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ABSTRACT

The  design  of  coupler-based  superconducting  two-qubit  gates  simplifies
circuit  layout  and  alleviate  frequency  crowding,  thereby  enhancing  the
scalability  and  flexibility  of  quantum  chips.  However,  in  such  architec-
tures,  a trade-off often exists between suppressing crosstalk and reducing
gate duration, and how to achieve synergistic optimization of both remains
an open challenge. To address this, this paper proposes a coupler-assisted
superconducting  two-qubit  geometric  gate  scheme  oriented  towards
crosstalk robustness. By introducing additional parametric degrees of free-
dom,  the  scheme  steers  the  system  evolution  along  desired  trajectories,
thereby flexibly avoiding crosstalk-sensitive operational regions. Numerical
simulations  demonstrate  that  the  proposed  scheme  can  effectively
suppress crosstalk errors while enabling fast gate operations, and exhibits
strong robustness against typical experimental imperfections such as qubit
frequency  drift.  Moreover,  even  when  accounting  for  unavoidable  high-
frequency  oscillation  terms  and  qubit  decoherence  in  realistic  physical
systems,  our crosstalk-robust  two-qubit  geometric  gates  still  achieve high
fidelity. This work provides a feasible pathway toward robust and efficient
two-qubit  gate  implementation  in  superconducting  quantum  computa-
tion.
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 1   Introduction

Unlike  classical  computers,  quantum  computers  can
simultaneously  handle  a  vast  number  of  computing
tasks,  thereby  exponentially  improving  computational
efficiency  [1].  As  an  emerging  strategy,  quantum
computing  demonstrates  the  potential  to  address

complex problems that classical computers are unable to
solve.  However,  the  current  gate  performance  still
cannot meet the requirements of fault-tolerant quantum
computing,  resulting  in  excessive  resource  consumption
and  making  fault-tolerant  quantum  computing  still
face  huge  challenges  [2].  Therefore,  enhancing  the
performance of quantum gates on multiple physical plat-
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forms  is  crucial  for  realizing  fault-tolerant  quantum
computing.

Among  the  various  quantum  computing  platforms,
superconducting quantum circuits are recognized as one
of  the  most  promising  architectures.  In  contemporary
superconducting  quantum processors,  besides  improving
the decoherence time of qubits, reducing gate times can
also fundamentally enhance the decoherence performance
of  the  gates.  However,  increasing  gate  speed  typically
necessitates  stronger  inter-qubit  coupling,  which  intro-
duces more pronounced undesirable interactions, thereby
creating a trade-off  between gate speed and fidelity [3].
Furthermore,  since  the  fidelity  and  gate  speed  of  two-
qubit gates are currently lower than those of single-qubit
gates  [4],  this  trade-off  has  a  particularly  significant
impact  on  two-qubit  gates.  The  primary  schemes  for
implementing  two-qubit  gates  include  cross-resonance
[5–10],  parametrically  tunable  couplings  [11–20],  and
tunable  coupler  schemes  [21–26].  Among  these,  the
tunable  coupler  schemes  can  dynamically  adjust  the
interaction  between  qubits  and  solve  the  problem  of
frequency  crowding  [21].  Therefore,  a  substantial
number of studies are currently evaluating its advantages
through experimental testing.

CP(θ + δ) CP(θ)

For two-qubit gate implementations based on tunable
couplers,  crosstalk  [27, 28]  is  one  of  the  critical  factors
limiting the improvement of gate fidelity, with its influence
persisting  throughout  the  entire  dynamical  process  of
gate operation. Typical examples include: (i) unintended
evolution  of  qubits  caused  by  residual  interactions  [24,
29, 30];  (ii)  spectator-qubit  effects,  whereby  operations
on the target qubit induce errors in idle or non-participating
qubits  [31, 32];  (iii)  control-line  crosstalk,  which  is  the
interference  of  control  signals  on  adjacent  devices  [33].
Among these, the residual ZZ interaction, also known as
ZZ crosstalk,  alters  the  phase  accumulated  within  the
target  two-qubit  subspace  during  the  execution  of  the
two-qubit  gate,  resulting  in  an  actual  operation  of

 rather  than  the  intended  quantum gate 
[3, 34, 35]. Previous tunable coupler schemes reduce the
impact  of ZZ crosstalk  by  adjusting  the  coupler
frequency,  but  this  also  reduces  the  effective  coupling
strength,  increases  the duration of  gate  operations,  and
consequently  limits  gate  operation  performance  due  to
decoherence  and  error  accumulation.  Additionally,  the
academic  community  has  proposed  quantum  control
schemes  such  as  dynamically  decoupling  [36–41]  and
Hamiltonian reverse design in the rotating frame [42] to
suppress ZZ crosstalk. Although these methods effectively
suppress ZZ crosstalk,  they  often  entail  increased
resource  consumption,  introduce instability  in  processor
performance, or add complexity to gate implementation.
Therefore,  achieving  high-fidelity  and  robust  two-qubit
gates  in  a  simple  manner  within  the  tunable  coupler
architecture remains an open challenge.

Here,  we  propose  a  coupler-assisted  superconducting
two-qubit  geometric  gate  scheme  oriented  towards ZZ
crosstalk robustness. Our approach introduces additional
parametric degrees of freedom to steer the system evolution
along  desired  trajectories,  thereby  flexibly  avoiding
crosstalk-sensitive operational regions. Furthermore, the
scheme does not require complex pulse shaping or auxiliary
qubit  resources,  thus  not  introducing additional  control
overhead.  Through  detailed  numerical  simulations,  we
demonstrate  that  the  proposed  scheme  effectively
suppresses  the  effect  of ZZ crosstalk  errors  while
enabling  fast  gate  operations.  It  also  exhibits  strong
robustness  against  typical  experimental  imperfections,
such  as  qubit-frequency  drift.  Finally,  even  when
accounting  for  unavoidable  high-frequency  oscillation
terms  and  decoherence  effects  in  realistic  physical
systems,  our  crosstalk-robust  two-qubit  geometric  gates
still  achieve high fidelity. Meanwhile, in the subsequent
content,  the  crosstalk  we  discuss  refers  only  to ZZ
crosstalk.

