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ABSTRACT
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Competing orders represent a central challenge in understanding strongly
correlated  systems.  In  this  work,  we  employ  projector  quantum  Monte
Carlo simulations to study a sign-problem-free bilayer extended Hubbard
model.  In  this  model,  a  charge  stripe  phase,  characterized  by  a  peak  at

 is  induced  by  highly  anisotropic  interlayer  antiferromagnetic
spin-exchange  coupling ,  and  strongly  suppressed  by  the  decreasing
spin-exchange  anisotropy  (i.e.,  introducing  the  spin-flip  term );  in
contrast, the introduction of  favors the emergence of interlayer pairing
superconductivity.  We  further  demonstrate  that  the  anisotropy  of  the
interlayer  spin-exchange  directly  governs  the  competition  between  these
two phases, while the on-site interaction  plays a complex role in tuning
both  the  charge  stripe  and  superconductivity.  Furthermore,  against  the
background of charge stripes we discover the spin stripes, characterized by
twice  the  period  of  charge  stripes,  indicating  the  profound  internal
connection  between  them.  Our  work  identifies  the  key  factors  driving
charge stripe formation, highlights the sensitivity of both the charge stripe
and  superconducting  phases  to  interaction  parameters,  and  thereby
provides  valuable  insights  into  competing  orders  in  strongly  correlated
systems.

δ=1/5
δ=1/6
δ=1/8

δ=1/8 or 1/6

δ=1/10

−3 −2 −1 0
kx

1 2 3
0.0

0.7

1.4

2.1

2.8

3.5
S c

J⊥/Jz
0 1

Stripe SCFinite-size artifact
or vanishment

Keywords  extended Hubbard model, stripe order, superconductivity,
anisotropic spin-exchange

 1   Introduction

Tc

One of the interesting phenomena in the Hubbard model
is  the  competition  between  different  phases  [1–3].  This
also  involves  the  crucial  open  problem  of  whether  the
Hubbard model can describe high-  superconductors or
not  [4–6].  Despite  the  simplicity  of  the  pure  Hubbard
model, there are controversies even in the phase diagram

Tc

since the solutions of  the Hubbard model  in more than
one dimension in the strong coupling region are hard to
obtain [7]. Some experimental findings regarding high-
superconductivity in cuprate-based materials may not be
totally reproduced by the pure Hubbard model, especially
the  details  of  charge  ordering  and  superconductivity
[8–11].  One comprehensive study using the constrained-
path  quantum  Monte  Carlo  and  density  matrix  renor-
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malization  group  algorithm  reveals  that  in  the  pure
Hubbard  model  under  strong  coupling  and  at  a  special
electron filling, the stripe phase is dominant and super-
conductivity is suppressed [12]. Furthermore, the period-
icity of the charge stripe observed in experiments is not
consistent  with  the  numerical  results  from  the  pure
Hubbard  model  [13].  This  may  imply  that  some  extra
terms  should  be  introduced  into  the  pure  Hubbard
model  to  stabilize  superconductivity  and  reproduce  the
correct charge ordering.

π

For example, long-range hopping can impair the stripe
phase  in  some  parameter  regions  and  yield  the  correct
periodicity  of  charge  ordering  [13–17].  Long-range
hopping  can  also  capture  the  doping  asymmetry  in
experimental  data.  The  nearest  neighbor  interaction  is
another  factor  that  is  being  investigated  intensively.
Proposed  by  the  investigations  of  one-dimensional
cuprate  chains  [18],  the  nearest-neighbor  attractive
interaction has been found to enhance the superconducting
correlation  and  suppress  the  charge  ordering  [19–22].
Besides, the electron–phonon coupling is also considered
for  stripes  [23].  Other  studies  have  introduced  stripe
order  explicitly,  which  can  be  achieved  by  adding  a
spatially  modulated  potential.  The  impacts  of  these
modulations are complicated and it has been found that
pairing  strength  and  pairing  symmetry  can  be  affected
[24–26]. Furthermore, the spin-order correlation undergoes
a -phase shift when crossing a stripe [27].

Above all, the charge stripe phase is considered to be
a  very  important  feature  that  affects  superconductivity
in the Hubbard model. A lot of work focuses on identifying
factors  that  can  suppress  the  stripe  phase  and  thereby
enhance  superconductivity.  Understanding  the  charge
stripe is of key importance in explaining unconventional
superconductivity.  Various  numerical  methods  have
been  developed  to  study  Hubbard  models,  but  most  of
them are only efficient under certain conditions [28–34].
For  example,  the  determinant  quantum  Monte  Carlo
(DQMC)  algorithm  [35]  and  its  projector  variant,  the
projector quantum Monte Carlo (PQMC), struggle with
sign problem in many cases of interest.

