FRONTIERS OF PHYSICS

‘ & RESEARCH ARTICLE

Volume 21 / Issue 11/ 113202 / 2026

Vortex states trapped in alternating trapping-expulsive potentials
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ABSTRACT

We report a comprehensive analysis of dynamics of two-dimensional
vortex solitons with winding number S = 1, maintained by a quadratic
time-dependent potential with coefficient x(t) = kge + Kq cos (wt), which
may periodically alternate between confinement and expulsion, in a
combination with the self-focusing or defocusing cubic nonlinearity.
Analytical results are reported for the linear version of the system, which
is a nontrivial one too, while the nonlinear system is explored by means of
systematic simulations. Fully stable axisymmetric vortex states in the
system with the self-focusing nonlinearity are observed with scaled norm
N taking values below a critical one, N. In the interval of N, < N < Ng,,
we identify quasi-stable modes, which exhibit periodic splitting into a
rotating pair of fragments and their recombination, thus breaking and
restoring the axial symmetry. In the adjacent interval, Nos < N < Ny, the
system supports rotating robust states composed of two permanently sepa-
rated fragments. There are no stable modes at N > Ny, where the
vortices are destroyed by the collapse. In the case of the self-defocusing
nonlinearity, the vortices remain stable for arbitrarily large values of the
norm. These findings significantly enhance the understanding of the
vortex dynamics in systems subject to the time-periodic “management”,
which may be realized in atomic Bose-Einstein condensates and bulk opti-
cal waveguides.

Keywords vortex state, soliton, Bose-Einstein condensates

1 Introduction

Vortex states carrying quantized angular momentum are
a ubiquitous subject of current studies in the field of
quantum matter —in particular, Bose—Einstein condensates
(BECs) in ultracold atomic gases. While the use of
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permanent quadratic (harmonic-oscillator) trapping
potentials facilitate the study of the nucleation, preces-
sion, and decay of two-dimensional (2D) vortices [1-6],
their dynamics under the action of quadratic potentials
periodically switching between confinement and expulsion

remains largely unexplored. Settings with such time-
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periodic “management” of the quadratic potential are
now available in the experiment. For this purpose, one
may use as optically painted potentials flipping the sign
of the curvature on a sub-millisecond scale [7-9], as well
as a pair of blue- and red-detuned laser beams [10, 11],
subject to the time-periodic modulation of their intensi-
ties, with the mutual phase shift of z/2. As shown
below, the application of the management drives periodi-
cally alternating cycles of compression and expansion of
the BEC cloud.

In this connection, it is relevant to mention another
setup, with a binary BEC composed of two Rabi-
(linearly) coupled components, with one confined by the
static quadratic trap, and the other subject to the action
of the static expulsive (inverted) potential. The linear
coupling helps to maintain stable localized 1D and 2D
states in the system, against the action of the expulsive
potential. It is worthy to note that stable localized
vortex modes with integer winding numbers S > 1 exist
in this case [12].

The advantage of the application of diverse management
techniques is that they help to stabilize various species
of solitons. In particular, the dispersion management
fortifies solitons in optical fibers against the detrimental
jitter effect [13-16]. Further, the nonlinearity manage-
ment, i.e., periodic switch of the nonlinearity sign
between focusing and defocusing through the Feshbach
resonance by means of the ac magnetic field, is capable
to effectively stabilize 2D fundamental (zero-vorticity,
S =0) solitons in free space against the instability
driven by the occurrence of the critical collapse in this
setup [17-19]. However, this mechanism cannot stabilize
2D vortex solitons against spontaneous splitting [18].

The problem of stabilizing 2D vortex and semi-vortex
[20] solitons in BEC with the self-focusing nonlinearity
was addressed by means of other methods, such as the
permanent isotropic trapping potential [21-23], lattice
potentials [24-26], spin-orbit coupling [20, 27], and some
others [28-36], see Ref. [5] for review. In addition, lattice
potentials make it possible to construct 2D stable gap
solitons with embedded vorticity S > 1 in the BEC with
the self-defocusing nonlinearity [37-41].

