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ABSTRACT

Spatial self-similarity is a hallmark of critical phenomena. We study the
dynamic process of percolation, in which bonds are incrementally added
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1 Introduction

Critical phenomena describe the behaviors of systems
undergoing continuous phase transitions [1], where
macroscopic properties change dramatically in response
to small variations of control parameters. A key feature
is spatial self-similarity, where structures at different
scales appear statistically identical. Percolation is a
paradigmatic model for studying critical phenomena [2].
As the occupation probability p approaches the percolation
threshold p., the correlation length diverges as
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&~ |p—p.~, and self-similar spatial structures emerge
up to a characteristic size s¢ ~ ¢4 ~ |p —p.|~V/7, with d;
the fractal dimension. The cluster number density obeys

n(s) =577 n(s/se) , (1)

with 7 the Fisher exponent and #(-) a universal scaling
function. Most critical behaviors can be captured by two
independent exponents, such as v and df, from which
others can be derived via scaling relations. In d dimen-
sions, 1/ =vd; and 7=1+d/d;. In two dimensions
(2D), v=4/3 and d;=91/48 give o=36/91 and
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7 =187/91 [3-7]. Changing spatial dimension or cluster
formation rules, such as in explosive percolation (EP) [8,
9] and rigidity percolation [10-13], can alter critical
exponents, but the scaling relations hold across models.

Numerical studies of critical phenomena are generally
performed on finite systems, where self-similar behavior
is characterized by finite-size scaling (FSS) theory. The
central assumption of F'SS is that, for a system of linear
size L, when the control parameter p lies within a finite-
size critical window |p —p.| € O(L=Y/¥), the correlation
length saturates at O(L). As a consequence, singular
critical observables manifest as power-law scaling with
respect to the system size L. For example, the size of
the largest cluster ¢y, which represents the characteristic
cluster size s¢, follows the scaling relation C; ~ Lés.
Such FSS relations provide a standard numerical route
to determine critical exponents, provided that critical
observables can be accurately measured within the finite-
size critical window for a series of system sizes L.

However, this critical window O(L~'/*) shrinks
rapidly as L increases. As a result, even small uncertainties
in the estimated critical point p. can in principle shift
large-scale simulations outside the true scaling regime,
thereby invalidating the application of FSS. This makes
FSS analyses sensitive to the precise, a priori determination
of p.. Moreover, even when p. is determined with high
accuracy, strong finite-size corrections or large sample-to-
sample fluctuations often obscure the asymptotic scaling
behavior in many complex systems. For instance, EP
was initially misidentified as a discontinuous phase tran-
sition due to its anomalous FSS behavior [8, 14-19].
Similarly, in 2D rigidity percolation, reliable estimates of
critical exponents remain challenging because of
pronounced finite-size effects [10-13, 20-26].

These limitations reflect a more fundamental issue:
conventional FSS relies on finely tuning the control
parameter to a critical point and extracting scaling
behavior from essentially static snapshots. In contrast,
when a system evolves dynamically and the control
parameter is continuously varied, it naturally traverses
the critical regime and encodes rich temporal informa-
tion, which is largely discarded in static analyses. Moti-
vated by this perspective, exploring the inherent
dynamic structure of cluster formation provides a
complementary route to characterize critical behavior,
without requiring a priori knowledge of the critical
point. Such a dynamic framework also better reflects
many real-world processes, ranging from power grids [27]
and climate dynamics [28] to traffic congestion [29] and
information spreading [30].

In this paper, we uncover a temporal self-similarity
that emerges from the dynamics of cluster merging in
percolation. For bond percolation, we define evolutionary
time ¢ as the fraction of occupied bonds B/E, where B
is the number of inserted bonds and E is the total
number of bonds. This simple bond-insertion process,

while monotonically related to the overall bond occupied
probability p, reveals underlying kinetic correlations. At
each step, we record the minimal size increment in clusters
(termed gap) and the size of the resulting merged clus-
ter. The temporal evolution reveals self-similar dynam-
ics: both the gap-size distribution Pg(s,L) and the
cluster-size distribution Pg(s,L) conform to the scaling
form of Eq. (1); see Figs. 1(a) and (b). The cutoff size is
s¢ ~ L4, while the Fisher exponents are 7/, =7 for gaps
and 74 =7—1+40 for clusters. Dynamic observables
exhibit clean FSS behaviors, e.g., the largest gap
Ghnax ~ L9 .

This dynamic provides a novel, universally applicable,
and highly efficient framework for extracting critical
properties, crucially bypassing the need for precise prior
determination of the critical point p.. This addresses a
major technical bottleneck in conventional FSS analysis.
A simple example is 1D percolation, where p, =1
precludes any critical behavior in conventional FSS anal-
yses. However, its temporal dynamics clearly exhibits
self-similarity, with both Pg(s,L) and Pg(s, L) following
a power law characterized by 7, =r7{=2, yielding
v=ds; =1. Applied in EP, this approach shows that the
system still obeys the standard FSS theory, and allows
for the extraction of high-precision critical exponents.
Furthermore, the dynamic analysis in rigidity percolation
immediately reveals a previously unreported self-similar
cascade of cluster mergings [26, 31], underscoring the
transformative power of the temporal self-similarity
framework.