Sign  problems  occur  in  the  quantum  Monte  Carlo
algorithms when the Boltzmann factor is negative. This
can happen after  decoupling the  interaction terms with
the  Hubbard–Stratonovich  (HS)  transformation  and
tracing  out  the  fermion  degrees  of  freedom.  The  sign
problem is the main obstacle when using the DQMC and
PQMC  algorithms  to  study  the  rich  physics  in  the
Hubbard  model.  One  approach  to  overcome  the  sign
problem is by utilizing sign-problem-free models. Among
these  models,  the  bilayer  model,  which  belongs  to  the
Kramers-class  of  sign-free  models,  shows  potential  for
uncovering  many-body  effects  in  strongly  correlated
systems.  Previous  work  has  found  a  transition  from  a
Mott insulator to superconductivity, a transition analogous
to  that  in  cuprate  superconductors  [36].  Some  other
studies using a similar model have found a stable charge

stripe phase with highly anisotropic interlayer ferromag-
netic  interactions  [37, 38].  This  demonstrates  the  value
of  this  model  in  the  investigation  of  stripe  order
phenomena, and also motivates us to undertake a more
refined  investigation  of  how  interlayer  interactions  and
on-site interactions influence stripe order.

J⊥

U ∈ [Jz4 − J⊥
2 ,

Jz
4 + J⊥

2 ]

U

U

In this work, we use the PQMC algorithm to compute
the  ground-state  properties  of  a  sign-problem-free
bilayer  Hubbard-like  model,  featured  by  the  interlayer
antiferromagnetic  (AFM) spin-exchange anisotropy.  We
discover  the  direct  evidence  of  competition  between
stripes  and  superconductivity,  which  is  sensitive  to  the
anisotropic.  We  find  that  the  charge  stripe  phase  is
present  when  the  interlayer  spin-exchange  is  highly
anisotropic.  Moreover,  we  find  that  this  stripe  phase  is
unstable  upon  introducing  the  spin-flip  spin-exchange
term , and that an interlayer pairing superconductivity
enhances  when  the  stripe  phase  is  suppressed.  Due  to
the  flexibility  of  our  model,  we  are  able  to  tune  the
value  of ,  without  encountering
sign  problems.  At  small  doping,  the  on-site  interaction

 is detrimental to both the stripe phase and supercon-
ductivity. While the superconductivity is enhanced by 
at  large  doping,  where  charge  stripe  is  absent.  When
charge  stripes  exist,  we  also  discover  the  spin  stripes,
characterized by twice the period of charge stripes, indi-
cating  the  profound  internal  connection  between  them.
We discuss  the  possible  origin  of  these  phenomena and
their connections to the standard Hubbard model.

 2   Model and method

SO(5)

Our model was first proposed in Ref. [39], and subsequent
works  have  found  exotic  phases  and  superconductivity
within  it  [36, 40–43].  This  model  originated  from  the

 symmetric model [44], and can be generalized to a
bilayer model that contains both on-site interaction and
interlayer spin-exchange. The Hamiltonian can be written
as follows: 

H = − t
∑

⟨i,j⟩lσ

(
c†ilσcjlσ + H.c.

)
+ U

∑
il

nil↑nil↓

+ Jz
∑
i

Szi1S
z
i2 +

J⊥
2

∑
i

(
S+
i1S

−
i2 + H.c.

)
, (1)

cilσ c†ilσ
i l σ nilσ = c†ilσcilσ

Szil =
nil↑−nil↓

2
z

S+
il = c†il↑cil↓ S−

il

xy

t

U

z Jz xy

J⊥

where ( ) denotes the annihilation (creation) operator
at  site ,  layer ,  and  spin .  is  density
operator,  is  component  spin  operator,
and  (its  Hermitian  conjugate )  is  spin
annihilation  (creation)  operator,  contributing  to  the 
component spin. The non-interaction term only includes
the intralayer nearest-neighbor hopping , and the inter-
action  terms  involve  the  intralayer  on-site  repulsion ,
the -component  term  and  the  spin-flip  ( -compo-
nent) term  of interlayer AFM spin-exchange.
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ψi = (ci1↑, ci1↓, ci2↑, ci2↓)
T

The absence of the sign problem in this model originates
from  time-reversal  symmetry.  To  illustrate  this,  we
define , and rewrite the Hamilto-
nian in the following form: 

H = − t
∑
⟨i,j⟩

(
ψ†
iψj +H.c.

)
−

5∑
α=1

gα
2

(
ψ†
iΓ

αψi

)2

− g0
2

∑
i

(
ψ†
iψj − 2

)2

, (2)

where we define 

Γ1−3 =

(
σ 0
0 −σ

)
, Γ4 =

(
0 I
I 0

)
,

Γ5 =

(
0 iI

−iI 0

)
, (3)

σ

Γα

T = RC C
R

and  represents the Pauli matrices. We focus on those
five  matrices which are proven to be invariant under
the  time-reversal  transformation ,  where 
denotes complex conjugation and  is given by 

R =

(
0 −iσ2

−iσ2 0

)
. (4)

This  ensures  that  the  fermion  determinant  is  positive.
Furthermore,  the  mapping  from  Eq.  (1)  to  Eq.  (2)  is
performed by the parameter relation: 

g1,2 =
1

4
U +

1

8
J⊥ − 1

16
Jz,

g3 =
1

4
U − 1

8
J⊥ +

3

16
Jz,

g0,4,5 = −1

4
U +

1

8
J⊥ +

1

16
Jz, (5)

g1−5 ≥ 0where  the  sign  problems  are  avoided  by .  For
these details, see Ref. [39] and Ref. [41].

