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ABSTRACT

We propose a scheme for optimizing two-qubit gate operations in a deco-
herence-free  subspace  (DFS)  using  the  gradient  ascent  pulse  engineering
(GRAPE)  algorithm,  where  the  system  consists  of  nitrogen-vacancy  (NV)
centers in diamond coupled to a whispering-gallery-mode microresonator.
The logical qubits in this scheme are encoded in the DFS, which effectively
avoids collective decoherence and provides a long coherence time for high-
fidelity quantum operations. The GRAPE algorithm is used to design and
optimize  the  control  pulse  sequences  required  for  the  target  operation,
thereby compensating for common errors and ensuring that the quantum
gate maintains high fidelity  under non-ideal  conditions.  As examples,  we
successfully  implement  high-fidelity  and  robust  controlled-phase  and
SWAP  gates.  Numerical  simulations  demonstrate  the  effectiveness  and
superiority  of  the  proposed scheme.  The strategy  of  combining  encoding
protection  with  optimal  control  shown  in  this  work  can  be  extended  to
implement universal quantum gates in complex quantum systems.
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 1   Introduction

High-fidelity quantum computation forms the foundation
for  realizing  cutting-edge  technologies  such as  quantum
information  processing  [1–4],  quantum  communication
[5–8], and quantum sensing [9]. In recent years, research
on quantum computation across various physical platforms
has achieved remarkable progress in both theoretical and
experimental aspects [10–19]. Realizing precise and reliable
quantum computation typically  requires  addressing two
main  challenges:  the  decoherence  induced  by  the
inevitable interaction between the system and the envi-
ronment, and the errors arising from the control process
[20–22]. Several methods have been developed to overcome

these obstacles, e.g., the construction of decoherence-free
subspaces  (DFSs) [23–29]  and quantum optimal  control
[30–35].

The  basic  idea  of  DFS  is  to  exploit  the  symmetry
structure of the interaction between the system and the
environment, thereby making quantum operations tolerant
to decoherence effects induced by the environment [24].
Schemes  for  implementing  quantum  gates  within  DFS
have been proposed in various physical systems, including
nuclear  magnetic  resonance  [36, 37],  superconducting
circuits  [38–40],  trapped  ions  [41–43],  optical  systems
[44], and color centers in diamond [45–48]. Among these
platforms,  the  nitrogen-vacancy  (NV)  centers  in
diamond are one of the promising candidates due to the
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superior  optical  and  spin  properties  [49].  On  the  one
hand,  NV  centers  exhibit  long  electron  spin  coherence
time even at room temperature, and quantum states can
be  readily  initialized,  manipulated,  and  read  out  via
external  laser  and  microwave  fields  [50–53].  On  the
other hand, whispering-gallery-mode (WGM) microcavi-
ties  feature  ultrahigh  quality  factors  and  small  mode
volumes.  Coupling  WGMs with  NV centers  can  signifi-
cantly  enhance  light–matter  interactions  and  thus
improve  the  photon–spin  coupling  efficiency  [54–57],
enabling the realization of fast and high-fidelity quantum
gates.

In quantum optimal control, driving fields are typically
determined  via  iterative  methods  to  steer  the  system
dynamics  towards  a  predefined  objective  [58–62].  Until
now, various efficient and robust numerical optimization
methods  have  been  developed,  such  as  the  gradient
ascent  pulse  engineering  (GRAPE)  algorithm  [63],
stochastic  gradient  descent  algorithm  [64],  and  the
Krotov method [65]. Among these, the GRAPE algorithm
is especially notable for its efficiency in finding suitable
solutions  with  fast  convergence  in  parameter  space.
Compared  with  traditional  analytical  pulse  designs  [66,
67],  the  GRAPE  algorithm  is  not  limited  to  a  specific
form  of  the  Hamiltonian  and  can  naturally  incorporate
parameter constraints and noise models. To address the
challenges of unavoidable decoherence and control noise,
robust and stochastic GRAPE methods have been intro-
duced [30, 68]. These methods systematically sample the
error  models  and  optimize  the  control  pulses  based  on
the performance of these samples, for example, the average
fidelity.  Such  a  design  allows  the  resulting  control
strategies  to  exhibit  high  tolerance  to  frequency  drifts,
amplitude  errors,  and  decoherence  processes.  In  addi-
tion, high-speed GRAPE algorithms that combine parallel
computing  and  GPU-based  automatic  differentiation
make it possible to optimize hundreds of control parameters
simultaneously, which greatly improves the efficiency of
solving optimization problems in high-dimensional quan-
tum  systems  [69–71].  Particularly,  GRAPE  algorithms
combined  with  machine  learning,  such  as  those  using
deep neural networks to assist with initial pulse guesses
or  to  adjust  parameters  online,  can  also  reduce  the
dimensionality of the search space [72, 73].

In  this  work,  we  propose  a  scheme  to  optimize  two-
qubit  gate  operations  using  the  GRAPE  algorithm
within  DFS.  The  system  consists  of  NV  centers  in
diamond  coupled  to  a  WGM  microresonator.  Under
large  detuning  conditions,  only  couplings  between  low
energy states exist, making the scheme insensitive to the
spontaneous  emission  of  the  NV centers.  By  restricting
the  system  dynamics  to  the  DFS,  the  qubits  are
protected from collective dephasing and other noise. On
this  basis,  we  use  the  GRAPE  algorithm  to  effectively
suppress  the  impact  of  systematic  errors  on  quantum
gates.  Specifically,  by  optimizing  an  average  objective

function that accounts for various uncertainties, such as
thermal  noise  and  amplitude  errors,  the  robustness  of
control can be significantly improved. The advantage of
this scheme is that it can automatically search for optimal
pulse  sequences  for  any  given  target  quantum gate.  As
specific  applications,  we  implement  robust  controlled-
phase  and  SWAP  gates  in  NV  centers  coupled  to  a
microsphere  resonator.  The  results  show  that  the  two-
qubit  gates  designed  using  this  scheme  maintain  high
fidelity even in the presence of thermal noise and amplitude
errors.