 2   Coupler-assisted tunable coupling

Q1 Q2 C

ω1 ω2

ωc

gk k = 1, 2

g12

We consider a general system consisting of two transmon
qubits  ( , )  coupled  via  a  tunable  coupler  ( ),  as
shown  in Fig.  1(a).  The  two  qubits  (the  transition
frequencies  as  and )  each  couple  to  the  coupler
(the transition frequency as ) with a coupling strength

 ( ), as well as to each other through a capacitor
with a coupling strength . Without loss of generality,
the system original Hamiltonian can be written as 

Hsys = H0 + V, (1a)
 

H0 =
∑

i=1,2,c

(
ωia

†
iai +

αi

2
a†ia

†
iaiai

)
, (1b)

 

V =
∑
k=1,2

gk(a
†
kac + aka

†
c) + g12(a

†
1a2 + a1a

†
2), (1c)

a†i ai i = 1, 2, c

gk ≪ |∆k| = |ωk − ωc|

U = exp{
∑

k=1,2 gk/∆k(a
†
kac − aka

†
c)}

gk/∆k

where  and  ( )  are,  respectively,  the  corre-
sponding  raising  and  lowering  operators.  In  the  strong
dispersive  regime,  where ,  and
assuming  that  the  coupler  mode  remains  in  its  ground
state,  the  qubit-qubit  Hamiltonian  with  the  tunable
coupler decoupled can be derived by making the unitary
transformation  [43,
44] and keeping to second order in : 

H =
2∑

k=1

(
ω̃ka

†
kak +

αk

2
a†ka

†
kakak

)
+ g̃(a†1a2 + a1a

†
2),

(2)
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ω̃k = ωk + g2k/∆k

g̃ = g12 + g1g2/∆

1/∆ = (1/∆1 + 1/∆2)/2

g̃

g12 g1g2/∆

ϕ(t)

where  is  the  transformed  qubit
frequency, and  is the transformed qubit-
qubit coupling strength with . It is
evident  that  the  transformed  coupling  strength 
consists  of  two  components,  and .  When
applying  a  flux  bias  to  the  tunable  coupler,  the
frequency of  the  tunable  coupler  follows the relation as
[45]
 

ωc(ϕ) = ωc,0

√
| cos (πϕ/Φ0)|, (3)

Φ0 g1g2/∆

ϕ(t) ϕ(t)

g̃

ϕ(t) = ϕDC + ϕAC cos(ωϕt+

φ) ϕDC ϕAC cos(ωϕt+ φ)

ϕAC ωϕ φ

φ = 0

ω̃k

ϕAC cos (ωϕt+ φ)

ϕAC = 0.1 ≪ 1 ϕAC ϕDC Φ0

where  is the flux quantum. The magnitude of 
can  be  adjusted  via .  Since  the  flux  bias  is
continuously adjustable, the coupling strength  can also
be  continuously  adjusted  within  a  certain  range.  To
achieve  parametrically  tunable  coupling,  we  apply  a
modulation flux on the coupler, 

,  where  is  the  DC flux  bias,  and 
is  a  sinusoidal  fast-flux  bias  modulation  with  an
amplitude ,  frequency ,  and  phase  [14].
Conventional two-qubit gate construction schemes typi-
cally  fix ,  here  we  introduce  it  as  the  first
adjustable  parameter.  Expanding  in  the  parameter

 to  second  order  under  the  condition
 (  and  are expressed in units of )

[14], we obtain
 

ω̃k(ϕ) ≈ ω̃k(ϕDC) + ϕAC
∂ω̃k

∂ϕ

∣∣∣∣∣
ϕ→ϕDC

cos (ωϕt+ φ)

+
ϕ2AC
2

∂2ω̃k

∂ϕ2

∣∣∣∣∣
ϕ→ϕDC

cos2 (ωϕt+ φ)

= ω̃k(ϕDC) +
ϕ2AC
4

∂2ω̃k

∂ϕ2

∣∣∣∣∣
ϕ→ϕDC

+ ϕAC
∂ω̃k

∂ϕ

∣∣∣∣∣
ϕ→ϕDC

cos(ωϕt+ φ)

+
ϕ2AC
4

∂2ω̃k

∂ϕ2

∣∣∣∣∣
ϕ→ϕDC

cos(2ωϕt+ 2φ). (4)

g̃A similar expansion hold for : 

g̃(ϕ) ≈ g̃(ϕDC) +
ϕ2AC
4

∂2g̃

∂ϕ2

∣∣∣∣∣
ϕ→ϕDC

+ ϕAC
∂g̃

∂ϕ

∣∣∣∣∣
ϕ→ϕDC

cos(ωϕt+ φ)

+
ϕ2AC
4

∂2g̃

∂ϕ2

∣∣∣∣∣
ϕ→ϕDC

cos(2ωϕt+ 2φ). (5)

Φ0 ϕAC ≪ 1

Φ0

g̃

g̃

ϕ

Since the flux bias is often measured in units of the flux
quantum ,  implies that the modulation ampli-
tude  is  much  smaller  than ,  ensuring  that  in  the
expansion,  we  can  effectively  ignore  the  influence  of
higher-order terms. According to the definition of , the
first-order partial derivative expansion of  with respect
to  is 

∂g̃

∂ϕ
= −g1g2∆̇(ϕ)

∆2(ϕ)
= −2g1g2(∆̇1∆

2
2 +∆2

1∆̇2)

∆2(ϕ)(∆1 +∆2)
, (6)

where 

∆̇k = −ω̇c =
1

2

π

Φ0
ωc,0

[
sin
(
π
ϕ

Φ0

)
/

√
cos
(
π
ϕ

Φ0

)]
.

