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ABSTRACT

Quantum battery has become one of the hot issues at the research frontiers
of  quantum  physics  recently.  Charging  power,  ergotropy  and  wireless
charging  over  long-distance  are  three  important  aspects  of  interest.  The
electromagnetic  interaction  provides  an  important  avenue  for  wireless
charging. In this paper, we design a wireless and remote charging scheme
based on the quantized Hamiltonian of two coupled LC circuits and inves-
tigate the charging dynamics of a continuous variable quantum battery. It
is found that the battery can obtain more ergotropy only when its charac-
teristic  frequency  is  larger  than  that  of  the  charger  under  rotating  wave
coupling.  The  quantum  coherence  is  more  significant  than  the  quantum
entanglement  for  the  ergotropy  of  the  quantum  battery,  regardless  of
whether the interaction between the charger and the battery is rotating or
counter-rotating wave coupling.  The feasibility  of  enabling the battery to
extract  ergotropy  from  the  thermal  reservoir  through  interplay  between
the  charger  and  the  environment  is  demonstrated  when  the  roles  of  the
rotating  and  counter-rotating  wave  couplings  are  considered  simultane-
ously.  Our wireless charging scheme is not only simple and cost-effective
but also offers a longer charging distance than existing qubit batteries.
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 1   Introduction

The chemical battery was invented more than 200 years,
and  during  this  time,  researchers  have  continued  to
boost its performance, and it has now been applied to all
aspects  of  human’s  lives.  With  the  development  of
science  and  technology  and  the  continuous  growth  of
people’s living needs, the miniaturization of instruments
and equipment has become one of most important devel-
opment  trends.  The  battery  is  no  exception.  When  the
devices  is  as  small  as  microns  or  even  nanometers  in

size, the quantum effect dominates its performance. The
concept  of  the  quantum  battery  is  born  during  the
process  of  the  miniaturization.  Nowadays,  More  and
more  people  are  looking  for  ways  to  apply  quantum
theories  and  technologies  to  battery’s  research  in  order
to  sustainingly  improve  its  performance  in  all  aspects.
Although the chemical battery is based on much quantum
knowledge,  the  way  the  quantum  battery  works  is
entirely different [1].

The  fundamental  theory  of  the  quantum  battery  is
first  and  systematically  investigated  by  Alicki  and
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Fannes [2] in 2013 based on the work given in Ref.  [3].
The upper limit of the battery’s ergotropy (i.e., maximum
extractable  work)  is  estimated  by  the  properties  of  the
free  energy  and  the  Gibbs  function.  It  is  pointed  out
that the quantum entanglement in collective charging of
quantum  batteries  is  helpful  for  extracting  more
ergotropy.  Based on this,  the research for  the quantum
battery  has  made  important  progress  in  more  than  a
decade. The progress mainly consists of two aspects: one
is  to  provide  proposals  for  new  schemes  and  systems
that can be used to create quantum batteries; the other
is  to  study  the  impact  of  quantum  resources  on  the
performance of quantum batteries, focusing on ergotropy
and  charging  power.  The  new  proposals  included,  but
were not limited to, nonreciprocal [4] and topological [5]
quantum  batteries.  The  charging  scheme  with  wireless
energy  transfer  was  also  proposed  recently  [6, 7].  The
systems for supporting the quantum batteries have been
extended  to  ultracold  atomic  gases  [8],  miniature
microwave  RFs  [9, 10],  and  nuclear  spins  [11].  The
effects  of  the  relevant  parameters  of  these  systems  on
the performance of the batteries were investigated corre-
spondingly.  As a  unique resource  for  quantum systems,
the  entanglement  has  become  the  focus  of  research.  A
subset of researchers supports the positive impact of the
entanglement  on  quantum  batteries  [12–15].  However,
other  researchers  show  that  the  entanglement  can  also
have negative  effects  [16–18].  Based on the central-spin
and  Tavis-Cummings  models,  it  was  revealed  that  the
incoherent work does not benefit from the entanglement
between the battery and the charger, and that generating
the  ergotropy  requires  either  such  entanglement  or  the
quantum  coherence  in  the  battery  [19].  Actually,
whether the entanglement is beneficial or detrimental to
quantum  batteries  depends  on  the  specifics  [20, 21].
Meanwhile,  the  positive  role  of  quantum  coherence  as
another  quantum  resource  for  a  battery  has  been
confirmed [22–24].

