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ABSTRACT

Superconducting transmon qubits  are a  promising platform for  quantum
computation,  yet they face significant fidelity degradation due to connec-
tivity noise,  particularly in the intermediate coupling regime where noise
levels are substantial. While prior works suggest that high fidelity requires
operating  in  regimes  with  strongly  suppressed  noise,  maintaining  such
conditions  under  practical  experimental  constraints  remains  challenging.
To address this, we investigate quantum gate operations in fully connected
transmon  rings,  examining  both  SWAP  and  general  circuits.  Our  study
reveals that fidelity can be significantly enhanced by tuning gate operation
durations,  with  local  maxima  emerging  even  under  strong  noise  condi-
tions.  These  fidelity  enhancements  occur  consistently  across  different
qubit numbers and operation types, and for specific initial states — partic-
ularly  those  with  favorable  symmetry  or  entanglement  properties  —  the
achieved  fidelities  approach  quantum  error  correction  thresholds.
Furthermore, we develop a supervised machine learning model that accu-
rately  predicts  the optimal  operation durations for  new devices,  enabling
efficient  optimization  without  extensive  experimental  simulations.  These
results  provide a  pathway toward robust  quantum circuit  design in noisy
experimental environments.

Keywords  transmon  qubit, quantum  circuit  fidelity, connectivity  noise,
operation duration tuning, machine learning, superconducting circuits
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 1   Introduction

Superconducting qubits represent a leading platform for
scalable  quantum  computation,  combining  precise
controllability with the potential for extended coherence
under optimized conditions [1–3]. Building on this foun-
dation,  these  systems  exploit  Josephson  junctions  to
enable  rapid  electrical  manipulation  of  quantum states,
forming  the  basis  for  gate-based  architectures  [4–6].

Among various implementations, the transmon qubit —
a refined Cooper pair box design — has emerged as the
dominant  architecture  due  to  its  reduced  charge  noise
sensitivity  and  enhanced  coherence  properties  [7, 8].
Typically fabricated from aluminum and operated below
30  mK,  transmons  achieve  strong  coupling  to  coplanar
waveguide  (CPW)  resonators  by  concentrating  electric
fields  near  the  qubit  [9, 10].  While  this  configuration
enhances dispersive interactions vital for quantum infor-
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mation  processing  [11, 12],  it  simultaneously  introduces
connectivity  induced  noise  that  significantly  degrades
fidelity in multiqubit operations [13, 14].

τ = π/(4J) ℏ = 1 J

λ0
J/λ0

J/λ0 ≳ 100

This inherent trade-off between connectivity and noise
leads to a critical challenge: although shorter gate durations
minimize  noise  accumulation,  they  fundamentally  limit
the  complexity  of  implementable  quantum  operations
[15, 16].  To quantify this trade-off,  consider the SWAP
gate — a key primitive for state transfer — whose duration
scales as  (with ), where  represents the
qubit–qubit coupling strength. For a fixed noise amplitude

,  conventional  wisdom suggests  that  infidelity  should
decrease monotonically with increasing , with high-
fidelity  operation  requiring  in  transmon
devices  [17–19].  However,  maintaining  such  high  ratios
proves  experimentally  challenging  in  practical  strong-
coupling regimes [20, 21], particularly in the noisy inter-
mediate-scale  quantum  era  where  precise  control  over
environmental parameters is limited.

10 ≲ J/λ0 ≲ 100

J/λ0

To address this fundamental limitation, we demonstrate
that optimal operation points emerge in the more accessible
intermediate-coupling  regime  ( )  for  fully
connected transmon rings [21–23]. We define an optimal
operation point as a specific gate duration (or equivalent

 ratio) where gate fidelity reaches a local maximum
despite  substantial  noise,  representing  a  dynamic
balance  between  operation  time  and  decoherence.
Crucially, this approach contrasts with the conventional
strategy of simply minimizing gate duration and enables
longer  duration  operations  under  realistic  noise  condi-
tions.  Our  investigation  begins  with  SWAP  gate
sequences  and  extends  to  general  randomly  generated
operations [15, 16], revealing that optimal points appear
consistently  across  different  systems  with  positions
largely  independent  of  the  specific  circuit  implementa-
tion. Remarkably, for certain initial states — particularly
GHZ-type  entangled  states  — fidelity  at  these  optimal
points  approaches  the  error-correction  threshold  of
99.9% [24, 25], highlighting the important role of state-
circuit symmetry in noise resilience.

While  these  optimal  operation points  offer  significant
advantages,  their  experimental  implementation  faces
practical challenges due to device-to-device variations in
CPW  coupling  strengths  and  noise  distributions.  To
overcome  this  issue,  we  integrate  a  supervised  machine
learning approach that accurately predicts optimal oper-
ation points using limited simulation data [26–28]. This
methodology avoids the need for exhaustive simulations
for each parameter configuration [29, 30] and facilitates
adaptive  optimization  of  gate  durations  across  diverse
experimental setups.

The  remainder  of  this  paper  is  organized  as  follows:
Section  2  details  the  model  and  method.  Sections  3.1
and  3.2  present  comprehensive  results  for  SWAP gates
and general operations, respectively. Section 3.3 explores
the  dependence  of  fidelity  on  initial  states,  Section  3.4

discusses  the  underlying  physical  mechanisms,  and
Section 4  describes  the  machine learning framework for
optimal  point prediction.  Finally,  Section 5 summarizes
our  key  findings  and  discusses  their  implications  for
future quantum processor design.

 2   Model and method

Jij(t)

Kij(t)

Transmon  qubits  are  coupled  through  two  primary
mechanisms: nearest-neighbor couplings mediated by on-
chip  superconducting  resonators  and  long-range
couplings mediated by CPW transmission lines acting as
quantum buses. In experimental devices, nearest-neighbor
couplings are often implemented using dedicated tunable
couplers  (which  are  themselves  transmon  qubits)  for
compactness  and fast  control.  In  our  theoretical  model,
we abstract this implementation detail and represent the
nearest-neighbor  exchange  interaction as  a  cavity-medi-
ated coupling with strength . The long-range CPW-
mediated couplings, represented by , enable strong
indirect  interaction  between  spatially  separated  qubits
and  have  been  used  in  quantum  bus  architectures  to
facilitate  long-range  entanglement  and  quantum  infor-
mation transfer [10].  While CPW transmission lines are
physically larger than qubits, they provide a viable route
to implement all-to-all connectivity in modular quantum
processors. Our study focuses on the theoretical implica-
tions of such hybrid connectivity and its associated noise
on circuit fidelity.

L

We study three  transmon qubit  devices  with  varying
qubit numbers , as shown in Fig. 1. Each vertex represents
a  transmon  qubit,  with  solid  lines  indicating  nearest-
neighbor couplings and wavy lines indicating long-range
CPW-bus-mediated  couplings.  The  devices  form  ring
structures where adjacent qubits are connected via near-
est-neighbor couplings, while CPW links provide essential
long-range  interactions  for  quantum  information  distri-
bution.

The control Hamiltonian governing these systems is: 

Hctrl =
∑
i

[
Ωx

i (t) (cosϕi(t)σ
x
i + sinϕi(t)σy

i ) +
∆i(t)

2
σz
i

]
+
∑
⟨i,j⟩

2Jij(t)
(
σ+
i σ

−
j + h.c.

)
+
∑
{i,j}

2Kij(t)
(
σ+
i σ

−
j + h.c.

)
,

(1)

σx
i , σ

y
i , σ

z
i i σ±

i

Ωx
i (t)

∆i(t) ⟨i, j⟩

Jij(t) {i, j}
Kij(t)

where  are  Pauli  matrices  for  qubit ,  are
raising/lowering operators,  is the single qubit drive
amplitude,  is  the detuning,  denotes  adjacent
qubits  coupled  via  a  resonator  or  tunable  coupler  with
strength ,  and  denotes  non-adjacent  qubits
coupled  via  a  CPW  bus  with  strength  [cf.
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Fig. 1(a)]. Appendix A provides the full derivation from
circuit Hamiltonians.