 2   System Hamiltonian

∣∣3A2

⟩
|ms = ±1⟩ |ms = 0⟩

As  shown  in Fig.  1(a),  the  system  consists  of  four  NV
centers  in  diamond strongly  coupled  to  the  WGM of  a
fused-silica  microsphere  resonator.  Each  NV  center  is
placed around the equator of the microsphere to ensure
uniform  and  efficient  interaction  with  the  WGM.  The
energy-level  structure  of  NV  centers  is  shown  in
Fig. 1(b). The combined symmetry of the electronic and
orbital  structures determines that the ground state is  a
spin  triplet  state .  In  the  absence  of  a  magnetic
field,  there  is  a  2.88  GHz  energy  splitting  between  the
levels  and .  The Coulomb interaction
induces  an  optical  transition  between  the  ground  and
excited states with an energy gap of 469 THz [74], where
the excited states  include two spin–orbit  doublet  states
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Fig. 1  Schematic  of  the  system. (a) Four  identical  NV
centers  (silver  dots)  are  equidistantly  attached  around  the
equator of a fused silica microsphere. (b) Energy-level structure
of a single NV center in diamond. (c) Simplified energy-level
diagram for the -th NV center ( ).
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 and , two orbital doublet states  and ,
and  two  spin  singlet  states  and .  When  the
nonaxial  crystal  strain  is  much  smaller  than  the
spin–orbit  splitting,  the  combined  effects  of  spin–orbit
and spin–spin interactions lead to an energy splitting of
at  least  5.5  GHz  between  the  state  and  the  other
excited states [74]. The excited state  can decay by
radiation of the left and right circular polarizations, with
equal probability of jumping to  and 
[75].  In  this  work,  the  basis  states  and  of  the
qubit  are  encoded  in  the  ground  states 
and  of  the  NV  center,  respectively.  The
excited state  corresponds to the orbital excited state

. In this way, a -type structure is established.
j (j = 1, 2, 3, 4)

|0⟩j |e⟩j

ωc gj

|1⟩j |e⟩j
ωL,j ϕj

Ωj/(2π)

ℏ = 1

For  the -th  NV  center ,  the  transition
between the ground state  and the excited state 
is  coupled  to  the  WGM  of  the  microsphere  with
frequency  and  coupling  strength ,  as  shown  in
Fig. 1(c). Meanwhile, the transition between the ground
state  and the excited state  is driven by a classical
laser  field  with  frequency ,  phase ,  and  Rabi
frequency . The total Hamiltonian of the system
can be written as ( ), 

H = ωca
†a+

4∑
j=1

[∑
n

ωn |n⟩j(n) + gja |e⟩j(0)

+ Ωje−i(ωL,jt+ϕj) |e⟩j(1)
]
+ H.c., (1)

a† a

ωn n

n ∈ {0, 1, e}

where  ( )  is  the  creation  (annihilation)  operator  for
the WGM,  is the energy of the -th level of the NV
center with , and H.c. denotes the Hermitian
conjugate.

gj
Ωj

∆ = ωe − ω0 − ωc

When  both  the  coupling  strength  and  the  Rabi
frequency  are  much  smaller  than  the  detuning

, applying the rotating wave approxima-
tion  and  second-order  perturbation  theory  [76],  the
Hamiltonian in the interaction picture can be written as 

Hi =
4∑

j=1

ηj
[
aσ+

j e
i(δjt+ϕj) + H.c.

]
, (2)

σ+
j = |1⟩j⟨0|

ηj = − 1
2gjΩj

(
1

∆−δj
+ 1

∆

)
δj = ω1 − ω0 − ωc + ωL,j

with  raising  operator ,  effective  coupling
strength , and effective detuning

.

m r 1 ≤ m, r ≤ 4 m ̸= r

δj
ηj

Furthermore,  when  the  laser  fields  selectively  drive
the -th and -th NV centers  (  and )
and  the  effective  detuning  is  much  larger  than  the
effective coupling strength , the Hamiltonian given by
Eq. (2) can be simplified to [77] 

HC =
Ω̃mr

2

(
e−iφmrσ−

mσ+
r + H.c.

)
, (3)

Ω̃m,r = ηmηr(1/δm + 1/δr)

φmr = φm − φr

with  effective  Rabi  frequency 
and phase difference . Here, we ignore the

Stark shift which can be compensated by laser fields. As
a result, by individually modulating the laser fields, it is
possible  to  implement  two-qubit  gates  in  the  NV
centers.

 3   Robust optimization of two-qubit gates
based on DFS

ωc

Be

In the current system, a major source of decoherence is
collective decoherence. This type of noise arises since all
NV  centers  are  coupled  to  a  shared  environment.  For
example,  the frequency  of  the microsphere resonator
may  slowly  drift  due  to  temperature  variations,  or  the
external  magnetic  field  may undergo  global  fluctua-
tions. Although originating from different sources, these
noise processes act in a similar way and can be described
by a unified interaction Hamiltonian, 

HI =

(
4∑

i=1

σi
z

)
⊗B ≡ Sz ⊗B, (4)

Sz =
∑4

i=1 σ
i
z z

B Sz

B

Sz

where  is  the  total  spin  operator  in  the -
direction for the four NV centers. Since all qubits interact
with the same environment  via the same operator ,
any phase noise induced by  is identical for each eigenstate
of .  Crucially,  the  construction  of  the  DFS  takes
advantage  of  this  symmetry.  Therefore,  an  effective
protection  strategy  can  be  constructed  as  long  as  this
collective coupling structure persists.