In this work, we aim to study the stability and
dynamics of confined BEC vortex modes under the
action of the isotropic quadratic potential, whose
strength x is subject to the periodic management,
defined as

(1)

which includes dc (constant) and ac (variable) compo-
nents. The trapping-expulsion management (TEM) is
defined by Eq. (1) with kg < ks, when the sign of the
potential periodically alternates between the confinement
and expulsion. For the zero-vorticity confined mode, the
model was introduced and investigated in Ref. [42]. Here
we address the states with the fundamental vorticity,

K(t) = Kge + Kac cos (wt)

S =1, and produce stability charts in the plane of the
TEM parameters (r,,w). The interplay of TEM with
the self-focusing cubic nonlinearity reveals three sharply
delineated phases, depending on the mode’s norm N. At
N < N, =~ 7.8 [if the nonlinearity coefficient is normalized
to be g =1, see Eq. (2) below], the vortex behaves as a
fully stable breather: while its core radius oscillates, the
vortex mode keeps its isotropic shape. Further, at
Ne < N < Ngw~85, a quasi-stable (“gs”) regime is
found, in which the vortex periodically splits and recom-
bines, the splitting-recombination period being a function
of N and kg. The recombination fails at N > Ny, when
the split fragments lock into a permanently rotating two-
fragment state, that survives up to Nu. ~ 9.5. This state
may be also considered as a rotating azimuthon [43],
although azimuthons are not usually considered in
systems subject to periodic time modulation. No stable
states with higher vorticity, S > 2, are found; in this
case, vortices quickly fission into rotating pairs of unit-
charge ones, cf. Refs. [27, 39]. On the other hand, in the
case of the self-defocusing nonlinearity [g= -1 in
Eq. (2)], vortices with S = 1 remain stable up to indefinitely
large values of the norm.

The subsequent presentation is organized as follows.
The model is introduced in Section 2, where some
analytical results are reported too. Results of the
systematic numerical investigation are summarized in
Section 3. The paper is concluded by Section 4.

2 The model and analytical considerations

Following Ref. [42], we adopt the single-component

GPE, written in the scaled 2D form for the mean-field

BEC wave function, 1:
oy 1

1
15 = *§V2¢ —glvlPy + §K(t)7"2¢7 (2)
where constant g=+1 or g= -1, with |g| =1 fixed by
obvious scaling of ¢ (unless we set g =0 in the linear
model), represents, severally, the self-focusing of defocus-
ing, r is the radial coordinate, and coefficient x(t) is
adopted as per Eq. (1). The norm of the confined state
is defined as

o) 27
N:/ rdr/ dé |v (r,0)%,
0 0

where 6 is the angular coordinate.

The 2D model based on Egs. (2) and (1), with ¢
replaced by the propagation distance z, may be also
realized as the nonlinear Schrédinger equation governing
the light propagation in the bulk medium built as a
concatenation of waveguiding and antiwaveguiding
elements, which correspond to the segments with g = +1
and g = —1, respectively [44]. Formation and stability of
optical solitons in the 1D waveguiding-antiwaveguiding

3)
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chain was analyzed in Ref. [45], but such models were
not previously considered in 2D.
One can take the stationary version of Eq. (1) for

¥ = exp(—iwt +10)p(r),

with vorticity S = +1:

1 [/ d?
w¢——§ <d’1"2+

The angular momentum of this state is

(4)

)-8 frarte. (9

rdr 12

00 27 )
M = i/ rdr/ doyy—* = £N. (6)
Below, we focus on the vortices with S = +1.
Equation (5) is invariant with respect to the scaling
transform,

(W> (b, T, Rdc) —

[ w A [ 1 / 1

W = —, T = {/Wor = — K -y

( W07 0 a¢ ,—w0¢a de w(2)

with an arbitrary positive scaling factor wy (note that

the transform does not change the norm, N'=N). A
straightforward consequence of Eq. (7) is

w’ Khe
W R 8
w Rdc ( )

The square-root dependence produced by Eq. (8)
provides an exact explanation for the relevant numerical
results presented below.