Jij(t) Kij(t)

We  note  that  in  our  model,  the  coupling  strengths
 and  are treated as tunable control parame-

ters. In actual devices, these couplings are often adjusted
by  changing  the  qubit  frequencies  (thus  modifying  the
detuning from a shared resonator or bus), which introduces
correlations  between  different  couplings.  However,  our
theoretical abstraction allows us to focus on the generic
effects of connectivity noise. For SWAP gate sequences,
we  consider  sequential  operations  where  only  one
coupling  is  active  at  a  time,  which  can  be  achieved  by
detuning  non-target  qubits,  thereby  decoupling  the
couplings in time. This is consistent with the commonly
used “activate/deactivate” control  strategy  in  experi-
ments.  For  general  multi-qubit  unitaries,  the  universal
quantum  computing  theory  ensures  that  any  operation
can  be  decomposed  into  single- and  two-qubit  gates,
each of which can be realized by adjusting the couplings
without  fundamental  limitations.  Although  correlations
between  couplings  exist  in  actual  devices,  optimization
algorithms that take these correlations into account can
find pulse sequences to achieve the target operation. Our
model, by assuming tunable control, captures the essential
physics of connectivity noise and the existence of optimal
operation points.

R ∈ SU(2L)
Ωx

i (t) = ∆i(t) = Kij ≡ 0

Jij = J

R

This  Hamiltonian  enables  universal  quantum  compu-
tation  by  generating  any  unitary  [31, 32].
For  SWAP  gates,  we  set  and

 for the target qubit pairs. For general operations
, we compute the time-dependent parameters using the

procedure in Appendix B.

 2.1   Connectivity noise model

10 ≲ J/λ0 ≲ 100

R

U†R

The central challenge in achieving high fidelity operations
arises  from  connectivity  induced  noise,  which  becomes
particularly  significant  in  the  intermediate  coupling
regime  ( ).  We  focus  on  two  dominant
noise  sources:  parasitic  capacitance  noise  in  cavity
coupled pairs and microwave photon loss in CPW channels
[10, 21]. For a target unitary , noisy processes transform
the evolution to , altering the final state as illustrated
in Fig. 2.

The noise Hamiltonian is 

Hnoise =
∑
i

δωiσ
z
i +

∑
⟨i,j⟩

λJij(t)σ
y
i σ

y
j

+
∑
{i,j}

λKij (t)(σ
+
i σ

−
j + σ−

i σ
+
j ). (2)

λJij(t)

λJij ∝ Cpara
g λKij (t)

λKij ∝ Q−1/2

R = λKij /λ
J
ij

λJij ∼ 0.05 0.5

λKij ∼ 1 5 δωi

δωi/λ
K
ij ∼ 0.1% δωi

T ∗
2 ≳ 20

α

τopt ∝ 1/α

J/λ0

The cavity noise  originates from parasitic capacitance
( ), while CPW noise  comes from photon
loss  ( )  [33, 34].  Fabrication  variations  yield
characteristic  ratios  between  3  and  20  [35],
which we maintain in simulations. This range is motivated
by  typical  experimental  values:  parasitic  capacitance
noise –  MHz  and  CPW  photon-loss  noise

–  MHz. Frequency shifts  are minor perturba-
tions ( ). The chosen values of  correspond
to dephasing times  μs, achievable in state-of-the-
art  devices.  This  allows  us  to  isolate  connectivity-noise
effects. Furthermore, our results exhibit scale-invariance:
scaling all noise amplitudes by a factor  simply rescales
the  optimal  gate  duration  as ,  leaving  the
fidelity profile versus  unchanged.

∆i(t)

∆ik

We  note  that  in  a  more  detailed  physical  model,
tuning  the  qubit  frequencies  (via  or  via  design
parameters )  could  modify  the  coupling  strengths
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Fig. 1  Schematic of transmon qubit devices with different
numbers  of  qubits .  Each  node  represents  a  transmon
qubit,  with  solid  lines  denoting  nearest-neighbor  (cavity-
mediated)  couplings  and  wavy  lines  denoting  long-range
(CPW-bus-mediated) couplings. Panel (a) highlights examples
of  a  nearest-neighbor  coupling  and  a  remote  CPW-bus
coupling .

 

Noise

|q0〉 H

|q1〉

 
Fig. 2  Schematic  of  a  two  qubit  quantum  circuit  subject
to  connectivity  noise.  The  circuit  (Hadamard  followed  by
CNOT) operates under noisy conditions, with shaded regions
indicating noise affected segments. In transmon systems, this
noise primarily stems from connectivity induced fluctuations.
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gik(ω)

λKij λJij

 and  consequently  the  noise  amplitudes.  However,
in our quasi-static noise model,  we treat  and  as
fixed parameters determined by static device properties.
This simplification is valid when the dynamic frequency
shifts  used  for  gate  operations  are  small  compared  to
typical qubit-resonator detunings. Our study focuses on
the effect of fixed noise amplitudes on circuit fidelity as
a function of gate duration; a more detailed noise model
that  includes  dependence  on  operational  parameters  is
an  important  direction  for  future  device-specific  opti-
mization.

λKij (t) ∼
N (λKij,0, σ

2
K) λJij(t) ∼ N (λJij,0, σ

2
J)

Given  the  slow  noise  dynamics  in  transmon  systems
compared  to  gate  operations  [7, 13],  we  model
quasistatic  noise  using  normal  distributions: 

 and  [14].

 2.2   Fidelity metric and simulation parameters

We quantify operation quality using the state fidelity: 

F =
∣∣⟨Ψ0|R†U†R|Ψ0⟩

∣∣2 , (3)

|Ψ0⟩

F

where  is  the  initial  state.  For  each  parameter  set,
we generate 1,500 noise samples from Gaussian distribu-
tions and compute the mean fidelity .

λ0 λKij,0 = λ0

λJij,0 = 0.1λ0 δωi = 10−4λ0

σK = 0.01λKij,0 σJ = 0.01λJij,0

J/λ0
τ ∝ 1/J

Using  as  the  energy  unit,  we  set ,
, ,  with  relative  fluctuations

 and . These values align with
experimental  transmon  devices  (Appendix  A).  The  key
parameter  — which directly relates to gate duration
through  —  is  varied  across  the  intermediate
coupling regime to identify optimal operation points.

We consider three classes of initial states:
 

|Ψ⟩1 = | ↑↓↓ · · · ⟩　● Product state: ;
|Ψ⟩S = |S⟩| ↓↓ · · · ⟩ |S⟩ =

1√
2
(| ↑↓⟩ − | ↓↑⟩)

　● Entangled pair:  with 
;

|Ψ⟩GHZ = 1√
2
(| ↑↑ · · · ⟩+ | ↓↓ · · · ⟩)　● GHZ state: .

 
These represent common experimental preparations with
varying  entanglement  structures,  allowing  us  to  probe
state dependent fidelity behavior.

In  Section  3.1,  we  analyze  SWAP  gate  sequences,
while Section 3.2 extends to randomly generated general
operations. Throughout, we assume perfect control oper-
ations [no noise in Eq. (1)] to isolate connectivity noise
effects.

 3   Results

 3.1   Optimal gate duration of SWAP operations

In quantum information processing, SWAP gates play a
crucial role in enhancing connectivity by enabling quantum
state transport between non-adjacent qubits. The opera-

τ = π/(4J)

J

Jij

tion time for a single SWAP gate is given by ,
where  corresponds  to  the  qubit-qubit  coupling
strength  in the control Hamiltonian [Eq. (1)].

J ≈ 10

τ ≈ 80 ns× (100/Jλ−1
0 )

J/λ0 ∈ [1, 1000] τ ∼ 8

∼ 8 ns
J/λ0 ∼ 10 100

τ ∼ 80 800 ns
∼ 10 50 ns

Using the characteristic coupling strength  MHz
from Table  A1,  the  gate  duration  scales  as

.  Thus,  our  scanned  range
 corresponds  to  from  μs  down  to

.  The  intermediate  coupling  regime
( – ), where optimal points appear, corresponds
to – ,  which  is  longer  than  typical  high-
fidelity gate durations ( – ) but still within practical
coherence windows.

L = 6

|Ψ⟩1 = | ↑↓↓ · · · ⟩

We  first  investigate  a  quantum  circuit  composed  of
sequential SWAP operations, as illustrated in Fig. 3 for
a representative system size of . Starting from the
unentangled product state , we perform a
series  of  SWAP gates  that  transport  the  spin  up  qubit
around  the  ring  and  back  to  its  original  position.  The
fidelity  of  this  operation  sequence  is  computed  as  the
probability  of  obtaining  the  expected  final  state  under
ideal (noise free) evolution.