As  the  research  progressed,  the  scope  of  studies  on
improving  quantum  batteries  was  greatly  expanded.
Some research even considers the environment interacting
with  the  system  as  a  resource  for  charging  quantum
battery [25–27]. In 2021, the spin-chain quantum battery
in  an  optical  cavity  coupled  to  a  Markovian  thermal
reservoir  was  investigated  and  it  was  shown  that  the
ergotropy can be extracted during the thermal charging
[28]. In another work, the charging system including two
qubits  as  quantum battery  and  charger  was  studied  so
that a long-distance wireless charging could be achieved
by  coupling  a  shared  non-Markovian  environment  [29].
Using the parameters given in that paper, it can be esti-
mated that the ergotropy of the quantum battery tends
to be zero when the distance between the two qubits is
greater than 1.5 μm. There are other interesting charging
protocols,  such  as  charging  by  exploiting  external  elec-
tromagnetic fields [30], charging by mediation of parity-

deformed  fields  [31],  as  well  as  charging  via  the  non-
equilibrium  heat  current  [32, 33],  have  been  proposed.
Moreover, to improve the performance of open quantum
batteries, various quantum control techniques have been
applied,  including  feedback  control  [34],  stimulated
Raman adiabatic passage [35], Bang-Bang modulation of
an  external  Hamiltonian’s  intensity  [36],  adjusting  the
velocity of battery and charger qubits, and boosting the
reservoir’s quantum squeezing. Most of the above studies
are about the qubit batteries and have laid the foundation
for realistic applications of quantum batteries.

Ωδ(t)(â†â† + ââ)/2

In  recent  years,  more  and  more  attention  has  been
paid  to  quantum  batteries  based  on  continuous  vari-
ables. In 2023, a method was proposed for improving the
intrinsic  charging  performance  and  energy  storage  of
quantum  batteries  by  incorporating  a  catalyst  system
between  the  battery  and  the  charger  [37].  Numerical
simulation  showed  that  the  catalyst  system  does  not
require energy expenditure. In the same year, a continuous
variable  quantum battery by preparing the initial  state
of  the  charger  as  a  Gaussian  state  was  investigated
under  the  conditions  of  considering  the  weak  coupling
between  the  battery  and  the  charger  and  exposing  the
charger  to  a  Markovian  environment.  The  relationship
between  the  ergotropy  of  the  battery  and  the  dissipa-
tion/coupling coefficients was analyzed, and the effect of
the dissipation and coupling coefficients on the quantum
phase transition of  the system was investigated [38].  In
2024,  a  driving  term  was  used  to
investigate  the  performance  of  a  continuous  variable
quantum  battery  [39].  It  was  found  that  this  driving
term not only hyperbolically increases the energy stored
in the battery, but also suppresses the dissipation effect.
In the same year, an approach was proposed to achieve
a  unidirectional  flow of  energy  from the  charger  to  the
quantum battery [4]. In the case of an open system, the
goal of extracting the ergotropy in the quantum battery
to be a nonzero constant after a sufficiently long period
of  time  was  achieved.  The  approach  also  increases  the
energy  storage  capacity  of  the  battery  and  eliminates
the  need  for  disconnecting  the  coupling  between  the
battery  and  the  charger  at  a  precise  point  in  time.
Clearly, the continuous variable quantum batteries have
huge potentials for extracting useful work.

It  is  well  known  that  the  mutual  induction  between
electromagnetic  fields  has  been  widely  used  in  many
fields. In quantum optics, the alternating electromagnetic
fields  or  LC  circuits  can  be  quantized  as  resonators
[40–42],  and  the  wireless  and  remote  charging  can  be
achieved by coupling the capacitance and inductance of
two  LC  circuits.  Inspired  by  these  theories,  we  have
some  questions:  What  will  be  the  role  of  quantum
resources  such  as  entanglement  and  coherence  for  the
continuous  variable  quantum  batteries?  In  the  case  of
wireless charging, can the distance between the quantum
battery and the charger be extended even further? It has
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been established that  the thermal  charging processes  of
single-mode  quantum  batteriy  does  not  allow  for  the
attainment  of  nonzero  ergotropy  [43].  Therefore,  it  is
pertinent to inquire how the thermal charging of a single-
mode continuous variable quantum battery would differ.
In this paper, we theoretically propose the implementation
of a charging scheme for the continuous variable quantum
batteries, and investigate the charging dynamics of: (i) a
closed system consisting of  a battery and charger when
the  rotating  or  counter-rotating  wave  coupling  exists
alone;  (ii)  a  closed  system  consisting  of  a  battery  and
charger when both of  the rotating and counter-rotating
wave  couplings  exist  simultaneously;  (iii)  an  open
system consisting  of  a  battery,  charger,  and Markovian
environment  when  both  of  the  rotating  and  counter-
rotating wave couplings are present. By theoretical analysis
and  numerical  calculation  of  the  equations  describing
the  closed  and  open  quantum systems,  the  answers  for
the  above  questions  will  be  given  step  by  step  in  the
following context.