∆τ = 0.1 O(∆τ2)

Θ = 24−28

Ly = 8

Θ = 24 Lx ≤ 16 Θ = 25 Lx = 24

Θ = 28 Lx = 32

In  this  study,  we  chose  a  small  enough  time-step
 so  that  the  trotter  errors  [ ]  are  smaller

than  those  associated  with  the  statistical  sampling.
Furthermore,  we  chose  a  large  enough  projection  time
parameter  for different sizes to converge the
system  to  the  ground  state.  Specifically,  with 
fixed,  we  chose  for ,  for 
and  for .  These parameters  are sufficient
to converge the system, and an evidence of convergence
is provided in Appendix A.

 3   Results and discussion

When the interlayer interactions are purely anisotropic,
previous  works  have  shown  that  this  model  exhibits
both  charge  and  spin  stripe  phases  [37, 38].  Moreover,
this state remains robust even when next-nearest-neighbor
hopping is  incorporated.  Those works only consider the

z-component  ferromagnetic  spin-exchange  interaction
between  layers  due  to  the  limitation  of  sign-problem,
leaving the effect of AFM interlayer spin-exchange inter-
action  and  its  anisotropy  unclear.  To  reveal  these
effects,  we  define  the  charge  correlation  function  as
follows: 

Sc (k) =
1

N

∑
i,j

e−ik·(Ri−Rj) [⟨ninj⟩ − ⟨ni⟩⟨nj⟩] , (6)

N ni =
∑
lσ nilσ

ky = 0

kx

Ly = 8 Lx = 2/δ

δ

t = 1

where  is the number of unit cells and  for
convenience  of  expression.  In  the  following,  we  present
the charge correlation function at , where the peak
position along  reflects the periodicity of charge modu-
lations.  Unless  otherwise  specified,  we  use  the  system
size  and  with  periodic  boundary condi-
tions,  where  denotes the hole doping density,  and we
set  as the energy scale.

U Jz Sc(kx, 0) kx = ±2πδ
Sc 1/8

As shown in Fig. 1(a), when the system contains only
the  and  terms, the peak in  is at .
The  peak  intensity  of  is  maximal  at  doping,  a
feature consistent with previous work on cuprate super-
conductors [17, 45],  and then suppressed by the further
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Sc(k)
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δ U = 2.0

Jz = 8, J⊥ = 0

Ly = 8 Lx = 2/δ

δ = 1/8 1/6
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Fig. 1  (a) The  charge  correlation  function  from
momentum  to  for  different  hole  doping
densities  at on-site interaction  with pure z-component
interlayer  spin-exchange .  The  peak  indicates
charge stripe order. We fix  and  in our simu-
lations. (b) A  sketch  of  strip-shaped  phase  diagram  for

 or , describing the evolution of stripe (highlighted
by  blue  color)  and  superconductivity  (highlighted  by  red
color)  as  the  anisotropy  of  interlayer  AFM  spin-exchange
interaction  decreases  (i.e.,  as  increases).  That  the
stripe becomes a finite-size artifact or directly vanishes as the
anisotropy decreases, is also denoted.
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δ = 1/8 1/6

J⊥/Jz
J⊥/Jz

increasing  doping.  This  phenomenon  is  interesting
because  the  sign-problem-free  model  we  employ  shows
stripe  behavior  similar  to  that  in  cuprate  superconduc-
tors, despite the different geometries of the two systems.
This suggests that the underlying mechanisms might be
similar.  Previous  work  (Ref.  [38])  also  reveals  that  this
model  shares  another  remarkable  similarity  with  the
single-layer  Hubbard  model,  and  the  introduction  of  a
next-nearest-neighbor  hopping  term  shortens  the  stripe
wavelength.  Focusing  on  the  topic  around  effects  of
interlayer  AFM  spin-exchange  and  its  anisotropy,  we
summarize our conclusions as a rough strip-shaped phase
diagram at  or  in Fig. 1(b). The stripe phase
is robust at the high anisotropy of spin-exchange region,
while gradually vanishes and transforms into the super-
conducting  phase  as  the  anisotropy  decreases  (i.e.,  as

 increases).  It  reflects  a  key  competition  between
stripe  and  superconductivity.  Besides,  with 
increasing,  the charge stripe may become the finite-size
artifact  or  directly  vanish.  These  results  will  be
detailedly discussed in the following.