To  mitigate  the  collective  decoherence  described  by
Eq.  (4),  we  can  construct  a  six-dimensional  DFS
subspace  using  four  NV centers  [78].  The  basis  vectors
for this subspace are 

S = {|0101⟩ , |0110⟩ , |1001⟩ , |1010⟩ , |0011⟩ , |1100⟩}.
(5)

|00⟩L =

|0101⟩ |01⟩L = |0110⟩ |10⟩L = |1001⟩ |11⟩L = |1010⟩
|a1⟩ = |0011⟩ |a2⟩ =

|1100⟩

Here,  the  first  four  basis  vectors  are  selected to  encode
two logical qubits, which are defined as follows: 

, , , .  The
remaining  two  basis  vectors,  and 

, are used as auxiliary states.

m r

After  constructing  the  noise-resistant  DFS  encoding,
we proceed to achieve high-fidelity quantum logic gates
within this subspace. As shown in Section 2, by precisely
controlling external laser fields, one can induce effective
interactions between the -th and -th NV centers, and
the effective Hamiltonian in Eq. (3) can be rewritten as 

HC(t) =
Ω̃mr(t)

2

[
eiϕmr(t) |10⟩mr(01)

]
+ H.c. (6)

|01⟩mr ↔ |10⟩mr m

r

This  Hamiltonian  describes  the  selective  transition
 within the subspace formed by the -th

and -th qubits.
It should be noted that although a simple pulse with a
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ϕmr(t)

specific  pulse  area  can  achieve  target  operations,  it  is
highly  sensitive  to  unavoidable  parameter  errors  (e.g.,
laser  power  fluctuations),  leading  to  poor  gate  fidelity.
To  overcome  this  difficulty,  we  employ  the  GRAPE
algorithm  to  design  pulse  sequences  that  are  robust
against  such  errors.  Within  the  framework  of  the
GRAPE  algorithm,  directly  optimizing  is  rather
complicated.  Therefore,  we  decompose  the  Hamiltonian
(6) as follows: 

HC(t) = hx(t)Hx + hy(t)Hy, (7)

Hx Hywhere  and  are defined by 

Hx = |10⟩mr(01) + |01⟩mr(10) , (8)
 

Hy = i (|10⟩mr(01)− |01⟩mr(10)) . (9)

hx(t) hy(t)

h2
x(t) + h2

y(t) = Ω̃2
mr(t)

The  pulse  amplitudes  and  are  the  updated
parameters  in  the  GRAPE  algorithm  [79],  and  they
satisfy the constraint .

To optimize these pulse amplitudes, we need to define
an  objective  function  that  quantifies  the  robustness  of
the  performance.  A  straightforward  selection  of  the
objective function is as follows: 

Φ̄(hx, hy) =
∑
i

wi Φ(hx, hy, ϵi), (10)

wi

ϵi Φ(hx, hy, ϵi)

ϵi

where  we  sample  the  errors,  are  the  normalized
weights associated with each sample , and 
represents  the gate fidelity in the presence of  a specific
error . This fidelity is defined as 

Φ(hx, hy, ϵi) =

∣∣∣Tr[U†
FU(T, ϵi)]

∣∣∣2
Tr(PDFS)2

. (11)

UF U(T, ϵi)

T ϵi
PDFS

Here,  and  are the target and actual quantum
gate at total evolution time  in the presence of error ,
respectively, and  represents the projective operator
of  the  DFS  on  the  system  Hilbert  space.  That  is,  this
objective function represents a weighted average fidelity
of error samples.

Φ̄(hx, hy)

T

N τ

hx,n hy,n

n n = 1, · · · , N

k

Φ̄(hx, hy)

Φ̄(hx, hy)

We  incorporate  the  objective  function  into
the  robust  optimization  framework  based  on  the
GRAPE algorithm, in which the total evolution time 
is  divided  into  pulse  segments  of  equal  duration ,
and  the  control  amplitudes  and  are  kept
constant during the -th segment, . The key
of  this  algorithm  is  to  iteratively  update  these  control
amplitudes by gradient ascent. In the -th iteration, we
calculate the gradient of the objective function 
with respect to each control amplitude. Since  is
a  weighted  sum of  fidelities  over  the  error  samples,  its
gradient  is  correspondingly  the  weighted  sum  of  the
individual gradients: 

ḡ
(k)
x,n =

∂Φ̄(hx, hy)

∂hx,n
=
∑
i

wi
∂Φ(hx, hy, ϵi)

∂hx,n
, (12)

 

ḡ
(k)
y,n =

∂Φ̄(hx, hy)

∂hy,n
=
∑
i

wi
∂Φ(hx, hy, ϵi)

∂hy,n
. (13)

Subsequently, the control amplitudes are updated along
the  direction  of  this  average  gradient  to  enhance  the
average fidelity, 

h
(k+1)
x,n = h

(k)
x,n + λ ḡ

(k)
x,n, (14)

 

h
(k+1)
y,n = h

(k)
y,n + λ ḡ

(k)
y,n, (15)

λ

hx,n hy,n

where  the  positive  real  number  is  learning  rate  and
determines the step size of each iteration. Through this
iterative  process,  an  optimal  set  of  pulse  sequences  for
amplitudes  and  that  actively  compensate  for
the  errors  is  obtained,  thereby  implementing  highly
robust target quantum operations.