To demonstrate the broad scope and universality of
this dynamic scaling, we apply the temporal framework
to the Bak-Tang—Wiesenfeld (BTW) sandpile model
[32-35], a paradigmatic example of self-organized criticality
(SOC). In this model, grains are added one by one to
randomly selected sites of an initially empty square
lattice with open boundaries. Each site can hold at most
three grains, and when a fourth grain arrives, it topples,
transferring one grain to each of its four neighbors. This
toppling may trigger further topplings, leading to a
cascade of events called an avalanche.

We focus on the early, transient dynamics leading up
to the first spanning avalanche, before the system settles
into the stationary SOC state. At each step, we record
both the avalanche size S (the total number of
topplings) and the avalanche area A (the number of
distinct sites toppled). Both distributions Ps and Pa
display clear power-law forms. The discovery that this
same functional form of temporal self-similarity exists in
the non-equilibrium BTW model strongly supports the
hypothesis of a broad, underlying temporal universality
in critical dynamics, regardless of whether the system is
externally tuned or self-organized. Interestingly, while
the avalanche area A is governed by a single fractal
dimension, the avalanche size S does not collapse with a
single exponent, suggesting a richer, multifractal behavior

101201-2

Mingzhong Lu, et al., Front. Phys. 21(10), 101201 (2026)



FRONTIERS OF PHYSICS f P

RESEARCH ARTICLE
Non-equilibrium (dynamic) Equilibrium (critical)
101~ @@z, =1¢ i 3~=o_ D=1 F~e, (D=1, 1107
5\4 \{ ‘*\\\J;\ ~N~~h~ g %A .'A ~ 9691
32/9 ~o A
. 107 128 1024 ﬁ ~ g 1321 <. } S~hlr 16 128° 1024 “"J 1107 .
& S‘~L4 6 —e‘ 8 - e 4 102F S NL”' ol N“\~
o =a 35 ~ g132091 - / e S
107 1 E_?.e" L ~C_. T 1% . ~eA Fol e . 1107
e S~ 312 r~J Iy
. [ S~ 152 10! 2048 ~ g4 102P %75, ~ L2 s
1073 L ‘ ‘ ‘ s ‘ d b ‘ ‘ 410"
Ve @2) =1 T= (b2)t =1 1 (@)=t ‘
" e tL e B S e
1072 \‘(\ T N\ \\"\ 110%
o 1078 >1‘6 1%8 "10‘24\:' - _gwe L1618 10;4\ . 1879 L 16 128 1024'! T\ ~ g s | 1078
Qa G~ L4885 ~ G NL«mx a0 S (; Lo et BT | — ©
N 6’6‘ {05 1 ~ i AT s\\ o ~~ s
1077 6" S~ T LT 4100 4 N~ r & N 110
"G‘g 410° S ’,—,3""’ S a G o~ L8 7 10‘
1018 L G 1o | o | 9‘-‘5‘ G, ~ 14 10 | ‘:_&_Q_A_‘ amae 110 |
10! 103 10° 107 10! 103 10° 107 10° 102 104 10°

N N

Fig. 1 Temporal and spatial self-similarity in bond percolation on square lattices with side length L = 8-2048. (a) Dynamic
size distributions of clusters, Ps(s, L) ~ 5775, and of gaps, Pe(s, L) ~ 5776, measured during the bond-insertion dynamics up

to the pseudocritical point ¢;. Insets: FSS of Sue, S2, Gz, and Gumx. (b) Dynamic distributions measured up to t. = 1. The

bump in (bl): before reaching its maximum, the distribution
~1, corresponds to the contribution from the giant cluster.

~ S

follows a scaling of ~ s/®, while the peak height decays as

(c) Static distributions Ps(s,L) ~ s~ and Pg(s,L) ~s~7¢ at

t., with insets verifying the FSS of Sue, S2, Gae, and Gz. The values of the corresponding exponents are labeled in the figure,

and their detailed derivations are given in Section 3.

akin to that reported in earlier studies [36]. This temporal
approach thus provides a fresh lens for understanding
the complex scaling properties of SOC dynamics.

The remainder of this paper is organized as follows. In
Section 2, we introduce the gap-dynamics framework
and define the key observables. Sections 3 and 4 present
the theoretical predictions and numerical results for
various percolation systems. Section 5 applies the
dynamic framework to the BTW sandpile model.

Finally, Section 6 provides a brief discussion.

2 Gap dynamics and observables

2.1 Dynamic bond-addition process

We introduce a unified dynamic framework applicable to
a broad class of percolation-type systems, including
bond, site, explosive, and rigidity percolation on lattices
and networks. The system starts from an empty configu-
ration and evolves through the sequential addition of
elementary elements, such as bonds or sites, one at a
time. After each addition, the newly introduced element
may connect multiple existing clusters, resulting in the
formation of a larger merged cluster. The number of
added elements (bonds or sites) is denoted as B. This
process continues until a tunable endpoint B., corre-
sponding to full occupation when B, equals the total
number of bonds E or sites V in the system.

To facilitate comparison across different systems, we
define a normalized time-like variable

t

B B
7 O t v (2)
depending on whether bonds or sites are added. The
corresponding endpoint is denoted by ¢., with a maximum
value of 1 corresponding to the fully occupied state.
Numerically, the dimensionless variable ¢ € [0,1] is equiv-
alent to the bond/site occupation probability p.
However, they play distinct conceptual roles: while p
characterizes a static configuration at a given occupation
level, ¢t parameterizes the dynamical evolution of the
system through successive addition events and thus
serves as a natural time-like variable in the dynamic
process.

