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Nonlocal optical nonlinearities arising from the thermorefractive effect provide a long-range mate-
rial response determined by heat diffusion and absorption. In graded-index media, this nonlocality
fundamentally alters modal interactions, yet its accurate modeling remains computationally de-
manding when starting from the full spatial nonlinear Schrödinger equation. In this work, inspired
by the nonpolynomial Schrödinger equation (NPSE) framework, we extend the dimensional reduc-
tion techniques to incorporate thermally mediated nonlocal nonlinearities. By coupling the optical
field to an equation for the temperature-induced refractive index change, and employing a variational
ansatz based on Laguerre–Gauss modes of the annular kind, of arbitrary azimuthal order, we derive
explicit analytic expressions for the variational equations. The resulting effective model captures
the dependence of the nonlinear interaction on mode order and degree of nonlocality, providing a
tractable reduced description of the dynamics in thermal nonlocal media.

I. INTRODUCTION

Nonlocal optical nonlinearities represent an interesting
self-interaction modality for waves propagating in media.
They are based on the fact that the material optical re-
sponse at a specific point is determined by the combined
effect of the wave over an extended region of space [1].
This nonlocality drastically alters the dynamics of the
optical field compared to local nonlinearity like the Kerr
effect, often acting as a stabilizing mechanism for non-
linear waves. It has indeed been extensively predicted
and experimentally demonstrated that nonlocal nonlin-
earities can arrest catastrophic wave collapse [2–4], sup-
press modulational instability in defocusing regimes [5],
and support the formation of stable spatial solitary waves
[6, 7]. Beyond stabilization, the nonlocal response pro-
foundly affects soliton mobility, particularly in the pres-
ence of optical lattices [8]. Nonlocal interactions also
arise in other systems, notably dipolar Bose–Einstein
condensates [9, 10], where the long-range dipolar forces
enable the emergence of supersolid states of matter [11].

Among the mechanisms generating optical nonlocal-
ity, thermal nonlinearities are especially important due to
their ubiquity in absorptive media and their long-range
character set by heat diffusion. Originating from light ab-
sorption and subsequent temperature redistribution [12–
14], the thermal response is governed by a Poisson-like
equation whose source is the absorbed optical power. Un-
like rapidly decaying nonlocal responses, thermal non-
linearity is strongly influenced by geometry: boundary
conditions shape the refractive-index profile and allow
controlling soliton trajectories [15, 16]. This leads to a
variety of nonlinear phenomena parametrized by the ge-
ometry of the medium [17–20]. Thermal diffusion can

also sustain dispersive spatial shock waves [21, 22], of-
fering a platform for studying extreme wave dynamics.
A crucial feature of thermal nonlocality is its ability to
stabilize nonlinear beams and spatial solitons. In local
cubic media, beams carrying orbital angular momentum
undergo azimuthal instabilities and break into filaments
[23]. Thermal diffusion suppresses this breakup, enabling
stable vortex beams and ring solitons [24, 25]. This sta-
bilization also influences vortex nucleation and the dy-
namics of vortex lines, which remain transient in local
media [26]. Parallel to these developments, interest in
multimode optical fiber dynamics, and in particular in
graded-index fibers (GRIN), has grown, motivated by
the demand for higher data capacity and the exploration
of new nonlinear regimes [27, 28]. GRIN fibers with
parabolic index profile have the additional advantage of
being analytically treatable [29–32]. Recent work has
shown that interacting Laguerre–Gauss beams in GRIN
fibers exhibit modified self-focusing and distinct critical
powers compared with single-mode excitation [33].

However, incorporating nonlocal thermal nonlineari-
ties in a generic GRIN medium poses significant com-
putational challenges, since fully spatial numerical simu-
lations are costly and reduced dimensional models are
desirable. Recently, we introduced a nonpolynomial
Schrödinger equation (NPSE) [34, 35] for multimode
fibers via a variational reduction of the full spatial non-
linear Schrödinger equation [36]. While effective for local
Kerr nonlinearities, that model did not include nonlo-
cal interactions. In this article, we discuss the extension
of the NPSE framework to nonlocal thermal nonlineari-
ties, deriving a coupled model consisting of a full spatial
NLSE and a Poisson-type equation for the thermally in-
duced index change. Using a variational ansatz based
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on Laguerre–Gauss modes with arbitrary azimuthal in-
dex and zero radial index [37], we obtain explicit expres-
sions for the nonlocal contribution. We show that the
standard NPSE ansatz is however insufficient to describe
diffraction properly, and a radial phase term becomes
necessary. The resulting effective one-dimensional model
captures the dependence of the nonlinear interaction on
mode order and transverse width, providing a generalized
framework for thermally mediated interactions.