J/λ0 103

J/λ0
J/λ0

J/λ0

J/λ0 < 102

We systematically vary the ratio  from 1 to ,
covering  the  weak to  strong coupling  regimes. Figure  4
shows  the  average  infidelity  as  a  function  of  for
different  system  sizes.  For  each  value,  we  sample
1500  noise  configurations  from  Gaussian  distributions
and compute the mean fidelity. In ideal conditions with
minimal  noise  or  strong  pulses,  fidelity  typically
improves monotonically with increasing , as demon-
strated  in  previous  studies  [15, 16].  However,  practical
experimental constraints — where noise cannot be arbi-
trarily  suppressed  and  pulse  strengths  face  technical
limits  —  make  the  intermediate  coupling  regime
( ) particularly relevant.

L = 4

F = 90

J/λ0 = 10

Our  results  reveal  a  non-monotonic  behavior  in  this
experimentally significant regime. Rather than a steady
improvement,  the infidelity exhibits distinct minima —
optimal operation points — where fidelity is maximized
despite  substantial  noise  levels.  For  the  device,  a
fidelity of % (comparable to current experimental
benchmarks  [24, 25])  is  achieved  near .  This
demonstrates that performance typically expected under

 

 

|Ψ⟩1 L = 6

J

Fig. 3  Quantum  circuit  implementing  SWAP  operations
on  product  state  for  system  size  of  qubits  as  a
representative  example.  The  sequence  transfers  qubit  states
around  the  ring,  with  gate  duration  determined  by  the
coupling strength .
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1%  noise  levels  can  be  attained  even  with  10%  noise
through optimal gate duration selection. Similar optimal
points appear for larger system sizes, though the achievable
fidelity decreases with increasing qubit number.

 3.2   Optimal gate duration of general operations

We now extend our analysis to general quantum operations
beyond  simple  SWAP  gates.  To  characterize  the
complexity  of  these  operations,  we  employ the  distance
to identity metric [36]: 

D = |⟨Ψ0|R|Ψ0⟩|
2
=
d+ |trR|2

d(d+ 1)
, (4)

d = 2L

D

R

where  is  the  Hilbert  space  dimension.  For  each
distance value , we randomly generate a unitary trans-
formation  with that specific distance to identity. The
generation procedure is detailed in Appendix B.

|Ψ⟩1 L = 6

R

Figure 5 illustrates the evolution of the product state
 under a general random quantum circuit for .

For each operation , we compute the fidelity by averaging
over  1500  noise  configurations  following  the  same
methodology as in Section 3.1.

L = 4

R D

D

As  shown  in Fig.  6 (for ),  optimal  operation
points  emerge  consistently  across  different  randomly
generated quantum circuits. Each curve corresponds to a
specific  unitary  with  a  particular  distance ,  with
fidelity  values  representing  averages  over  noise  configu-
rations.  We  observe  a  clear  correlation  between  the
distance  and the achievable fidelity: operations closer

D

J/λ0

to  the  identity  (smaller )  yield  higher  fidelity,  as
expected. More significantly, however, the optimal oper-
ation  points  for  different  quantum  circuits  all  occur  at
approximately  the  same  value.  This  consistency
indicates that once an optimal operating point is identified
for one circuit in a given system, it can be leveraged to
optimize  other  circuits  without  additional  experimental
overhead,  enabling  enhanced  fidelity  across  multiple
operations.

 3.3   Impact of initial states on optimal points

|Ψ⟩S
|Ψ⟩GHZ

We  next  investigate  how  different  initial  states  affect
operation fidelity,  focusing on the entangled states 
and . Since the primary distinction among quantum
circuits  lies  in  fidelity  magnitude  rather  than  optimal
point  position,  we  restrict  our  analysis  to  SWAP  gate
sequences without loss of generality.

Figure 7 illustrates the quantum circuits for preparing
and evolving these entangled states in a six qubit system

 

L = 4
L = 6
L = 8

100

100

101

10−1

102

10−2

103

10−3

J/λ0 

1 
− 

F−

F− = 99.9%

F− = 90.0%

F− = 84.0%

 
J/λ0

100 103 L

J ≈ 10

τ ∼ 8 J/λ0 = 1 ∼ 8 ns
J/λ0 = 1000

J/λ0 < 100 L = 4

J/λ0 = 10

Fig. 4  Average infidelity of SWAP operations versus 
(spanning  to )  for  different  system  sizes .  For  a
characteristic  coupling  MHz,  the  corresponding  gate
duration  ranges  from  μs  ( )  to 
( ). Horizontal dashed lines indicate fidelity bench-
marks  at  84%,  90%,  and  99.9%.  Optimal  operation  points
(minima)  emerge  in  the  intermediate  coupling  regime
( ),  with  the  device  achieving  90%  fidelity
near .

 

General random R

 
|Ψ⟩1

R L = 6

Fig. 5  Evolution  of  product  state  under  a  general
random quantum circuit  for  qubits.  The  left  panel
shows  the  initial  state,  while  the  right  panel  depicts  the
action of the randomly generated operation.

 

D = 0.893
D = 0.764
D = 0.759
D = 0.643

100

100

101

10−1

102

10−2

103

10−3

J/λ0 

1 
− 

F−

F− = 99.9%

F− = 90.0%

F− = 84.0%

 
|Ψ⟩1

D L = 4

R

D

J/λ0

Fig. 6  Fidelity of state  for randomly generated quantum
circuits  with  varying  distances  to  identity  for 
qubits.  Each  curve  represents  a  single  unitary  operation 
with specific , with fidelity averaged over 1500 noise config-
urations.  Optimal  operation  points  occur  at  similar 
values across different circuits.
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L = 6 |Ψ⟩S

|Ψ⟩GHZ

( ). For the singlet state , we sequentially swap
the  right  qubit  of  the  entangled  pair  around  the  ring
and back, effectively distributing entanglement along the
ring.  For  the  GHZ  state ,  where  all  qubits  are
initially  entangled,  we  perform  consecutive  swaps
between  adjacent  qubits.  The  initial  state  preparation
(shaded  regions)  is  assumed  ideal,  enabling  direct
comparison of noise effects during the SWAP operations.

|Ψ⟩S
|Ψ⟩1

As shown in Fig. 8, all three initial states exhibit clear
optimal  operation  points  under  SWAP  sequences.
However,  several  important  observations  emerge.  First,
the positions of these optimal points vary among states,
indicating  that  even  with  fixed  device  parameters  and
identical  circuits,  the  optimal  operating  condition
depends on the initial quantum state. More remarkably,
contrary to the expectation that entangled states would
suffer  greater  decoherence  under  repeated  noisy  opera-
tions, we observe the opposite trend: the fully entangled
GHZ  state  achieves  the  highest  overall  fidelity,  with
several  optimal  points  approaching  the  quantum  error
correction  threshold  of  99.9%.  The  partially  entangled
singlet  state  also  outperforms  the  unentangled
product state .

This  suggests  that  higher  initial  entanglement  can
enhance  robustness  against  connectivity  noise  in  our
system. The superior performance of the GHZ state may
reflect favorable symmetry alignment between the initial
state  and  the  SWAP  circuit  structure,  though  the
precise  role  of  state-circuit  symmetry  requires  further
investigation [37, 38]. These results have practical impli-
cations for experimental implementations using transmon
qubit rings, indicating that carefully chosen initial states
can significantly improve operational fidelity.

 3.4   Origin of the fidelity optimal operation point

Our  numerical  results  demonstrate  that  the  quantum
state fidelity in transmon qubit rings exhibits characteristic
optimal operation points. This phenomenon has practical
significance for real quantum circuits: under substantial
noise or extended operation times, there exists an optimal

evolution  duration  —  equivalently,  an  optimal  gate
duration  —  that  maximizes  fidelity.  From  an  experi-
mental perspective, the position of this optimum is more
critical  than  the  exact  fidelity  value,  as  it  remains
largely  independent  of  the  specific  circuit  once  system
parameters are fixed.

| ↑↓⟩

| ↑↓⟩

To  elucidate  the  physical  origin  of  this  effect,  we
analyze  an  analytically  solvable  two  qubit  model  with
controlled  approximations  (see  Appendix  C).  In  this
framework,  the fidelity optimal point for the  state
arises  from  the  intrinsic  oscillatory  nature  of  quantum
coherence.  Since  is  not  an  eigenstate  of  the  noise
Hamiltonian, its coherence exhibits temporal oscillations
that  periodically  restore  fidelity.  In  contrast,  the  GHZ
state  shows  no  such  behavior  in  this  simplified  model
due to the omission of superconducting qubit frequency
terms,  which  effectively  renders  it  an  eigenstate  of  the
Hamiltonian, thereby suppressing coherence oscillations.
When realistic  frequency terms are  included,  we expect
GHZ  type  states  to  display  analogous  fidelity  revivals
and optimal point behavior.