Jz

J⊥

Jz + 2J⊥ = 4U

U = 2.0

Jz J⊥

We now take a deeper look at the stripe phase. Since
the interlayer Ising term  favors antiparallel spin pairs
on  a  rung,  holes  introduced  into  the  system  do  not
spread  homogeneously  because  doing  so  would  break
these  spin  pairs.  Holes  instead  concentrate  on  specific
sites  to  minimize  the  system’s  energy.  However,  this
order is readily disrupted by introducing fluctuations to
the  interlayer  spin-exchange;  namely,  adding  the 
term  suppresses  the  stripe  phase.  To  maintain  this
model  as  sign-problem-free,  the  relation 
must be satisfied. With  fixed, we tune the ratio
of  to  and  observe  that  this  peak  disappears
rapidly, as shown in Fig. 2.

J⊥ = 0.6 δ = 1/8

π/8
Lx

Lx = 2/δ

When  we  introduce  at ,  we  observe
that  the  peak  position  shifts,  as  shown  in Fig.  2.  The
peak moves to , which corresponds to a charge period
that  matches  the  system  size  given  the  condition

. Whether this period shift is real or a finite-size

Lx

effect in this system is a critical question, which means
that the larger  should be considered.

U = 2.0

J⊥

Jz
Lx kx = ±2πδ

δ = 1/8 δ = 1/6

J⊥

δ = 1/8 Lx = 16 Lx = 32

J⊥ 0.6

δ = 1/8 δ = 1/6

δ = 1/8

Lx

δ = 1/6

To verify  the  authenticity  of  the  stripes,  we  perform
the  finite-size  analysis.  With  fixed,  we  further
introduce  to change the anisotropy of this interlayer
spin-exchange  interaction,  as  shown  in Fig.  3.  In  the
pure  case,  the  charge  correlation  is  strengthened  as

 increases at the constant peak momentum 
for both (a)  and (d) , which indicates the
real  and  robust  (or  long-range)  charge  stripes.  When
increasing  to 0.4 in Figs. 3(b) and (e), the position of
the peak momentum still persists. However, the peak for

 declines from  to , indicating real
but  weak  (or  short-range)  charge  stripes.  Further
increasing  to , the charge stripes are absent, which
have  different  performances  for  and ,
as shown in Figs. 3(c) and (f). For , the position
of  momentum  peak  shifts  to  minimum  non-zero
momentum  as  mentioned  in Fig.  2(a)  and  it  changes
with  different,  demonstrating  a  finite-size  artifact.
We  emphasize  that  this  peak  momentum  shift  with  a
fixed  size  is  a  strong  signal  of  finite-size  effect  and  the
stripe  has  vanised.  While  for ,  the  peak  directly
vanishes.  The  finite-size  analysis  confirms  the  real
charge stripes in our system, and further elucidates that
charge stripes are suppressed and destroyed by decreasing
anisotropy of interlayer AFM spin-exchange and how it
evolves.
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t J

In the single-layer Hubbard model, a comparable spin-
exchange interaction arises from a perturbative treatment
of  electron  hopping,  leading  to  an  effective -  model
[46, 47]. The stripe state in the single-layer model main-
tains  the  energetically  favored  AFM  order  between
stripes.  In  this  sense,  the  mechanism  underlying  stripe
formation  in  the  two  models  is  similar.  We  have
confirmed this mechanism in our system (See Appendix
B  for  details).  Spin-exchange  in  the  single-layer  lattice
also  involves  attraction  between  antiparallel  spins.  The
presence  of  spin-exchange  between  four  nearest-neigh-
boring sites can induce a larger energy difference. Conse-
quently,  the  stripe  phase  in  the  single-layer  lattice  is
expected  to  be  more  stable  than  that  in  the  bilayer
lattice,  where  only  interlayer  spin-exchange  exists.
Furthermore,  Ref.  [48]  studied  nonlocal  interactions  in
the  extended  Hubbard  model  and  found  that  nearest-
neighbor  attraction  enhances  AFM  correlations.  To
conclude this section, the stripe phase in the two-dimen-
sional  Hubbard  model  is  likely  more  stable,  which
reflects  the  difference  between  our  sign-free  model  and
the pure Hubbard model.

