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ABSTRACT

Previous studies of the critical non-Hermitian skin effect (¢(NHSE) have
mainly focused on explicitly coupled non-Hermitian chains with different
decay lengths, where skin modes localize at opposite boundaries. Here, we
show that a cNHSE can instead emerge in a Hermitian bosonic quadratic
ladder composed of identical chains, each of which already exhibits a Z
skin effect in the decoupled limit. Within the Bogoliubov-de Gennes
framework, the bosonic excitation spectrum becomes intrinsically non-
Hermitian and features a symmetry-protected fourfold degeneracy with
opposite spectral windings. By separating the degenerate sectors via a
unitary transformation, we find that even an infinitesimal interchain
coupling triggers a cNHSE, causing a discontinuous transition from real to
complex spectra in the thermodynamic limit. In finite systems, this leads
to scale-free localization and size-dependent dynamical instability, where
the simple Z,-type pairing structure of the decoupled chains breaks down.
Introducing staggered squeezing breaks inversion symmetry, lifts the
degeneracy, and induces a size-dependent skin transition across distinct
point-gap phases, markedly enhancing boundary localization. These find-
ings establish Hermitian squeezed-boson lattices as practical, experimen-
tally accessible platforms for realizing and controlling cNHSE without the
need for dissipative engineering.

Keywords non-Hermitian skin effect, quantum squeezing

1 Introduction spondence, which can be restored using the non-Bloch

band theory, formulated in terms of the generalized Bril-

Recent interest in non-Hermitian systems stems from
their ability to host novel phenomena unattainable in
their Hermitian counterparts [1-35]. Among these
phenomena,the non-Hermitian skin effect (NHSE) is
particularly striking, with a macroscopic number of
eigenstates becoming localized at the boundaries of
lattices [36-72], resulting in markedly different energy
spectra under open and periodic boundary conditions
(OBCs and PBCs). This spectral sensitivity reflects the
breakdown of the conventional bulk—boundary corre-
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louin zone (GBZ) with complexified momentum [36-38,
73].

More recently, it has been shown that coupling non-
Hermitian chains with opposite NHSE decay lengths can
give rise to a critical non-Hermitian skin effect (c(NHSE)
[74-87], characterized by discontinuous jumps of both
eigenvalues and eigenstates across a critical point in the
thermodynamic limit. In finite-size systems, however,
the OBC spectrum remains continuous under small vari-
ations, and the eigenstates display scale-free localization,
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with a localization length proportional to the system
size. These features are well captured both numerically
[74] and analytically [77, 79] within the GBZ framework.
In addition, related coupled-chain studies have reported
pseudo-mobility edges and hybrid localization behaviors
[83, 84], as well as system-size-dependent boundary
modes and anomalous scaling near critical regimes
[85-87]. The cNHSE has been further explored in a
single closed chain [88], two-dimensional systems with
boundary defects [89], and many-body settings [90].
Despite these advances, the cNHSE has been studied
primarily in systems of coupled chains where each indi-
vidual chain exhibits the NHSE with skin modes localized
at opposite boundaries. An important and fundamentally
different scenario, namely, coupled chains in which each
chain hosts a Z, skin effect in the decoupled limit, with
skin modes simultaneously localized at both boundaries,
has received little attention so far. Whether and how the
cNHSE manifests in this setting therefore remains
largely unexplored.

Non-Hermitian systems, which typically involve gain,
loss, or other effective non-conservative dynamics, have
been extensively studied in both classical and quantum
platforms, often through engineered couplings to dissipa-
tive baths [1]. A central challenge in quantum settings is
the need to post-select trajectories without quantum
jumps [91, 92]. Since quantum jumps occur stochasti-
cally, the probability of observing a no-jump trajectory
decays exponentially with time, making the study of
long-time dynamics experimentally challenging [93].
These limitations motivate the use of Hermitian bosonic
quadratic systems, in which effective non-Hermitian
behavior arises naturally from the equations of motion
[94-110]. In these systems, dynamics remain fully coher-
ent, eliminating the need for post-selection and providing
a robust, experimentally accessible platform for probing
non-Hermitian phenomena. This naturally raises the
question of whether a ¢cNHSE can arise in coupled
Hermitian bosonic quadratic lattices, where each individual
chain exhibits a Z, skin effect in the decoupled limit, in
contrast to previously studied scenarios.

In this study, we construct a Hermitian bosonic
quadratic Hamiltonian in a ladder of two identical legs
with onsite quantum squeezing. Within the Bogoliubov—
de Gennes framework, the many-body dynamics map to
an effective single-particle non-Hermitian dynamical
matrix, whose quasiparticle spectrum exhibits a fourfold
degeneracy protected by particle-hole, inversion, and
mirror symmetries. By applying a unitary transformation
to separate the degenerate sectors, we show that an
infinitesimal interchain coupling induces a quantum-
squeezing-driven c¢cNHSE: in the thermodynamic limit,
the spectrum undergoes a discontinuous jump, while
finite systems exhibit scale-free localization and size-
dependent dynamical instability, where the simple Z,-
type pairing structure of the decoupled chains breaks

down. Importantly, this instability exhibits a size-
controlled onset, rather than being solely determined by
system parameters, providing a mechanism to tune its
emergence and strength via system size, in contrast to
conventional non-Hermitian systems with explicit gain
and loss. Introducing staggered squeezing breaks inversion
symmetry, lifts the degeneracy, and drives a size-dependent
skin transition across topologically distinct point-gap
phases, strongly enhancing boundary localization.
Importantly, unlike conventional coupled non-Hermitian
chain models where all eigenmodes share a uniform
decay length, the present system exhibits intrinsically
energy-dependent localization even at the single-chain
level, such that no single characteristic localization
length can be defined.