(7)

ωc ϕ

∆̇k
∂g̃
∂ϕ

Once  is  determined,  is  also  consequently  deter-
mined; therefore, at this point, the values of  and 
can be determined respectively.

a†kak

ϕ = ϕDC

In  the  interaction  frame,  the  oscillating  terms
appear as a trigonometric function within the argument
of  the  natural  exponential  function.  Since  these  terms
average to zero over time, their net contribution to the
system  dynamics  can  be  effectively  neglected.  After
updating  Eq.  (2)  to  include  all  other  expansion  terms,
the  Hamiltonian  in  a  frame  rotating  at  the  qubit
frequency  becomes  (with  all  quantities  evaluated  at

) 

 

Qubit 1 Qubit 2Coupler

ϕ(t)


e/(

2π
) (

M
H

z)


 /(

2π
) (

M
H
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~

|ξ
ZZ

|/(
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) (
M

H
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Fig. 1  (a) Schematic  circuit  of  the  coupler  system.  Two-
qubit gate is realized by applying a fast-flux bias  to the
coupler  SQUID  loop. (b) Based  on  Eq.  (2),  Eq.  (6)  and
Eq.  (11),  the  relationships  between  the  effective  coupling
strength  and ,  and  between  transformed  qubit-
qubit coupling strength  and  respectively, have been
simulated. (c) Based  on  Eqs.  (12)–(14),  the  relationship
between the absolute value of the ZZ crosstalk strength 
and  is simulated.
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H ′ = g′
[
ei∆12,ϕt|10⟩⟨01|+ ei(∆12,ϕ−α2)t

√
2|11⟩⟨02|

+ ei(∆12,ϕ+α1)t
√
2|20⟩⟨11|+ H.c.

]
, (8)

where 

g′ =

(
g̃ +

ϕ2AC
4

∂2g̃

∂ϕ2

)
+ ϕAC

∂g̃

∂ϕ
cos(ωϕt+ φ)

+
ϕ2AC
4

∂2g̃

∂ϕ2
cos(2ωϕt+ 2φ), (9)

|nm⟩ = |n⟩Q1
⊗ |m⟩Q2

n,m ∈ N
∆12,ϕ = ω̃1(ϕDC)− ω̃2(ϕDC) +

ϕ2
AC

4 (∂
2ω̃1

∂ϕ2 − ∂2ω̃2

∂ϕ2 )

the state vector  with ,  and
.

i

ωϕ = ∆12,ϕ φ = 0

ωc

i

ωϕ = ∆12,ϕ

{|10⟩, |01⟩}
ωϕ = ∆12,ϕ − α2

{|11⟩, |02⟩}

δ ωϕ = ∆12,ϕ − α2 + δ δ ≪ ∆12,ϕ − α2

∆12,ϕ ωϕ + α2 − δ

In  the  previous  scheme  [3],  the  two-qubit SWAP
gates  were  realized  by  applying  a  sinusoidal  fast-flux
bias  modulation  pulse  to  the  tunable  coupler,  with  the
frequency set to  and the phase fixed at .
In  addition,  it  was  found  that  increasing  the  coupler
frequency  can  partially  suppress ZZ crosstalk.
However, this approach simultaneously extends the gate
duration, thereby increasing the exposure of the system
to  other  error  sources,  such  as  decoherence  and  high-
frequency oscillatory terms. As a result, despite achieving
partial  suppression  of ZZ crosstalk,  the  overall  gate
fidelity is ultimately reduced due to the accumulation of
these additional errors. The SWAP gate can be realized
by setting ,  which allows the effective Hamil-
tonian’s subspace to be ; whereas the CZ gate
can  be  achieved  by  setting ,  resulting  in
the effective Hamiltonian subspace being . To
provide  additional  parameter  for  CZ  gate  performance
optimization, we introduce the second adjustable param-
eter  by setting  with .
By  replacing  with  and  using  Euler’s
formula, we get 

H ′′ =
ϕAC
2

∂g̃

∂ϕ
[e−i(δt+φ)

√
2|11⟩⟨02|+ H.c.]

+
ϕAC
2

∂g̃

∂ϕ
[ei(2ωϕt−δt+φ)

√
2|11⟩⟨02|+ H.c.]

+
ϕ2AC
8

∂2g̃

∂ϕ2
[e−i(ωϕt+δt+2φ)

√
2|11⟩⟨02|+ H.c.]

+
ϕ2AC
8

∂2g̃

∂ϕ2
[ei(3ωϕt−δt+2φ)

√
2|11⟩⟨02|+ H.c.]

+ (g̃ +
ϕ2AC
4

∂2g̃

∂ϕ2
)[ei(ωϕt−δt)

√
2|11⟩⟨02|+ H.c.]

+ · · · .
(10)

δ ≪ ∆12,ϕ − α2

V (t) = exp(−i∆e(|11⟩⟨11|−

Given that , all terms except the first one
is  treated  as  high-frequency  oscillation  terms  and  are
consequently neglected. To enable the effective Hamilto-
nian  with  a  more  general  form  and  simultaneously
provide additional tunable parameter freedom for subse-
quent  trajectory  optimization  strategy,  we  apply  the
unitary  transformation 

|02⟩⟨02|)t/2)

∆e

δ

φ

e−iϕe(t)

∆eσ̃z {|11⟩, |02⟩}

 which transforms the system from the original
interaction  picture  to  one  characterized  by  an  effective
detuning . This transformation decomposes the phase
 that originally appears in the coupling term into two

parts:  one  part  remains  in  the  effective  coupling  term,
together  with  the  initial  phase  of  the  pulse ,  forming
the phase factor ;  the other part manifests as an
effective detuning term  that acts on the 
subspace. Consequently, the explicit form of the effective
Hamiltonian is 