For Bernoulli bond or site percolation, an analogous
dynamic process underlies the celebrated Newman—Ziff
algorithm [37]. Moreover, similar dynamic constructions
naturally arise in a broad class of percolation-related
systems, including EP [8] and growing graphs [38, 39].

2.2 Observables

At each merging event during the dynamic process, we
characterize the structural change using two quantities:
the merged cluster size S and the gap size G. The
merged cluster size

S:ZSZ'

measures the size of the cluster formed after a merging
event, where s; denote the sizes of the clusters involved.
To quantify the effective impact of the merging operation
itself, we define the gap size as

3)
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g =5—- Smax (4)

which corresponds to the contribution from all but the
largest participating cluster sp.. By excluding the trivial
contribution from a dominant cluster, G isolates the
genuine structural change induced by the merging event
and remains sensitive to the dynamics of finite clusters
even in the presence of a giant cluster. If the added
element is internal, i.e., it does not merge distinct clus-
ters, then G =0 and S reduces to the size of the cluster
involved.

During the dynamic process, the gap size G(t) typically
exhibits an overall growth-decay trend: it increases at
early stages, reaches a maximum value G, at a charac-
teristic dynamic pseudocritical time ¢, and then
decreases, while displaying fluctuations at the level of
individual merging events. The ensemble-averaged quan-
tities Gmax = (Gmax), together with the mean and variance
of t;, naturally characterize the dynamic critical behavior
and form the basis of the FSS analysis [40-43].

In this work, we are interested in the probability
distribution of gap sizes during the dynamic process. We
sample the distribution 7Pg(s,L), where Pg(s, L)As
denotes the normalized count of gap events with sizes in
the interval (s — As/2,s+ As/2]. To properly capture the
broad range of gap sizes, the bin width As is chosen to
increase as a power law of s. While P (s, L) can in principle
be obtained from a single stochastic realization, reliable
statistics generally require averaging over many indepen-
dent realizations.

The average and squared-average of the gap size over
an entire dynamic process are then given by the first
and second moments of Pg (s, L),

GuslD) = X 5Pl 1) = (5 S 0()),

s B=1

(5)

1 e
(L) = Y *Pa(s. ) = <Be 3 92<B>>, (6)

where (-) denotes an average over independent realizations
(10°-108 for typical system sizes). Analogous quantities
Save, S2, and the dynamic distribution Pg(s,L) are
defined for the merged cluster size S.

It is natural to probe how a critical configuration
responds to a local bond or site addition, which provides
a susceptibility-like measure of the instantaneous
response of critical states to a minimal structural pertur-
bation. At the percolation threshold t., = p., we therefore
consider the effect of adding a single bond or site at
random to a critical configuration and measure the
resulting quantities G and S. This single-addition operation
acts as a local probe of the critical structure, and the
added bond or site is not retained after the measure-
ment. Repeating this procedure over many independent
critical configurations yields a large ensemble of values

of ¢ and S, which characterize the instantaneous
response of critical states. For notational convenience,
we refer to the corresponding distributions as the static
distributions and denote them by Pg(s,L) and Ps(s, L),
using normal fonts to distinguish them from the
dynamic distributions Pg(s,L) and Ps(s,L) obtained
along the evolving process.

We also note that the cluster-number density n(s, L),
a standard static quantity, is defined as the number of
clusters of size s per unit volume V = L? in a configura-
tion, and should be distinguished from the static distri-
bution Ps(s, L).

3 Self-similarity in percolation dynamics

3.1  Static critical configuration

Similar to the cluster-number density n(s, L) in Eq. (1),
the static distributions at criticality should obey the
FSS forms

Px(s,L) =577 Px(S/Ldf), (7)

where X denotes either the gap size G or the cluster size
S. Thus, the first moment of Px(s, L) gives the scaling
forms of the average sizes of cluster and gap,

Save ~ L3=7s) df7

(8)

Gave ~ L(Q_TG) ds .

©)

By definition, for a static configuration the size S
equivalently represents the cluster size accessed by a
randomly chosen bond or site. Its ensemble average Sy
corresponds to the magnetic susceptibility of the perco-
lation transition, i.e., the second moment of the cluster-
number density n(s, L) [2], with the known FSS

2ds—d
Save ~ L% y

(10)

where d is the system dimension. Similarly, the average

gap size G, corresponds to the typical size of the

smaller cluster connected by a randomly chosen bond.

Equivalently, for site percolation, it measures all clusters

accessed by a site except the largest one. Its FSS form

has been derived in Ref. [44],
Gave ~ Ldf_d+1/l/7

(11)

where v is the correlation-length exponent. Comparing
Egs. (8) and (9) with Egs. (10) and (11) leads to the
relations between the Fisher exponents

Ts =1 — 1, (12)

(13)

where 7 =1+ d/d; is the standard Fisher exponent as in

Tq¢ =T — O,
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Eq. (1) and o =1/(vds) is the critical exponent of the
characteristic cluster size s.. Since the probability that a
randomly chosen bond or site belongs to a cluster of size
s is proportional to s, the relation Pg(s,L) ~ sn(s,L)
holds, recovering Eq. (12). These relations show how the
static gap and cluster distributions encode the standard
Fisher exponents of percolation, connecting the single-
bond or -site response to the global critical scaling.