A deeper analytical consideration is possible in the
case of the nonstationary linear system, with g =0 and
kae 7 0 in Eqgs. (2) and (1). In this case, an exact solution
for the nonstationary wave function, driven by the time-
dependent potential coefficient «(t), is looked for as

)+ ()

Vin (.0, 1) = A(t)rS exp (—ix(t) iSO — ;a(t)r2> ,
9)

cf. Eq. (4), with real amplitude A(t), phase x(t), and
integer vorticity S >0 (not necessarily S =1). The real
and imaginary parts of the complex Gaussian parameter
in this ansatz,

a(t) = Re (a(t)) +i Im (a(t)), (10)

account for the localization of the wave function and its
radial chirp [46, 47], respectively. The conserved norm of
expression (9) is

Nijin = 75142 [Re(a)] =5+, (11)

The substitution of ansatz (9) in Eq. (2) with ¢ =0
leads to an evolution equation for a(t),

d

ditl =i [/-@(t) — a2] , (12)

while the evolution if A(t) is determined by Re(a(t))

through Eq. (11), and phase x(t) evolves according to

the equation
dxy

X — (8 + 1) Re(a(t)).

m (13)

The most important equation in this set is (12), which
may be solved exactly in the case of constant « [i.e., if
kae =0 in Eq. (1)]. This solution also provides an
approximation for slowly (adiabatically) varying r(t)
(this means that the TEM frequency is much smaller
than the eigenfrequency of shape oscillations of the
trapped vortex, which is discussed in detail as below):

a(t) ~
(V/Al0) + o) exp (Qi /0 t mw) — (VAT - )

(m—l— ao) exp (Qi /Ot mdt') + (W— a())
(14)

where ao is the initial value of a(t), which may be taken
as a real one. In the case of k = const, the exact solution
is obtained by setting [ \/k(#)dt — /st in Eq. (14). If
the periodically varying (t) becomes negative (i.e., the
quadratic potential becomes expulsive), one should
substitute /k =iy/|x| during the corresponding part of
the TEM cycle. At ¢t — oo, the Gaussian parameter,
given by Eq. (14), approaches the evident slowly varying
asymptotic value,

k(2). (15)

For s =const>0, Egs. (13) and (15) reproduce the
commonly known eigenvalues of the 2D harmonic oscil-
lator, p= (S +1) /.

To check the validity of the approximate analytical
solution given by Egs. (9)—-(14), Fig. 1 displays its
comparison with the numerical solution of the underlying
GPE (2), in the case of g = 0. It is seen that the approx-
imation is very accurate, if the respective
frequency, w = 4, is not small, hence the applicability of
the asymptotic approximation is not obvious. In fact,
the analytical solution also provides a good approximation
for the numerical solutions of the nonlinear GPE with
lg| = 1, provided that the norm is not too large.

In the case of k = const = k4. < 0, the asymptotic value
(15) yield imaginary auympy, which implies that the
stationary state is delocalized under the action of the
expulsive potential. In this case, the formal solution
given by Egs. (9), (11), and (13) is irrelevant, as it
corresponds to N = co. Instead, direct analysis of Eq. (5)
readily provides an analytical solution with the following
asymptotic form at r — oo:

k(1)

I

Qasympt =

even
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Fig. 1 The density pattern of the numerical solution of Eq. (2) (the top row) and its approximate analytical counterpart
given by Egs. (9)—(13) (the bottom row) at t=1 (a), t=200 (b), t=401 (c), and t =600 (d). The parameters are
(N, g, Kde, Fac, w) = (1,0,1,0.5,4) (the value of norm N is not essential for this linear solution).