II. FUNDAMENTAL EQUATIONS

A. Spatial nonlinear Schrödinger equation in a
graded-index medium

We consider the stationary electric field envelope
Φ(x, y, z) propagating in an isotropic medium with re-
fractive index n0(x, y). Under the paraxial approxima-
tions, the propagation equation reads [30, 36]

i∂zΦ = −i
α0

2
Φ− 1

2
∇2

⊥Φ

+W (x, y)Φ + g nnon−loc(x, y, z) Φ, (1)

where linear losses are modeled through the absorption
coefficient α0; W (x, y) represents the GRIN potential,

W (x, y) =
1

2
Ω2r2, (2)

with r2 = x2+y2, and the nonlinear index shift is written
as

nnon−loc(x, y, z) =
∆n(x, y, z)

n0
. (3)

with n0 a background refractive index. Differently from
[36], we consider a stationary field, neglecting the time
dependence of the field Φ. The normalization units in
Eq. 1 can be conveniently chosen as the beam waist w0 on
the transverse dimensions (x, y) and the corresponding
Rayleigh range zR = πw2

0/λ0 [38] on the axial dimension
z, λ0 being the wavelength associated to a bulk material
with the refractive index present at the propagation axis.

B. Steady-state temperature field

The nonlinear shift in the refractive index (3) is given
in our model by the thermo-optical effect, namely the
refractive index change induced by a change of tempera-
ture of the optical medium. The change of temperature
is itself induced by the local absorption, but due to ther-
mal diffusion it will be nonlocal in space at the steady
state. The field T (x, y, z) describing temperature varia-
tion with respect to an ambient temperature, obeys the
following steady-state heat equation [21, 22]

−∇2T = η |Φ|2, (4)

where η depends on the absorption α0 and the thermal
conductivity κ through

η =
α0

ρcpκ
, (5)

with ρ the material density and cp the specific heat at
constant pressure. We will assume that the thermody-
namic parameters ρ, cp and κ are temperature indepen-
dent, since we assume to have overall weak temperature
variations, so we can use the parameters evaluated at a
fixed ambient temperature and pressure. The station-
ary thermal field is solved in the presence of the follow-
ing boundary conditions: over the transverse directions
x and y we have null boundary conditions at infinity, and
over the longitudinal direction z we consider null bound-
ary conditions at a flat input facet at z = 0, and at a
flat output facet at z = L. The refractive index change
associated with the temperature variation is given by the
local expression

∆n(x, y, z) = β T (x, y, z), (6)

where β = dn/dT is the linear thermo-optic coefficient,
which can be positive or negative, depending on the ma-
terial.
In the presence of an optical beam propagating in the

medium, T varies slowly along z and the axial compo-
nent of the Laplacian in Eq. (4) may be replaced by an
effective confinement parameter 1/L2

eff [1, 7, 19, 22, 39].
A convenient way to understand this approximation is to
recall that the stationary temperature profile along z is
expressed by the eigenmodes of the axial Laplacian, with
the boundary conditions at z = 0 and z = L (see also
[39]). When analyzing the temperature profile distant
from the edges, in the weak absorption regime, the full
three-dimensional Green function expressed in Refs. [39,
Eq. (13)], [19, Eq. (5)] can be approximated so as to con-
tain only the contribution from the fundamental mode
along the z direction. The result of this approximation
is that Leff = L/π. The case of strong absorption can
be handled using a similar approach but with a modified
value of Leff [21]. The resulting equation, valid suffi-
ciently far from the sample boundaries, is therefore a 2D
screened Poisson-type equation(

−∇2
⊥ +

1

L2
eff

)
T (x, y, z) = η |Φ(x, y, z)|2. (7)

The formal solution of Eq. (7) at fixed z is the transverse
convolution

T (x, y, z) =

∫
d2r′⊥ G(r⊥ − r′⊥) |Φ(r′⊥, z)|2, (8)

where G is the Green’s function, and r⊥, r′⊥ indicate
transverse coordinates. In two transverse dimensions,
this Green function is known in closed form and involves
the modified Bessel function K0 [24, 40]:

G(r) =
1

2π
K0

(
r

Leff

)
. (9)
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At short distances K0 reproduces the logarithmic singu-
larity of the 2D Poisson kernel, while for r ≫ Leff it
decays exponentially, reflecting the suppression of long-
range diffusion by the heat transfer on the facets.

Within this model, the variation of the nonlinear index
will satisfy

g nnon−loc(r, z) =
γ

2π

∫
d2r′⊥ K0

(
|r⊥ − r′⊥|

Leff

)
|Φ(r′⊥, z)|2,

(10)
with γ = gβα0/(ρcpκ).