 4   Numerical simulations

In  this  section,  we  apply  the  robust  optimal  control
framework established in the previous  section to design
two common two-qubit logic gates: the controlled-phase
gate and the SWAP gate.

 4.1   Controlled-phase gate

GP

GP

ϑ |00⟩L |11⟩L
|01⟩L |10⟩L

GP {|00⟩L , |01⟩L , |10⟩L , |11⟩L}

We  first  adopt  the  robust  optimization  method  to
achieve a controlled-phase gate denoted by . Unlike a
conventional  controlled-phase  gate,  the  gate
designed  in  our  model  applies  an  identical  geometric
phase  to the logical basis states  and , while
keeping  and  unchanged. The matrix form of

 in the basis  is given by 

GP =


eiϑ 0 0 0
0 1 0 0
0 0 1 0
0 0 0 eiϑ

 . (16)

GPIt  should  be  noted  that  can  be  recovered  to  a
conventional controlled-phase gate by performing appro-
priate local single-qubit operations.

GP

HC(t)

To  obtain ,  we  drive  the  second  and  third  NV
centers  by  laser  fields  to  induce  virtual  excitation
processes between the logical basis states and the auxiliary
states. There are two parallel and independent evolution
channels  during  system  dynamics,  and  the  effective
control Hamiltonian  is given by 

HC(t) =
Ω̃(t)

2

[
eiφ32(t) |a1⟩L(00)+eiφ23(t) |a2⟩L(11)

]
+H.c.,

(17)
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φ32(t)

Ω̃(t)τ = π |00⟩L |11⟩L

ϑ

|01⟩L |10⟩L

where  the  phase  difference  can  be  precisely
controlled by the laser fields. When the pulse area satisfies

, the logical basis states  and  individ-
ually  complete  a  cyclic  evolution  and  thus  accumulate
an  additional  phase .  According  to  Eq.  (17),  we  also
find that both logical basis states  and  are not
coupled to any states. Therefore, they remain unchanged
throughout the entire evolution process.

GP

φ32(t)

To make the target gate  robust against parameter
errors, we then employ the GRAPE algorithm to design
the  phase  difference ,  and  rewrite  the  effective
control Hamiltonian (17) as 

HC(t) = hx(t)Hx + hy(t)Hy, (18)
 

Hx =
1

2
(|a1⟩L(00) + |a2⟩L(11) + H.c.) , (19)

 

Hy =
i
2
(|a1⟩L(00) + |a2⟩L(11) + H.c.) , (20)

h2
x(t) + h2

y(t) = Ω̃2(t)

hx(t) hy(t)

where  the  amplitudes  satisfy .  By
considering  uncertainties  such  as  Rabi  frequency  errors
and thermal noise, we numerically solve for the optimal
pulse  sequences  of  and .  The  resulting  pulse
sequences  not  only  ensure  the  closure  of  the  evolution
path to eliminate the dynamical phase but also effectively
compensate  for  the  influence  of  various  systematic
errors. 

Ω̃′(t) = (1 + δ)Ω̃(t), (21)

Ω̃(t)

δ

Ω̃′(t)

δ

where  is  the  nominal  Rabi  frequency  and  the
dimensionless parameter  indicates the degree of deviation
of  the  actual  Rabi  frequency  from  its  nominal
value.  For  simplicity,  we  assume  is  a  constant  here-
after.

F

GP

δ

N = 4

δ

−0.4 < δ < 0.4

δ ∈ [−0.1, 0.1]

GP

F ≥ 0.9999 GP

δ

As shown in Fig. 2, we plot the gate fidelity  of the
obtained  controlled-phase  gate  as  a  function  of  the
Rabi frequency error . From the curve corresponding to

 in which the control pulse parameters are listed in
Table 1,  it  can be seen that even when  varies over a
wide  range  of ,  the  fidelity  remains  above
0.98. In the small range of , the fidelity can
exceed 0.9999, demonstrating the excellent robustness of
this control scheme against Rabi frequency errors. Note
that the fidelity can still reach about 0.84 even when the
error  is  the  same  as  the  target  Rabi  frequency.  This
results  from  the  specificity  of  the  gate  which  is  a
near-identity diagonal operator in the DFS space. Thus,
the  focus  should  be  on  the  high-fidelity  window  (e.g.,

) for the  gate to demonstrate the effective-
ness of the current algorithm in mitigating the error .

N

In  this  optimization  framework,  the  control  pulse  is
discretized  into  time  segments.  The  number  of
segments  is  a  key  parameter  affecting  the  final  control
performance, as it is crucial for ensuring that the imple-

N

F

δ

N

N

|δ| < 0.2

δ = 0 N

δ = 0

mented geometric gate automatically cancels the dynam-
ical phase and satisfies the closure of the evolution path.
A  larger  value  of  provides  more  degrees  of  freedom
for control, enabling the optimization algorithm to fine-
tune the control strategy more meticulously. As a result,
the  resilience  to  errors  is  also  enhanced for  the system.
Figure  2 also  displays  the  trend  of  the  fidelity  as  a
function  of  the  Rabi  frequency  error  for  different
values  of .  The  results  show  that  the  high-fidelity
plateau becomes wider as  increases.  In particular,  in
the  region  of  small  errors,  e.g., ,  the  overall
fidelity remains at a relatively high level. Note that the
peak fidelity slightly shifts from  for most , as the
current  algorithm  prioritizes  maximizing  the  average
fidelity over the error range, trading the peak performance
for a broader plateau. To obtain high fidelity at , a
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Fig. 2  (a) Fidelity  and (b) infidelity  of  the
controlled-phase  gate  vs  Rabi  frequency  error .  The
duration  of  a  single  pulse  segment  is  with 
keeping  unchanged,  the  target  phase  reads ,  and  the
total evolution time is . The learning rate is ,
and  the  robust  optimization  is  performed  over  1000  error
samples. It can be found that the system can maintain high
fidelity  within  a  large  error  range  as  the  number  of  pulse
segments  increases.