,',,2
¢asympt(7") = ¢07’71 cos | —— +Xo | » (16)
2 |I€dc|

which does not depend on chemical potential p, nor on
the vorticity, while ¢q and x, are real constants. In fact,
expression (16) is weakly delocalized (on the contrary to
an intuitive expectation that the inverted quadratic
potential expel the wave function “very far” from the
center), as the integral norm (3) of the asymptotic wave
function (16) slowly diverges with the increase of radius
R of the 2D cylindrical domain: N ~ n¢3InR. In other
words, the expulsive quadratic potential leads to the
establishment of the stationary state (16) with amplitude
¢o ~+/N/(rInR), which, in the first approximation,
does not depend on strength |k4| of the expulsive poten-
tial. In this case, the eigenvalue spectrum is continuous,
admitting all real values y >0 and p < 0.

In the general case, when the above adiabatic approxi-
mation may not apply, it is useful to split the complex
equation (12), that cannot be solved exactly, into a
system of real ones, by means of the substitution (10),
which yields

tm(a) = 1 [Re(a)] " STRe(a). 7
d2 3 _1]d 2
@Re(a) =3 [Re(a)] {dtRe(a)}

— 2[Re(a)]® + 2k(t)Re(a). (18)

Although Eq. (18) does not admit an analytical solution,
it provides details of the narrowest and widest configu-

rations of the Gaussian core of ansatz (9): both configu-
rations, with %Re(a) =0, have no radial chirp, according
to Eq. (17). Further, the narrowest one, corresponding
to a maximum of Re(a(t)), must have $3Re(a) <0, hence
Eq. (18) demonstrates that the narrowest configuration
is attained at [Re(a)]” > k(t). On the other hand, the
widest configuration, which corresponds to a minimum
of Re(a), must have $Re(a) >0, hence Eq. (17) implies
k(t) > [Re(a))® in this case. Thus. the widest configuration
may only be attained at x(t) >0, when the quadratic
potential in Eq. (2) is confining. This conclusion is
confirmed by numerical simulations, as shown in Fig. 2.
It seems counterintuitive, as one might “naively” expect
the largest expansion of the Gaussian core to occur at
the TEM stage with the expulsive sign of the potential,
k(t) < 0. This counterintuitive fact is also confirmed by
numerical simulations for fundamental states, with
S=0.

3 Numerical results

In this work, we have adjusted the numerical scheme
elaborated in Ref. [42]. To this end, vortical stationary
solutions of Eq. (2) with x,. = 0 were produced by means
of the imaginary-time integration method [48-50]. Then,
using the stationary solutions as inputs, simulations of
the full GPE (2), including &, # 0, were performed by
means of the usual split-step fast-Fourier-transform
algorithm [50]. The system’s parameters were varied to
identify stable, quasi-stable, and unstable dynamical
states in the course of the long-time simulations with
initial conditions subjected to additive 5% random noise.

113202-4
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Fig. 2 (a) The evolution of parameter x(t) (the right-hand vertical axis) and radius of a stable vortex state (the left-hand
vertical axis), produced by the numerical solution of the linear version of Eq. (2) with sign-varying x(¢). (b) A zoomed-in
view of the evolution in a shorter time interval. It is observed that, as predicted analytically, the largest values of the radius
correspond to x(t) > 0. The parameters are (N, g, Kqc, Kac,w) = (1,0, 1,2, 27).

Systematic numerical simulations of Eq. (2) with the
self-attractive nonlinearity, g = +1, reveal that the norm
plays a crucial role in the stability of the vortex states
with S =1 under the action of TEM, while all the states
with S >2 are unstable. For values of the parameters
considered in this work (see below), we have confirmed
the existence of stable and quasi-stable vortex solitons
with g = +1 and vorticity S =1 within the interval

0< N < Npax =~ 9.5. (19)

In this interval, the robustness of the vortex solitons
varies, depending on the other parameters, as reported
below. No stable or quasi-stable vortex states were
found for N > N, in either static traps and time-periodic
potentials.