Combining the above elements, the optical propagation
obeys the full spatial nonlocal NLSE

i∂zΦ = −iα0

2 Φ− 1
2∇

2
⊥Φ+W (r)Φ + γΘ[|Φ|2] Φ, (11)

where the nonlocal operator is defined through the con-
volution

Θ[|Φ|2](r⊥, z) =
1

2π

∫
d2r′⊥ K0

(
|r⊥ − r′⊥|

Leff

) ∣∣Φ(r′⊥, z)∣∣2 .
(12)

We remark that the 2D screened-Poisson model offers
a substantial computational advantage over the full dif-
fusion equation, as it integrates naturally into beam-
propagation simulations where the nonlocal response is
updated independently at each axial step. It also pro-
vides a convenient starting point for the variational di-
mensional reduction introduced below. Such a model is
not unique to thermal media: screened-Poisson responses
also describe reorientation nonlinearity in liquid crystals
[19] and electrostrictive effects [7] and electron-ion inter-
actions in plasmas [24]. In all these cases, the station-
ary transverse index profile is well approximated by a
screened Poisson equation [21].

III. EFFECTIVE ACTION WITH THERMAL
NONLOCALITY

In order to perform a dimensional reduction, inspired
by the NPSE formalism, in the presence of thermal non-
locality, it is convenient to rewrite Eq. (11) in varia-
tional form. The lossless version of Eq. (11) (i.e. setting
α0 = 0), is the equation of motion associated to action

S =

∫
dz

∫
d2r⊥ L, (13)

with Lagrangian density

L =
i

2

(
Φ∗∂zΦ− Φ ∂zΦ

∗)− 1

2
|∇⊥Φ|2 −W (r) |Φ|2

− γ

2
|Φ|2 Θ[|Φ|2]. (14)

The first line of Eq. (14) contains the local contribu-
tions due to diffraction and the GRIN potential, while
the second line encodes the thermo-refractive nonlocal-
ity through a nonlocal quartic term. With this choice,

the Euler–Lagrange equation is Eq. (11), with the ex-
ception of losses, which we include phenomenologically a
posteriori for consistency with the source of nonlocality.
We assume the transverse field is a single Laguerre–Gauss
(LG) mode with radial index p and azimuthal index m,
and S = |m|,

Φ(r, θ, z) = A(z)TpS

(
r;σ(z)

)
exp

[
i
b(z)

2
r2
]
eimθ, (15)

where σ(z, t) is a variational transverse width and TpS is
normalized as ∫ ∞

0

dr r |TpS(r;σ)|2 = 1. (16)

This implies that the power of the beam is simply ex-
pressed as P = 2π|A|2. The parameter b(z) regulates
the phase profile over the radial direction. It is moti-
vated by the known phase profile of paraxial beams, and
was used in past literature for variational study of beam
propagation [29]. The LG transverse profile is written as

TpS(r,σ) =
1

σ
CpS

( r

σ

)S

LS
p

(
r2

σ2

)
exp

[
− r2

2σ2

]
, (17)

with

CpS =

√
2p!

(p+ S)!
, (18)

where p is the radial number.

A. Effective Lagrangian: local terms

Inserting the ansatz into the full Lagrangian density
and integrating over the transverse plane yields

Lloc =iA∗Ȧ

− ξpS
2

[
σ−2 + (Ω2 + b2 + ḃ)σ2

]
|A|2 ,

(19)

where the coefficients are

ξpS = S + 2p+ 1, (20)

as in Ref. [36]. The dot notation indicates differentiation
with respect to the propagation variable z. These terms
are identical to the local NPSE case [36, 41], except for
the presence of the chirp term.

B. Effective action: nonlocal term

The thermal nonlocality enters the propagation La-
grangian in 1D through the last term of the Lagrangian
density (14),

Lnon−loc = −γ

2
|Φ(r⊥, z)|2 Θ[|Φ|2](r⊥, z), (21)
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where the nonlocal thermal potential is defined as the
convolution (12). The corresponding contribution to the
effective one-dimensional Lagrangian L(z) is obtained by
integrating over the transverse plane:

Lnon−loc =

∫
d2r⊥ Lnon−loc

= − γ

4π

∫
d2r⊥ |Φ(r⊥, z)|2

×
∫

d2r′⊥ K0

(
|r⊥ − r′⊥|

Leff

)
|Φ(r′⊥, z)|2 , (22)

we remark that this expression is symmetric under the
exchange of r⊥ and r′⊥. This is the general structure
of the thermal nonlocal interaction at the Lagrangian
level; using the LG ansatz (15) the nonlocal contribution
becomes purely quartic in the axial amplitude A:

Lnon−loc = −γ

2
|A|4 IpS(σ), (23)

where the transverse nonlocal integral is

IpS(σ) =
1

2π

∫
d2r⊥ d2r′⊥ K0

(
|r⊥ − r′⊥|

Leff

)
× |TpS(r;σ)|2|TpS(r

′;σ)|2. (24)

The dependence on the mode indices (p,S) and on the
width σ enters only through IpS(σ), which is the quantity
to be evaluated explicitly.

