demonstrates that the proposed
scheme can accurately characterize the r-space displace-
ment induced by a birefringent crystal.

Next, we calculate the initial displacement introduced
by the Nomarski prism. As indicated by Egs. (11) and
(12), the amplified lateral displacement is independent
of the propagation distance » in Case 1, whereas it

Rong Wang, et al., Front. Phys. 21(12), 122201 (2026)
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exhibits a z-dependent relationship in Case 2. By fitting
the experimental results for both cases, the initial
displacement values are obtained. The k-space analysis
presented in Section 2 shows that the intrinsic lateral
momentum shift x induced by the crystal birefringence
has units of pm'. The experimentally determined
values are rep = 6.77 x 107* pm ! for Case 1 and 6.79x
107* pum! for Case 2 [see Figs. 6(c) and (d)], respec-
tively. The experimental results are also in good agreement
with the theoretical fit. The slight overestimation
compared to the theoretical predictions is attributed to
minor optical alignment issues or environmental distur-
bances.

We investigate the sensitivity and resolution of the
system using a tunable birefringent crystal as an exam-
ple. As shown in Figs. 4-6, the amplified displacement
exhibits a linear response in the vicinity of zero post-
selection angle, indicating high sensitivity to small varia-
tions in the original displacement §. Consequently, the
analysis is focused on this linear regime. We define the
system sensitivity parameter as the linear response coef-
ficient of ¢ in the limit ¢ — 0, namely

o{x)

K="
9 |,_y’

(17)
where 9 € {a, 3} denotes either post-selection angle. For
sufficiently small o, the displacement is approximated
by the linear relation (r)~ Ko, with K having units
pm-rad . Within the linear response framework, the
response coefficients for the two tuning modes are
derived as K; ~ %, K, ~ —2=. The parameter ¢ is deter-
mined by intrinsic crystal properties such as thickness d,
refractive index ratio n,/n., and optical axis orientation
v. Under the small-angle approximation, K; and K,
vary inversely with §.

Figure 7 presents the influence of crystal parameters
on sensitivity and displacement amplification, based on
the theoretical model from Section 2. As illustrated in
Fig. 7(a), the sensitivities K; and K, for quartz
(no = 1.5438, n. = 1.535) with the optical axis fixed at
v =0.1° decrease with increasing crystal thickness d,
since a larger d leads to a larger §, which in turn
reduces sensitivity. Consequently, the highest sensitivities
are achieved at the minimum practical thickness
d=01mm, yielding K;~-2x107 pmrTad! and
Ky~ 1.22x10% um-rad!. In contrast, Fig. 7(b) shows
that, at a fixed thickness d = 0.1 mm, the sensitivity
varies with the refractive index ratio mn,/n.. As
no/ne — 1, the parameter § — 0 and the sensitivity
diverges, thereby enabling extreme amplification in the
vicinity of the isotropic limit. However, this divergence
ceases to occur for truly isotropic crystals, for which
no = ne eliminates birefringence and thus removes the
underlying mechanism for displacement amplification.
Furthermore, Figs. 7(c) and (d) depict the amplified
displacement for Case 1 and Case 2 at a crystal thickness
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Fig. 7 Effects of crystal parameters on sensitivity and
displacement amplification. For all cases, z=10cm.
(a) Sensitivity (K;, K.) vs. thickness h for quartz
(no = 1.5438, n. = 1.535). (b) Sensitivity vs. refractive index
ratio ne/ne, with d =0.1mm. (¢, d) Amplified displacement
for Case 1 and Case 2 at d = 0.1 mm and v = 0.1°, 1°, 10°.

of d=01mm and for optical axis orientations
v =0.1°,1°, 10°. These results indicate that a smaller v
produces a steeper linear slope, leading to larger amplifi-
cation and higher sensitivity. Across all tested configura-
tions, Case 2, which is realized through polarization
cooperative control, achieves a significantly higher
displacement amplification factor than Case 1.
The displacement amplification factor is defined as

()

M:
0

(18)

Based on Egs. (9) and (10) in Section 2 and assuming
an extremely small initial displacement, the amplification
factors for the two modulation strategies are given by
My ~ |2cotal|, My~ |—cotfg|, For fixed propagation
distance z and Rayleigh length r, M; is inversely
proportional to tana (approximately to « in the small-
angle limit) and directly proportional to z, while M, is
determined solely by g8 and is inversely proportional to
tan 3 (approximately to 8 for small angles).