In 2D, with d; = 91/48 and v = 4/3, one has 7 = 187/91
and ¢ =36/91, yielding 75=96/91 and 7 =151/91.
Figures 1(cl) and (c2) show the simulation results for
the static cluster-size and gap-size distributions Ps(s, L)
and Pg(s, L) obtained from bond percolation on square
lattices. The measured distributions follow the predicted
power-law behaviors Pg ~ s 7¢ and Pg~ s~ ™ over a
broad range, in excellent agreement with the theoretical
exponents. The insets present the FSS of their moments,
confirming the expected scaling: Sy ~ L(Z7s)ds ~ [43/24
Gaye ~ [(2=7a)ds L31/48, Sy ~ [(B=7s)ds ~, L59/16, and
Gy ~ LB-76)dy o, [61/24  These results provide a clear
verification of the static critical scaling and validate the
Fisher exponents derived above.

3.2 Dynamic process

Figures 1(al, a2) and (b1, b2) show the dynamic distri-
butions Pgs(s,L) and Pg(s,L) for bond percolation on
square lattices, measured up to t.=t; and t.=1,
respectively. Both distributions exhibit clear algebraic
scaling, indicating dynamic self-similarity. However, the
associated Fisher exponents differ from their static coun-
terparts, with 75, = 132/91 and 7, = 187/91. Careful analysis
shows that these dynamic exponents satisfy a simple
shift relation (to be derived later)

Tg=Ts+o=T7+0—1, (14)

(15)

The fact that 75 =7 is highly interesting. It implies
that the dynamic gap-size distribution obeys the same
clean scaling as the static cluster-number density at criti-
cality, even beyond the percolation threshold (t. > tr).
As shown in the inset, its moments also follow the same
FSS behavior as those of the static cluster-number
density. This provides a powerful framework to extract
critical properties without prior knowledge of the precise
critical point. Such robustness originates from the
temporal accumulation inherent in the dynamic process
and is consistent with the general framework of critical
phenomena. A more detailed explanation will be given
later.

In contrast, the dynamic cluster-size distribution
Ps(s, L) exhibits a Fisher exponent 7, =7 -1+ 0 = (d+
1/v)/ds, which encodes information from both the fractal
dimension d; and the correlation-length exponent wv.

TLG=Tg+0=T.

This reflects the richer structure of temporal accumulation
in Pg, incorporating contributions from both the critical
regime and the approach-to-critical stages of the
dynamic process.

Furthermore, when the process is terminated in the
supercritical phase (e.g., at t, =1), Pg(s, L) acquires an
additional contribution from the giant cluster C; ~ L4,
reflecting the nonzero probability that a bond belongs to
the largest cluster in the supercritical regime. In
Fig. 1(bl), this contribution manifests as a distinct
bump for large s, whose height decays as ~ s~!. This
feature can also be interpreted within the standard
framework of phase transition theory and will be derived
in detail later. In contrast, the gap-size distribution
Pa(s, L) remains free from such a bump, since the definition
of the gap naturally excludes any contribution from the
giant cluster, see Fig. 1(b2).

3.3 Derivation of dynamic Fisher exponents

We now derive the dynamic Fisher exponent relations,
Egs. (14) and (15), within the framework of phase transition
and FSS theories. The key idea is that the dynamic
distributions can be regarded as the temporal accumulation
of the corresponding static ones. Given an evolution
time ¢ for the dynamic process, as long as the instantaneous
correlation length ¢(t) is much larger than the lattice
spacing, each static observable at time ¢ follows the critical
scaling form characterized by relations such as
E(t) ~ [t —t|™ and Px(s,&(t)) ~ s~ Px(s/se(t)). Their
accumulation over time thus naturally preserves the
scaling behavior, leading to well-defined dynamic expo-
nents.

3.3.1  Universal dynamic scaling of finite clusters

We begin by considering the process that terminates
near the critical point (¢, ~t.). In the thermodynamic
limit (L — o0), the bond- (or site-) addition dynamics
can be viewed as a continuous realization of the growth
of the correlation length ¢(¢). The dynamic distribution
Px (s) can therefore be regarded as a weighted superposition
of the static distributions Px(s, &) over all possible corre-
lation lengths &(t) sampled during the evolution. Since
the dynamic process proceeds uniformly in time, the
weighting factor W(¢) for a static distribution Py(s,¢)
can be directly characterized by the corresponding time
interval dt, leading to

W(§) d§ = dt. (16)

At each time ¢ with £(¢) > 1, the system behaves as if
it were in a quasi-critical state characterized by the
correlation length ¢ ~ |t —t.|7”. Differentiating & ~ |t—
te|7" yields

dé ~ |t —t.|7vdt (17)

Mingzhong Lu, et al., Front. Phys. 21(10), 101201 (2026)
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N§1+1/th_ (18)

Substituting into Eq. (16), we have

W(g) ~ g1, (19)

Recasting this expression in terms of the cutoff size
se ~ €E4r gives
—o—1

Wise) ~sc 7. (20)
This shows that the weighting factor W(s,) itself obeys
scaling with respect to the cutoff size s¢ or the correlation
length ¢.