He = −1

2
∆eσ̃z +

ge
2
(e−iϕe |11⟩⟨02|+ H.c.), (11)

ge=
√
2ϕAC

∂g̃
∂ϕ ϕe = (δ −∆e)t+ φ σ̃z = |11⟩⟨11|−

|02⟩⟨02| ϕDC ϕAC
ge

δ φ

ωc
∂g̃
∂ϕ

ge
ωc ge

ge
ωc

∆12/(2π) = 0.5 GHz
ωc,0/(2π) = 7.5 GHz α1/(2π) =

α2/(2π) = −200 MHz
g1/(2π) = g2/(2π) = 86 MHz

g12/(2π) =

5 MHz

where  , and 
. Therefore, once the magnitudes of  and 

are  determined,  the  effective  coupling  strength 
becomes a constant. Meanwhile, by adjusting the param-
eters  and , the specific form of the effective Hamiltonian
can  be  modified.  From  Eq.  (6)  and  Eq.  (7),  it  can  be
seen that changing  also affects the magnitude of ,
thereby influencing the value of . To further investigate
the  relationship  between  and ,  we  used  numerical
simulations to generate Fig. 1(b). It is evident that the
effective coupling strength  decreases with the increase
of . Here, we set a conservative parameter region with
the  detuning  of ,  coupler  frequency

,  qubit  anharmonicity 
.  Additionally,  specify  the  nearest-

neighbor  coupling  strength 
and  next-nearest-neighbor  coupling  strength 

,  in  accordance  with  state-of-the-art  technologies
of superconducting qubits [46, 47].

Our objective is to effectively suppress various sources
of errors, including ZZ crosstalk, which arises from residual
interactions  between  qubits,  can  induce  spurious  phase
accumulation  during  gate  operations,  thereby  reducing
gate fidelity.  To quantitatively assess  the impact of ZZ
crosstalk on gate fidelity, here we define 

HZZ = ξZZσ
1
Z ⊗ σ2

Z , (12)

ξZZ σ1
Z

σ2
Z

Q1 Q2

ξZZ ξZZ = ξ(0) + ξ(1) + ξ(2)+

ξ(3) + ξ(4) ξ(z) z

ξ(z) ≡ E
(z)
11 − E

(z)
10 − E

(z)
01 + E

(z)
00

where  denotes  the ZZ crosstalk  strength,  with 
and  representing  the  corresponding  Pauli-Z opera-
tors.  The  conventional  Schrieffer–Wolff  (SW)  transfor-
mation  method  constructs  an  effective  Hamiltonian
through second-order truncation. However, to accurately
calculate the ZZ crosstalk between  and , it is not
enough to only keep up to the second order in the SW
transformation.  Therefore,  we  use  the  perturbation
approach [48, 49] to derive the ZZ crosstalk coupling to
second,  third  and  fourth  order  of  the  system  original
Hamiltonian  Eq.  (1).  The  result  for  the ZZ crosstalk
strength ,  can  be  defined  as 

, where  denotes the th-order ZZ crosstalk
strength, defined as  with
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E
(0)
s = H

(0)
s , E

(1)
s = Vss, (13a)

 

E
(2)
s =

∑
j ̸=s

|Vsj |2

Esj
, (13b)

 

E
(3)
s =

∑
j,h̸=s

VsjVjhVhs
EsjEsh

, (13c)

 

E
(4)
s =

∑
j,h,l ̸=s

VsjVjhVhlVls
EsjEshEsl

+
∑
j,h̸=s

|Vsj |2|Vsh|2

E2
sjEsh

, (13d)

H
(0)
s = ⟨s|H0|s⟩ Vsj = ⟨s|V |j⟩ Esj = E

(0)
s − E

(0)
j

j, h, l |Q1Q2, C⟩
{|00, 0⟩, |01, 0⟩, |10, 0⟩, |11, 0⟩, |01, 1⟩, |10, 1⟩, |02, 0⟩,

|20, 0⟩, |00, 2⟩} s { |00, 0⟩,
|01, 0⟩, |10, 0⟩, |11, 0⟩}

where , , .
The  indices  correspond  to  the  state  in
the  set 

,  while  belongs  to  the  set 
.  Thus,  according  to  Eq.  (13),  and

after making the approximation, we have 

ξ(0) = ξ(1) = 0, ξ(2) =
2g212(α1 + α2)

(∆12 + α1)(∆12 − α2)
, (14a)

 

ξ(3) = 2g12g1g2

[
1

∆1

(
2

∆12 − α2
− 1

∆12

)
− 1

∆2

(
2

∆12 + α1
− 1

∆12

)]
, (14b)

 

ξ(4) =
2g21g

2
2

∆1 +∆2 − αc

(
1

∆1
+

1

∆2

)2

+
g21g

2
2

∆2
1

(
2

∆12 − α2
− 1

∆12
− 1

∆2

)
+
g21g

2
2

∆2
2

(
− 2

∆12 + α1
+

1

∆12
− 1

∆1

)
. (14c)

ξZZ

ωc

ge
ξZZ

Based on Eq. (14), we can clearly observe the relationship
between the ZZ crosstalk  strength  and the  coupler
frequency .  Therefore,  we  plotted Fig.  1(c)  using
Eqs. (12)–(14) in conjunction with the system parameters
described earlier. From Figs. 1(b) and (c), it is not difficult
to  observe  that  the  effective  coupling  strength  and
the  crosstalk  strength  both  decrease  with  the
increase  in  the  coupler  frequency.  Therefore,  while
conventional  methods  can  reduce  crosstalk  strength  by
tuning the  coupler  frequency,  these  methods  simultane-
ously  weakens  the  effective  coupling  strength  between
qubits,  thereby  prolonging  gate  time  and  increasing
decoherence.

δ φThe  introduction  of  adjustable  parameters  and 
through  magnetic  flux  modulation  is  significant  for
addressing the dual challenges of ZZ crosstalk and deco-
herence.  By utilizing  these  parameters,  we can enhance
optimal control techniques, thereby overcoming the limi-
tation  of  previous  methods  that  lacked  parameter

adjustability  and  were  confined  to  a  fixed  evolution
trajectory, and ultimately identifying the optimal evolution
trajectory  under  the  combined  constraints  of ZZ
crosstalk and decoherence.