We consider the nonlocal integral

IpS(σ) =
1

2π

∫
d2r⊥ d2r′⊥ K0

(
|r⊥ − r′⊥|

Leff

)
× ρpS(r;σ) ρpS(r

′;σ), (25)

where ρpS(r;σ) = |TpS(r;σ)|2 is radially symmetric. The
integral can be simplified by using the Fourier convolu-
tion theorem in two dimensions (see Appendix A)

IpS(σ) = 2π

∫ ∞

0

dq q
L2
eff

1 + L2
effq

2
ρ̃pS(q;σ)

2. (26)

where

ρ̃pS(q;σ) =

∫ ∞

0

dr r ρpS(r;σ) J0(qr), (27)

is the Hankel transform of ρ.
The effective Lagrangian in this case is obtained com-

bining the local part Eq. (19) with the nonlocal part
Eq. (23), with the simplified value of the nonlocal con-
tribution expressed implicitly by Eq. (26). The Euler–
Lagrange equation for the axial amplitude follows from
∂L/∂A∗ = 0, since L does not depend on Ȧ∗. To have
a consistent account of the thermal effects, we add the
absorption in the equation of motion, takinginto account
the transverse shape of the mode

i Ȧ =− i
α0

2
A

+
ξpS
2

[
σ−2 + (Ω2 + b2 + ḃ)σ2

]
A

+ γIpS(σ) |A|2A. (28)

The first two terms correspond to the local contributions,
while the third term is the nonlocal thermo–refractive
correction. The transverse width σ(z) enters the La-
grangian algebraically, so its equation of motion reduces
to the condition ∂L/∂σ = 0. The local part yields

∂Lloc

∂σ
= ξpS |A|2

(
σ−3 − (Ω2 + b2 + ḃ)σ

)
, (29)

while the nonlocal part gives

∂Lnonloc

∂σ
= −γ

2
|A|4 dIpS

dσ
. (30)

Collecting all terms, the condition ∂L/∂σ = 0 yields the
algebraic equation

ξpS |A|2
[
σ−3 −

(
Ω2 + b2 + ḃ

)
σ
]

− γ

2
|A|4 dIpS

dσ
= 0. (31)

Finally the Euler-Lagrange equation for the radial phase
chirp parameter is

d

dz

(
σ2|A|2

)
= 2 b σ2 |A|2. (32)

Equations (28), (31) and (32) define a dimensional reduc-
tion: the axial field evolves under a σ–dependent nonlin-
earity, while the transverse width is determined by the
balance between the local and nonlocal thermal contribu-
tions. These equations constitute the main result of the
work. While they are not immediately written with an
algebraic nonlinearity, similarly to the NPSE approach
[34], closed forms are available for specific choices of the
transverse distributions, like the Gaussian one. We re-
mark that, unlike the previously studied systems, where
it was possible to express explicitly the value of σ and
substitute it back into the equation for the axial ampli-
tude, in this case, since IpS is a complicated function of
σ, this is no longer possible. However, it is remarkable
that closed-form expressions can be found for I0S , i.e.
the case with p = 0, as shown in Appendix B.

C. Special case: Gaussian beam

For the fundamental Gaussian mode (p = 0, m = 0,
hence S = 0), the transverse profile reduces to

T00(r;σ) =

√
2

σ
exp

(
− r2

2σ2

)
, (33)

so that the radial intensity is

ρ00(r;σ) = |T00(r;σ)|2 =
2

σ2
exp

(
− r2

σ2

)
. (34)

Its Hankel transform is again a Gaussian,

ρ̃00(q) = e−σ2q2/4. (35)
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Figure 1 Effective potential Veff(σ) of the variational
width dynamics for different nonlocality lengths Leff .
Panel (a) shows the defocusing regime γ = 0.5, and
panel (b) shows the focusing regime γ = −0.5, in the
presence of a confining potential with Ω = 1. The index
S is chosen to S = 2.

Inserting this into Eq. (26) yields

I00(σ) = 2πL2
eff

∫ ∞

0

dq
q e−σ2q2/2

1 + L2
effq

2
. (36)

This integral can be performed in terms of the exponen-
tial integral Ei [40]

I00(σ) = −π exp

(
σ2

2L2
eff

)
Ei

(
− σ2

2L2
eff

)
, (37)

its derivative reads

dI00
dσ

=
σ

L2
eff

I00(σ)−
2π

σ
. (38)

The corresponding integrals for S ≥ 1 are less straight-
forward and can be obtained as discussed in Appendix
B.