 

N = 4 Ω̃0

Table  1  Pulse  sequences  for  the  controlled-phase  gate
optimized against different errors ( , in units of ).

n
Rabi frequency error Thermal noise
hx(n) hy(n) hx(n) hy(n)

1 0.0373 −0.9993 0.4987 −0.8668

2 0.2085 0.9780 0.2511 −0.9680

3 0.4556 0.8902 −0.1061 −0.9944

4 −0.6748 −0.7380 −0.3454 −0.9385
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δ = 0

feasible approach is to perform multiple samplings near
 in the GRAPE algorithm.

GP

Next,  we  analyze  the  robustness  of  the  controlled-
phase gate  against thermal noise. At room tempera-
ture,  the  orientations  of  nuclear  spins  are  randomly
distributed. The perturbations arising from these thermal
fluctuations  can  be  treated  as  a  form of  thermal  noise,
which  is  characterized  by  slow  variations  (quasi-static)
and  can  be  regarded  as  constant  over  a  gate  operation
period [80]. Thermal noise typically limits the coherence
time of NV centers to the microsecond scale, but due to
its low-frequency nature, it can be effectively suppressed
by  refocusing  techniques  such  as  spin  echo  [81].
However, this type of noise can still lead to a degradation
in  the  fidelity  of  quantum  gate  operations  and  thus
should be considered during the optimization process. As
previously discussed, the DFS encoding provides perfect
protection  against  ideal  collective  decoherence  noise.  In
practice,  noise  sources  may not be perfectly symmetric,
leading  to  compromise  the  protective  capability  of  the
DFS.

|00⟩L ↔ |a1⟩ |11⟩L ↔ |a2⟩

∆1

∆2

Note that the thermal noises acting on the two transi-
tions,  and ,  may  not  be  fully
correlated. This asymmetry originates from subtle differ-
ences  in  the  environment  surrounding  each  NV  center,
such  as  independent  fluctuations  in  local  magnetic  or
electric fields. To more rigorously evaluate the performance
of our scheme, we construct an asymmetric noise model
where two independent thermal noise strengths,  and

, are modeled as energy detunings for these two tran-
sition  channels.  The  effective  noise  Hamiltonian  can  be
written as 

Hnoise =
∆1

2

(
|a1⟩(a1)− |00⟩L(00)L

)
+

∆2

2

(
|a2⟩(a2)− |11⟩L(11)L

)
. (22)

∆1 ∆2

N = 4

∆1

∆2 N

0.999

N = 4

−0.1

0.1 N = 8

N

Figure  3 shows  the  robustness  of  the  gate  fidelity
against thermal noise strengths  and  for different
numbers  of  pulse  segments,  where  the  control  pulse
parameters for  are presented in Table 1. We can
clearly  see  a  central  high-fidelity  region where  both 
and  are  zero.  As  the  number  of  pulse  segments 
increases,  the  area  of  this  high-fidelity  region  expands,
and  the  fidelity  distribution  within  it  becomes  flatter.
Specifically, the region with fidelity above  is relatively
small for , whereas this high-fidelity region covers
almost  the  entire  square  parameter  space  from  to

 when  increased  to .  This  result  demonstrates
that  increasing  the  degrees  of  control  freedom  (i.e.,
increasing )  enables  the  GRAPE  algorithm  to  find
more optimal control solutions that actively compensate
for asymmetric noise over a broader range. One can also
observe  that  the  fidelity  contours  is  asymmetric  with
respect to the distribution of thermal noises. The reason
can be understood as follows. First, the presence of thermal

noises  break  the  symmetry  of  the  system  dynamics,
causing the optimization to converge on control solutions
that  compensate  for  energy  shifts  asymmetrically.
Second,  the  current  algorithm  utilizes  randomly  initial
pulses.  While  the  final  result  converges  on  the  locally
optimal solution, the optimization path is influenced by
the initial selection, potentially biasing the compensation
to  be  more  effective  for  certain  directions  of  thermal
noises.  This  might  also  contribute  to  the  asymmetrical
feature of the final fidelity curve.

Finally,  we  compare  the  performance  of  the  robust
optimization strategy proposed in this work with that of
nonadiabatic noncyclic  geometric quantum computation
(NNGQC) [82] for implementing a controlled-phase gate.
The  NNGQC method leverages  the  inherent  robustness
of  the  geometric  phase,  providing  it  with  natural
resilience against certain types of  global noise [82].  The
performance  of  this  method is  highly  dependent  on  the
precise implementation of analytical pulse shapes and is
consequently sensitive to deviations in some parameters.
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Fig. 3  Robustness  of  the  controlled-phase  gate  against
variations  in  thermal  noises  and  for  different
pulse segments. (a) . (b) . The central region of
near-unit fidelity outlined by the contour lines expands as 
increases.  This  indicates  that  increasing  the  control  degrees
of freedom enables the optimization algorithm to find favorable
control solutions, thereby effectively compensating for asym-
metric noise over a wide region.
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N = 6