 2   Model and solving method

The  scheme  of  a  continuous  variable  quantum  battery
with wireless and remote charging based on two coupled
LC circuits is shown in Fig. 1. The coupling between the
two  LC  circuits  include  the  contribution  from  both  of
the  inductors  and  the  capacitors.  The  energy  between
the two inductors can be expressed as 

HL =
1

2
I1Φ1 +

1

2
I2Φ2, (1)

Ij Φj

j j = 1, 2

where  and  are  the  current  and  magnetic  flux  of
the th  ( )  coil,  respectively.  Although  this
formula  looks  like  only  considering  the  energy  of  each
inductor,  it  actually  includes  the  energy  of  the  interac-
tion.  The  magnetic  flux  in  each  coil  consists  of  two
parts:  one  part  of  the  flux  is  excited  by  the  coil’s  own
current and the other part is generated by the current in

the other coil. That is 

Φ1 = L1I1 + LmI2, Φ2 = L2I2 + LmI1, (2)

Lm kL = Lm/
√
L1L2where  is  the  mutual  inductance,  is

the  magnetic  coupling  coefficient.  By  combing  Eq.  (1)
and Eq. (2), the magnetic energy stored in the two coils 

HL =
L1Φ

2
2

2(L1L2 − L2
m)

+
L2Φ

2
1

2(L1L2 − L2
m)

− LmΦ1Φ2

L1L2 − L2
m

.

(3)

Similar  with  the  derivation  process  of  the  magnetic
energy, the energy in the two capacitors is 

HC =
C1Q

2
2

2(C1C2 − C2
m)

+
C2Q

2
1

2(C1C2 − C2
m)

− CmQ1Q2

C1C2 − C2
m

,

(4)

Cj Qj Cm

kC = Cm/
√
C1C2

H = HC +HL

where ,  and  denote  the  capacitance,  charge,
and  coupling  capacitance  between  the  capacitors,  and
the  electric  coupling  coefficient  is  [44].
As  outlined  in  Refs.  [40–42],  the  total  energy  of  the
system is .

The classical electromagnetic energy can be transformed
into  the  quantized  Hamiltonian  with  ignoring  the
constant term: 

Ĥ = Ĥ0 + Ĥi,

Ĥ0 = ℏω1â
†
1â1 + ℏω2â

†
2â2,

Ĥi = gℏ(â†1 + â1)(â
†
2 + â2) +Gℏ(â†1 − â1)(â

†
2 − â2),

(5)

ωj = [LjCj(1− k2C)(1− k2L)]
− 1

2

j Ĥ0

Ĥi

g = −kL
√
ω1ω2/2

G = kC
√
ω1ω2/2

kC kL
(−1, 1)

G = g

G = −g

ω1 ω2 G g

â†1 â†2 â1 â2

where  represents  the  char-
acteristic  frequency  of  the th  LC  circuit.  denotes
the sum of the energies for the charger and the battery,

 corresponds  to  the  interaction  energy  between  the
charger and the battery. The coupling coefficients in the
interacting  Hamiltonian  are  and

. According to the classical electromagnetic
theory,  the values of  and  belong to the range of

,  and  the  specific  values  are  determined  by  the
relative position of the inductor and capacitor as well as
the  distance  between  them.  The  system  only  includes
the  counter-rotating  wave  coupling  if  and  the
rotating one if . The relative sizes of the parameters

, ,  and  determine the system’s charging dynam-
ics.  In  the  subsequent  discussion,  the  first  (second)
circuit is taken as the charger (battery), with the corre-
sponding  ascending  and  descending  operators  denoted
by  ( ) and  ( ), as shown in Fig. 1.

E1(t) E2(t) Ee(t) Ei(t)

We introduce the physical quantities for characterizing
the charging dynamics of our battery system as follows:

, ,  and  denote  the  energy  of  the
charger, the energy stored in the battery, the ergotropy,
and the interaction energy which is given by the expectation

 

Charger
C2C1

L1 L2

Cm

Lm

Battery

 

L1,2 (C1,2)

Lm (Cm)

Fig. 1  Scheme  of  a  continuous  variable  quantum  battery
with wireless and remote charging based on two coupled LC
circuits.   denote the inductances (capacitances) of
the two LC circuits. The   is the coupling inductance
(capacitance)  between the circuits.  The coupling strength is
determined  by  the  relative  position  and  distance  of  the
inductors and capacitors.
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Ĥi R(t) S(t) C(t)

Ee(t)/E2(t)

E1(t) =

ℏω1Tr[ϱ̂1(t)â†1â1] E2(t) = ℏω2Tr[ϱ̂2(t)â†2â2] Ee(t) =

E2(t)−
∑

k rkek ϱ̂j
j rk k

ℏω2â
†
2â2

ek k ϱ2(t)

R(t)

S(t)

n = 0

C(t)

∑
k rkek = ℏω2(

√
D − 1)/2 D

value  of ; ,  and  denote  the  ratio
, the Von Neumann entropy and the quantum

coherence of the battery, respectively. Using these quan-
tities,  not only the performance of  the battery but also
the  effect  of  the  quantum  entanglement  and  coherence
on the battery can be analyzed. The algorithms for the
corresponding  energies  are  given  as 