 3   Trajectory optimization for crosstalk
suppression

To obtain the optimal  evolution trajectory for  suppress
ZZ crosstalk, we propose a trajectory correction scheme
based on geometric phase. We now consider the Hamil-
tonian as shown in Eq. (11) and choose a set of dressed
states, that are orthogonal to each other, as 

|Ψ1(t)⟩ = eif1(t)|ψ1(t)⟩, |Ψ2(t)⟩ = eif2(t)|ψ2(t)⟩, (15)

where 

|ψ1(t)⟩ = cos
χ(t)

2
|11⟩+ sin

χ(t)

2
eiξ(t)|02⟩, (16a)

 

|ψ2(t)⟩ = sin
χ(t)

2
e−iξ(t)|11⟩ − cos

χ(t)

2
|02⟩. (16b)

Besides,  to  satisfy  the  boundary  condition  of  cyclic
evolution 

|ψk(0)⟩ = |ψk(τ)⟩, (17)

χ(0) = χ(τ) = 0

|ψ2(0)⟩
|ψ1(t)⟩

f1(t)

|ψ1(t)⟩
χ(t) ξ(t)

[0, π] [0, 2π)

we need to ensure , and this implies that
 is not in the computational subspace. Therefore,

we take the  as an example, on which the overall
phase  is accumulated at the final time. The detail
evolution  trajectory  of  is  shown  on  the  block
sphere in Fig. 2 by visualized parameters  and ,
which  represent  the  polar  and  azimuth  angles,  respec-
tively,  in  the  range  of  and .  Meanwhile,  by
solving the Schrödinger equation, the parameter-limited
relationships can be confirmed as 

χ̇(t) = ge sin[ϕe(t)− ξ(t)], (18a)
 

ξ̇(t) = −∆e(t)− ge cotχ(t) cos[ϕe(t)− ξ(t)]. (18b)

τ

In addition, the overall phase accumulated during the
evolution period  is written as 

γ = f1(τ) = −f2(τ) =
∫ τ

0

ξ̇(t)[1− cosχ(t)] + ∆e(t)

2 cosχ(t)
dt,

(19)

which includes two parts, namely, the dynamical phase 

γd = −
∫ τ

0

⟨Ψ1(t)|He(t)|Ψ1(t)⟩dt

=
1

2

∫ τ

0

ξ̇(t) sin2 χ(t) + ∆e(t)

cosχ(t)
dt, (20)
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and the geometric phase 

γg = γ − γd = −1

2

∫ τ

0

ξ̇(t)[1− cosχ(t)]dt, (21)

γgwhere  is the geometric phase [50–53], as it is given by
half  of  the solid angle enclosed by the evolution trajec-
tory.

χ(t), ξ(t) γTherefore,  after  determining  and ,  we  can
ultimately express the evolution operator as 

U(γ) = |Ψ1(τ)⟩⟨Ψ1(0)|+ |Ψ2(τ)⟩⟨Ψ2(0)|
= eiγ |ψ1(τ)⟩⟨ψ1(0)|+ e−iγ |ψ2(τ)⟩⟨ψ2(0)|
= eiγ |11⟩⟨11|+ e−iγ |02⟩⟨02|. (22)

ge(t) ϕe(t) ∆e(t)

|ψk(t)⟩ ξ(t) χ(t)

Once  the  evolution  operator  is  established,  the  time-
dependent  control  parameters , ,  and 
directly  dictate  the  evolution  details  of  state  vector

,  which  is  characterized  by  and .  This
indicates that by adjusting the Hamiltonian parameters,
arbitrary  desired  evolution  trajectories  can  be  deter-
mined.

S1
S1 → S2 → S1

(χ, ξ)

Consider the simplest evolution trajectory depicted in
Fig.  2(b),  which  evolves  strictly  along  the  longitude  of
the Bloch sphere and is  referred to as  the conventional
single-loop  nonadiabatic  geometric  computation  scheme
(SNGQC)  [54–57].  This  scheme  is  commonly  employed
in experiments to implement a controlled-phase gate. It
strictly eliminates the dynamical phase, starting from 
and going along . Specifically, in the coordi-
nates , the detailed steps are follows: (i) Firstly, the

|ψ1(t)⟩ S1(0, ξ1)
ξ(t) = ξ1

S2(π, ξ1) t = τ1
ξ(τ1 + ϵ) = ξ2

ϵ≪ 0 |ψ1(t)⟩
S1(0, ξ2)

ξ(t) = ξ2

state  begins  at  the  North  Pole  and
evolves along the line of longitude at , reaching
the South Pole  at time . Subsequently, the
azimuthal  angle  is  adjusted  to  within  an
infinitesimal  duration .  (ii)  Next,  the  state 
returns to the North Pole  by following the line
of longitude at .

According  to  the  parameter  relationship  in  Eq.  (18),
we can determine the Hamiltonian parameters as 

t ∈ [0, τ1) : geτ1 = χ = π, ϕe(t) = ξ1 +
π

2
, ∆e = 0,

t ∈ [τ1, τ ] : ge(τ − τ1) = χ, ϕe(t) = ξ2 −
π

2
, ∆e = 0.

(23)

(χ0, ξ0)

γg

However,  the  starting  point  of  the  evolution
process  and  geometric  phase  are  determined  when
constructing a specific quantum gate. This scheme offers
only  one  fixed  evolution  trajectory,  which  limits  the
degrees  of  freedom for  enhancing the  crosstalk-resistant
feature of geometric gates.

γd
γg

γd = ηγg η ̸= 0, 1

η

P1 → P2 → P3 → P1
(χ, ξ)

|ψ1(t)⟩
P1(0, ξ1)
ξ(t) = ξ1 P2(χ, ξ1) τ1

|ψ1(t)⟩ χ(t) = χ

P3(χ, ξ2) τ2
|ψ1(t)⟩ P1(0, ξ2)

τ ξ(t) = ξ2

Therefore, it is necessary to develop an unconventional
nonadiabatic  geometric  quantum  computation  scheme
(UNGQC)  by  incorporating  latitude  evolution  trajec-
tory.  In  contrast,  UNGQC  requires  only  that  the
dynamic  phase  maintains  a  fixed  proportional  rela-
tionship  with  the  geometric  phase ,  denoted  as

 with , where the proportionality coefficient
 is maintained at a constant value. Therefore, based on

the  the  previously  single-loop  evolution  trajectory,  we
construct the triangle-cap evolution trajectory illustrated
in Fig.  2(c),  proceeding  along .  In
the  coordinates ,  the  detailed  steps  are  as  follows:
(i)  Firstly,  the  state  begins  at  the  north  pole

 and  evolves  along  the  longitude  line  with
 to the point  at time . (ii) Then, the

state  evolves along the latitude line with 
to  the  point  at  time .  (iii)  Finally,  the  state

 returns  to  the  north  pole  at  the  final
time  along the longitude line with .