 

|Ψ〉S preparation

|↑〉 H

|↑〉 X Z

|↑〉

|↑〉

|↑〉

|↑〉
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|↑〉 H

|↑〉

|↑〉

|↑〉

|↑〉

|↑〉

(a) (b)

 
|Ψ⟩S |Ψ⟩GHZFig. 7  Quantum circuits for (a)  and (b)  in a six-qubit system. Shaded regions indicate ideal state preparation,

while subsequent SWAP operations are subject to connectivity noise.

 

|Ψ〉1

|Ψ〉S

|Ψ〉GHZ

100

100

101

10−1

102

10−2

103

10−3

J/λ0 

1 
− 

F−

F− = 99.9%

F− = 90.0%

F− = 84.0%

 

L = 6

Fig. 8  Fidelity  of  different  initial  states  under  SWAP
operations for . The fully entangled GHZ state achieves
the highest fidelity, reaching 99.9% at several optimal points,
while the singlet state outperforms the product state.
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The  universality  of  this  mechanism  stems  from  a
general principle: any initial state that deviates from the
Hamiltonian eigenbasis will exhibit oscillatory coherence
dynamics  under  quasistatic  noise.  This  characteristic  is
typical for systems dominated by slow noise fluctuations
whose  timescale  exceeds  that  of  the  intrinsic  quantum
evolution  [39].  For  other  noise  types  —  such  as  high
frequency  broadband  (Markovian),  low  frequency
narrowband  (non-Markovian),  or  more  complex  forms
including periodic, burst ike, or strongly correlated noise
— the fidelity behavior becomes considerably richer. In
these regimes, standard analyses based on simple coherence
oscillations  are  inadequate,  and  approaches  such  as
Lindblad  master  equations,  hierarchical  equations  of
motion  (HEOM),  Floquet  theory,  quantum  trajectory
methods, or many body simulations are required [40–45].
Whether  fidelity  optimal  points  persist  under  such
generalized  noise  conditions  remains  an  open  question
for future investigation.

 4   A machine learning approach to predict
the optimal operation point

 4.1   Machine learning framework

The  numerical  analyses  presented  thus  far  determine
optimal  operation  points  only  for  systems  with  fixed
parameters.  In  experimental  settings,  however,  both
CPW  coupling  strengths  and  noise  distributions  can
vary significantly and must often be characterized indi-
vidually. Since these factors directly influence the optimal
operation  point —and  consequently  the  ideal  circuit
duration —performing  exhaustive  simulations  or
measurements  for  every  configuration  would  be  compu-
tationally and experimentally prohibitive.

To  address  this  challenge,  we  employ  a  supervised
machine learning approach based on neural networks to
predict the optimal operation point for a given quantum
device using only limited simulation data. Once trained,
this model can estimate the optimal circuit duration for
new  parameter  regimes  defined  by  different  CPW
coupling strengths and noise characteristics.

L λK

σK

(J∗/λ0) (1− F ∗
)

The overall workflow, illustrated in Fig. 9, proceeds as
follows. We perform supervised learning by partitioning
the  available  dataset  into  training  and  validation
subsets,  using  labeled  data  to  fit  the  model  and  then
testing  its  predictive  performance  on  unseen  examples.
Each  data  point  is  characterized  by  an  input  vector
comprising the system size ,  CPW noise  strength ,
and noise distribution width , while the corresponding
output  contains  the  optimal  operation  point  position

 and its associated infidelity .
As the cost function, we adopt the mean squared error

(MSE) loss [46–48]: 

MSE =
1

n

n∑
i=1

(yi − ŷi)2, (5)

n yi
ŷi

where  denotes the total number of data points,  the
observed value, and  the model prediction. We further
evaluate performance using the coefficient of determina-
tion: 

R2 = 1−

∑n

i=1
(yi − ŷi)2∑n

i=1
(yi − ȳ)2

, (6)

ȳ

yi
(J∗/λ0, 1− F

∗
)

where  denotes  the  mean  of  observed  values.  In  our
case,  each  corresponds  to  a  two-dimensional  vector

.  These  complementary  metrics  provide  a
consistent framework for evaluating model performance.

We employ a multilayer perceptron (MLP) architecture
with two hidden layers of ten neurons each, using Rectified
Linear Unit (ReLU) activations for nonlinear expressivity
[49]. The output layer uses linear activation appropriate
for  regression  tasks.  The  model  is  trained  using  the

 

Database:
Input = (L, λK, σK),

Output = (J*/λ0 , 1 − F−*).

Split dataset

Validation
set (20%)

Training
set (80%)

Model

J*/λ0 

1 − F−

Input
layer

Hidden
layer

Output
layer

 

L λK σK

Fig. 9  Supervised  learning  workflow  using  a  multilayer
perceptron neural network. Input parameters are system size

, CPW noise strength , and noise distribution width ;
outputs  are  the  optimal  operation  point  position  and corre-
sponding  infidelity.  The  dataset  is  divided  into  training
(80%) and validation (20%) subsets. For clarity, the diagram
shows  a  simplified  network  with  one  hidden  layer  of  six
neurons;  the  actual  model  employs  two  hidden  layers  with
ten  neurons  each,  ReLU  activations,  and  a  linear  output
layer for two dimensional regression.
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Adam  optimizer  [50],  which  combines  advantages  of
Adagrad  and  RMSProp  for  efficient  optimization
[51–53].

 4.2   Data extraction and neural network training

J/λ0 L = 4, 6,

λK/λ0 ∈ [3, 20]

σK ∈ [0.01, 0.1]× λK

To  construct  the  training  dataset,  we  compute  fidelity
as  a  function  of  for  system  sizes  and  8,
varying  CPW  noise  strength  within  and
noise-distribution  width  within .
From  these  simulations,  we  extract  optimal  operation
point  positions  and  corresponding  fidelities  to  form the
target outputs.

MSE = 0.31 R2 ≈ 0.99

MSE = 0.0048 R2 ≈ 0.81

Figure 10 shows the resulting predictions. The optimal
point position prediction shows excellent agreement with
validation  data  ( , ),  while  fidelity
prediction  is  less  accurate  ( , ).
This difference arises because optimal point positions are
more  reliably  determined  from  simulations  and  exhibit
greater consistency across different circuits, as discussed
in Section 3.2.

R2

Figure 11 shows the evolution of training performance.
Both MSE and  metrics converge after approximately
250 epochs, confirming the stability and effectiveness of
the  neural  network  model.  The  accurate  prediction  of
optimal operation point positions is particularly valuable
experimentally,  as  it  enables  determination  of  ideal
circuit  durations  without  extensive  characterization
measurements.

 5   Conclusions and discussion

In  summary,  our  investigation  of  transmon  qubit
systems  reveals  that  optimal  operation  points  emerge
consistently  across  various  quantum  operations,  even
under  substantial  connectivity  noise.  The  identification
of  these  fidelity  maxima  in  the  intermediate  coupling

10 ≲ J/λ0 ≲ 100regime ( ) provides a practical pathway to
enhance gate performance in multiqubit devices without
requiring  unrealistic  noise  suppression.  This  finding  is
particularly relevant for implementing SWAP gates and
general quantum operations that form the foundation of
scalable quantum computing architectures.

Our analysis demonstrates that the position of optimal
operation  points  remains  largely  independent  of  the
specific  quantum circuit,  enabling  efficient  optimization
across  diverse  operations.  Moreover,  the  significant
dependence  of  fidelity  on  initial  states  reveals  that
entanglement  structure  and  symmetry  alignment  play
crucial  roles  in  noise  resilience.  The  exceptional  perfor-
mance of GHZ states under SWAP operations, reaching
fidelities  compatible  with  quantum  error  correction
thresholds,  highlights  the  importance  of  state-circuit
symmetry  matching  for  robust  quantum  information
processing. The underlying mechanism, rooted in coherence
oscillations under quasistatic noise, provides a universal
framework for understanding fidelity dynamics in super-
conducting qubit systems.