ϵ ∈ [−0.1, 0.1]

0.9999

In contrast, our GRAPE-based framework is a numerical
optimization method that compensates for specific errors
by maximizing an objective function that incorporates a
range of error samples. As shown in Fig. 4, our method
with  significantly enhances the gate fidelity over a
large error range. Particularly in the small error regime
of ,  it  maintains  a  fidelity  greater  than

,  forming  a  broad  high-fidelity  plateau.  In
contrast, the fidelity of the NNGQC scheme deteriorates
as the error deviates from zero. The root of this performance
difference lies in the fact that our algorithm, by exploring
a high-dimensional control space, identifies a flat optimal
region that is insensitive to Rabi frequency fluctuations,
whereas  the  analytical  solution  of  NNGQC corresponds
to  a  sharp  optimum  that  is  susceptible  to  parameter
variations.

 4.2   SWAP gate

S1

The SWAP gate is a common and crucial two-qubit gate
to  construct  complex  quantum  circuits  in  quantum
computation.  The  action  of  the  SWAP  gate  is  to
exchange the states of two qubits, and its matrix repre-
sentation in the logical qubit subspace  can be repre-
sented as 

USWAP =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 . (23)

Here,  we  propose  a  two-step  synthesis  scheme  that
follows  the  robust  optimization  framework  presented  in
Section  3  but  decomposes  the  complex  task  into  two
more manageable steps.

In the first step, the laser fields selectively act on the
first and second NV centers, and on the third and fourth
NV centers, respectively. The control Hamiltonian of the
system is 

H1(t) =
Ω̃(t)

2

[
eiϕ12(t)

(
|10⟩L(00) + |11⟩L(01)

)
+ eiϕ34(t)

(
|01⟩L(00) + |11⟩L(10)

)]
+ H.c..

(24)

Ω̃(t)τ1 = π/2

{|a1⟩, |00⟩L, |01⟩L, |10⟩L, |11⟩L, |a2⟩}

It  is  easy  to  verify  from  Eqs.  (6)  and  (24)  that  the
evolution  processes  driven  by  the  laser  fields  on  the
first/second  and  third/fourth  NV  centers  are  mutually
independent  and  do  not  affect  each  other.  This  means
that, we can drive the first and second NV centers first,
followed  by  the  third  and  fourth  NV  centers,  without
altering the final evolution operator. When ,
the  matrix  form for  the  evolution operator  in  the  basis

 becomes 

U1 =


1 0 0 0 0 0
0 0 0 0 1 0
0 0 0 eiϑ 0 0
0 0 eiϑ 0 0 0
0 1 0 0 0 0
0 0 0 0 0 1

 . (25)

U1

U1 UF

h1x(t) h1y(t)

H1x H1y

To  make  the  evolution  operator  robust  against
systematic errors, we employ the robust optimal control
framework based on the GRAPE algorithm. Specifically,
we  set  as  the  target  operation  in  the  objective
function  (11)  and  search  for  the  optimal  time-varying
amplitudes  and  corresponding to the control
Hamiltonians  and , where 

H1x =
1

2

(
|10⟩L(00) + |01⟩L(00)

+ |11⟩L(01) + |11⟩L(10)
)
+ H.c., (26)

 

H1y =
i
2

(
|10⟩L(00) + |01⟩L(00)

+ |11⟩L(01) + |11⟩L(10)
)
+ H.c.. (27)

h2
1x(t) + h2

1y(t) = Ω̃2(t)Note  that  the  condition  is  always
met during the evolution process.

Next, the laser field selectively acts on the second and
third  NV  centers,  as  well  as  the  first  and  fourth  NV
centers.  The  control  Hamiltonian  of  the  system  then
becomes 

H2(t) =
Ω̃(t)

2

[
eiϕ23(t)

(
|a1⟩L(00) + |a2⟩L(11)

)
+ eiϕ14(t)

(
|a2⟩L(00) + |a1⟩L(11)

)]
+ H.c..

(28)
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Fig. 4  Robustness  of  the  controlled-phase  gate  against
Rabi frequency error  for the robust GRAPE and NNGQC
scheme [82].  We here  use  pulse  segments  and a total
gate time of ,  while the peak Rabi frequency is  set to

 and  the  total  gate  time  is  for  the
NNGQC scheme.
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Ω̃(t)τ2 = π/2Similar to the first step, when , the evolution
operator in DFS reads 

U2 =


0 0 0 0 0 1
0 0 0 0 1 0
0 0 eiϑ 0 0 0
0 0 0 eiϑ 0 0
0 1 0 0 0 0
1 0 0 0 0 0

 . (29)

U2

h2x(t) h2y(t)

H2x H2y

The  robust  control  sequence  for  the  second  step  is
obtained  by  performing  a  new,  independent  round  of
GRAPE optimization. In this stage, the target operation
becomes  and we substitute it into the objective function
(11). We iteratively update the time-varying amplitudes

 and  for the corresponding control Hamilto-
nians  and , 

H2x =
1

2

[(
|a1⟩L + |a2⟩L

)(
(00) +(11)

)
+ H.c.

]
, (30)

 

H2y =
i
2

[(
|a1⟩L + |a2⟩L

)(
(00) +(11)

)
+ H.c.

]
, (31)

to  maximize  the  average  fidelity  over  errors,  thereby
yielding  the  optimal  pulse  sequences.  After  these  two
steps, we finally obtain a robust SWAP gate given by 

USWAP = U2 U1. (32)

By  decomposing  the  complex  SWAP  gate  task  into
two  more  easily  controllable  and  optimizable  steps,  we
provide an alternative pathway for realizing high-fidelity
and robust  quantum gates.  The decomposition  strategy
demonstrates  the  flexibility  of  our  optimization  frame-
work,  allowing  a  complex  task  to  be  broken  down into
several independently optimizable subtasks to efficiently
achieve the overall goal.