ge(t) ϕe(t)

t ∈ [0, τ1) [τ1, τ2) [τ2, τ ]

Consequently, based on the parameter relationship in
Eq. (18), we can determine the Hamiltonian parameters

 and  corresponding  to  these  three  trajectory
segments , , and  as follows: 

t ∈ [0, τ1) : geτ1 = χ, ϕe(t) = ξ1 +
π

2
, ∆e = 0, (24a)

 

t ∈ [τ1, τ2) : ge(τ2 − τ1) = 2γ sinχ
[(1 + η) cosχ− η]

(1 + η)(1− cosχ)
,

ϕe(t) = ξ1 −
ge(t− τ1)

sinχ[(1 + η) cosχ− η]
,

∆e =
ge

sinχ[(1 + η) cosχ− η]
− ge

tanχ
,

(24b)
 

 

S2

ξ

χ

S2

S1S1

P1

P2 P3

P1

P2 P3

P1

P2 P3

(b)

(c)

Step(I) Step(II)

Step(I) Step(II) Step(III)

|11>

|1(t)>

|02> |02> |02>

|02> |02> |02>

|11> |11>

|11> |11> |11>

(a)

 
|ψ1(t)⟩

χ ξ

Fig. 2  (a) The position coordinates of state vector 
at a certain moment on the Block sphere. (b) The evolution
details  of  conventional  single-loop  nonadiabatic  geometric
trajectory. (c) The  evolution  details  of  our  unconventional
nonadiabatic geometric trajectory on the Block sphere, where
 and  can be adjusted arbitrarily according to the trajectory

requirements.
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t ∈ [τ2, τ ] : ge(τ − τ2) = χ, ϕe(t) = ξ2 −
π

2
, ∆e = 0.

(24c)

χ [0, π] χ = π

Different geometric trajectories can be obtained by varying
 within  the  range  of .  When ,  the  UNGQC

scheme will be equivalent to the SNGQC scheme. There-
fore,  we  are  no  longer  confined  to  a  specific  evolution
trajectory;  instead,  we  can  select  the  most  satisfactory
evolution trajectory based on the distinct characteristics
of different trajectories.

FHere, we define the gate fidelity  with ZZ crosstalk
and high-frequency oscillation error as [58–60] 

F = Tr(U†
idealU)/Tr(U†

idealUideal), (25)

U Uideal

which  is  utilized  to  select  the  optimal  evolution  trajec-
tory,  where  and  represent  the  error-affected
evolution  operator  and  the  ideal  evolution  operator,
respectively.  We  select  the  controlled-phase  gates  to
validate our proposed scheme 

UT(γ
′) = diag(1, 1, 1, eiγ

′
), (26)

|00⟩ |01⟩ |10⟩ |11⟩
γ′

γ′ π π/2

π/4 CP(π/2)
CP(π/4)

where  the  basis  states  are , ,  and .  By
varying  the  parameter ,  different  controlled  phase
gates can be achieved. For example, setting  as , 
and  yield  the  controlled-Z  (CZ),  and

 gates, respectively.
ξZZ ge

ωc − ω1

H ′′

ϕAC ≪ 1

H ′′

UT(γ
′)

χ = 0.43π

χ ∆e ϕe

As shown in Figs. 1(b) and (c), both  and  vary
with the change of . Different evolution trajectories
exhibit different sensitivities to ZZ crosstalk. Therefore,
to identify the evolution trajectory with optimal robustness
against  residual  crosstalk  for  the  given  system parame-
ters,  we  perform  numerical  simulations  based  on  the
Hamiltonian  in  Eq.  (10),  and  plot  the  results  in
Fig. 3. It is important to note that under the condition

,  the  approximation  from  the  original  system
Hamiltonian  to  is  strictly  valid,  and  the  two  are
essentially  consistent.  As  shown  in Fig.  3,  the  optimal
evolution  trajectory  for  the  gates  consistently
occurs  when .  Therefore,  once  the  optimal
evolution parameter  is determined,  and  for each

δ φ

ωϕ

ωϕ=∆12,ϕ−α2+δ

ge/(2π) 2.5 MHz

ge/(2π) 1 MHz
2 MHz

segment can be respectively  determined using Eq.  (24),
from which  and  are subsequently obtained. Finally,
based on these parameters, the modulation frequency 
is  calculated according to the formula .
When  exceeds ,  the  stripe  patterns
emerge  in  the  image  as  the  influence  of  high-frequency
oscillation  terms  becomes  significant.  These  high-
frequency  oscillation  terms  substantially  degrade  the
fidelity,  necessitating  the  selection  of  an  effective
coupling  strength  within  the  range  of  to

. However, it is important to note that this range
of  values  corresponds  to  the  optimal  value  only  when
decoherence errors are not considered. After introducing
decoherence  errors,  the  optimal  value  of  the  effective
coupling strength needs to be reassessed.

χ = 0.43π

He + ξZZσ
1
z ⊗ σ2

z

He

ξZZ

[−0.1ge, 0.1ge]

(UUG
T (γ))

(UG
T (γ)) (UD

T (γ))

ge

χ = 0.43π

Based on the optimal trajectory ( ) identified
in Fig.  3,  we  further  employed  the  Hamiltonian

 for  numerical  simulations  to  evaluate
the influence of different crosstalk strengths (corresponding
to  other  system  parameters)  on  fidelity,  and  thereby
deriving the robustness of various schemes, in which 
is the effective Hamiltonian in Eq. (11), and  represents
the ZZ crosstalk  strength  corresponding  to  different
system  parameter  settings,  ranging  from .
The  results  are  shown  in Figs.  4(a)–(c),  where  the
schemes  we  compared  are  UNGQC  scheme ,
SNGQC scheme  and Dynamical scheme .
The  detailed  process  of  the  Dynamical  scheme  can  be
found in Appendix A. To ensure fairness in comparison,
all  schemes  adopt  the  same  effective  coupling  strength

 in  the  simulations.  These  results  demonstrate  that
our  work  can  not  only  determine  the  crosstalk  robust
trajectory  for  the  specific  system  parameters,  but  also
exhibits  strong  robustness  for  other  system  parameter
settings  when  this  evolution  trajectory  ( )  is
applied.