We remark that, if the thermal nonlocal term (37) is
considered in the limit of Leff → 0, the equations for
the beam evolution reduce to the ones derived in the
variational model of Ref. [29] (the nonlocal limit is also
discussed in the derivation of [21, Eq. (7)]). Unlike the
treatment in Ref. [29], in the present model it is not pos-
sible to simply generalize the results to pulses, as the
response time of the thermal properties would make the
analysis much more involved, even neglecting chromatic
dispersion. Finally, in the special case of a linear evolu-
tion, Eq. (31) becomes the well-known equation for beam
width evolution (see also Ref. [42]).

IV. NUMERICAL SIMULATIONS

To validate the reduced model, we performed direct
simulations of the full two-dimensional paraxial diffrac-

0

0.2

0.4

(a)

|Φ
|2 exact

variat.

(b)

0 2 4 6
0

0.2

0.4

(c)

r

|Φ
|2

0 2 4 6

(d)

r

Figure 2 Comparison of stationary radial intensity pro-
files of the beam |Φ(r)|2 obtained from imaginary time
evolution of the paraxial diffraction operator (solid red
lines) and the variational ansatz (dashed blue lines).
Panels (a) and (b) show the case of Leff = 0.5 for vortex
indices S = 1 and S = 2, respectively. Panels (c) and (d)
show the regime of Leff = 5.0 for S = 1 and S = 2. In
this plot Ω = 1, and γ = 0.5.

tion equation with thermal nonlocality using a standard
split-step Fourier method. The linear propagation was
computed in the transverse momentum domain, while
the nonlinear thermo-refractive potential was updated at
each axial step through convolution with the kernel dis-
cussed in Eq. (10). This approach follows established
numerical strategies for nonlocal nonlinear Schrödinger
equations [5, 24], and allows for accurate benchmarking
of beam evolution, including dynamical regimes where
the dimensionally reduced model is expected to perform
poorly, like the ones of dispersive shock waves in the
self-defocusing regime [21], and symmetry-breaking az-
imuthal instability [24]. The reduced variational model
represented by Eqs. (28, 31, 32) is solved using a standard
fourth-order Runge-Kutta method.

A. Stationary beam profiles

Starting from the equations of motion, we consider the
conservative case α0 = 0. In this regime Eq. (28) imposes
that the beam power P = 2π|A|2 is conserved. Using this
information and substituting in Eq. (32), we obtain that
the derivative σ̇ is proportional to b: to have a stationary
value, we require b = 0. A particularly interesting anal-
ysis is then to solve Eq. (31) for the stationary value of
σ. In the following, we set |A|2 = 1. The aforementioned
Eq. (31) in the static case can be interpreted as the con-
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Figure 3 Comparison of stationary radial intensity pro-
files of the beam |Φ(r)|2 obtained from imaginary time
evolution of the paraxial diffraction operator (solid red
lines) and the variational ansatz (dashed blue lines).
Panels (a) and (b) show the case of (Leff = 1.2) for vor-
tex indices S = 1 and S = 2, respectively. Panels (c) and
(d) show the case of Leff = 5.0, also for S = 1 and S = 2.
In this plot Ω = 0 and γ = −0.22.

dition of stationarity of the following effective potential

Veff(σ) =
ξpS
2

(
1

σ2
+Ω2σ2

)
+

γ|A|2

2
I0S

(
σ
)
. (39)

The structure of the effective potential Veff(σ) changes
significantly with the degree of thermal nonlocality, as
shown in Fig. 1. In the defocusing regime (Fig. 1(a)), in-
creasing Leff shifts the minimum of the potential toward
larger widths, indicating weaker transverse confinement
and a broader stationary beam. In the focusing regime
(Fig. 1(b)), the nonlocal contribution changes the poten-
tial more dramatically: the attractive term induced by
diffusion becomes dominant at small σ, and the depth of
the potential well increases with Leff .
To assess the validity of the dimensional reduction, we

first compare the stationary states obtained via imag-
inary time propagation [43–45] with the predictions of
the variational method. Figure 2 compares the radial in-
tensity profiles |Φ(r)|2 in a defocusing regime, γ = 0.5,
with a graded-index potential, Ω = 1. In the case of
short-range nonlocality of panels (a) and (b), having
Leff = 0.5, the variational prediction shows excellent
agreement with the exact numerical solutions for both
vortex orders S = 1 and S = 2. However, as the ther-
mal response becomes more nonlocal (panels (c) and (d),
with Leff = 5.0), the physical beam profile deforms and
departs from the functional form assumed in the varia-
tional ansatz. A similar analysis is done in the focus-