U

J⊥ ̸= 0

U
Jz
4 − J⊥

2 ≤ U ≤ Jz
4 + J⊥

2

U

U

U

J⊥

U

Jz = 7.2 J⊥ = 0.4 U

δ = 1/8 δ = 1/6

U

δ = 1/8

Jz = 11.0 J⊥ = 0.5

δ = 1/8

δ = 1/6 U

Next, we gradually suppress the  term in the Hamil-
tonian under the condition of . To avoid the sign
problem,  the  value  of  must  satisfy

. Given that the on-site interaction
 prohibits  double  occupation,  it  tends  to  favor  the

formation  of  antiparallel  spins.  However,  also  favors
other ordered phases, including superconductivity and in-
plane magnetism. The involvement of possible intralayer
order  constitutes  another  difference  between this  model
and the single-layer Hubbard model. To reveal the effect
of  in  our  system,  we  measure  the  charge  correlation
with  sufficiently  large  to  avoid  the  sign  problem,
which may result in the finite-effect artifact of stripe as
mentioned  above.  Therefore  we  exhibit  the -effect  at
both  real  stripe  and  its  finite-size  artifact  regions  as
shown  in Figs.  4(a)  and  (b)  respectively.  In Fig.  4(a)
with  and ,  increasing  suppresses  the
stripe phase for both  and , which suggests
that  may  be  more  inclined  towards  intralayer  order.
However  in Fig.  4(b),  the  position  of  peak  for 
under  and  shifts  to  the  minimum
momentum,  indicating  a  finite-size  artifact,  which  is
detailedly discussed in Appendix C. Although the stripe
becomes the finite-size artifact at  or vanishes at

, the suppression of  still persists.
The  superconductivity  in  this  system  also  shows  a

complex dependence on doping and interaction strength.
We  focus  on  the  interlayer  pairing  and  its  correlation
functions which can be defined as 

Ssc(k) =
1

N

∑
i,j

e−ik·(Ri−Rj)⟨∆†
i∆j⟩, (7)

∆i = ci1↑ci2↓ − ci1↓ci2↑
Ssc(k = 0)

where ,  and  the  uniform  pairing
correlation function corresponds to , abbreviated

Sscas .

⟨n⟩ = 1− δ

J⊥

Jz

U U

U = 3

Jz

J⊥

U = 2

Now we present  the  pairing  correlation function as  a
function  of  electron  filling  in Fig.  5.  This
figure  clearly  reveals  the  evidence  of  competition
between  charge  stripe  and  superconductivity.  On  the
one hand, the isotropy of interlayer AFM spin-exchange
(i.e.,  introducing )  enhances  superconductivity  by
disrupting the charge stripe. On the other hand, for the
pure  case,  superconductivity  decreases  sharply
around  1/4  doping  where  charge  stripe  emerges  or
strengthens  for  both  =  2  and  =  3.  This  abrupt
change  is  particularly  pronounced  for .  Thus,  for
the  pure  case,  the  pairing  correlation  function
exhibits  a  flat  profile  below  1/4  doping,  attributed  to
suppression by charge stripes. In contrast, in the presence
of ,  the  pairing  correlation  function  shows  a  smooth
increase  as  the  doping  level  rises  to  1/4,  since  charge
stripes  are  weakened  and  gradually  disappear  in  this
region. This provides clear evidence for the competition
between  charge  stripes  and  superconductivity.  In  addi-
tion, a finite-size analysis of pairing correlation function
for  case  demonstrates  that  long-range  pairing
correlation is absent when the charge stripe exists and it
emerges when the stripe have vanished, further strongly

 

S c

0.0

0.7

1.4

2.1

2.8
U=2.0
U=1.6
U=2.0
U=1.6

0.0

0.7

1.4

2.1

2.8
U=3.0
U=2.5
U=3.0
U=2.5

(b)
Jz=11.0, J⊥=0.5

(a)
Jz=7.2, J⊥=0.4

−3 −2 −1 0
kx

1 2 3 −3 −2 −1 0
kx

1 2 3

 
Sc(kx, 0)

U δ = 1/8

δ = 1/6 Jz = 7.2

J⊥ = 0.4 Jz = 11.0 J⊥ = 0.5

Fig. 4  The charge correlation function  for different
values of  with doping  (solid line with solid circles)
and  (dashed line with hollow circles) at (a) 
and  and (b)  and .
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Fig. 5  The pairing correlation function  as a function of
electron  filling  for  different  values  of  and  at
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supporting  this  competition,  and  see  the  detail  in
Appendix D.

U J⊥
U

J⊥
U

U

U

U

J

However,  the  relationship  between  superconductivity
and charge stripes in this model is complex. We gradually
decrease  when  is present, as shown in Fig. 6. Due
to the constraints on the model parameters, a smaller 
can be achievable when  is large. We previously found
that  the  charge  stripes  are  suppressed  as  increases,
and  we  now  observe  that  superconductivity  is  also
suppressed  at  low  doping  levels  with  increasing ,  as
shown  in Fig.  6(b).  This  provides  another  piece  of
evidence  for  the  influence  of  intralayer  ordered  phases.
At lower electron densities, where charge stripes do not
form,  increasing  enhances  superconductivity.  This
reflects  the  multiple  roles  played  by  parameters  and

, while the electron density also plays a significant role
in regulating the system’s properties.