Simultaneously,  since  the  qubit  frequency  can  be
adjusted  through  the  external  magnetic  flux,  this  also
introduces  sensitivity  to  random  flux  fluctuations,
known as flux noise. Flux noise evidently induces qubit
frequency  drift.  Therefore,  it  is  necessary  to  further
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1
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/(2

π)
 (M

H
z)

0.8 1 0.2 0.4 0.6
χ/π

0.8 1 0.2 0.4 0.6
χ/π

0.8 1

 
UUG
T (π) UUG

T (π/2) UUG
T (π/4) χ geFig. 3  The  fidelity  of (a) , (b)  and (c)  gates  as  functions  of  and ,  respectively,  with  a

fidelity contour of 0.997 plotted in each figure.
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χ = 0.43π

He

ωk → ω′
k = ωk + δkge

k = 1, 2

investigate whether our scheme exhibits greater robustness
against  qubit  frequency  drift  compared  to  other
schemes.  Therefore,  to  demonstrate  the  suppression
capability  of  the  proposed  scheme  against  qubit
frequency  drift  errors  along  the  evolutionary  trajectory
( ),  we  plotted Figs.  4(d)–(f).  The  numerical
simulations in Figs. 4(d)–(f) utilized a Hamiltonian that
includes  the  effective  Hamiltonian  and  qubit
frequency drift errors in the form of 
with .  Obviously,  our  scheme  demonstrates  a
stronger suppression effect against qubit frequency drift.

Therefore,  in  comparison,  our  UNGQC  scheme
demonstrates  excellent  performance  in  terms  of  robust-
ness. Specifically, the suppression of ZZ crosstalk by the
triangle-cap  trajectory  arises  from  the  combination  of
the intrinsic nature of the geometric phase and trajectory
optimization.  The  magnitude  of  the  geometric  phase
depends only on the solid angle enclosed by the evolution
trajectory in parameter space, and is independent of the
specific details of the Hamiltonian evolution. This intrinsic
property  endows  geometric-phase-based  quantum  gates
with  a  natural  immunity  to  certain  types  of  errors  or
noise.  On  this  basis,  different  evolution  trajectories
exhibit  varying  sensitivities  to  different  errors.  The
conventional SNGQC scheme employs a fixed single-loop
geometric  trajectory,  which  has  limited  capability  to
avoid trajectory segments that are significantly affected
by crosstalk.

Moreover,  we further conduct trajectory optimization

χ = 0.43π

analyses on other system parameter settings. The results
demonstrate  that  our  trajectory  optimization  scheme
can  stably  achieve  crosstalk  robustness  without  relying
on fixed system parameters, and the trajectory parameter

 can serve as a reference value for experimental
implementation.

 4   Gate-fidelity evaluation

Beside,  the  decoherence  induced  by  the  inevitable
coupling of quantum system to its surrounding environ-
ment is also a consideration in physical implementation.
To further  analyze  the  performance  of  two-qubit  gates,
we  conduct  a  comprehensive  investigation  into  the
impacts  of  decoherence,  high-frequency  oscillation  error
and ZZ crosstalk.  We  next  include  these  three  effects
into  the  quantum dynamics  simulated  by  the  Lindblad
master equation [61] of 

ρ̇(t) = −i[Hsim, ρ(t)] +
∑

d=−,z

κd
2
L(Dd), (27)

ρ d = −, z
κd

L(Dd) = 2DdρD
†
d −D†

dDdρ−
ρD†

dDd

D− = |0⟩⟨1|+
√
2 |1⟩⟨2| Dz = 2 |2⟩⟨2|+ |1⟩⟨1|

where  is density operator, and  is to distinguish
decay and dephasing operator, respectively.  represent
the  decay  or  dephasing  rate. 

 is  the  Lindblad  operator.  In  simulation,  we
consider  the  decay  and  dephasing  operators  of

, .  Therefore,
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χ = 0.43 π UT(π) UT(π/2) UT(π/4)

1− F UT(π)
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Fig. 4  Utilize  the  unconventional  nonadiabatic  geometric  trajectory,  that  determined  by  the  optimal  trajectory  of
 with the low crosstalk sensitivity, to implement the robust geometric (a) , (b) , (c)  gates.

The  vertical  axis  of  subfigures  in  the  figure  represents  the  gate  infidelity  (i.e., ).  In  the  same  way, (d) ,
(e) , (f)  gates (red surface) can also demonstrate a stronger suppression on qubit frequency drift error than
conventional geometric and dynamical counterparts.
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Hsim = H ′′when ,  we can determine the evolution of  the
density  operator  under  the  influence  of  decoherence,
high-frequency oscillation error and ZZ crosstalk by solving
the  master  equation.  Following  the  definition  of  gate
fidelity,  we  can  average  the  fidelity  across  all  initial
states to ultimately derive the gate fidelity [62, 63] 

Fdec(t) =
1

4π2

∫ 2π

0

∫ 2π

0

⟨ψ(τ)|ρ(t)|ψ(τ)⟩dθ1dθ2, (28)

|ψ(τ)⟩ = U(τ)|ψ0⟩
|ψ0⟩ = (cos θ1|0⟩1 + sin θ1|1⟩1)⊗

(cos θ2|0⟩2 + sin θ2|1⟩2)
t = 0

where  is  the  ideal  final  state  with  a
general  initial  state  being 

.  Therefore,  even  before  evolution
begins  (i.e.,  at ),  some  initial  states  are  not
completely  orthogonal  to  certain  ideal  final  states,
resulting  in  an  average  state  fidelity  (i.e.,  gate  fidelity)
greater than zero. Hence, in this context, the simulated
gate  fidelity  corresponds  to  the  average  state  fidelity
over a set of initial states after they have undergone the
gate  operation,  which  is  clearly  different  from  the
fidelity  trend  of  a  specific  state,  particularly  at  the
initial  time.  Consequently,  the  starting  point  of  gate
fidelity varies depending on the specific gate operation.