3.1  Fully stable vortex states with S =1

Naturally, vortex states may be stable when norm N is
not too large [23]. We have found that fully stable
vortices in the case of the self-focusing nonlinearity,
g = +1, exist in an interval

N < Ny ~ 7.8, (20)

which is narrower than the full one (19) (the remaining
part is populated by quasi-stable vortex states, see
below).

The stability of the states produced by Eq. (2) for
fixed N is determined by the TEM parameters r,. and
w, which are defined in Eq. (1). Figure 3 demonstrates
typical examples of the stable and unstable evolution of
the vortex states. In particular, for (k,,w) = (0.5,4), the
radius of the vortex state periodically varies, giving rise
to a dynamically stable oscillator (breather) in panel (a),
with the phase distribution displayed in panel (b). On
the other hand, for (k,,w)=(0.5,2), the vortex is
destroyed by instability, as shown in panel (c).

Generic stability charts for the vortex solitons in the
(Kae, w) Plane, in the case of the self-focusing nonlinearity
(9=+1), are presented in Figs. 4(a) and (b). The
vortices are stable beneath the lower boundaries and
above the upper ones. In cases of the sign-changing
potential strength, i.e., k> rge in Eq. (1), the lower
stability area disappears, whereas the upper ones
persists. This is possible because rapid alternations
corresponding to large TEM frequencies w, in the upper
area, may help to mitigate the destructive effect of the
evolution stages in which the potential is expulsive,
while this stabilization mechanism does not act in the
lower area. Sharp jumps of the lower boundaries in
panels (a) and (b) correspond to discrete transitions in
the number of modulation periods required for vortex
splitting, reflecting the quasi-periodic nature of the split-
ting-recombination dynamics. Below, we present the
findings for ku < kg, as the results obtained in the

Zhihuan Luo, et al., Front. Phys. 21(11), 113202 (2026)
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Fig. 3 (a) and (b) show the evolution and phase distribution, respectively, of a typical stable vortex state for parameters
(Kac,w) = (0.5,4). (c) illustrates the evolution of a typical unstable state for (sa.,w)=(0.5,2). The other parameters are

(N, k) = (1,1), and g = +1 (the self-focusing nonlinearity).

upper stability area feature no essential difference
between the cases k,. < kge and kge > Kge-

In the limit of k,. — 0, the upper and lower stability
boundaries meet at the resonance point, denoted by wyes
in Figs. 4(a, b). This is explained by the fact that the ac
term, with a small amplitude &k,, resonates with an
intrinsic mode of the vortex state in the stationary
setup, which was found in earlier studies [23]. The resonant
frequency w,s represents the eigenfrequency of small
oscillations of the radial width around its equilibrium
value, for the vortex trapped in the stationary potential.
When the modulation frequency approaches this value,
the external forcing can resonantly enhance the breathing
dynamics. It is relevant to mention that the interplay of
the cubic nonlinearity with the stationary trapping
potential may produce higher-order eigenfrequencies of
small oscillations. The possibility of the resonance at the
higher eigenfrequencies, produced by the application of
the management, may be a subject for an additional
work. This resonant point shifts upward with the
increase of gy, as seen in Fig. 4(c). As explained above
and shown in Fig. 4(c), this feature is exactly explained
by the analytical result Eq. (8), which is based on the
scaling argument.

The stability charts for different values of norm N in
the system with the self-focusing nonlinearity, g = +1,

b
@, ®
; 4
3
32 S
2
1 1
0 0
0 03 06 09 12 15 0 05 1

are collected in Fig. 5. The upper stability boundaries
for different norms are nearly identical, whereas the
lower ones exhibit small deviations at relatively large
values of k,.. Thus, within the range shown in Eq. (20),
the weak dependence on the norm implies that the
stability of the vortices with S =1 is dominated by the
linear part of the underlying equation (1), akin to the
situation for the trapped states with S =0 reported in
Ref. [42].