The  charge  stripes  are  often  accompanied  by  some
form of spin stripes.  In the single layer Hubbard model
[13, 14], the period of the spin stripe is always twice that
of  the  charge  stripe.  There  is  an  internal  connection
between charge and spin stripes, for example, the AFM
order is favored between charge stripes. Furthermore, we
also explore the spin stripe in our system. We define the
spin correlation function as 

Ss (k) =
1

N

∑
i,j

e−ik·(Ri−Rj)⟨OsiOsj ⟩, (8)

Osi =
(
c†i1↑ci1↑ − c†i1↓ci1↓ − c†i2↑ci2↑ + c†i2↓ci2↓

)
with  charac-
terized by the interlayer AFM alignment.

(π± πδ, π)

Lx
Jz

δ = 1/8 δ = 1/6

Lx

The spin correlation function is calculated in the same
parameters,  as  shown in Fig.  7.  We clearly observe the
spin stripe within the background of AFM order at the
momentum ,  indicating  the  twice  period  of
charge  stripe,  and  further  finite-size  analysis  (i.e.,  the
peak momentum remains as  increases) demonstrates
its authenticity. In the pure  case, there are maximal
peaks for both (a)  and (d) , and the peak
grows  as  increases,  implying  the  presence  of  robust

J⊥ = 0.4

J⊥ J⊥ = 0.6

(π, π) Lx

Ly
π, π

spin stripes. There are still similar behaviors after intro-
ducing  in Figs. 7(b) and (e), but the peaks are
suppressed  by .  While  for ,  the  position  of
peak  shifts  to  the  momentum  closest  to  as 
changes  as  shown  in Figs.  7(c)  and  (f),  indicating  the
collapse of spin stripes in the form of finite-size artifacts.
It  is  very  consistent  and  synchronous  with  the  disap-
pearance  of  the  charge  stripes,  implying  the  important
internal connection between spin and charge stripes. The
detailed  connection  can  be  explored  in  the  real  space,
and see the Appendix B. Besides, in all cases, the spins
along  the  direction  always  maintain  AFM  arrange-
ment, characterized by the maximum at ( ), as shown
in the insets of Fig. 7.

 4   Conclusions

Jz J⊥
Jz + 2J⊥ = 4U

Using  the  PQMC  algorithm,  we  study  a  sign-problem-
free  bilayer  Hubbard-like  model  to  investigate  the
competitive  interplay  between  charge  stripes  and
interlayer  superconductivity,  which  is  controlled  by
interlayer spin-exchange anisotropy (  and ). Due to
parameter  constraint  which  avoids  the
sign  problem,  the  accessible  parameter  space  is  so
limited that we can not study ideal parameters such as
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Fig. 6  The pairing correlation function  as a function of
electron on-site  interaction  for  fixed values  of  and 
at (a)  and (b) .  The  system  size  is
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Fig. 7  The  spin  correlation  function  with 
and different  for  and different  and  at doping
(a–c)  and (d–f) . The  is described in
insets, which indicates the AFM order in  direction.
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Jz J⊥

J⊥
Jz ∆J⊥ = 0.2

J⊥ Jz J⊥/Jz
Jz J⊥

fixing  and introducing . However we mainly focus
on the study on the interlayer spin-exchange anisotropy.
On the one hand, we gradually increase  and decrease

 by  small  intervals  (like ),  which  promotes
the reliability of our conclusions. On the other hand, the
anisotropy  can  be  effectively  quantified  as  the  ratio  of

 and  ( ), which further weakens the dependence
on fixing  or .  Hence our following conclusions are
still reliable.

(0± 2πδ, 0)
Jz

J⊥

U

U

U

A charge  stripe  phase,  analogous  to  that  in  the  pure
two-dimensional Hubbard model, emerges in the bilayer
model  with  anisotropic  interlayer  AFM  spin-exchange
interaction.  We  find  that  the  interlayer  spin-exchange
anisotropy plays a crucial role in the formation of both
charge  stripes  and  interlayer  superconductivity.  The
charge stripe phase, which is characterized by a peak at

, is stable for highly anisotropic spin-exchange
(especially for pure  case) but strongly suppressed by
decreasing the anisotropy (i.e.,  introducing the spin-flip
term ).  Concurrently,  superconducting  correlations
are  enhanced  and  become  robust  as  charge  stripes
diminish,  indicating  a  direct  competition  between these
two  phases.  We  also  discuss  the  possible  relationship
between  this  model  and  the  pure  two-dimensional
Hubbard  model,  in  which  such  competition  also  exists.
Besides,  the on-site interaction  plays a complex role:
As  increases,  it  suppresses  both  charge  stripes  and
superconductivity  under  low  doping,  suggesting  the
emergence  of  other  intralayer  orders.  However,  with
further  enhancing doping,  increasing  enhances  super-
conductivity  in  the  absence  of  charge  stripes.  Further-
more, we also discover the synchronous spin stripes with
twice  the  period  of  the  charge  stripes,  indicating  a  key
internal connection between the two. This work identifies
the  key  factors  contributing  to  the  formation  of  charge
stripes,  and  highlights  the  sensitivity  of  stripe  and
superconducting phases to interaction parameters (espe-
cially  interlayer  AFM  spin-exchange  anisotropy),  thus
offering insights into competing orders in strongly corre-
lated systems.
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Appendix A   PQMC algorithm and
convergence

In this work, we use the PQMC method, through which

the  observables  are  calculated  by  the  projection  as
follows: 

⟨O⟩ = ⟨ΦT |e−ΘHOe−ΘH |ΦT ⟩
⟨ΦT |e−2ΘH |ΦT ⟩

. (A.1)

e−ΘH =
(
e−∆τH

)Nt
=

∏Nt

τ e−∆τV e−∆τT

Nt∆τ = Θ T

−t
∑

⟨i,j⟩
(
ψ†
iψj +H.c.