,  and 
,  where  denotes  the  reduced  density

matrix of the th subsystem.  is the th eigenvalue of
the  battery’s  Hamiltonian  in  ascending  order
and  is the th eigenvalue of  in descending order
[3].  gives  the  proportion  of  the  ergotropy  in  the
battery’s energy. The entropy  describes the disorder
of the subsystem and the degree of entanglement of the
whole  system. The initial  state  of  the quantum battery
is  set  to be the vacuum state,  i.e.,  the Fock state  with

. The state of the charger is initially set to be the
coherent or thermal state. The calculation method of the
quantum  coherence  for  the  Gaussian  state  was
given in Ref. [46]. The Gaussian state can be diagonalized
analytically, so , where  is the
determinant  of  the  covariance  matrix  of  the  Gaussian
state [47].

d⟨Ô⟩
dt = Tr

[
Ô dϱ̂(t)

dt

]
Ô

⟨Ô⟩
ϱ̂(t)

The  dynamics  of  the  Gaussian  states  is  obtained  by
solving  [48].  is  an  arbitrary  time-
independent  operator  and  denotes  its  expectation
value.  The  derivative  of  the  density  matrix  with
respect to time is determined by the master equation of
the system. The equation is written as follows [40]: 

dϱ̂(t)
dt

=
i
ℏ
[ϱ̂(t), Ĥ]

+
γnth

2
[2â†1ϱ̂(t)â1 − â1â

†
1ϱ̂(t)− ϱ̂(t)â1â

†
1]

+
γ(nth + 1)

2
[2â1ϱ̂(t)â

†
1 − â†1â1ϱ̂(t)− ϱ̂(t)â†1â1],

(6)

γ

(γ = 0)

(γ ̸= 0) nth

where  denotes  the  decay  coefficient  induced  by  the
environment (i.e., the thermal reservoir). For the closed
systems,  the  coefficient  need  to  be  set  to  zero .
For  the  Markovian  open  systems,  the  coefficient  is  a
nonzero  constant .  is  the  mean  photon
number for the mode in the thermal reservoir resonating
with  the  charger’s  frequency.  In  Eq.  (6),  the  battery  is
isolated from the environment for avoiding the decay of
the quantum coherence and the thermalization, but the
interaction between the charger and the environment is
considered  for  effectively  extracting  the  thermal  energy
[28, 38].

Noting  that  the  analytical  solution  of  the  charging
dynamics  can  be  obtained  by  the  Laplace  transform of
the Heisenberg equations for the closed system governed
by  the  Hamiltonian  (5)  (which  involves  in  solving  the
quartic  algebraic  equation  with  single  variable).  For

⟨â†2 ± â2⟩

studying  the  open  system,  it  is  necessary  to  solve  the
master  equation  (6)  numerically.  The  coupling  between
the battery and the charger involves only the quadratic
power  of  the  ascending  and  descending  operators.  As
long as the initial  quantum state is the Gaussian state,
the subsequent quantum states will keep in the Gaussian
state  [49].  The  Gaussian  state  can  be  described  by  its
covariance  matrix  and .  If  the  solutions  of  the
corresponding equations for the closed and open systems
are obtained, all  of  the information about the quantum
battery  system  can  be  determined  [See  the  derivation
and  solving  methods  of  the  equations  in  the  Electronic
Supplementary Materials].

 3   Main results

 3.1   For the closed system with rotating or counter-
rotating wave coupling

(ω2 > ω1)

Ee(t)

4ℏω1 ω1 = ω2

ϱ̂1(0) = |α⟩⟨α| α = 2

Ei(t)

E1(t) Ee(t) Ei(t)

ω2 = 1.3ω1

G = −g Ee(t)

E1(t) Ei(t)

Ei(t)

ω2 > ω1

ω2

ω1

Ee(t) 7.84ℏω1

ω2 = 104ω1

Most  of  recent  research  has  investigated  the  qubit
battery in which the frequency of the battery resonates
with that of the charger to ensure the maximum energy
transfer  [45].  By  comparison,  the  continuous  variable
quantum  battery  discussed  in  our  model  exhibit  four
new  features.  The  first  feature  is  that  the  more
ergotropy  can  be  obtained  when  the  frequency  of  the
battery is larger than that of the charger . The
total  energy  of  the  system  is  defined  as  zero,  with  the
charger and the battery both in their respective vacuum
states.  For  our  model,  the  maximum  value  of  is

 for  under  only  considering  the  rotating
wave coupling when the initial state of the charger is the
coherent state  with . The interaction
energy  keeps  zero  in  the  whole  process  of  the
evolution because there only exists the energy exchange
between the battery and the charger. Figure 2(a) shows
the evolution of the energies ,  and  with
time  for  when  the  rotating  wave  coupling  is
considered  (i.e., ).  The  oscillation  of  is
completely out of phase with  and . The negative
interaction  energy  demonstrates  the  attractive
coupling  between  the  charger  and  the  battery.  For