The fact that the stability in the present range is
chiefly determined by the linear properties of the model
is clearly corroborated by the stability charts plotted in
Fig. 5(b) for a fixed norm (N =1) and values of the
nonlinearity coefficient g = +1, —1, and 0 in Eq. (1). Tt
is observed that stability areas for either sign of the
nonlinearity, g = +1, is indeed nearly identical to the
one in the linear system, with g = 0.

The situation is drastically different at N > N, in
which case the vortices develop dynamical instability in
the self-focusing system, g=+1, as shown in detail
below. On the contrary, with g=—1 (self-defocusing) the
vortices remain stable for arbitrarily large values of N.

3.2 Quasi-stable vortex states with S =1 and g = +1

(self-focusing nonlinearity)

Further numerical analysis reveals that, in a relatively

© 6
--e--Numerical result
5 | = Theoretical result )
4- e B
82 3- &

2- .

1 L

0
1.5 2 2.5 3 0 1 2 3 4 5 6
Kac Kq

Fig. 4 (a) The stability chart for the vortex state in the (k.,w) plane for x4 = 1. The vortex is stable in the green areas
and unstable in the white one between them. The upper and lower stability boundaries meet at the resonance point,
wies = 2.00. (b) The the same as in (a), but for re = 2, resulting in w., = 2.83, in agreement with Eq. (8). (¢) The resonance
values wps VS. k4, as produced by the numerical findings and analytical result (8), which are in complete agreement. The
other parameters are N =1 and g = +1 (the self-focusing sign of the nonlinearity).
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Fig. 5 Stability charts in the (ku.,w) plane for different norms N, self-focusing sign of the nonlinearity (g = +1), and fixed
ke = 1 (a), and for different values of the nonlinearity coefficient, g = +1 and 0, keeping fixed values (N, rq) = (1,1) (b).

narrow interval of the norm values,

Ner < N < Ny = 8.5, (21)

the vortices with S =1 exist but exhibit a behavior
distinct from that of the stable axisymmetric oscillating
states. The vortices periodically break the axial symme-
try, spontaneously splitting into a rotating pair of frag-
ments, which then recombine to restore the original
vortex. We define such periodically splitting and recom-
bining vortex states as quasi-stable ones, to distinguish
them from the stable axial-symmetry-preserving states,
which are reported above. To verify the robustness of
these states, we perturbed the initial condition with
additive random noise at the 5% amplitude level, and
performed long-time simulations, up to ¢~ 10* in the
scaled units, confirming that the quasi-stable vortex
structure persists throughout the evolution. The periodic
cycle of the fission and fusion of the quasi-stable vortices
is illustrated by the set of snapshots displayed in Fig. 6.
The rotation of the pair of the fragments is seen in
panels (b) and (c), while the intensity distributed in
different quadrants is always symmetric with respect to
the origin (rotation pivot). The magnitude and sign of
the rotation angular velocity are determined by the
conservation of the angular momentum [see Eq. (6)],
hence the quasi-stable vortex state with S = —1 (instead

@)sg

~

=0

of S =+1 considered above) periodically splits into the
pair of fragments rotating in the opposite direction.

As the intensity distribution of the quasi-stable mode
keeps its symmetry with respect to the origin, the intensity
weights of different quadrants can be utilized to identify
the particular state as a full vortex or a two-fragment
form. Figure 7 displays a typical instance of the evolution
of the intensity weights in the first and second quadrants
for the quasi-stable state, with periodically oscillating
intensity weights. Note that the respective rotation
frequency, which is determined by the fixed value (6) of
the input angular momentum, is ~ 7 times larger than
the frequency of fission-fusion cycle.