The integration of machine learning techniques further
enhances the practical utility of our findings by enabling
efficient  prediction  of  optimal  operation  points  across
varying  device  parameters.  Our  supervised  neural
network  approach  accurately  identifies  optimal  circuit
durations  without  exhaustive  simulations,  adapting
effectively to variations in CPW coupling strengths and
noise distributions. This data driven strategy significantly
reduces the experimental overhead for optimizing quantum
operations in diverse device configurations.

Overall,  our  results  provide  valuable  insights  for
designing  next  generation  quantum  processors  that
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Fig. 10  Comparison between predicted and true values for
(a) optimal operation point position  and (b) infidelity

.  Position  prediction  shows  excellent  agreement
( , ), while fidelity prediction is less accurate
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leverage  optimal  gate  duration  tuning  to  achieve  high
fidelity  operations  under  realistic  noise  conditions.  By
identifying  and  exploiting  the  inherent  trade-offs
between  circuit  depth  and  noise  accumulation,  these
strategies  offer  a  pragmatic  approach  to  enhancing
quantum computational performance in the noisy inter-
mediate scale quantum era.
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Appendix A: Comprehensive model for
transmon qubits with hybrid connectivity

L = 4

We  present  a  comprehensive  Hamiltonian  model  for
systems of , 6, and 8 transmon qubits arranged in a
ring geometry with hybrid cavity-CPW connectivity, as
illustrated in Fig.  1 [7].  The model  includes both static
and dynamic noise contributions that persist independently
of  the  applied  control  operations,  indicating  that  the
noise characteristics are determined primarily by intrinsic
device parameters and fabrication quality [34, 54].

 A.1   Control Hamiltonian

Each transmon qubit is governed by the circuit Hamilto-
nian: 

H0,i = 4Ei
C(n̂i − nig)2 − Ei

J cos ϕ̂i, (A1)

n̂i = −i∂ϕi

ϕ̂i Ei
C = e2/(2Ci

Σ) Ci
Σ

nig
Ei

J/E
i
C ≫ 1

where  is  the  charge  operator  conjugate  to
phase ,  is the charging energy with 
being the total capacitance, and  is the offset charge.
In  the  transmon  regime  ( ),  we  expand  to
fourth order: 

cos ϕ̂i ≈ 1− 1

2
ϕ̂2i +

1

24
ϕ̂4i , (A2)

 

H0,i ≈
(
4Ei

C n̂
2
i +

Ei
J

2
ϕ̂2i

)
︸ ︷︷ ︸

Harmonic part

− Ei
J

24
ϕ̂4i︸ ︷︷ ︸

Anharmonicity

−8Ei
Cn

i
gn̂i.

(A3)

Quantization with ladder operators yields: 

ϕ̂i = φi(b̂
†
i + b̂i), φi =

(
2Ei

C

Ei
J

)1/4

, (A4)
 

n̂i = ini(b̂
†
i − b̂i), ni =

1

2

(
Ei

J

8Ei
C

)1/4
, (A5)

resulting in the Duffing oscillator Hamiltonian: 

H0,i = ℏωq
i b̂

†
i b̂i +

αi

2
b̂†i b̂

†
i b̂ib̂i, (A6)

ℏωq
i =

√
8Ei

CE
i
J − Ei

C

αi = −Ei
C

where  is  the  qubit  frequency  and
 is the anharmonicity.

In the hybrid architecture, neighboring qubits interact
via  shared  superconducting  cavities.  The  bare  cavity–
qubit interaction Hamiltonian is given by 

Hcav
int =

∑
i,k

gik(b̂
†
iak + b̂ia

†
k), (A7)

ak a†k
k gik

i k

∆ik = ωq
i − ωcav

k

|∆ik| ≫ |gik|

where  ( ) denotes the annihilation (creation) operator
of  cavity  mode ,  and  is  the  coupling  strength
between qubit  and cavity . The detuning between the
qubit  and  cavity  frequencies  is  defined  as

.  In  the  dispersive  regime,  where
,  we  apply  the  rotating-wave  approximation

(RWA) and perform a Schrieffer–Wolff transformation 

U = exp

∑
i,k

gik
∆ik

(b̂†iak − b̂ia
†
k)

 , (A8)

yielding the effective qubit-qubit coupling: 

Hcav
coup =

∑
⟨i,j⟩

4Jij(b̂
†
i b̂j + h.c.), (A9)

with coupling strength 

Jij =
gikgjk

8

(
1

∆ik
+

1

∆jk

)
. (A10)

Jij
∆ik ∆jk

∆ik Jij
Jiℓ ℓ

k

Jij(t)

Kij

We note that the coupling strength  depends on the
detunings  and . In experimental systems, tuning
the  frequency  of  a  qubit  (thus  changing  its  detuning
from a resonator) will affect all coupling terms involving
that  qubit.  For  instance,  varying  to  adjust  will
also  modify  for  other  qubits  coupled  to  the  same
resonator .  This  interdependence implies  that  in  prac-
tice,  calibrating  multiple  couplings  may  require  global
optimization over several parameters. In our theoretical
model,  we  treat  the  as  independently  tunable
parameters,  which  is  an  idealization  that  allows  us  to
focus  on  the  generic  effects  of  connectivity  noise.
Advanced  control  techniques,  such  as  using  dedicated
tunable couplers, can provide a high degree of independent
control  over  effective  couplings,  approximating  this
idealization.  Similar  considerations  apply  to  the  CPW-
mediated couplings .
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{|g⟩, |e⟩}Mapping to the computational subspace : 

b̂†i → σ+
i =

σx
i + iσy

i

2
, (A11)

 

b̂i → σ−
i =

σx
i − iσy

i

2
, (A12)

gives the ideal cavity-mediated interaction: 

H ideal
coupling =

∑
⟨i,j⟩

gcavij (t)(σx
i σ

x
j + σy

i σ
y
j ), (A13)

gcavij (t) = 2Jijwhere .  This  tunable  interaction  represents
the  intended  qubit–qubit  coupling  mediated  by  the
cavity mode.

In  an  analogous  manner,  we  derive  the  Hamiltonian
for the CPW coupling by considering the CPW-transmon
interaction: 

Hcpw
int =

∑
i,k

gcpwik n̂i

(
b†k + bk

)
, (A14)

bk b†k
k gcpwik

i k

where  ( ) denotes the annihilation (creation) operator
of  CPW  mode ,  and  is  the  coupling  strength
between qubit  and mode .

Virtual  photon  exchange  through the  CPW mediates
an effective qubit-qubit interaction described by 

Hcpw
eff =

∑
i,j,k

gcpwik gcpwjk

ωcpw
k

n̂in̂j . (A15)

After  applying  RWA  and  mapping  to  the  qubit  basis,
we obtain the effective CPW coupling Hamiltonian: 

Hcpw
coupling =

∑
{i,j}

gcpwij

(
σ+
i σ

−
j + h.c.

)
, (A16)

{i, j}where  labels the non-adjacent qubits, and 

gcpwij =
∑
k

gcpwik gcpwjk

ωcpw
k

ninj . (A17)

Single-qubit control is achieved through a combination
of microwave driving and flux biasing:
 

x y

　● X/Y  control:  Microwave  pulses  are  applied  via
individual  transmission  lines  to  induce  rotations  in
the -  plane of the Bloch sphere.

z

　● Z control:  Flux  biasing  is  used  to  tune  the  qubit
transition  frequency,  enabling  dynamic -axis  rota-
tions and frequency detuning.
 

i

The  corresponding  microwave-drive  Hamiltonian  for
qubit  is given by 

Hi
drive = Ei(t) cos(ωi

dt+ ϕi(t))n̂i, (A18)

Ei(t) ωi
d

ϕi(t) n̂i

where  is  the  drive  amplitude,  the  drive
frequency,  the  time-dependent  phase,  and  the
charge operator.