,  the  battery  can  acquire  more  energy  from  the
system. Since the energy of the system is conserved, the
extra energy is derived from the part of the reduction in
the  interaction  energy.  One  photon  from  the  charger
cannot produce one photon in the battery, resulting in a
part  of  the  interaction  energy  is  stored  in  the  battery.
The larger the battery’s frequency, the more energy can
be  extracted  from  the  system.  But,  it  does  not  mean
that the battery can obtain an infinite amount of energy
if  we  increase  continuously  when  the  charger’s
frequency  is fixed. In fact, there is an upper limit for

.  Specifically,  the  limit  is  about  for  the
parameters  given  in Fig.  2(a)  except  for .
Furthermore, for the system only considering the rotating
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80%

ω2 = 6ω1

ω2 > ω1

E2(t)

ω2 |g|
|G|

ω2 < ω1

4ℏω1

wave  coupling,  above  of  the  maximum  energy  for
the  battery  does  not  come  from  the  charger  but  the
interaction energy when  is satisfied. The evolution
of the battery is also faster than that of the charger for

.  The  enhancement  of  charging  power  (i.e.,  the
derivative of  with time) can be realized by increasing

, since the increase of the coupling strengthes  and
 accelerates the energy transferring from the charger

to the battery. For ,  the battery’s energy is  less
than .  The  evolution  of  the  charger  is  faster  than
that of the battery, a portion of the charger’s energy is
stored  as  the  interaction  energy  and  the  energy  of  the
battery is decreased.

R(t) S(t) C(t)

R(t) = 1

D = 1

C(t)

2πω1/3.86

Ee(t)

S(t) = 0

Figure 2(b) shows the evolution of ,  and 
with  time  for  only  considering  the  rotating  wave
coupling. All of the energy stored in the battery can be
fully used due to . It means that the determinant
of  the  covariance  matrix  of  the  Gaussian  state 
and  the  quantum  state  of  the  battery  is  pure  in  the
whole  process  of  the  evolution  [46].  The  quantum pure
state cannot be transformed into the mixed state by the
rotating  wave  coupling.  The  quantum  coherence 
oscillates  with  the  frequency  of ,  which  is
synchronized with the oscillation of  the ergotropy 
in Fig. 2(a). The entropy  shows that the entan-
glement  between  the  charger  and  the  battery  is  not  a
prerequisite  for  achieving  a  nonzero  ergotropy  for  our
system. The dynamics of the ergotropy is determined by
the quantum coherence, the quantum entanglement play
no  role  under  only  considering  the  rotating  wave

coupling.
E1(t)

Ee(t) Ei(t)

G = g

Ee(t) E1(t)

Ei(t)

E1(t) 4ℏω1

R(t) S(t) C(t)

R(t) = 0.8

S(t)

S(t)

C(t)

Figure 2(c) shows the evolution of the energies ,
 and  with  time  for  only  considering  the

counter-rotating wave coupling (i.e., ).  It  is  found
that  the  oscillation  of  is  in  phase  with  but
completely  out  of  phase  with .  The  energy  of  the
charger  is  always  larger  than  in  this  situa-
tion. The battery’s energy comes entirely from the inter-
action, rather than from the charger. The counter-rotating
wave  coupling  inhibits  energy  exchange  between  the
charger and the battery. The reason is that the existence
of  the counter-rotating wave coupling makes it  difficult
to synchronize the dynamical  phases of  different single-
particle states, which can not form an effective enhance-
ment  for  the  system’s  coherence.  It  seems  that  what
state  the  charger  is  in  doesn’t  matter  anymore  for  this
situation. There is a hypothesis that the charger can be
directly  prepared  into  the  vacuum  state,  making  the
battery continuously  extract  the  energy from the inter-
action. However, this hypothesis does not apply to real-
ity.  When  the  initial  energy  of  the  charger  is  zero,
although the system can evolve and the battery can gain
the energy, but the latter cannot be transferred into the
ergotropy. Figure  2(d)  demonstrates  the  evolution  of

,  and  with  time  for  only  considering  the
counter-rotating  wave  coupling.  means  about
eighty percent  of  the  battery’s  energy can be extracted
throughout  the  process.  The pure  state  is  changed into
the  mixed  one  by  the  counter-rotating  wave  coupling,
and  the  disorder  exists  in  the  system.  The  presence  of
nonzero  entropy  is  not  conducive  to  transferring  the
battery’s  energy  into  the  ergotropy.  The  entropy 
oscillates  over  time,  and  the  oscillation  of  is
synchronized with . A comparison of Fig. 2(b) with
Fig.  2(d)  shows  that  the  oscillation  of  the  ergotropy  is
consistent with that of the quantum coherence, but not
always  with  that  of  the  quantum  entanglement.  The
second feature that can be deduced is that the quantum
coherence  is  more  significant  than  the  quantum  entan-
glement  for  the  ergotropy  of  the  continuous  variable
quantum  battery,  irrespective  of  the  wave  coupling
being rotating or counter-rotating.