The splitting-recombination period of the quasi-stable
state depends on norm N and TEM parameter kg, as
shown in Fig. 8. With the increase of N and kg, the
splitting-recombination period decreases, as the effective
nonlinearity and confinement, which drive this process,
become stronger. The rotation period of the two-fragment
form is plotted vs. N and kg in panels (c) and (d),
respectively, indicating that the rotation period weakly
depends on N but decreases with the increase of xyc.

The persistence boundaries for the quasi-stable states
have been carefully analyzed, as reported in Fig. 9.
These findings bear a close resemblance to the stability
boundaries for the fully stable vortices, which are
presented above in Fig. 5, suggesting a consistent

©s 15 @38
4 I 4 Il
1
-0 ¥ ©
0.5 0.3
—4 —4
-8 0 -8 0
- -8 -4 0 4 8

8 4 0 4 8
X X

Fig. 6 Snapshots of the density profile of a quasi-stable vortex, illustrating its periodic fission and fusion in the self-focusing
system (g = +1): (a) t =5.0, (b) t =26.5, (c) t =33.2, (d) t = 60.0. The parameters are (N, kd, fac,w) = (8,1,0.5,4).
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Fig. 7 (a) The evolution of the intensity weights of the quasi-stable state in the first and second quadrants. (b) A zoomed-
in view of the evolution in a shorter time interval. The angular velocity of the rotating two-fragment form is 0.74 rad/s,

whereas the angular frequency of the fission-fusion

(N7 9, Kdc, Rac, W) = (8, +1,1,0.5, 4) .

pattern in the behavior of the stable and quasi-stable
states in broad parameter areas.

3.3 Other vortex states with § =1 and g = +1

With the growth of the norm, the distance between the
separated fragments of the quasi-stable states increases.
When the norm attains the value Ny ~ 8.5, the adjacent
fragments cease to overlap, resulting in a rotating state
that keeps the two-fragment form without recombina-
tion. Figure 10 shows a typical example of the permanently
separated pair of fragments, which persists and keeps
rotating, so as to conserve the initial angular momentum
(6). In panel (a), the intensity weights of the first and
second quadrants are not equal, indicating that the two
fragments do not recombine. Snapshots of this permanently
separated state are displayed in panels (b)—(d). It persist
up to N = Npu ~ 9.5, above which the state becomes
fully unstable. Figure 11 reports the stability chart for
values of N below and close t0 Ny.. As N approaches
Nmax, the stability area shrinks and eventually vanishes
at N = Npax- A typical example of the unstable evolution
for N = 9.6, slightly above N, is illustrated in Fig. 12,
where a typical collapse scenario is observed.

cycles is

much 0.11 rad/s. The parameters are

lower,

the predicted results for experimental implementation in
BEC. For the condensate of ~ 10* 7Li atoms, with the
radial trap frequency w,=27x100 Hz and atom
number, values of the scaledg norm N ~ 5 are experi-
mentally feasible. The time-modulation frequency of the
trapping potential,  ~ w,, lies within accessible experi-
mental ranges.

3.4 Vortex states with § > 2

In this work, we do not address higher-order vortex
states, as no stable vortices with S > 2 have been found
in the case of the self-focusing nonlinearity (g = +1)
(while they may be stable under the action of the self-
defocusing, g = —1). Preliminary results indicate that, in
the case of $=2 and g = +1, the system may instead
maintain a rotating pair of permanently separated
vortices, each carrying S = 1. This type of the excited
vortex states is currently under investigation and will be
reported elsewhere.