)
V

V

To treat the quantum system, we first utilize the Trotter
decomposition, ,
where ,  is  the  noninteracting  operator  [i.e.,
hopping  term ],  and  represents
the  interacting  operator  (i.e.,  the  remaining  interacting
terms in Hamiltonian Eq. (1)). In our Hamiltonian, each
term  in  is  a  perfect  square  of  bilinear  operator.  We
decouple these terms using the standard HS transforma-
tion: 

e−∆τV = e
∑5

α=0

∑
i

∆τgα
2 (ψ†

iΓ
αψi−zα)

2

=
∏
α,i

∑
k=±1,±2

γk,ie
√
∆τgαηk,i(ψ†

iΓ
αψi−zα)

=
∑
k

∏
i

γk,iU(k, i), (A.2)

z0 = 2 z1−5 = 0 γ η

ω =
∏
γτk det[P †BV (kNt

)BT . . .

BV (k1)BTP ] BT
e−∆τT BV (sτ )∏

i U(k, i) s⃗τ
τ P

ΦT ω

T

where  and .  The  coefficients  and 
follow  the  standard  form  for  the  four-component  HS
transformation, with details available in Ref. [49]. After
the  HS  decomposition,  the  system  transforms  into  an
ensemble  of  free  fermions.  The  Green’s  functions  for  a
given  configuration  can  be  calculated  easily,  thereby
rendering the observables a weighted average over these
free-fermion configurations. The weight of each configu-
ration  is  defined  as 

,  where  denotes  the  matrix  form  of
 in  the  single-particle  basis,  and  is  the

matrix  form of  for  a  specific  configuration 
at  imaginary  time  in  the  single-particle  basis.  is  a
matrix  that  characterizes  the  Slater  determinant  of  the
trial  wave  function .  The  weight  is  crucial  for
PQMC simulations, and the sign problem emerges when
its  value  is  non-positive.  Fortunately,  if  the  matrix  in
the determinant remains invariant under the  transfor-
mation,  its  determinant  is  consistently  positive.  The
model  employed  in  this  work  satisfies  this  condition,
allowing us to perform quantum Monte Carlo simulations
free of the sign problem. Moreover, all unique combinations
of parameter values in the PQMC simulations are listed
in Table A1 for the clarity.

Θ

δ = 1/8

Lx = 16

Lx = 32 J⊥ Sc
Θ = 16 Θ ≥ 20 Sc

In the PQMC simulating process, we also measure the
convergence  of  projection  time  to  ensure  that  the
system  can  be  converged  to  the  ground  state.  We
provide  an  example  for  the  charge  correlation  function
at  case with different interaction parameters and
sizes,  as  shown  in Fig.  A1.  Regardless  of  or

, or whether  is introduced or not,  deviates
greatly  when ,  However  when ,  all 
remain  basically  consistent  within  the  error  range.
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ΘTherefore  we  considered  in  the  text  is  sufficient  to
converge the system.

 Appendix B   The antiferromagnetic order
between charge stripes

To  verify  the  mechanism  about  AFM  order  between
stripes as described in text, we define the spin correlation
function in real space as
 

Cs(R) =
1

N

∑
Ri−Rj=R

⟨OsiOsj ⟩, (B.1)

Osi

Jz = 8 J⊥ = 0 δ = 1/6

(−1)x+yCs(x, y)

π

where  is  the  same definition as  in  Eq.  (8).  We plot
the charge and spin correlation function in real space at

,  and  as  an  example,  as  shown  in
Fig. A2. The spin correlation is processed by the staggered
factor  [i.e., ]  to  highlight  the  spin  stripe
and the boundary of -phase shift. Although the pattern
of a perfect period in real space is limited by the strict

x = 0symmetry  about  and  lattice  sizes  (instead  its
period is more accurate in momentum space), Fig. A2 is
still impressive, especially in the corresponding relationship
between charge and spin stripes.