ωi
d ≈ ωi

qApplying  the  RWA  near  resonance  ( ),  the
drive Hamiltonian becomes: 

Hi
drive ≈

Ei(t)
2

[
ei(ω

i
dt+ϕi(t))σ−

i + h.c.
]

=
Ωx

i (t)

2
(cosϕi(t)σx

i + sinϕi(t)σy
i ) , (A19)

Ωx
i (t) = |Ei(t)κi|where  denotes the effective Rabi rate.

The flux-mediated frequency shift [7] is expressed as 

∆i(t) =
∂ωi

q

∂Φ
δΦi(t), (A20)

δΦi(t) Zwhere  is the applied flux bias. This leads to the -
control Hamiltonian 

Hi
zshift =

∆i(t)

2
σz
i , (A21)

e−iθσz/2which generates unitary rotations of the form  on
the Bloch sphere.

Combining  all  contributions,  the  complete  control
Hamiltonian is 

Hctrl =
∑
i

[
Ωx

i (t) (cosϕi(t)σ
x
i + sinϕi(t)σy

i ) +
∆i(t)

2
σz
i

]
︸ ︷︷ ︸

Single-qubit control

+
∑
⟨i,j⟩

2Jij(t)
(
σ+
i σ

−
j + h.c.

)
︸ ︷︷ ︸

Cavity couplings

+
∑
{i,j}

2Kij(t)
(
σ+
i σ

−
j + h.c.

)
︸ ︷︷ ︸

CPW couplings

,

(A22)

⟨i, j⟩ {i, j}

Jij(t) = gcavij (t)/2 Kij = gcpwij /2

where  labels adjacent qubits,  labels non-adjacent
qubits,  and  the  effective  coupling  strengths  are  defined
as  and .

 A.2   Always-on noise Hamiltonian

 A.2.1   Parasitic capacitance-induced noise

Direct capacitive coupling between qubits introduces an
additional always-on interaction described by 

Hcap = ℏgcn̂in̂j , gc =
2e2

ℏ
Cg√
Ci

ΣC
j
Σ

, (A23)

Cgwhere  is the mutual capacitance. Following the standard
operator mapping convention [35], 

n̂i = niσ
y
i , σy

i = i(σ−
i − σ

+
i ), (A24)
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ni =
1

2

(
Ei

J

8Ei
C

)1/4

. (A25)

Substituting and truncating to the qubit subspace yields 

Hcap = ℏgc(niσy
i )(njσ

y
j )

= ℏgcninjσy
i σ

y
j . (A26)

The  positive  sign  reflects  the  repulsive  nature  of  the
underlying charge-charge interaction.

Cg

Cpara
g

Under  ideal  conditions,  corresponds  only  to  the
designed  coupling  capacitance.  In  practice,  fabrication
imperfections introduce parasitic capacitance , leading
to a modified effective coupling strength, 

gc → g′c =
2e2

ℏ
Cg + Cpara

g√
Ci

ΣC
j
Σ

. (A27)

This  modification  gives  rise  to  a  quasi-static  noise
term, 

Hyy
noise =

∑
⟨i,j⟩

λJijσ
y
i σ

y
j , (A28)

with noise strength 

λJij = ℏg′cninj =

√
Ei

CE
j
C

ℏ
· βij√

ωiωj
> 0, (A29)

βij = 2Cpara
g /Cij

Σwhere  quantifies  the  fractional  parasitic
capacitance.  This  always-on  noise  interaction  remains
active even when the cavity-mediated coupling is nominally
turned off.

 A.2.2   CPW photon loss-induced noise

The quasi-static noise in CPW-mediated couplings origi-
nates from photon loss within the transmission line. We
derive  this  noise  term  starting  from  the  fundamental
light-matter interaction and show how photon dissipation
induces  stochastic  fluctuations  in  the  effective  qubit-
qubit couplings. Each CPW segment supports a continuum
of photon modes coupled to transmon qubits via dipole
interactions. The corresponding interaction Hamiltonian
is 

Hcpw
int =

∑
i,k

∫
dω gik(ω)

(
a†k(ω)σ

−
i + ak(ω)σ

+
i

)
, (A30)

ak(ω) a†k(ω)

ω k gik(ω)

where  ( )  are  photon  annihilation  (creation)
operators  for  mode  in  CPW  segment ,  and 
idenotes the frequency-dependent coupling strength.

{i, j}

Under the Markovian approximation, the ideal effective
qubit–qubit  exchange  coupling  for  non-adjacent  pairs

 takes the form: 

H ideal
coup =

∑
{i,j}

2Kij(σ
+
i σ

−
j + h.c.). (A31)

κ = ω̄/Q Q ∼ 104

105
Photon loss occurs at a rate , where –
 is the CPW quality factor. Incorporating dissipation

using the input–output formalism, the Heisenberg equation
for the photon field acquires a Langevin noise term: 

ȧk(ω) = −
κ

2
ak(ω)− i

∑
i

gik(ω)σ
−
i +
√
κain,k(ω),

(A32)

ain,k(ω)where  represents  the  vacuum  noise  operators,
satisfying: 

⟨ain,k(ω)⟩ = 0, (A33)
 

⟨a†in,k(ω)ain,k′(ω′)⟩ = δkk′δ(ω − ω′)nth(ω), (A34)
 

⟨ain,k(ω)a†in,k′(ω′)⟩ = δkk′δ(ω − ω′)[nth(ω) + 1]. (A35)

nth = 0At zero temperature ( ), these vacuum fluctuations
generate stochastic variations in the photon field.

Adiabatically  eliminating  the  photon  field  yields  an
effective  qubit–qubit  interaction  containing  stochastic
corrections. The time-dependent coupling amplitude is 

λKij (t) = −
∑
k

∫∫
dωdω′ g

i
k(ω)g

j
k(ω

′)

∆ik∆jk
(A36)

 

×
[
ain,k(ω)e−iωt + a†in,k(ω

′)eiω
′t
]
, (A37)

∆ik = ω − ωq
i κwhere .  The  photon  loss  rate  determines

the correlation function of this stochastic coupling: 

⟨λKij (t)λKmn(t
′)⟩ ∝ e−κ|t−t′|/2 cos[ω̄(t− t′)], (A38)

↑ κ
1/κ

indicating that higher photon loss ( ) enhances temporal
correlations on timescales shorter than .

1/κFor  gate  operations  slower  than  but  faster  than
overall  system  evolution,  the  noise  can  be  regarded  as
quasi-static with Gaussian statistics: 

λKij (t) ∼ N (λKij,0, σ
2
K). (A39)

λKij,0The  mean  coupling  arises  from  the  power  of
vacuum fluctuations, 

λKij,0 =
ḡiḡj
√
κ√

2πω̄
, (A40)

ḡi =
√
N⟨g2k⟩

N ∼ 10

ω̄

where  represents the average coupling over
 photon modes within the CPW bandwidth,  and

 is the mean mode frequency.
λKij,0 ∝

√
κThe scaling  highlights the fundamental link

between  photon  loss  and  noise  amplitude:  increased
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σ2
K

σK ∝ ḡiḡjκ
3/4

ω̄1/2

κ = ω̄/Q

photon  dissipation  amplifies  vacuum  fluctuations,
thereby elevating the noise floor. Similarly, the variance

 follows a comparable dependence on photon loss and
mode  density, ,  confirming  the  intrinsic
connection between CPW photon loss ( ) and the
statistical properties of coupling noise.

λKij (t)

∝ 1/(∆ik∆jk)

∆ik

Jij

λJij λKij

J/λ0

The  effective  noise  amplitude  scales  as
.  In  practical  devices,  tuning  the  qubit

frequency  (thus  changing )  to  adjust  the  intended
coupling  would  simultaneously  modify  the  noise
statistics.  In  our  theoretical  model,  however,  we  treat
the  noise  amplitudes  and  as  fixed  parameters
determined by static device properties. This simplification
allows us to focus on the generic dependence of  fidelity
on the dimensionless ratio . We emphasize that the
existence  of  optimal  operation  points  is  a  robust
phenomenon  that  persists  even  when  noise  amplitudes
vary with detuning, as the underlying physical mechanism
is  governed  by  the  ratio  between  coupling  and  noise
energy  scales.  For  experimental  calibration,  a  global
optimization  over  both  coupling  and  noise  parameters
may be required.