The dynamic distribution Px(s) is therefore obtained
as the integral of the static distribution Px(s,s¢)
weighted by W (s¢), over all relevant cutoff sizes s; > s,

Px(s) ~ /OOW(Sg)Px(S,Sg) dS§ (21)

NS*TX/ 55_‘7_1]5;((3/35)d3£. (22)

S
This integral is simplified by the asymptotic behavior of
the scaling function: Px(s/s¢) approaches a constant
near s;=s and vanishes rapidly as s — oco. Conse-
quently, we have

Px(s) ~s X7, (23)
Therefore, the dynamic Fisher exponents satisfy
Th =Tx + 0, (24)

confirming Eqs. (14) and (15).

3.3.2  Dynamic contribution of the giant cluster

When the dynamic process proceeds into the supercritical
regime (t, >t.), a macroscopic (giant) cluster emerges
and continues to grow. As a result, the overall dynamic
cluster-size distribution Pg(s) inevitably acquires contri-
butions from this giant cluster when the dynamic statistics
are accumulated over the broader critical region (¢ > 1).
In contrast, by construction, the gap distribution Pg(s)
naturally excludes the giant cluster and therefore retains
the scaling form derived above.

In the thermodynamic limit (L — oco), the number
density of the giant cluster in a static configuration at
t > t. can be modeled by a Dirac delta function

1
ni(s) = (s — C1), (25)
v
where C; is the size of the largest (giant) cluster, and
V =L% is the system volume. The normalization
V [ni(s)ds =1 ensures the uniqueness of the giant clus-
ter. For a randomly inserted bond or site, the probability

that it belongs to the giant cluster is m = C,/V, yielding
the static size distribution of the giant cluster

Pi(s) = msni(s)
SCl

= Wé(s—C’l). (26)
Here, the additional factor s accounts for the fact that,
when a bond or site is chosen at random, the probability
of sampling a cluster of size s is proportional to its size
— larger clusters contain more sites or bonds and are
thus more likely to be selected. This is consistent with
the general relation Pg(s) = sn(s) introduced earlier.

The dynamic process beyond t. can be viewed as a
temporal accumulation of configurations with an increasing
giant cluster size C;(t). The corresponding dynamic
distribution P;(s) can then be obtained by integrating
Pi(s) over Cy € [1,V — oo) with an C;-dependent weight
W(Cy). Similar to Eq. (16), W(C,) is also characterized
by the time interval dt,

W(Cy)dCy ~ dt. (27)

Note that the probability m(t)=Ci(t)/V is just the
order parameter of percolation transition. When ¢ > 1,
it obeys the scaling m(t) ~ (t—t.)? for ¢>t., so that
Cy(t) ~ V(t —t.) 8. This yields

dCy ~ V(t —t.) P~ tdt (28)

~ VBT P gt (29)
leading to

W(Cy) ~V-YBCH/PT, (30)

Therefore, the dynamic distribution P;(s) of the giant
cluster can be expressed as

PI(S) ~ /loo W(Cl)Pl(S) dCl

NV—H/%/ CiPs(s — ¢y dey
1

~ YV TEYB LB (31)
This expression applies only to the giant-cluster sector
s > s¢, where s is of order Cy.

Consequently, the total dynamic cluster-size distribution
under t., > t. can be expressed as a composite form

Ps(s) = s~ Tto D Pg(s/s¢) + V2 WBSHLBP, (s5/5¢),
(32)

where the scaling function Pg(s/s¢) is nearly constant
for s < s¢ and vanishes rapidly otherwise, while P;(s/s¢)
behaves oppositely. Physically, the two contributions in
Eq. (32) are statistically dominated by different stages
of the dynamic process. The first term is dominated by
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configurations near and below ¢., since for t>t. a
randomly added bond or site is increasingly likely to
involve the giant cluster, making events that connect
only finite clusters rare. In contrast, the second term
arises entirely from the supercritical regime and reflects
the temporal accumulation of the growing giant cluster.

When s > s¢, the first term in Eq. (32) vanishes. As a
result, for t,>t., the tail of the dynamic cluster-size
distribution is governed by the contribution of the giant
cluster and behaves as Eq. (31). For a finite system with
fixed volume V, this implies an algebraic increase
Ps(s) ~ s1t1/8 in the large-s regime. Consequently, Pg(s)
grows with s, giving rise to the hump observed at large
s in Fig. 1(bl). For 2D percolation, g = 5/36, yielding
Ps(s) ~ s*/5, in agreement with the numerical results in
Fig. 1(b1). This growth persists until s approaches the
system-size cutoff s~ V, corresponding to the largest
possible cluster in the dynamic process. Substituting
s~V into Eq. (31) yields Pg(s) ~ V™! ~ s7!, indicating
that the height of the hump decays as ~ s~!. Notably,
this decay is independent of the critical exponents and
thus universal, as confirmed by Fig. 1(b1) and additional
examples presented later.

4 Self-similar dynamics in broad
percolation systems

Beyond providing an alternative route to reproduce
known critical properties, the dynamic approach offers a
general framework to characterize criticality from a
temporal perspective. In particular, it is applicable to
systems where the static ensemble description is prob-
lematic or where the critical point p, cannot be precisely
determined. In the following, we present representative
examples that illustrate the generality and robustness of
this dynamic approach.