π

π

π

π

The  charge  stripe  in Fig.  A2(a)  is  characterized  by
high electron (blue circle area) and high hole (red circle
area)  concentrations,  while  the  separation  of  red  and
blue circles indicates the -phase shift in the context of
AFM order  in Fig.  A2(b).  By  comparison,  the -phase
shift  always  emerges  in  high  hole-concentration  region,
which is also the reason why there are always weak spin
correlations  (small  circles)  on  the  boundary  of -phase
shift.  It  results in a favored AFM order ( -phase shift)
between neighbor charge stripes. In turn, it requires that
the period of the spin stripe is twice that of the charge
stripe,  and  we  have  confirmed  this  viewpoint  in  the
momentum  space  in  text.  These  results  are  consistent
with previous works [13, 14, 38], emphasizing the important
internal connections between change and spin stripes.

Jz = 12 Appendix C   The   case and its
anisotropy

Jz + 2J⊥ = 4U

U = 3

U = 2 δ = 1/8

δ = 1/6

Kx = 2πδ

Jz = 12 J⊥

δ = 1/8

δ = 1/6

J⊥

U = 2 U = 3

We  also  measure  the  larger  interlayer  spin-exchange
interaction  cases,  namely  with  fixed

. As shown in Fig. A3, there are similar behaviors
with  the  case.  Specifically,  for  both  (a) 
and  (b) ,  the  significant  stripe  peaks  stand  out
with  the  consistent  momentum  at  pure

, while the introduction and increase of  shifts
the  peak  momentum  to  a  minimum non-zero  value  for

,  indicating  the  emergence  of  finite-size  artifacts
just like Fig. 2 case. For , the peak is suppressed
by  with almost constant peak momentum. Regardless
of  the  case  of  or ,  we  discover  that  the
charge stripes for different doping almost simultaneously
disappear, either becoming a finite-size product or being
directly destroyed.

 

g0−5 U

Jz J⊥

Table  A1 The values of parameter  in Eq. (2) corresponding to the on-site interaction , z-component spin-exchange
 and the spin-flip spin-exchange  in Eq. (1) throughout the text.

U Jz J⊥ g1,2 g3 g0,4,5

2.0 8.0 0.0 0.00 2.00 0.00
2.0 7.6 0.2 0.05 1.90 0.00
2.0 7.2 0.4 0.10 1.80 0.00
1.6 7.2 0.4 0.00 1.70 0.10
2.0 6.8 0.6 0.15 1.70 0.00
2.0 6.0 1.0 0.25 1.50 0.00
2.0 4.0 2.0 0.50 1.00 0.00
3.0 12.0 0.0 0.00 3.00 0.00
3.0 11.0 0.5 0.125 2.75 0.00
2.5 11.0 0.5 0.00 2.625 0.125
3.0 4.0 4.0 1.00 1.00 0.00
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Fig. A1  The charge correlation function at stripe momentum
 as  a  function  of  projection  time  for ,

different interaction parameters and different  with 
fixed.

FRONTIERS OF PHYSICS RESEARCH ARTICLE

115202-8   Runyu Ma, et al., Front. Phys. 21(11), 115202 (2026)

 



 Appendix D   The finite-effect analysis of
pairing correlations

In the text, we discover the pairing correlation functions
have the competitive behavior with stripes, as discussed
in Fig.  5.  However  whether  the  superconducting
correlation  is  long-ranged  is  unknown,  which  can  be  a
more  profound  signal  of  this  competition.  To  identify
the existence of long-ranged interlayer pairing supercon-
ductivity in our system, we resort to the finite-size anal-
ysis. The finite-size results further confirm the competition
between  stripe  and  superconductivity,  as  shown  in

Fig. A4.
Jz

(0, 0) L

⟨n⟩ = 0.875 δ = 1/8

⟨n⟩ = 0.833 δ = 1/6

For the pure  cases, as can be seen in Fig. A4, the
uniform  pairing  correlation  at  is  impaired  as 
increases  at  both  (a)  ( )  and  (b)

 ( ),  indicating  the  absence  of  long-
range pairing correlations, where the stripes are instead
prominent (or long-ranged). With doping increasing, the
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Fig. A2  The stripes of (a) charge correlation and (b) spin correlation in real space at ,  and , where
the blue (red) circles represent positive (negative) values and their sizes indicate the magnitudes of absolute values. The spin
correlation is  calculated with a staggered factor  processing to highlight the spin stripe and the -phase shift.  The
dotted lines distinguish -phase shifting spin stripe.
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electron  filling  and  varying  size  for 
(a–c)  and (d–f) .
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⟨n⟩ = 0.667 δ = 1/3

L

Jz
J⊥ = 1

stripes  are  weakened  as  indicated  in Fig.  1,  and  the
superconducting pairing correlation becomes long-ranged
at (c)  ( ), characterized by an increasing
trend with . It is completely consistent with the sharp
decline  around  1/4  doping  for  the  pure  cases  of
Fig.  5.  After  introducing ,  the  superconducting
pairing correlations always are long-ranged at any electron
filling  in Figs.  A4(d)–(f),  while  the  stripes  have  been
destroyed by the decreasing anisotropy of interlayer spin-
exchange. These signals strongly support the competition
between stripe and superconductivity.
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