 3.2   For the closed system with rotating and counter-
rotating wave couplings

(γ = 0)

One of the significant advantages of the thermal state is
its  low  cost  of  preparation.  Studying  the  acquisition  of
ergotropy  from  the  thermal  state  is  a  very  meaningful
task.  For  our  closed  system ,  if  the  battery  is
prepared  in  the  thermal  state,  there  is  no  ergotropy
within the battery. The reason is that the thermal state
is  a  passive  state  and  any  work  can  not  be  extracted
from a passive state. However, if the initial state of the
charger  is  a  thermal  state,  it  is  possible  to  obtain
nonzero  ergotropy  for  the  battery  after  charging.  The
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Fig. 2  Change of the physical quantities with time for the
closed  system. (a,  c) demonstrate  the  dynamics  of ,

 and , while (b, d) give the dynamics of , 
and .  The  system  contains  only  the  rotating  wave
coupling  for  in  (a)  and  (b)  and  only  the
counter-rotating  wave  coupling  for  in  (c)
and  (d).  The  coherent  state  with  is
chosen as the initial state of the charger and .
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prerequisite  is  that  the  interaction between the charger
and  the  battery  must  contain  both  the  rotating  and
counter-rotating wave couplings.  If  only the rotating or
counter-rotating wave coupling is  included in the inter-
action, there is no ergotropy in the battery at the same
condition.  Correspondingly,  there  is  no  quantum coher-
ence, implying that the compression effect of the counter-
rotating  wave  coupling  is  insufficient  to  produce  the
ergotropy even the quantum entanglement exists in the
system [50]. As mentioned above, the dynamical behaviors
for ,  and  in Figs.  2(b)  and  (d)  are  very
different.  The  different  quantum  states  for  the  battery
are  induced  by  the  counter-rotating  and  rotating  wave
couplings  for  the  same  initial  states  and  the  same
parameters of the system in the process of the evolution.
If  both  of  the  counter-rotating  and  rotating  wave
couplings  are  considered,  the  quantum  state  of  the
battery will be the superposition of such different quantum
states, and the quantum coherence will be nonzero, leading
to the nonzero ergotropy [16].

γ = 0

E1(t) Ee(t) Ei(t)

E1(t) Ee(t) Ei(t)

E1(t) 4ℏω1

np = 4

Figure  3 gives  the  result  of  the  thermal  charging  for
 when  both  of  the  counter-rotating  and  rotating

wave couplings are considered. Figure 3(a) demonstrates
the evolution of the energies ,  and  with
time.  It  is  shown  that ,  and  oscillate
over  time  and  exhibit  beat  phenomenon.  The  value  of

 is larger than  for the thermal photon number
.  The  energy  of  the  battery  originates  from  the

interaction energy rather than the charger. The interaction
energy  can  be  subdivided  into  two  parts,  which  are
related  to  the  rotating  and  counter-rotating  wave
couplings.  Correspondingly,  there  exist  two  effective
frequencies corresponding to the couplings in the system.
The competition between the couplings leads to the beat
phenomenon  of  the  charging  dynamics  of  the  quantum
battery. The oscillating frequency for the slow component
is one half of the difference of the two frequencies (i.e.,
beat  frequency),  while  the  oscillating  frequency  of  the
fast  component  is  one  half  of  the  sum  of  the  two

4πω1/17.63 4πω1/3.61

Ee(t)

R(t) C(t)

R(t)

C(t) R(t) C(t)

frequencies.  The  values  for  the  difference  and  sum
frequencies  are  about  and ,  respec-
tively.  Furthermore,  the  ergotropy  is  nonzero  for
most  of  the  evolution  time.  The  nonzero  ergotropy  is
related  with  the  nonzero  quantum  coherence.
Figure 3(b) demonstrates the evolution of  and 
with time. Except the same oscillating behavior,  is
synchronized with .  and  are strongly corre-
lated each other. The importance of the quantum coherence
is  further  verified  since  the  nonzero  coherence  leads  to
the  nonzero  ergotropy. Figure  3 indicates  that  the
utilization of  the rotating wave coupling in conjunction
with the counter-rotating wave coupling can yield unex-
pected outcome, i.e., the ergotropy can be extracted for
continuous  variable  quantum  battery  by  the  thermal
charging,  which  is  the  third  feature  of  the  quantum
battery proposed in the present paper.