USWAP

Ω̃′(t)

Ω̃(t)

To  quantitatively  evaluate  the  effectiveness  of  the
designed control strategy, we examine the robustness of
the final synthesized gate  against Rabi frequency
errors,  where  the  actual  Rabi  frequency  is  related
to the nominal frequency  by 

Ω̃′(t) = (1 + δ)Ω̃(t). (33)

F USWAP

δ

N = 10

N = 10

F > 0.9

δ ∈ [−0.4, 0.4] 0.9999

δ ∈ [−0.1, 0.1]

Figure  5 shows  the  fidelity  of  the  gate  as  a
function  of  the  Rabi  frequency  error  in  which  the
control  pulse  parameters  for  are  listed  in
Table  2.  For  the  case  of  (the  blue  curve),  the
fidelity remains at a high level ( ) within the error
range , and exceeds  in a small pertur-
bation  range  (e.g., ).  This  demonstrates
that  the  composite  SWAP  gate  obtained  through  our
step-wise  optimization  exhibits  excellent  robustness
against Rabi frequency errors.

USWAP

Next,  we  further  investigate  the  effect  of  the  total
number of pulse segments on the robustness of the 

N

USWAP

U1 U2

N/2

F

1− F USWAP

δ N

gate. Here,  represents the total length of the control
pulse sequence for the entire  gate, which is evenly
distributed  between  the  two  subgates  and  (i.e.,
each  sub-gate  has  segments).  To  systematically
evaluate  this  effect,  we  also  display  the  fidelity  and
infidelity  of  the  final  composite  gate  as  a
function of the error  for different pulse segments  in
Fig. 5.

N

N

δ = 0

N = 18

As  shown  in Fig.  5,  increasing  the  number  of  pulse
segments  can significantly improve the robustness. To
be specific, when  increases from 10 to 18, the fidelity
becomes  increasingly  flat  around ,  and  the  error
tolerance  window  for  maintaining  high  fidelity  is  also
significantly  broadened.  For  instance,  for  (the
purple  curve),  the  fidelity  forms  a  near-perfect  plateau
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Fig. 5  Effect of different numbers of pulse segments on the
robustness of the gate . (a) Fidelity  and (b) infidelity

 vs. Rabi frequency error . The gate  is composed
of  two  sub-gates  with  an  equal  number  of  segments,  where
the  duration  of  a  single  pulse  segment  is  with

 keeping  unchanged,  and  the  total  evolution  time  is
. The learning rate is , and the robust opti-

mization is performed over 1000 error samples.

 

N = 10 Ω̃0

δ ∈ [−1, 1] ϵ = 0.001

τ = π/(2Ω̃0)

Table  2  Pulse  sequences  for  the  stepwise  implementation
of the SWAP gate with  (in units of ). The optimiza
tion  is  averaged  over  1000  error  samples  uniformly  drawn
from , where the learning rate is , and the
duration of each pulse segment is .

n h1x(n) h1y(n) h2x(n) h2y(n)

1 −0.9791 0.2034 −0.3885 0.9215
2 −0.0484 –0.9988 0.9883 −0.1524

3 0.9595 0.2818 −0.0357 −0.9994

4 −0.6735 −0.7392 0.4829 0.8757
5 −0.7632 −0.6461 0.8518 0.5238
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δ ∈ [−0.2, 0.2]

δ = 0

N

N = 14 N = 18

δ = ±0.2

USWAP

USWAP

over  the  broad  range  of ,  demonstrating
excellent robustness. The logarithmic figure of infidelity
more  clearly  reveals  that  the  peak  fidelity  (at )
does not sharply increase with . In particular, for the
cases  of  and ,  distinct  flat  structures
appear  around .  This  indicates  that  the  opti-
mization  algorithm  actively  compensates  for  the  effects
of  non-zero  errors,  trading  a  slight  decrease  in  peak
performance for robust high-fidelity control over a wider
parameter tolerance range. Thus, increasing the number
of pulse segments for each sub-gate is a key strategy for
enhancing  the  robustness  of  the  final  composite  gate

.  A  large  number  of  control  segments  provides  a
rich parameter space for optimization algorithm, allowing
it to discover more refined and complex control strategies
to effectively counteract the impact of systematic errors.
These  results  clearly  demonstrate  that  our  GRAPE-
based  optimization  strategy  is  capable  of  achieving  not
only a high-fidelity  gate but also exhibits excellent
robustness against systematic errors.

 5   Disscusion

In  addition  to  the  GRAPE  algorithm,  there  are
currently  many  other  methods  for  achieving  robust
quantum gates, such as composite pulse methods [83–85]
and the single-shot pulse method [86, 87].

The advantage of composite pulse methods [83–85] lies
in the ability to effectively compensate for any systematic
errors,  including  pulse  amplitude,  pulse  duration,  and
Stark  shifts,  etc.  Therefore,  this  method  holds  wide
applications in quantum computations. However, as the
number  of  pulses  increases,  the  series  expansion  of  the
fidelity  with  respect  to  errors  becomes  overly  complex,
which may prevent finding a satisfactory set of solutions
that are robust to systematic errors.