ing case and without confining potential in Fig. 3, with
a parameter γ = −0.22. In this analysis the nonlinear
parameter and the effective length Leff were chosen to
prevent the solver from collapsing to a filamented state.
Among the simulations with Leff = 1.2 (panels (a) and
(b)), the one with high vorticity in panel (d) displays a
poor matching of the variational results. This is inter-
preted by considering the fact that this choice of param-
eters leads to a situation similar to the one represented
in panel (b) of Figure 1: when diminishing the effective
length, the curvature of the effective potential diminishes
more and more. This makes the system much more sensi-
tive to small variations in the radial shape and deviations
from the Laguerre–Gauss shape. The variational model
still reproduces the qualitative broadening of the beam in
exact solutions in the strongly nonlocal regime Leff = 5.0
(panels (c) and (d)).

B. Beam propagation

Figure 4 shows the dynamical evolution of a vortex
beam S = 1 propagating with losses set to α = 0.2
with strong thermal nonlocality Leff = 40. The ax-
ial amplitude |A(z)|2 decays monotonically due to linear
absorption (panel (a)), while the transverse width σ(z)
undergoes damped breathing oscillations constrained by
the graded-index potential (panel (b)). The correspon-
dence between the reduced one-dimensional variational
model (solid red lines) and the full two-dimensional split-
step Fourier simulations (blue markers) is substantial.
This demonstrates that, despite the moderate discrepan-
cies observed in the static mode profiles, the variational
method accurately captures the overall beam evolution
dictated by the interplay of diffraction, thermal diffu-
sion, and the parabolic trapping potential, especially for
small propagation distances. We remark that the inclu-
sion in the ansatz of the radial chirp term as described
in Eq. (15) is important. This can be deduced by ana-
lyzing Eq. (31), where, in the absence of the variable b,
any non-dissipating beam would have a fixed width for
the entire propagation distance.

V. CONCLUSIONS

In this work we have examined a reduced one-
dimensional description of beam propagation in graded-
index media with thermal nonlocal nonlinearities, de-
rived from the full spatial nonlinear Schrödinger equa-
tion coupled to a screened-Poisson model. By extending
the variational methodology to include a nonlocal con-
volution term, we obtained an effective action in which
the thermal interaction appears through a mode- and
width-dependent nonlocal energy functional. The use of
an annular Laguerre–Gauss trial function enabled closed
form expressions for the Hankel transform of the inten-
sity and yielded a compact formulation of the reduced
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Figure 4 Comparison of the axial beam dynamics ob-
tained from full 2D paraxial propagation (blue markers)
and the variational model (solid red lines). Panel (a)
shows the evolution of the amplitude |A(z)|2, while panel
(b) reports the corresponding transverse width σ(z). The
simulations use a vortex beam with p = 0, S = 1 and
initial conditions A(0) = 1, σ(0) = 1, and b(0) = 0
(constant radial phase). The nonlinear parameters are
γ = −0.15, Leff = 40, α = 0.2, and Ω = 1.

dynamics. The resulting evolution equations show that
thermal nonlocality alters the dependence of the nonlin-
ear interaction on the transverse width and mode order.
The analysis also indicates that a single-width ansatz is
insufficient to capture the dynamics in nonlocal media,
and that a radial phase-chirp parameter is needed.

The approach may be extended to multimode or par-
tially coherent fields, where thermal diffusion medi-
ates effective intermodal coupling. Further generaliza-
tions may include saturable responses or time-dependent
thermal relaxation, to broaden the applicability of the
method to pulsed systems as well, where the interplay
with local electronic Kerr effect and chromatic disper-
sion would be interesting.

VI. APPENDIX A: FOURIER-BESSEL
CONVOLUTION

To reduce this expression we use the Hankel transform
of the kernel,

K̃(q) =

∫ ∞

0

dr rK0

(
r

Leff

)
J0(qr), (40)

which provides the inversion formula

K0

(
|r−r′|
Leff

)
=

∫ ∞

0

dq q K̃(q) J0
(
q|r− r′|

)
. (41)

Substituting this into (25) and exchanging the order of
integration yields (we drop the subscripts of ρ for brevity)

IpS(σ) =
1

2π

∫ ∞

0

dq q K̃(q) J(q), (42)

J(q) =

∫
d2r d2r′ ρ(r)ρ(r′) J0

(
q|r− r′|

)
. (43)

Using the addition theorem for Bessel functions to-
gether with azimuthal integration [46, §8.530],∫ 2π

0

dθ

∫ 2π

0

dθ′ J0
(
q|r− r′|

)
= (2π)2 J0(qr)J0(qr

′), (44)

we obtain

J(q) =(2π)2
[∫ ∞

0

dr r ρ(r)J0(qr)

]
×

[∫ ∞

0

dr′ r′ ρ(r′) J0(qr
′)

]
. (45)

Using the definition of the Hankel transform of the radial
intensity, in Eq. (27), the nonlocal integral becomes

IpS(σ) = 2π

∫ ∞

0

dq q K̃(q)
∣∣ρ̃pS(q)∣∣2. (46)

Finally, inserting the explicit kernel transform

K̃(q) =
L2
eff

1 + L2
effq

2
, (47)

we retrieve the compact expression (26).