kC kL

[Ee(t)]

[R(t)] kC kL
[Ee(t)] [R(t)]

kCkL < 0

|g +G| > |g −G| ≥ 0

Ee(t)

R(t) kC kL np = 4

When  combining  the  rotating  and  counter-rotating
wave couplings,  what value of  and  can be taken
to ensure that the ergotropy is maximized for a given set
of  conditions? Figure  4 gives  the  change  of  max
and  max  with  and .  It  is  found  that  the
larger values of max  and max  always satisfy
the  condition ,  which  indicates  that  the
strength of the counter-rotating coupling is greater than
that  of  the  rotating  wave  coupling  (i.e.,

).  This  can  be  deduced  by  means  of
reasoning  based  on  the  conditions  of  the  rotating  wave
approximation. The counter-rotating wave coupling only
plays  key  role  when its  strength  is  substantial,  thereby
significantly  impacts  the  system’s  dynamical  behaviors.
The relationships between the maximum values of 
and  with  and  under condition of  are
demonstrated  in Figs.  4(a)  and  (b),  with  the  aim  of
providing  a  reference  for  the  practical  operation  of  the
quantum batteries. Indeed, the greater the initial energy,
the  more  power  is  used  to  drive  the  evolution.  The
maximum  ergotropy  is  monotonically  increased  by
enhancing the average number of  photons for a specific
evolution  period,  as  shown  in Fig.  5(a).  However,  it
should be noted that the relationship between the maxi-
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np

[R(t)] np

[R(t)]

[R(t)] → 1 np → +∞
np = 105

[R(t)] = 0.996

|kC,L| ≥ 1

mum value of  and the average number of  photons
 over  an  evolution  period  cannot  be  determined  by

theoretical  analysis.  It  can  only  be  obtained  through
numerical  calculation. Figure  5(b)  shows  that  the
change  of  max  with  is  a  convex  function.  So,
can the value of max  saturate and approach to 1?
It  is  predicted that  max  if .  In  order
to verify this prediction,  is taken in the numerical
calculation  and  max  is  realized.  In  the
present  paper,  we  do  not  study  the  situation  of

,  which  would  make  the  system  to  enter  the
region  of  deep  strong  coupling  and  lead  to  the  energy
divergence.

 3.3   For the open system with rotating and counter-
rotating wave couplings

γ ̸= 0

If  the  temperature  of  the  environment  is  nonzero,  the
final  state  of  the  charger  will  be  a  thermal  state  with
nonzero photon number. Since the charger is embedded
in the Markovian environment, whether the battery can
obtain  the  ergotropy  is  another  interesting  question.
Figure  6 gives  the  result  of  the  thermal  charging  for

.  As  shown  in Fig.  6(a),  the  ergotropy  of  the
battery  will  become  zero  after  enough  evolution  time.
The  quantum  coherence,  supported  by  the  competition
between  the  counter-rotating  and  rotating  wave
couplings,  may dissipate  through the  environment  [Fig.
6(b)]. Figure  6 does  not  given  information  about  the
quantum entanglement. The entanglement can no longer
be  described by the  von Neumann entropy because  the
overall  quantum  state  is  a  mixed  state  for  our  open
system.  But  the  entanglement  does  exist  due  to  the
appearance  of  the  counter-rotating  wave  coupling  [50].
At least one of the quantum coherence and entanglement
exists in order to generate the ergotropy [19].

For fully absorbing the energy in the environment, the
quantum  battery  must  be  strongly  coupled  with  the
charger  and  the  latter  must  be  stayed  in  a  Markovian

γ ≪ min[|G− g| ,
|G+ g|]

1010

103

γ = 0.1ω1

ω1t ∈ [0, 400] γ = 0.01ω1

γ = 0.1ω1

environment.  The  battery  can  obtain  the  ergotropy
before  the  quantum  coherence  and  entanglement  have
seriously  been  decayed.  The  condition 

 ensures that the quantum coherence and entan-
glement  cannot  rapidly  decay  into  the  environment
during the charging period, which buys time for producing
the ergotropy. It is possible to achieve LC circuits with
frequencies up to Hz and the coefficient of the deco-
herence Hz in current experiments [42]. It takes only
a  few milliseconds  or  even  a  dozen  milliseconds  for  the
charger to fully absorb the thermal photons in the envi-
ronment and to reach a stable state. One issue needs to
be  clarified  is  that  the  decay  coefficient  of  in
Fig. 6 is far larger than that in the realistic experiments.
In fact, we also study the evolution pattern for the case
of  a  time  period  of  under .  It  is
found that the decay of  the oscillations becomes slower
but  the  general  pattern  of  the  evolution  is  same  with
that  in Fig.  6.  We  choose  only  for  quickly
getting the main results. That is to say, the influence of
the decay can be safely disregarded during the charging
period,  and  considering  the  system  of  the  two  LC
circuits as a closed system is a good theoretical approxi-
mation. The conclusions for the closed system drawn in
the previous section are of significance.