Using the parameter values specified in the model, the
minimum detectable displacement is taken as (x)n, =
1 pm, the minimum effective rotation angle is 0.02° for
both « and 3, propagation distance z = 10 cm. Substitution
into the theoretical expressions yields maximum amplifi-
cation factors M ma ~ 471 and My . =~ 2865. The mini-
mum measurable original displacement follows from
Omin = <mM>“ With (2)mn =1 pm, the theoretical results
give &1 min ~2.12nm for Case 1 and & miy ~ 0.35nm for
Case 2.

From Eq. (17), the measurement resolution for the
post-selection angle, denoted 9, is defined as the smallest
angular change corresponding to a detectable displacement

of (x)min. It is given by S = %’ = ]%\, with units rad.
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Under optimal conditions (d=0.1mm, v=0.1°), the
theoretical results give S~ 5x 1078rad for Case 1 and
S ~ 8.2 x 107 rad for Case 2, representing a four-order-of-
magnitude improvement over conventional polarimeters
[58]. The compact, alignment-free transmission geometry
renders the system well suited for real-time monitoring
of dynamic chiral processes in liquid samples, as
supported by the derived performance estimates.

The proposed transmission-based differential interfero-
metric amplification architecture is directly applicable to
the characterization of chiral materials. In contrast to
the reflective configuration of Wang et al. [59], which
employs spin-dependent splitting at an air—prism interface
and exhibits complex alignment requirements together
with limited mechanical stability, the present approach
eliminates the requirement for precision angular align-
ment. This yields a more robust and compact configura-
tion, which is inherently compatible with liquid cells or
microfluidic chips, thereby significantly reducing suscep-
tibility to environmental disturbances and sample posi-
tioning errors. A central advantage of the approach lies
in the integration of differential interferometry with
arbitrary elliptical post-selection. This strategy not only
enhances measurement precision but also overcomes
limitations inherent in conventional linear post-selection,
enabling full reconstruction of the polarization response.
Consequently, the detectable parameter space encompasses
not only optical activity but also film thickness, refractive
index, surface microstructure, and optical anisotropy.
The transmission geometry confers superior signal-to-
performance in the strong-coupling regime,
enhancing metrological robustness. Thus, through
comprehensive polarimetric analysis and flexible access
to multiple parameters, the method affords exceptional
sensitivity for chiral sensing and remains readily trans-
ferable to other high-precision applications, such as
characterization of surface topography and microstruc-
ture. This versatility establishes a robust foundation for
a versatile, integrated platform for precision optical
metrology.

noise

4 Conclusion

In summary, a compact transmissive differential interfer-
ometry system is realized by use of birefringent crystals
as programmable interference elements, enabling differ-
ential interference measurement in r-space and k-space.
While avoidance of the stringent requirements of weak
value amplification for weak coupling and non-orthogonal
pre- and post-selected states is achieved, preservation of
birefringent phase information of the crystals is main-
tained. A unified theoretical mechanism, combining two
modulation strategies, is established to describe the
amplification process, resolving ambiguities in the strong-
coupling regime and linking microscopic crystal parameters

with macroscopic interferometric observations. Transfor-
mation of differential interference from a qualitative tool
into a high-precision metrology method is demonstrated,
with angular resolution reaching 107°rad. The system
can detect a minimum initial displacement of 0.35 nm,
demonstrating nanometer-level displacement detection
capability. The system features compactness, tunability,
and facile integration, opening new possibilities for non-
contact nanometrology, in-situ photonic device diagnos-
tics, chiral-sensitive biosensing, real-time monitoring of
dynamic phase transitions, and symmetry analysis of
quantum materials. This advances crystal-based interfer-
ometry beyond conventional imaging paradigms toward
quantitative high-resolution sensing.
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Appendix A: Displacement calculation
induced by tilted optical axis in calcite
crystals

The optical properties of crystals and their operational
mechanisms within the system are derived theoretically
in this section. The crystal structure is shown in
Fig. 3(c). In the electromagnetic theory developed by
Maxwell, the polarization state of a medium is charac-
terized by permittivity e. For anisotropic crystals, the
anisotropy of polarization gives rise to a linear relation
between electric displacement D and electric field E,
which is expressed as D = [¢]E, where [e] is referred to
as the dielectric tensor. In a Cartesian coordinate
system, the dielectric tensor is represented in a diagonal
form as diag(e,,ey,c,). In this representation, the three
mutually perpendicular directions z, y, and z are taken
as the principal axes of the crystal, and ¢,, ¢,, ¢, are
designated as the principal permittivities. Only uniaxial
crystals are considered, for which ¢, =¢,+#¢,. By
employing the relation between refractive index and
relative  permittivity, n,=./& fori=u=,y,z, it is
obtained that n, =n,=n, and n,=n,, where n, and
ne denote the ordinary and extraordinary refractive
indices, respectively.