VII. APPENDIX B: CLOSED-FORM HANKEL
TRANSFORM FOR LAGUERRE-GAUSS

INTENSITIES

We compute the Hankel transform ρ̃pS(q) for the LG
intensity. Using the explicit expressions defining (15),
one has

ρpS(r) =
C 2

pS

σ2S+2
r2S

[
LS
p

(
r2

σ2

)]2
exp

(
− r2

σ2

)
, (48)

Accordingly,

ρ̃pS(q) =

∫ ∞

0

dr r ρpS(r;σ) J0(qr). (49)

A particularly compact expression is obtained for the
vortical modes with p = 0 and S ̸= 0, for which

ρ0S(r) = B0S r2S exp

(
− r2

σ2

)
, (50)

with

B0S =
2

σ2(S+1) S!
. (51)
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Figure 5 Scaling of the nonlocal interaction coefficient
I0S as a function of the normalized beam width σ/Leff .

In this case the Hankel transform can be expressed using
confluent hypergeometric functions

ρ̃0S(q) = 1F1

(
1 + S ; 1 ; −q2σ2

4

)
, (52)

where 1F1 denotes the confluent hypergeometric func-
tion of the first kind. Equation (52) provides a compact
analytic expression for the Hankel transform of the annu-
lar (p = 0) LG vortices, and is particularly useful when
evaluating the nonlocal energy I0S through Eq. (26). In-
deed, performing the integration for a fixed value of S one
finds that the quantity I0S admits an explicit analytical
expression in terms of polynomials in the variable σ/Leff

and expressions containing the exponential integral func-
tion Ei. In the case S = 0 this procedure reproduces the
closed form reported in Eq. (37). For S > 0, the deriva-
tive dI0S/dσ required in Eq. (31) is likewise available
analytically once the value of I0S is determined.

The scaling of the nonlocal coefficient is analyzed in
Fig. 5. The S = 0 case (solid blue line) defines an upper
bound, as increasing the azimuthal index S systemati-
cally decreases I0S . The dependence on σ contrasts with
the variational analysis obtained with local nonlinearity,
where interaction energy scales as 1/σ2 independently of
S. In the nonlocal case, there is no simple algebraic decay
valid for all values of σ.
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C. Gabbanini, R. N. Bisset, L. Santos, and G. Mod-
ugno, Observation of a Dipolar Quantum Gas with
Metastable Supersolid Properties, Physical Review Let-
ters 122, 130405 (2019).

[12] A. G. Litvak, Self-focusing of Powerful Light Beams by
Thermal Effects, ZhETF Pisma Redaktsiiu 4, 341 (1966).

[13] P. Brochard, V. Grolier-Mazza, and R. Cabanel, Ther-
mal nonlinear refraction in dye solutions: A study of the
transient regime, JOSA B 14, 405 (1997).

[14] S. J. Sheldon, L. V. Knight, and J. M. Thorne, Laser-
induced thermal lens effect: A new theoretical model,
Applied Optics 21, 1663 (1982).

[15] C. Rotschild, O. Cohen, O. Manela, M. Segev, and
T. Carmon, Solitons in Nonlinear Media with an Infinite
Range of Nonlocality: First Observation of Coherent El-
liptic Solitons and of Vortex-Ring Solitons, Physical Re-
view Letters 95, 213904 (2005).

[16] A. Minovich, D. N. Neshev, A. Dreischuh, W. Kro-
likowski, and Y. S. Kivshar, Experimental reconstruction
of nonlocal response of thermal nonlinear optical media,
Optics Letters 32, 1599 (2007).

[17] B. Alfassi, C. Rotschild, O. Manela, M. Segev, and D. N.
Christodoulides, Boundary force effects exerted on soli-
tons in highly nonlocal nonlinear media, Optics Letters
32, 154 (2007).

[18] A. Alberucci and G. Assanto, Propagation of optical spa-
tial solitons in finite-size media: Interplay between non-
locality and boundary conditions, Journal of the Optical
Society of America B 24, 2314 (2007).

[19] A. Alberucci, C. P. Jisha, N. F. Smyth, and G. Assanto,
Spatial optical solitons in highly nonlocal media, Physical
Review A 91, 013841 (2015).