The  single-shot  pulse  method  [86, 87]  utilizes  pertur-
bation theory,  such as  the Dyson expansion,  to  expand
the  fidelity  with  respect  to  noises.  The  sensitivity  to
noises can be reduced by properly designing pulse wave-
forms.  The  strength  of  this  method  is  that  it  confines
the  complexity  of  the  system to  be  controlled  within  a
certain range, allowing the use of analytical or geometric
approaches  to  derive  pulse  waveforms.  Nevertheless,
robustness  against  different  orders  of  noises  requires  to
redesign  the  pulse  waveform  each  time,  and  the  corre-
sponding  waveform  becomes  increasingly  complex  and
unconventional,  which  may  pose  challenges  for  experi-
mental implementation.

The  GRAPE  algorithm  [63]  searches  for  optimal
parameters by following the direction that increases the
average  fidelity.  Thus,  this  method  has  a  very  high
search efficiency and can obtain local optima in a short
period  of  time.  The  potential  drawback  is  that  it  may
easily  fall  into  local  optima.  To  address  this  issue,  we

employ random initialization of multiple sets of parameters
and select random gradient ascent directions for parameter
updates, thereby obtaining multiple sets of optimal solu-
tions  in  parallel.  Then,  the  optimal  robust  solution  is
ultimately  determined  by  comparing  the  robustness  of
these solutions.

τ = π/Ω̃0

Note  that  the  GRAPE  algorithm  used  in  this  work
differs  slightly  from  the  traditional  GRAPE  algorithm.
In the original algorithm [63], to ensure its convergence,
the  pulse  step  size  is  typically  chosen  to  be  small  such
that  the  first-order  approximation  remains  valid.  This
directly  results  in  a  large  number  of  pulses  to  be  opti-
mized, which in turn affects the rapid convergence of the
algorithm. In this work, the pulse step size is designed to
be relatively large, satisfying . As a result, only
a  small  number  of  pulses  need  to  be  optimized  to
achieve  robust  control,  which  is  more  conducive  to
experimental  implementation  and  faster  convergence  of
the GRAPE algorithm. It is worth emphasizing that the
convergence of the current algorithm is ensured through
well-designed  pulse  durations  rather  than  small  pulse
step sizes.

N = 4

g/(2π) = 700MHz

T2 > 10

N = 4

It  is  worth  noting  that  the  current  optimization
scheme  is  designed  based  on  the  Hamiltonian  (3).
Whether  the  Hamiltonian  (3)  can  well  describe  the
system dynamics  of  the  NV centers  coupled  the  WGM
resonator  needs  to  be  verified.  To  this  end,  we  plot  in
Fig.  6 the  time  evolution  of  the  fidelity  for  the
controlled-phase gate under  using the Hamiltonian
(1)  and  Hamiltonian  (3),  respectively.  In  numerical
simulations,  we  adopt  the  coupling  strength  to

,  corresponding  to  the  strong  coupling
regime  accessible  in  whispering-gallery-mode  resonator
with  high  quality  factors  and  small  mode  volumes
[88–90]. We can observe from Fig. 6 that the fidelities of
the two curves almost overlap and approach unit at the
end  of  the  pulse,  demonstrating  the  validity  of  this
approximation process. It should be mentioned that the
two  curves  deviate  during  the  time  evolution,  mainly
due  to  the  fact  that  we  ignore  the  Stark  shift  in  the
Hamiltonian (3). Under these parameters, the operation
time  of  the  controlled-phase  gate  is  approximately
3.5  μs,  much  shorter  than  the  typical  electron  spin
coherence  time  of  NV  centers  (  μs)  [91].  In
addtion,  the  current  scheme  only  requires  a  simple
square  wave,  and  each  segment  lasts  for  0.875  μs  for

,  which  can  be  easily  generated  by  a  waveform
generator.

The  precise  positioning  of  nanodiamonds  and  the
stability  of  the  cavity  (laser  field)  frequency  may  be
challenging  in  experiments,  leading  to  the  fidelity  of
quantum  gates  drops.  Note  that  the  deviation  of  the
nondiamond position is reflected in the deviation of the
effective  Rabi  frequency  while  the  shift  of  the  cavity
(laser  field)  frequency  will  be  reflected  in  the  thermal
noise in the current model. Thus, the influence of those
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errors  can  be  indirectly  mitigated  by  increasing  pulse
segments,  since the current GRAPE-based optimization
has inherent robustness against such parameter variations
and experimental imperfections. In addition, this method
can also be extended to multi-qubit registers by cascading
cavity-NV  modules  via  optical  fibers,  and  other  solid-
state  emitters  with  superior  optical  properties,  such  as
silicon-vacancy (SiV) centers [48, 92].

 6   Conclusions

In conclusion, we have proposed a scheme for optimizing
quantum  gate  operations  by  the  GRAPE  algorithm
within  a  DFS.  This  scheme  is  applied  to  a  system
consisting  of  NV  centers  in  diamond  and  a  WGM
microresonator.  The  advantage  of  our  scheme  lies  in
combining  quantum  optimal  control  theory  with  the
protective  properties  of  DFS.  Through  numerical  opti-
mization,  we  successfully  find  pulse  sequences  that  can
counteract specific errors. As applications, we implement
high-fidelity  controlled-phase  and  SWAP  gates  in  a
robust manner. The numerical simulation results demon-
strate  that  our  designed  control  pulses  can  effectively
resist quasi-static noise, such as thermal noise and Rabi
frequency  errors.  Furthermore,  we  have  shown  that
increasing  the  number  of  discretized  pulse  segments  is
an effective means to enhance the robustness of the gate
operations.  Therefore,  this  work  offers  a  promising
approach for achieving high-fidelity and robust universal
quantum computation in DFS.
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