4.1  Site percolation in 2D

For site percolation, the dynamic process proceeds by
occupying sites randomly one by one. Unlike bond
percolation, adding a single site can merge multiple clusters
simultaneously. Following Eq. (4), the gap is defined as
the total size of all merged clusters excluding the largest
one.

Figure 2(a) shows simulation square
lattices. Both the dynamic gap-size distribution,
Pa(s,L) ~s 7, and the dynamic cluster-size distribu-
tion, Pg(s, L) ~ s~ (inset), exhibit clear power-law scaling
with exponents 7/ =187/91 and 7§ =132/91. These
values coincide with those obtained for bond percolation
in 2D (Fig. 1), confirming the universality of the
dynamic scaling across site and bond percolation. The
inset further shows that, for t. = 1, a bump appears for
large s, contributed by the giant cluster. As predicted
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Fig. 2 Dynamic gap-size distribution Pg(s,L) in 2D and
1D percolation with t. = 1. Insets show the corresponding
dynamic cluster-size distribution Ps(s, L). (a) Site percolation
on square lattices for different V = L2. (b) Bond percolation
in 1D for different V = L. In the two cases, robust power-law
scalings Pg ~ s~"¢ and Ps~ s~™5 are observed (red dashed
line), with 75 and 7§ consistent with Egs. (14) and (15). For
2D percolation, 7Pgs(s,L) exhibits the predicted scaling
~ s'TYB ~ s41/5 for large s (black dashed line), followed by a
vanishing hump height ~ s™* (blue dashed line), in agreement
with Eq. (31). For 1D percolation, the supercritical regime is
absent, so Ps(s, L) behaves effectively as if ¢, =t., with the
bump height scaling as ~ s~75.

by Eq. (31), a scaling ~ s'+1/# ~ s*1/5 exists for large s,
with the bump height scaling as ~ s~1.

4.2 Bond percolation in 1D

In 1D percolation, the threshold is trivially located at
t. = 1, where all sites become connected, so no conventional
critical behavior is observed. Nevertheless, as shown in
Fig. 2(b), the dynamically obtained gap-size distribution
during the bond-insertion process still follows a clear
power law, Pg(s, L) ~ s~ "¢, with 7, = 2, consistent with
the known Fisher exponent 7=1+d/d;=2. This
reflects the continuous nature of the transition with
1/1/ = df =1.

Since o =1 in 1D, the corresponding dynamic cluster-
size distribution Pg(s, L) exhibits the same Fisher expo-
nent, 7,=7-14+0=2, as shown in the inset of
Fig. 2(b). Because t. =1, the system remains effectively
subcritical even as t. = 1, and thus the bump in Pg(s, L)
at large s scales as ~ s~ s ~ s~2, in contrast to the scaling
~ s~1 observed in models with ¢. < 1.

4.3 Bond percolation on scale-free networks

A scale-free (SF) network is characterized by a degree

Mingzhong Lu, et al., Front. Phys. 21(10), 101201 (2026)
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distribution p, ~ k=, where k denotes the degree of a
randomly chosen node, i.e., the number of links
connected to the node. For small values of )\, the
network is highly heterogeneous and contains hubs with
very large degrees, whereas for large )\ the degree distri-
bution decays rapidly, and high-degree nodes become
increasingly rare. Percolation on SF networks exhibits
critical behavior that depends sensitively on the degree
exponent \ [45-47]. However, it is difficult to achieve
precise numerical confirmation, due to strong finite-size
corrections [48, 49]. In simulations, SF networks can be
generated using the configuration model [50, 51], in
which each node is first assigned a degree drawn
randomly from degree distribution p;, and links are then
randomly connected under the constraints of no self-
loops or multiple edges.

As an example, we focus on X\ >3, where a finite-
threshold continuous transition exists and the critical
exponents are well established. Analytically, 7= (2A—
3)/(A—2) and o = (A — 3)/(\ — 2) [45-47]; for X = 3.5, this
gives 7=28/3 and o =1/3. As shown in Fig. 3(a), the
dynamically measured gap-size distribution follows
Pa(s, L) ~ s77¢ with 75, =8/3, in agreement with the
theoretical Fisher exponent 7.

For the dynamic cluster-size distribution Pg(s,L) ~
5775, substituting the exponents 7 = (2X —3)/(A —2) and
oc=(A-3)/(A—2) into 7§, =7 — 1+ 0 yields 7{ =2, inde-
pendent of XA. The numeric result of the case A =3.5 in
the inset of Fig. 3(a) is well consistent with this scaling.
It is pointed out that this exponent 7{ =2 coincides
with the mean-field result for percolation on complete
graphs, for which the mean-field values 7=5/2 and
o=1/2 also give 74 =2. This indicates that certain
mean-field characteristics emerge for A > 3. Note that it
is generally recognized that percolation on SF networks
with X >4 exhibits the standard mean-field critical
behavior [45].

Furthermore, from Eq. (31), the large-s regime in
Ps(s, L) follows the scaling ~ s'*1/8 which reduces to
~ s*% with 8=1/(A—3). The black dashed line in the
inset of Fig. 3(b) clearly demonstrates this scaling ~ s'-®
for A =3.5. The scaling ~ s=! for the height of humps is
also confirmed in the inset (blue dashed line).