Hsim = He

κ = κ− = κz

To exclude  the  influence  of  other  error  sources  (such
as high-frequency oscillations) and evaluate the sensitivity
of  each  scheme  to  decoherence,  we  use  the  effective
Hamiltonian  and  incorporate  decoherence
effects  (including  energy  decay  and  dephasing)  via  the
master  equation  for  numerical  simulations,  resulting  in
the plot shown in Figs. 5(a)–(c), where . The
simulation results clearly demonstrate that our UNGQC

κ = ge/500 UT(π)

scheme has  the  lowest  sensitivity  to  qubit  decoherence.
Specifically,  when ,  the  fidelity  of  gate
in  the  UNGQC  scheme  improves  by  0.7%  and  1.4%
respectively  compared  to  the  SNGQC  scheme  and
Dynamical  scheme.  Other  gate  types  are  also  improved
accordingly.

Hsim = H ′′

κ = κ− = κz = 2π × 2 kHz

ge
2π × 4.3 MHz

ϕAC ≪ 1

H ′′

τ1
τ2 τ1

To evaluate the gate fidelity under realistic supercon-
ducting  implementation  conditions,  including  decoher-
ence, high-frequency oscillation terms, and ZZ crosstalk,
we consider the Hamiltonian  and incorporate
decoherence  effects  via  the  master  equation  (with  a
uniform  decoherence  rate  of ),
thus illustrating the results through numerical simulation
in Figs. 5(d)–(f). Unlike the previous case, after considering
the  effects  of  decoherence,  high-frequency  oscillation
terms,  and ZZ crosstalk,  the  optimal  value  of  is
approximately . It is necessary to emphasize
again  that  under  the  weak-driving  condition ,
the  approximation  from  the  full  system  Hamiltonian
[i.e., Eq. (1)] to  is rigorously valid, and the difference
in fidelities obtained from simulating the two is less than
0.01%, confirming the validity of this approximation and
allowing  for  the  simulation  of  errors  in  actual  physical
processes.  Furthermore,  due  to  the  fact  that  different
segments correspond to different effective Hamiltonians,
the  system  parameters  will  experience  discontinuous
changes at the moments when the effective Hamiltonian
undergoes  transformations  (i.e.,  at  the moments  and

 in the UNGQC scheme,  or  at  the moment  in the
SNGQC  scheme),  causing  the  gate  fidelity  to  exhibit
discontinuous  variations  during  the  time  evolution
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Fig. 5  Comparison  of  performance  under  decoherence  in  different  schemes  for (a) , (b)  and (c) 
gates.  And  we  further  conducted  individual  analyses  of  the  gate  fidelity  under  the  combined  influence  of  crosstalk,  high-
frequency oscillation and decoherence for (d) , (e)  and (f)  gates.
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process.  The  final  simulation  results  demonstrate  that,
under  realistic  conditions,  our  UNGQC  scheme  still
achieves  high gate fidelity.  Currently,  multiple  research
groups have experimentally realized geometric quantum
gates  and  achieved  high  fidelity,  further  demonstrating
the feasibility of our approach [64, 65].

 5   Conclusion

In  conclusion,  we  have  proposed  a  coupler-assisted
superconducting  two-qubit  geometric  gate  scheme  that
effectively  addresses  the  trade-off  between  crosstalk
suppression and gate duration. By leveraging additional
parametric  degrees  of  freedom  to  steer  the  evolution
away  from  crosstalk-sensitive  regions,  the  scheme
enables  fast  and  high-fidelity  two-qubit  operations.
Numerical  results  confirm  its  strong  robustness  against
typical  experimental  imperfections  such  as  qubit
frequency drift,  and its  ability to maintain high perfor-
mance  even  under  realistic  conditions  including  high-
frequency oscillations and decoherence.
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Appendix A: Dynamical scheme

{|11⟩, |02⟩}
∆e = 0 ϕe(t) = ϕD

In  general,  the  dynamical  gates  utilize  a  resonant  two-
level  Hamiltonian  with  a  constant  phase  parameter.
Therefore,  for  the  effective  Hamiltonian  within  the

 subspace shown in Eq. (11), we set the effective
Hamiltonian parameters as , , thus 

HD(t) =
1

2

(
0 gee−iϕD

geeiϕD 0

)
. (A1)

τ

Correspondingly,  the  evolution  operator  at  the  final
moment  can be written as 

UD(θD, ϕD) = e−i
∫ τ
0

HD(t)dt

=

 cos
θD
2

−ie−iϕD sin
θD
2

−ieiϕD sin
θD
2

cos
θD
2

 ,

(A2)

θD =
∫ τ

0
ge(t)dt θD

ϕD
UT(γ

′) = diag(1, 1, 1, eiγ
′
)

where .  By  setting  different  values  of 
and ,  various  two-qubit  gates  can  be  obtained.  To
realize  the  gate  within  the

dynamical  scheme  as  well,  we  need  to  specify  a  gate
sequence: 

UD
T (θz) = UD

(
π

2
, π

)
UD

(
θz,−

π

2

)
UD

(
π

2
, 0

)
. (A3)

γg

UD
T (π) UD

T (π/2)

π/2 UD
T (π/4)

π/4

In this process,  the geometric phase  accumulated by
the  quantum  state  is  zero.  Thus,  the  two-qubit  gate
constructed  in  this  way  is  called  a  dynamical  gate.
Accordingly,  corresponds to the CZ gate, 
corresponds to the CP( ) gate, and  corresponds
to the CP( ) gate.
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