[20] A. Alberucci, M. Peccianti, and G. Assanto, Nonlinear
bouncing of nonlocal spatial solitons at the boundaries,
Optics Letters 32, 2795 (2007).

[21] N. Ghofraniha, C. Conti, G. Ruocco, and S. Trillo, Shocks

https://doi.org/10.1103/PhysRevLett.92.113902
https://doi.org/10.1103/PhysRevE.66.046619
https://doi.org/10.1103/PhysRevE.66.046619
https://doi.org/10.1088/1464-4266/6/5/017
https://doi.org/10.1088/1464-4266/6/5/017
https://doi.org/10.1007/BF01017959
https://doi.org/10.1007/BF01017959
https://doi.org/10.1103/PhysRevE.64.016612
https://doi.org/10.1103/PhysRevA.48.4583
https://doi.org/10.1103/PhysRevLett.95.183902
https://doi.org/10.1103/PhysRevLett.95.183902
https://doi.org/10.1103/PhysRevLett.95.113901
https://doi.org/10.1103/PhysRevLett.95.113901
https://doi.org/10.1088/0953-4075/42/14/145302
https://doi.org/10.1088/0953-4075/42/14/145302
https://doi.org/10.1103/PhysRevA.66.043619
https://doi.org/10.1103/PhysRevLett.122.130405
https://doi.org/10.1103/PhysRevLett.122.130405
https://doi.org/10.1364/JOSAB.14.000405
https://doi.org/10.1364/AO.21.001663
https://doi.org/10.1103/PhysRevLett.95.213904
https://doi.org/10.1103/PhysRevLett.95.213904
https://doi.org/10.1364/OL.32.001599
https://doi.org/10.1364/OL.32.000154
https://doi.org/10.1364/OL.32.000154
https://doi.org/10.1364/JOSAB.24.002314
https://doi.org/10.1364/JOSAB.24.002314
https://doi.org/10.1103/PhysRevA.91.013841
https://doi.org/10.1103/PhysRevA.91.013841
https://doi.org/10.1364/OL.32.002795


9

in Nonlocal Media, Phys. Rev. Lett. 99, 043903 (2007).
[22] G. Marcucci, D. Pierangeli, S. Gentilini, N. Ghofraniha,

Z. Chen, and C. Conti, Optical spatial shock waves in
nonlocal nonlinear media, Advances in Physics: X 4,
1662733 (2019).

[23] M. S. Bigelow, P. Zerom, and R. W. Boyd, Breakup
of Ring Beams Carrying Orbital Angular Momentum
in Sodium Vapor, Physical Review Letters 92, 083902
(2004).

[24] A. I. Yakimenko, Y. A. Zaliznyak, and Y. Kivshar, Stable
vortex solitons in nonlocal self-focusing nonlinear media,
Phys. Rev. E 71, 065603 (2005).

[25] D. Briedis, D. E. Petersen, D. Edmundson, W. Kro-
likowski, and O. Bang, Ring vortex solitons in nonlocal
nonlinear media, Opt. Express, OE 13, 435 (2005).

[26] V. Biloshytskyi, A. Oliinyk, P. Kruglenko, A. Desyat-
nikov, and A. Yakimenko, Vortex nucleation in nonlocal
nonlinear media, Physical Review A 99, 043835 (2019).

[27] F. Poletti and P. Horak, Description of ultrashort pulse
propagation in multimode optical fibers, JOSA B 25,
1645 (2008).

[28] A. Antikainen, L. Rishøj, B. Tai, S. Ramachandran, and
G. P. Agrawal, Fate of a Soliton in a High Order Spa-
tial Mode of a Multimode Fiber, Physical Review Letters
122, 023901 (2019).

[29] M. Karlsson, D. Anderson, and M. Desaix, Dynamics of
self-focusing and self-phase modulation in a parabolic in-
dex optical fiber, Optics Letters 17, 22 (1992).

[30] P. Parra-Rivas, Y. Sun, and S. Wabnitz, Dynamics of
three-dimensional spatiotemporal solitons in multimode
waveguides, Optics Communications 546, 129749 (2023).

[31] O. V. Shtyrina, M. P. Fedoruk, Y. S. Kivshar, and S. K.
Turitsyn, Coexistence of collapse and stable spatiotempo-
ral solitons in multimode fibers, Phys. Rev. A 97, 013841
(2018).

[32] A. A. Aguilar-Cardoso, C. Li, T. J. B. Luck, M. F. Ferrer-
Garcia, J. Upham, J. S. Lundeen, and R. W. Boyd, Tai-
loring spatial modes produced by stimulated parametric
down-conversion, Physical Review A 112, 043541 (2025).
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