4.4  Explosive percolation on complete graphs

We next apply the gap-dynamics framework to EP on
complete graphs [8, 14-19, 40, 41]. EP follows the
Achlioptas process [8], where at each step two candidate
bonds are randomly selected and the bond minimizing
the product of the sizes of the clusters it connects is
added. Static FSS analyses often display anomalies remi-
niscent of discontinuous transitions; for a review, see
Ref. [52]. Although EP is now understood to be continu-
ous, extracting critical behaviors accurately remains
challenging. Recently, two of us (ML and YD) have
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Fig. 3 Dynamic gap-size distribution Pg(s, L) in percolation
on networks with ¢.=1. Insets show the corresponding
dynamic cluster-size distribution Pg(s, L). (a) Bond percolation
on SF networks with X\ =3.5 for different V. (b) EP on
complete graphs for different V. In the two cases, robust
power-law scalings Pg ~s "¢ and Ps~s~TS are observed
(red dashed line), with 75 and 74 consistent with Egs. (14)
and (15). For large s, Ps(s,L) exhibits the predicted scaling
~ s'*1/8 (black dashed line, ~ s*® for (a), and ~ s'2-% for
(b)), followed by a vanishing hump height ~s™' (blue
dashed line), in agreement with Eq. (31).

shown that EP obeys standard FSS when an event-
based ensemble is applied [40, 41].

Applying the gap-dynamics framework, both the gap-
size and cluster-size distributions exhibit clear power-law
behavior [Fig. 3(b)]. Using previously reported values for
the fractal dimension d; =0.935 and the correlation-
length exponent 1/v = 0.740 [40], which are defined with
respect to the system volume V, we obtain
7=1+1/df ~2.07 and o =1/(vds) ~0.79. As shown in
Fig. 3(b) and its inset, the dynamically extracted expo-
nents, 75 ~2.07 and 7}~ 186, satisfy the relations
7 =7 and 75 =7+ 0 —1. Moreover, from 8= (1—ds)v,
the scaling for large s is ~ s!*1/f ~ 51238, As shown in
the inset of Fig. 3(b), there is good agreement between
the simulation results and both the scaling ~ s12-38 at
large s (black dashed line) and the decay ~ s~! of the
hump height (blue dashed line).

These results demonstrate the validity and robustness
of the dynamic approach, even in systems exhibiting
anomalous scaling under the conventional ensemble.
Notably, the bond-insertion rule in EP endows it with
an intrinsically dynamic character, making the dynamic
ensemble a natural and informative perspective.

4.5  Rigidity percolation in 2D

Rigidity percolation follows the same bond-insertion rule

101201-8

Mingzhong Lu, et al., Front. Phys. 21(10), 101201 (2026)



RESEARCH ARTICLE

FRONTIERS OF PHYSICS f P

10°10.58 0.62 0.66 0.70

[aY Kvs.t |
neart, |

10*10 L
V4
el =\

10° 10! 10? 10° 10*

Fig. 4 Distribution Px(s,L) of the number of clusters
merged per bond insertion during gap dynamics in rigidity
percolation on triangular lattices for different L. As the
system size L increases, the distribution exhibits a clear
power-law behavior, Pg(s,L) ~s 7%, with 7x ~3.47. The
inset shows the mean number of merged clusters per step,
K(t) = (K(t)), as a function of time ¢. Curves for different L
collapse onto a single, size-independent profile, with a peak
at t. = 0.6602778(10) (dashed line).

as ordinary bond percolation, but focuses on rigid clusters
capable of transmitting mechanical stress. It has been
applied to glasses, gels, amorphous solids, jamming,
fibrous networks, and living tissues [53—-63]. Despite its
broad relevance, critical properties of rigidity percolation
remain elusive, with debated critical exponents and
universality classes [10-13, 20-25].

In addition to exhibiting well-defined gap scaling as in
the above percolation models, the gap-dynamics framework
here serves mainly as an illustrative example; a detailed
analysis of rigidity percolation is presented in Ref. [31].
In rigidity percolation, the gap-dynamics framework
uncovers a cascade cluster-merging process: the insertion
of a single bond can rigidify a nonrigid subgraph by acti-
vating multiple previously nonrigid links, triggering a
collective transition. This process is quantified by K, the
number of clusters merged when a bond is inserted. As
shown in Fig. 4, the K distribution Pk (s, L) ~ s~™ in an
entire dynamic process follows a clear power law with
T ~ 3.47, also revealing temporal self-similarity.

The average number of clusters merged, K(t) = (K(t)),
exhibits a pronounced peak at the critical point ¢. (inset
of Fig. 4). While the peak does not diverge and curves
for different L collapse without further rescaling, its
location serves as a pseudocritical point. Analyzing the
FSS of this pseudocritical point yields t. = 0.6602778(10),
improving the precision by roughly two orders of magnitude
compared to previous estimates t. = 0.6602(3) [10, 11].

5 Dynamic self-similarity in sandpile

The dynamic sampling method can also reveal nonequi-

librium scaling behaviors in SOC systems. As a repre-
sentative example, we consider the BTW sandpile model
on a square lattice with open boundaries. Starting from
an empty lattice, grains are added one by one to random
sites. When a site accumulates four or more grains, it
topples, redistributing grains to its four neighbors and
possibly triggering further topplings. Grains can exit the
system via the boundaries. After sufficiently long evolu-
tion, the system reaches a stationary critical state without
any tuning parameter, characteristic of SOC.