 3.4   Experimental consideration of our model

2

kC = −0.201

The  structures  of  the  two  parallel  plate  capacitors  are
assumed to be identical. The plates are squares with the
side  length  of  1  mm.  The  distance  between  the  two
plates of each capacitor is 90 μm. The relative positions
of  the  two  capacitors  are  shown  in Fig.  1.  The  four
plates  are  located  in  parallel  to  each  other,  and  the
vacuum  is  the  dielectric.  The  active  area  is  1  mm .  If
the  distance  between  the  two  capacitors  in  the  nearest
plates is 20 μm, we can obtain  according to
the  method  given  in  Ref.  [44].  The  result  ignores  the
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and .

 

ω1t ω1t

−4
−2

0
2
4
6
8

E e
,i,

1(t
)/ω

1

(a)

0

0.1

0.2

0.3

0.4

0.5

0.6

R(
t),

C
(t)

(b)
R(t) C(t)Ee(t) Ei(t) E1(t)

0 10 20 30 40 0 10 20 30 40

 
Ee(t) Ei(t) E1(t)

R(t) C(t)

np = 4

ω1

nth = 4 γ = 0.1ω1 ω2 = 1.3ω1

kL = −0.37 kC = 0.7

Fig. 6  (a) Dynamics of ,  and ; (b) Dynamics
of  and . The thermal state with the mean number of
the thermal photon  is chosen as the initial state of the
charger. The photon number corresponding to the mode with
the  frequency  in  the  thermal  reservoir  is  chosen  as

.  The  other  parameters  are , ,
 and .

RESEARCH ARTICLE FRONTIERS OF PHYSICS

Jun Wen, et al., Front. Phys. 21(10), 102201 (2026)   102201-7

 



kL
(−1, 1) [Ee(t)] [R(t)]

kL
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[R(t)] = 0.892 kL = 0.99 kC = −0.201

kC

edge  effect  of  the  capacitors.  It  is  reasonable  for  the
given  parameters.  For  the  two  coupled  inductive  coils,
we only make an estimate that the number of coil turns
is very small, assuming that the radiuses of the coils are
1mm and all of the coils are coaxial. The nearest ends of
the two inductive coils are apart 50 μm (only quite 5%
of  coil  radius).  Generally,  must  be  at  the  range  of

, max  and max  can be given in Fig. 4.
If  the  edge  effect  is  ignored  and  there  is  basically  no
leakage  phenomenon,  will  be  close  to  1.  By  further
numerical  verification,  max  and
max  for  and . According
to this analysis, it can be seen that the coupling capacitance

 is  the  core  factor  that  determines  the  charging
distance,  and  the  wireless  charging  distance  of  the
continuous variable quantum battery exceeds that of the
qubit battery. This is the last feature of our continuous
variable quantum battery.

 4   Conclusions

In  this  paper,  the  wireless  and  remote  charging  for  a
continuous-variable  quantum battery  based  on  the  two
coupled  LC  circuits  is  investigated.  In  the  quibit
battery, the characteristic frequencies of the charger and
the  battery  must  reach  resonance  for  the  battery  to
achieve maximum ergotropy. In our continuous-variable
quantum battery, the system can obtain more ergotropy
only when the battery’s frequency is greater than that of
the charger. It can be called as a charging scheme of non-
resonant  continuous  variable  quantum  battery.  The
primary advantage of the scheme is that it allows us to
regulate  the  strengthes  of  the  rotating  and  counter-
rotating wave couplings by adjusting the relative position
and  distance  between  the  capacitors  and  inductors,
thereby  providing  an  opportunity  to  study  the  roles  of
the  two  couplings  in  battery  charging  dynamics.  It  is
shown  that  the  rotating  and  counter-rotating  wave
couplings  play  different  roles  during  the  charging
process. The rotating wave coupling is helpful to transfer
energy  between  the  charger  and  the  battery.  The
counter-rotating one can convert  the interaction energy
into  ergotropy.  Enhancing  the  counter-rotating  wave
coupling results in more ergotropy. For the case that the
initial  quantum state  of  the  charger  is  a  thermal  state,
the rotating or counter-rotating wave coupling alone can
not make the ergotropy exist in the battery. It is necessary
to  make  the  two  couplings  cooperate  with  each  other
and  produce  quantum  coherence  in  the  system.  The
coherence  is  more  significant  than  the  quantum  entan-
glement  for  the  ergotropy  of  the  continuous  variable
quantum battery. The charging distance of the quantum
battery  with  wireless  and  remote  charging  far  exceeds
that  of  existing  qubit  batteries.  Our  work  provides  a
general  solution  for  utilizing  the  energy  of  the  thermal
reservoir.
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