For simplicity, the incident wave normal ky is
assumed to lie in the zz-plane. Its components are given
by ko, =sinv, koy =0, ko, =cosv, where v is defined
as the angle between ky, and the optical axis aligned
with the z-axis. In this case, ko, koy, ko, are interpreted
as the components of the wavevector in vacuum normalized
by ko, with ky = w/c. These expressions are substituted
into the Fresnel equation [60]

Rong Wang, et al., Front. Phys. 21(12), 122201 (2026)
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n? e, N2 &y n? e

where ¢,; with i = z,y, z represents the relative permittivity
along the corresponding principal axis. By setting
ey =&y =n2 and &, =n2, two distinct real solutions
for n? are obtained:

2
ny =ng,
2,2

ning (A2)

NN =N

n .
n2sin® v + n2 cos? v

The first solution n; = n, is associated with the ordinary
wave, whose refractive index remains independent of the
direction of k, relative to the optical axis. The second
solution ny corresponds to the extraordinary wave, for
which the refractive index is dependent on v.

It is shown that a uniaxial crystal supports two eigen-
waves for a given wave normal direction. One corresponds
to the ordinary wave, for which the refractive index
n; = n, remains constant irrespective of the propagation
direction. The other corresponds to the extraordinary
wave, for which the refractive index n, varies with the
angle v.

The vibration directions of the ordinary (o) and
extraordinary (e) waves are determined in the following,.
From the equations of Maxwell and the constitutive
relations, the electric displacement vector is given by
D =cpe, - E = —¢on?kg x (kg x E), where g, and po are
the vacuum permittivity and permeability, respectively.
Since D is perpendicular to kg, it follows that D - kg = 0.
By expressing this condition in the principal-axis frame
and using ¢; = gpe; (i =z, y, z), the following system is
obtained after simplification:

(n2 —n?cos?v)E, +n?sinvcosv E, =0,
(n2 —n*)E, =0,

. .92
n?sinvcosv E, + (n?2 — n?sin®v)E, = 0.

(A3)

For the o-wave, n=mn, is substituted. The second
equation permits a nonzero E,, whereas the first and
third equations lead to E, = E, =0. Consequently, D
possesses only a y-component, D, = eoe, B, # 0, and is
found to be parallel to E. Both vectors are perpendicular
to the xz-plane, which contains the wave normal k, and
the optical axis.

For the e-wave, n = n, is set. In this case, the second
equation forces E, =0, so D, =coe,FE, =0, and the
displacement vector is confined to the zz-plane. Solution
of the first and third equations yields the ratio
p= =g = —r Thus, D and E are generally not
collinear. Moreover, the direction of energy flow, repre-
sented by the Poynting vector S o E x H, is different
from the wave normal kg, leading to spatial walk-off of
the e-ray.

By combining Eqgs. (A1)—(A3), the walk-off angle « is

obtained, defined as the angle between the wave normal
and the ray direction,

tanv (A4)

_ N — (2 2
tana = tan(v — ') = (nZ — n?) a2’
where v/ is the angle between the extraordinary ray and
the optical axis, related to v by

n2
tanv' = — tanv. (A5)
ne
When the light beam is incident normally (i.e., the
incident angle is 0) on the uniaxial crystal interface, the
wave normal directions of the o-wave and e-wave inside
the crystal are identical and both are perpendicular to
the crystal surface. Since the ray direction of the o-ray
coincides with its wave normal, the o-ray is perpendicular
to the crystal surface. For the e-ray, the angle o
between its ray direction and the e-wave normal can be
calculated using Eq. (A4). In this case, the e-ray deviates
from the optical axis relative to its wave normal. Given
that the e-wave normal shares the same direction as the
o-wave normal, the angle o represents the angle between
the e-ray and the o-ray. Consequently, the shear
distance generated by the uniaxial crystal can be derived
as

d= 3 tan o, (A6)

where d is the thickness of the crystal.