4 Conclusion

It is relevant to briefly estimate the applicability of By systematically charting the existence and stability

(@) 200 ®) 160 © |5 - ( )30
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) —x2 2120 _ w2 - N=8.2
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N

Fig. 8 (a) The period of the splitting-recombination of the quasi-stable states vs. norm N. (b) The splitting-recombination
period vs. k. (c) The rotation period of the two-fragment form vs. N. (d) The rotation period vs. k.. The parameters are
(N, g, Kae,w) = (8.0,+1,0.5,4.0).
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Fig. 9 The persistence boundaries for quasi-stable states in
the (ka,w) plane for different norms N, in the case of the self-
focusing nonlinearity (g = +1) and x4 = 1.

areas for the vortex states with S =1, under the action
of the time-modulated isotropic quadratic potential,
which may periodically flip between confinement and
expulsion, we have closed a gap in the understanding of
how topological solitons respond to the application of
TEM (trapping-expulsion management). Three norm-
controlled dynamical regimes have been thus identified,
focusing on the case of the self-attractive nonlinearity:

@

“

Intensity
j=] (=)
=

e
—

OO

quasi-stable states at 7.8 < N < 8.5, and rotating perma-
nently separated states at 8.5 < N < 9.5. Stability bound-
aries of these regimes are plotted in the parameter
planes, underscoring the universal character of the
underlying parametric resonance, which determines the
point at which the stability boundaries commence. All
higher-order vortices are unstable, splitting into sets of
unitary vortices.

Our results suggest a previously unexplored route to
the creation of topologically protected pulsating modes,
that may be used, in particular, as data carriers. In this
context, the quasi-stable periodically splitting and
recombining states exhibit predictable windows in which
the vortex-encoded phase can be read out before the
next recombination. Thus, the scheme offers a natural
clock for the coherent readout.

The predicted regimes can be realized experimentally
in available BEC setups using ultracold gases of 3K [51]
or "Li [52] atoms, by ramping the scattering length of
the attractive atomic interaction into the —10ag~ —100aq
range (ag =~ 0.053 nm is the Bohr radius), and modulating
the optical quadratic potential at kHz frequencies. On
the other hand, pushing the condensate beyond

(d)

Fig. 10 (a) The evolution of the intensity weights of a permanently separated vortex state in the first (red) and second
(blue) quadrants, in the case of g = +1 (the self-focusing nonlinearity). Snapshots of the permanently separated states in the
course of the evolution: (b) ¢ =300, (c) ¢t =600, (d) ¢t = 900. The angular velocity of the rotation is 0.75 rad/s. The parameters

are (N, Kdc, Fac, w) = (8.8,1,0.5,4.0).

@) 4 ) 4
3 3

? 2 82
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K,

ac

Fig. 11

0.6 0.8 1
K,

ac

The stability charts for the permanently separated rotating pair of fragments in the plane of (k.,w) at values of

the norm N =9.3 in (a) and 9.4 in (b). Stability areas are painted green. Other parameters are (g, x4e) = (+1,1). No stable

state was found for N > 9.5.

Zhihuan Luo, et al., Front. Phys. 21(11), 113202 (2026)

113202-9



Fe > FRONTIERS OF PHYSICS

<

*2_4\yb X

RESEARCH ARTICLE
(a) (b) (c)
8
= 3000
8
4 4
1 2000 - 0] f
~0 @ -4
1000 -8 .
4 05 ° 7
_ g
0 N 3 W %
4 2 o v T T4 >, @
-8 0
-8 —4 0 4 8
X

Fig. 12 An unstable vortex state with S =1 and g= +1 (the self-focusing nonlinearity). (a) The input density profile of
the state at ¢t =0, with a small perturbation. (b) The collapsed state at ¢t = 1000. (c) The evolution of the unstable vortex

state. The parameters are (N, g, fac, w) = (9.6,1,0.5,4).

Nmax = 9.5 triggers the collapse in the self-attractive
BEC, a regime in which the interplay of the three-body
loss and TEM may create dissipative vortex lattices, cf.
Ref. [53]. Extending the TEM protocol to anisotropic or
annular settings may help to stabilize higher-order
vortices, offering a possibility to discover new dynamical
modes in quantum gases [27, 41]. A similar setting may
be realized in a bulk waveguiding-antiwaveguiding
system in nonlinear optics. Thus, the results reported
here demonstrate that TEM enables the use the
quadratic potential as a tool for the realization of
controllable soliton metamorphoses.
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