Instead of focusing on the stationary regime as in
conventional studies, we examine the initial nonequilibrium
dynamics from the inception up to a pseudocritical time
tr, defined as the earliest avalanche that spans the
system by reaching two opposite boundaries. At each
time t <tr, we record the total number of topplings S
(toppled grains) and the toppling area A (distinct
toppled sites), and compute their dynamic distributions
Ps and P4. As shown in Figs. 5(al) and (bl), both Pg
and P4 exhibit power-law behavior ~ s, sharing the
same exponent 7’ a 1.69. This value significantly differs
from the stationary SOC exponents, which range from
1.05 to 1.29 [34, 35, 64-67], highlighting the distinct
nature of the early-time dynamics.

We also analyze the avalanche diameter R, defined as
the span distance of toppled sites along one direction.
The joint distribution P(A,R) [inset of Fig. 5(bl)]
reveals that A scales as ~ R?, both in average and fluc-
tuations, indicating a fractal dimension d4=2. In
contrast, the distribution P(S,A) [inset of Fig. 5(al)]
broadens with increasing A: its lower boundary S~ A
corresponds to avalanches with single topplings per site,
while the upper boundary S ~ A% with x > 1.34 captures
cascades involving multiple topplings per site. If one
instead considers only averaged quantities, S = (S) and
A= (A), a simple scaling between S and A can still be
observed, but it fails to reveal the correct underlying
scaling behavior.

To further compare toppling area A and toppling size
S, we examine their distributions P,(s,L) and Ps(s, L)
at t;. For toppling area, plotting the rescaled variable
x = s/L? leads to excellent data collapse across different
L [see Fig. 5(b2)], confirming that A is a well-defined
fractal object with dy = d. However, for toppling size, no
single exponent dg leads to full data collapse. As shown
in Fig. 5(a2), to align the small-s regime, a small exponent
ds ~ 2 is needed, while a larger value dg ~ 2.61 matches
the peaks. Furthermore, the semi-log plot in Fig. 5(a2)
suggests that the large-s tail decays exponentially as
~e~%/L* indicating a non-power-law cutoff. Thus, § is
not characterized by a single fractal dimension and
cannot be viewed as a well-defined fractal object in the
conventional sense.

In a conventional analysis for the SOC regime [36],
Tebaldi et al. performed FSS of the avalanche-size
moments (S9) ~ LY@ and found 6(1) =2, 6(2) —0(1) =

Mingzhong Lu, et al., Front. Phys. 21(10), 101201 (2026)
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Fig. 5 Self-similar dynamics in the BTW sandpile model on square lattices. Panels (al) and (b1) show the dynamic distributions
of avalanche sizes Ps(s, L) and of avalanche areas P4(s, L), respectively, over the nonequilibrium process from the inception
up to the pseudocritical time ¢;,. Both distributions exhibit clean power-law behaviors with a universal exponent 7' ~ 1.69.
The insets show the joint distributions P(S, A) and P(A, R), respectively, where R is the avalanche diameter and the color
represents probability density. Panels (a2) and (b2) present the rescaled distributions Ps(z) and Pa(x) at t;, with 2 = s/L*%!

and 2 = s/L?, respectively.

2.7, and 6(9) — 6(8) = 2.9, suggesting that the size statistics
exhibit weak multifractality. Our dynamic distributions
P(S,A) and Ps(s,L) offer a more direct and vivid mani-
festation of this multifractal behavior. Based on the
exponential cutoff form, we further conjecture that the
maximal cutoff exponent for S is dg = 3.

6 Discussion

We reveal robust temporal self-similarity in various
dynamic observables in a wide variety of percolation
systems and BTW sandpile models. The self-similar
dynamics not only captures scaling behaviors that were
thought to emerge only in critical spatial structures, but
also reveals rich critical phenomena that are challenging
to be extracted by static analysis. Specifically, we theo-
retically established the dynamic scaling relations,
7o, =7 and 75 =7+0—1, linking the dynamic Fisher
exponents directly to the static exponents.

The dynamic method serves as a powerful new
paradigm for extracting critical behavior by incorporating
both temporal evolution and spatial information. First,
dynamic self-similarity integrates critical properties over
a broad parameter range, thereby avoiding the need for
precise identification of the critical point. Second,
beyond temporal observables, spatial quantities sampled
at the pseudocritical point ¢; can be analyzed using FSS
theory, and the flexibility in defining t; provides an
additional degree of freedom to tailor the analysis and

mitigate finite-size corrections. Important applications
include high-dimensional percolation [42], long-ranged
percolation [68], and percolation on SF networks [49].
Third, dynamic approaches can reveal critical behavior
that remains elusive under static averaging. A represen-
tative example is EP, whose critical behavior has been
clarified by dynamic analyses [40, 41, 69]. Fourth,
dynamic analysis may encode richer information than
static snapshots, such as the cascade effect in rigidity
percolation, and the weak multifractal character in the
BTW sandpile model.

More broadly, the dynamic formulation provides a
natural framework for systems whose critical behavior
emerges through continuous evolution rather than well-
defined steady states. It is readily applicable to a wide
range of models with complex dynamics, including
jamming and cascading failures, and offers promising
perspectives for studying infrastructure resilience, biolog-
ical systems, and geophysical processes [70], where static
descriptions are often insufficient.
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