 A.3   Complete system Hamiltonian

The complete time-dependent Hamiltonian integrates all
fundamental  components  of  the  quantum  processor,
including  control  dynamics  and  intrinsic  noise  mecha-
nisms: 

H(t) =
∑
i

[
Ωx

i (t) (cosϕi(t)σ
x
i + sinϕi(t)σy

i )

+
∆i(t)

2
σz
i + δωi(t)σ

z
i

]
+
∑
⟨i,j⟩

[
2Jij(t)

(
σ+
i σ

−
j + h.c.

)
+ λJij(t)σ

y
i σ

y
j

]
+
∑
{i,j}

[
2Kij + λKij (t)

] (
σ+
i σ

−
j + h.c.

)
.

(A41)

The corresponding parameter ranges used in simulations
are summarized in Table A1.

L = 4 6 8

This  unified  model  provides  a  physically  consistent
framework  for  simulating  transmon-based  quantum
processors with , ,  and  qubits. In this formula-
tion,  all  noise  terms  arise  naturally  from  device-level
physics while remaining strictly independent of external
control operations.

 Appendix B: Generating random unitary
operations

To enable  a  fair  comparison  between  SWAP gates  and

K

random unitary operations under identical noise environ-
ments, we establish a framework in which both operations
incur equivalent quantum-mechanical effort. This equiv-
alence  requires  matching  the  total  duration  and  the
average energetic cost of the operations. The total evolution
time  is  partitioned  into  discrete  segments  of  fixed
duration, 

Ttotal = Kτ, τ =
π

4J
, (B1)

τ

J

K = 2L− 3

k ∈ 1, 2, . . . ,K

where  corresponds to the time needed to implement a
full  SWAP  gate  with  coupling  strength ,  and

 equals  the  number  of  SWAP  operations  in
the  protocol.  During  each  segment ,  the
quantum evolution implements a unitary transformation 

Uk(τ) = T exp

(
−i
∫ kτ

(k−1)τ

Hk(t)dt

)
≈ Rk. (B2)

RkThe feasible unitaries  are restricted by the quantum
speed limit for unitary evolution, 

τ ≥ ∥ logU∥F
2⟨∥H∥F ⟩

, (B3)

⟨∥H∥F ⟩

Hswap = 2J(σ+
i σ

−
j + σ−

i σ
+
j ) τ = π

4J

∥ log(SWAP)∥F = πJ ⟨∥Hswap∥F ⟩ = 2J

where  denotes  the  time-averaged  Frobenius
norm of the Hamiltonian. For a SWAP gate implemented
with  in  time ,  one  finds

 and .  Substituting
these into Eq. (B3) gives 

π

4J
≥ ∥ logRk∥F

2× 2J
=⇒ ∥ logRk∥F ≤ πJ, (B4)

Rk

which is saturated for the SWAP gate. This bound guar-
antees  that  each  can  be  physically  realized  within

 

Table  A1  Simulation  parameters  for  transmon  devices,
based  on  typical  experimental  ranges  [35, 55].  The  chosen
values allow isolation of connectivity-noise effects; the results
exhibit scaling invariance as discussed in the text.

Parameter Characteristic value
Single-qubit control parameters

X Ωx
i (t)-drive amplitude, 100 MHz

|∆i(t)|Dynamic detuning, 20 MHz
Single-qubit noise parameters

δωi(t)Frequency shift, 1× 10−4 8.5× 10−3

T ∗
2 ≳ 20

–  MHz
(corresponds to  μs)

Two-qubit coupling parameters
|2Jij(t)|Cavity coupling strength, 20 MHz

|2Kij |CPW coupling strength, 100 MHz
Two-qubit noise parameters

λJ
ij(t)Parasitic capacitance noise, 0.05–0.5 MHz

λK
ij (t)Photon loss noise, 1.0–5.0 MHz

R = λK
ij/λ

J
ijNoise ratio, 3–20
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τduration ;  any  violation  would  imply  either  a  longer
evolution  time  or  a  higher  energetic  requirement  than
the SWAP operation.

To  preserve  operational  equivalence,  we  impose  a
Hamiltonian-intensity  constraint  ensuring  the  same
average energy expenditure as the SWAP gate: 

1

τ

∫ kτ

(k−1)τ

∥Hk(t)∥F dt = 2J, (B5)

∥Hk(t)∥F =
√
Tr(H†

k(t)Hk(t))where  quantifies  the  instan-
taneous  Hamiltonian  magnitude.  This  guarantees  that
both SWAP and random operations experience comparable
noise exposure.

Rtotal =
∏K

k=1Rk k

R̃k

SU(2L)

The total unitary operation is constructed sequentially
as . For each segment , we first generate
a candidate unitary  drawn from the Haar measure on

.  To  ensure  physical  realizability,  we  define  the
scaling factor 

αk = min

(
πJ

∥ log R̃k∥F
, 1

)
, (B6)

Rk = exp
(
αk log R̃k

)
and  rescale .  The  associated  control
fields are obtained by solving the optimization problem 

min
∥∥∥Rk − T e−i

∫ τ
0

Hk(t)dt
∥∥∥
F
s.t.

1

τ

∫ τ

0

∥Hctrl
k (t)∥F dt = 2J.

(B7)∫ τ

0
∥Hctrl

k ∥F dt = 2Jτ

Rtotal =
∏K

k=1Rk

After  confirming  that  for  each
segment,  the  full  operation  is  obtained  as

.

2J

For implementation on physical  transmon processors,
the control amplitudes are normalized by : 

Ωk
i (t) = 2J · fki (t), (B8)

 

∆k
i (t) = 2J · gki (t), (B9)

 

Jk
ij(t) = 2J · jkij(t), (B10)

 

Kk
ij(t) = 2J · kkij(t), (B11)

subject to the normalization constraint 

1

τ

∫ τ

0

√∑
i

(|fki |2 + |gki |2) +
∑
⟨i,j⟩

|jkij |2 +
∑
{i,j}

|kkij |2dt = 1.

(B12)

Rk

For  theoretical  analysis,  only  the  optimized  unitary
operators  are  required,  while  the  control-field
sequences defined by Eq. (B12) provide a direct pathway
to experimental realization.

 Appendix C: Analytical origin of the
fidelity optimal operation point: A two
qubit example

To  elucidate  the  physical  origin  of  the  fidelity  optimal
operation point, we analyze a minimal two-qubit model
undergoing two consecutive SWAP operations. Although
such  a  system  does  not  require  both  cavity  and  CPW
couplings,  we  employ  a  simplified  Hamiltonian  to
extract  analytical  insight  into  coherence  behavior.  The
model Hamiltonian is defined as
 

H = σx ⊗ σx + a σy ⊗ σy, (C1)

where superconducting-qubit frequency terms are omitted
to  isolate  the  essential  structure  of  the  noise  response.
We  choose  as  an  initial  state  the  GHZ  state,  which  in
the two-qubit case corresponds to the Bell state,
 

|GHZ⟩ = 1√
2
(|00⟩+ |11⟩) . (C2)

The tensor-product matrices are explicitly
 

σx ⊗ σx =


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

 ,

σy ⊗ σy =


0 0 0 −1
0 0 1 0
0 1 0 0
−1 0 0 0

 . (C3)

Hence, the total Hamiltonian takes the form
 

H =


0 0 0 1− a
0 0 1 + a 0
0 1 + a 0 0

1− a 0 0 0

 . (C4)

The SWAP operation is represented by
 

R =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 . (C5)

[H,R] = 0

URUR = UURR = UU

H

Since ,  the  Hamiltonian  commutes  with  the
SWAP operator. Applying two SWAP operations yields

,  showing  that  in  this  configura-
tion,  the  overall  fidelity  depends  only  on  the  noise
Hamiltonian, as shown in Fig. A1. The eigenvalues and
eigenstates of  can be directly obtained by diagonaliza-
tion:
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λ1 = 1− a, λ2 = −a− 1, λ3 = a− 1, λ4 = a+ 1,

|ϕ1⟩ =
1√
2
(1, 0, 0, 1)T, |ϕ2⟩ =

1√
2
(1, 0, 0,−1)T,

|ϕ3⟩ =
1√
2
(0, 1, 1, 0)T, |ϕ4⟩ = 1√

2
(0, 1,−1, 0)T.