Appendix B: Effect of transmission
distance on differential interference

In this section, the evolution of differential interference
effects with propagation distance is analyzed, with
specific comparison made between the results at
z=0mm and z = 400mm. Two cases are examined: Case
1 is sensitive to the imaginary part of the initial
displacement, and Case 2 to its real part.

Case 1 is discussed first. The corresponding interference
patterns at z = 0mm are shown in Figs. Al(a;)—(h;) for
i=2,3. A comparison with the results at z =400mm in
Figs. A2(a;)—(h;) reveals that no significant centroid
shift is observed in subplots (d;) and (h;) at z = Omm.
Upon propagation, the field evolves according to the
transfer function in the angular spectrum representation.
When the propagation distance is increased to
z = 400 mm, different spatial frequency components accu-
mulate distinct phase delays, leading to a significant
evolution in the relative phase difference between the
interfering components compared to that at
z = 0mm. This phase evolution transforms the differential
interference pattern to evolve from Figs. Al(d;) and (h))
to Figs. A2(d;) and (h;), and the corresponding phase

two
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Real space

Momentum space

Case 0

Case 1

Case2 Case2 Casel

Fig. A1 Simulated beam interference patterns in r-space
[panels (a;—d;)] and k-space [panels (e;—h;)] at z = 0mm. (a;)
and (e;) Intensity distribution of the Gaussian field compo-
nent. (b;) and (f;) Intensity distribution of the first-order
partial derivative of the Gaussian field with respect to z. (c;)
and (g;) Phase difference between the Gaussian field and the
interfering field. (d;) and (h;) Intensity distribution of the
resulting interference field. Each panel includes an inset
showing the corresponding phase distribution. Subgraphs (a;)
to (d;) share the same coordinate system (z,y), while
subgraphs (e;) to (h;) share the same coordinate system
(ks ,ky ). The subscript i = 1 to 5 corresponds to the following
(o, B) angle pairs: (0°,0°), (2°,0°), (-2°,0°), (0°,2°), and
(0°,—2°), respectively.

difference map changes from Figs. Al(c;) and (g;) to
Figs. A2(c;) and (g;). By adjusting the parameter «, the
relative weight of the two field components is modified,
whereby the interference contrast is controlled. It should
be noted that the spatial positions of the interference
fringes are determined solely by the wavefront geometry
and remain invariant with respect to «, while only the
fringe visibility is modulated.

The response of Case 2 is further analyzed in both -
space and k-space. As shown in Figs. Al(a;)—(h;) for
i =4,5, a pronounced centroid shift is already visible in
subplots (d;) and (h;) at z=0mm. This is consistent
with a discontinuous jump from 0 to 7= in the phase
difference map at the origin (x =0,y = 0), reflecting the
imposed spatial phase discontinuity. When the propagation
distance is increased to z = 400 mm, the transfer function
further modulates the spectral components, resulting in
an enhanced contrast of the differential signal. Conse-
quently, the interference pattern evolves from Figs.
Al1(d;) and (h;) to Figs. A2(d;) and (h;), and the phase
difference map changes from Figs. Al(c;) and (g;) to
Figs. A2(c;) and (g;). By adjusting the parameter 3, the
relative amplitude of the two field components is
controlled, whereby the interference contrast is tuned
without affecting the fringe positions. A significant
lateral shift is observed for the central dark fringe.

Real space Momentum space

‘“"IF@”I

Case 0

Case 1

Case2 Case2 Casel

Fig. A2 Simulated beam interference patterns in r-space
[panels (a;—d;)] and k-space [panels (e;—h;)] at z =400 mm.
(a;) and (e;) Intensity distribution of the Gaussian field
component. (b;) and (f;) Intensity distribution of the first-
order partial derivative of the Gaussian field with respect to
z. (c;) and (g;) Phase difference between the Gaussian field
and the interfering field. (d;) and (h;) Intensity distribution
of the resulting interference field. Each panel includes an
inset showing the corresponding phase distribution.
Subgraphs (a;) to (d;) share the same coordinate system
(x,v), while subgraphs (e;) to (h;) share the same coordinate
system (k;,k,). The subscript i =1 to 5 corresponds to the
following (a, ) angle pairs: (0°,0°), (2°,0°), (—2°,0°), (0°,2°),
and (0°,—2°), respectively.
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