(C6)

|GHZ⟩ = |ϕ1⟩ HSince , its time evolution under  is 

|ψ(t)⟩ = e−iHt|ψ(0)⟩ =
∑
i

cie−iλit|ϕi⟩, (C7)

and  the  fidelity  is  the  squared  overlap  with  the  initial
state, 

F (t) = |⟨GHZ|ψ(t)⟩|2 =

∣∣∣∣∣∑
i

e−iλit⟨GHZ|ϕi⟩ · ci

∣∣∣∣∣
2

.

(C8)

To model noise, we perturb the Hamiltonian as 

H = (σx ⊗ σx + a, σy ⊗ σy) + δH(t), (C9)

δH(t)

σ

FGHZ(t) = 1

where  represents  an  instantaneous  Gaussian
perturbation with zero mean and standard deviation .
The  fidelity  then  corresponds  to  the  ensemble-averaged
overlap between the noisy and noiseless  evolutions.  For
the  GHZ  (Bell)  state,  without  Gaussian  noise  the
fidelity  remains  unity, .  Including  Gaussian
fluctuations yields a Gaussian decay, 

FGHZ(t) = e−σ2t2 . (C10)

| ↑↓⟩ = 1√
2
(|ϕ2⟩+ |ϕ4⟩)For the product-like configuration ,

the noise-free fidelity oscillates periodically: 

F↑↓(t) = cos2(at), (C11)

reflecting intrinsic coherence oscillations. Under Gaussian
noise, the fidelity becomes 

F↑↓(t) = cos2(at)e−σ2t2 , (C12)

demonstrating that random fluctuations induce exponen-
tial dephasing superimposed on coherent oscillations.

J/λ0

The  fidelity  of  these  quantum states  under  Gaussian
noise  can  be  expressed  as  a  function  of  the  normalized
interaction  parameter .  This  formulation  reveals

t

J/λ0
t = αλ0/J

how  variations  in  SWAP  coupling  strength  influence
coherence  preservation  and  noise  susceptibility.  While
the present two-qubit model serves primarily as a quali-
tative  illustration,  it  provides  physical  intuition  that
complements  the  numerical  simulations  for  larger
systems,  where  analytical  treatment  becomes
intractable. The transformation from evolution time  to
normalized  interaction  strength  is  given  by

.  Substituting  this  relation  into  the  fidelity
functions yields 

FGHZ

(
J

λ0

)
= exp

(
−σ2

(
α
λ0
J

)2
)

F↑↓

(
J

λ0

)
= cos2

(
α
aλ0
J

)
× exp

(
−σ2

(
α
λ0
J

)2
)
. (C13)

λtij,0 = 10, λcij,0 = λ0 a = 10/11

|↑↓⟩
J/λ0

|GHZ⟩

|GHZ⟩

|GHZ⟩

These  expressions  explicitly  show  how  the  interplay
between coupling strength and Gaussian noise determines
the  fidelity  of  both  quantum  states.  By  setting

,  we  take .  As  shown  in
Fig. A2, the state  exhibits a distinct optimal operation
point  at  small ,  consistent  with  the  numerical
results presented in the main text. In contrast, the two-
qubit  (Bell) state shows no visible optimal operation
point because, in this simplified toy model, the omission
of  superconducting-qubit  frequency  terms  makes 
an  eigenstate  of  the  Hamiltonian,  thereby  suppressing
oscillatory  evolution.  When  these  frequency  terms  are
restored, the  state is expected to exhibit an analogous
optimal operation point behavior.

 

Noise Noise

|q0〉

|q1〉

|q0〉

|q1〉

 
Fig. A1  Quantum circuit illustrating the effect of noise on
two  consecutive  SWAP  operations  in  a  two-qubit  system.
The noise Hamiltonian commutes with the SWAP operation,
enabling  a  direct  analysis  of  its  influence  on  the  overall
circuit fidelity.

 

100

100

101

10−1

102

10−2

103

10−3

J/λ0 

1 
− 

F−

F↑↓, σ = 0.2
FGHZ, σ = 0.2
F↑↓, σ = 0.1
FGHZ, σ = 0.1

 

σ | ↑↓⟩
J/λ0

|GHZ⟩

Fig. A2  Fidelity of two-qubit states under Gaussian noise
during two SWAP operations for different . The  state
shows a clear optimal operation point at small , consistent
with  numerical  simulations.  In  contrast,  the  (Bell)
state exhibits no optimal operation point because the simplified
model omits qubit frequency terms, rendering it a Hamiltonian
eigenstate and thus suppressing oscillatory evolution.
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 Appendix D: Sweet-spot dependence on
interaction strength

λKij (t)

λJij(t) λK/λ0

λJ

λK/λJ λK

As  discussed  in  Section  2,  the  CPW-induced  noise
amplitude  can  be  three  to  twenty  times  larger
than  the  cavity-induced  term .  By  varying 
while  keeping  fixed,  we  effectively  tune  the  ratio

.  Different  values  of  yield  distinct  sweet-spot
magnitudes and corresponding pulse durations, as shown
in Fig. A3.

λK

This variation physically corresponds to modifying the
CPW parameters,  with  each  configuration  leading  to  a
unique optimal operation time associated with its optimal
operation  point.  Once  the  optimal  parameter  is  identi-
fied, other unitary operations in the same device can be
implemented  with  comparably  high  fidelity,  consistent
with the findings of Section 3.2. Interestingly, increasing

 lowers  the  sweet-spot  position  (yielding  higher
fidelity)  but  also  shortens  the  gate  time.  This  result
highlights a practical trade-off between operation duration
and achievable fidelity, providing experimentally relevant
guidance for system optimization.

 Appendix E: Time-dependent noise evolu-
tion

Hnoise(t)For general time-dependent noise , we model the
total  evolution  using  a  symmetric  Trotter  decomposi-
tion:
 

Utotal ≈
K∏

k=1

[
N∏

n=1

exp
(
−iHnoise(tk,n)

τ

2N

)
U

1/N
k

× exp
(
−iHnoise(tk,n)

τ

2N

)]
, (E1)

tk,n = (k − 1)τ + (n− 1
2 )

τ
N

U
1/N
k =

exp
(

1
N logUk

)where  and 
.  This symmetric structure ensures second-

order  accuracy  and  preserves  unitarity  throughout  the
noisy evolution.

The quantum state evolves according to the following
steps:
 

ρ0 = |ψ0⟩⟨ψ0|　1) Initialize .
k = 1, · · · ,K　2) For each operation segment :

∆t = τ/N　　(a) Set .
n = 1 N　　(b) For  to :

ρ← e−iHnoise(tk,n)∆t/2ρeiHnoise(tk,n)∆t/2

　　　　i. Apply half-step noise evolution:
;

n

ρ← U
(n)
k ρ(U

(n)
k )† U

(n)
k = U

1/N
k

　　　　ii. Apply the th fractional unitary:
 where ;

ρ← e−iHnoise(tk,n)∆t/2ρeiHnoise(tk,n)∆t/2

　　　　iii. Apply the second half-step noise evolution:
.

ρfinal　3) Store the final density matrix .
 

|ψ0⟩
|ψideal⟩ = Uideal|ψ0⟩ Uideal

ρfinal

The  fidelity  reported  throughout  the  manuscript  is
computed  as  the  overlap  between  the  final  state  under
noisy evolution and the ideal (noise-free) final state. For
a given initial state , we first compute the ideal final
state ,  where  is the target unitary
(e.g.,  the  product  of  SWAP gates  or  a  general  random
unitary).  The  noisy  evolution  yields  the  final  density
matrix  via  the  above  Trotter  procedure.  The
fidelity is then given by 

F = ⟨ψideal|ρfinal|ψideal⟩. (E2)

ρfinal = |ψactual⟩⟨ψactual|
F = |⟨ψideal|ψactual⟩|2

If  the noisy evolution is pure (i.e., ),
this reduces to . This definition coincides
with the standard quantum state transfer (QST) fidelity
when the target operation is a state transfer protocol. In
our  SWAP  circuits,  the  ideal  operation  cyclically
permutes the qubit states so that the ideal output equals
the input; thus the fidelity measures the success probability
of  returning the initial  state,  which is  exactly  the QST
fidelity. For general random circuits, the fidelity quantifies
how accurately the noisy implementation reproduces the
target  unitary  operation,  generalizing  the  QST  fidelity
to arbitrary multi-qubit transformations.
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