The paper is organized as follows. In Section 2, we
construct a one-dimensional bosonic ladder system
composed of two identical, coupled Su-Schrieffer-Heeger
chains that include next-nearest-neighbor hopping and
onsite quantum squeezing. Within the Bogoliubov—de
Gennes framework, we derive the dynamical matrix of
the quantum-squeezed system and analyze its symmetry
properties. In Section 3, we demonstrate the cNHSE in
Hermitian bosonic quadratic lattices, where each individual
chain already supports a Z, skin effect in the decoupled
limit, which is fundamentally distinct from previously
studied ¢cNHSE scenarios. We further show that the
system exhibits size-dependent dynamical instability. In
Section 4, we introduce a staggered onsite squeezing
perturbation, which breaks inversion symmetry and lifts
the associated degeneracy. Moreover, this perturbation
induces a size-dependent skin transition and enhances
boundary localization. Finally, Section 5 summarizes the

paper.

2 Model

We consider a one-dimensional (1D) bosonic ladder
system composed of two identical, coupled Su—Schrieffer
—Heeger (SSH) chains that include next-nearest-neighbor
hopping and onsite quantum squeezing for bosons, as
illustrated in Fig. 1(a). The real-space Hamiltonian of
the system is given by

R Ay op A
+ XD by e+ Sal al 4+ SbF B —i—H.c.)

(hfl;,sbj,s + t2&;+1,sbj78 + iA&;-&-l,sdﬁs

L
Jj=1

2 S 2 75778

L
+ JZ (&;deg + 6;713j72 + H.C.) ,
j=1

(1)

where a;, and Bjys annihilate bosons on sublattices A
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Fig. 1 (a) Schematic of a one-dimensional quadratic
bosonic Hermitian ladder lattice composed of two identical
SSH-type chains. The parameters t; and t» represent the
intracell and intercell hopping amplitudes, respectively, X
denotes the strength of the next-nearest-neighbor hopping, J
quantifies the interchain (rung) coupling, and A characterizes
the onsite squeezing amplitude. (b) Spatial profiles of all
eigenstates of the decoupled single chain under OBC, demon-
strating the emergence of the Z, skin effect in the decoupled
limit. The parameters used are J =0, t1 =2, tao=1, A=1,
and A =1/3.

and B of the j-th unit cell in chain s =1,2, and L is the
total number of unit cells. The parameters t; and ¢,
denote the intracell and intercell hopping amplitudes
along each leg, )\ represents the next-nearest-neighbor
hopping strength along each leg, and J quantifies the
rung coupling between the two chains. The onsite
squeezing amplitude A, induced via parametric driving,
explicitly breaks particle-number conservation. Experi-
mental realizations of such onsite squeezing have been
reported in nanophotonic systems [111, 112], optome-
chanical platforms [113-115], and superconducting quan-
tum circuits [116-119].

To analyze the impact of squeezing on the quasiparticle
spectrum, we reformulate the Hamiltonian in Eq. (1) in
momentum space within the Bogoliubov—de Gennes
(BdG) Introducing the Nambu spinor,
Uy = (dl,lmgl,lm&2,197I;Z,M&L_MBL_M&;_;C,i);_k)T, the Bloch
Hamiltonian reads

framework.

N 1 N ~
Hy(k) = 5 > W] Hp (k) U+ C, )
k
where the BdAG Hamiltonian takes the canonical block
Ho(k)

structure
A(k)

and the constant energy shift C = —Tr[Hy(k)]/2. The
normal (single-particle) term, Ho(k) is explicitly given
by

Ho(k) = (t1 + tacosk)moo, + tasinkmyoy,
+ 2Asinkrgo, + JT00, (4)

where the Pauli matrices o, (u=wz,y,2) acts on the
sublattices (A,B) degrees of freedom, 7, acts on the
chain (s =1,2) degrees of freedom, and o, and 7, denote
identity matrices. The pairing term A(k) = Amop
encodes onsite bosonic squeezing.

Although Hg(k) is Hermitian, the physical quasiparticle
modes are governed by the non-Hermitian matrix arising
from the canonical commutation relations [¥;,¥l,]=
S0k - This intrinsic non-Hermiticity becomes evident in
the Heisenberg equation of motion for the Nambu
spinor,

ia%@k = [Fy, A ()] = My (k) ¥, (5)

where the non-Hermitian dynamical matrix is defined as
Mg(k) = S, Hp(k), (6)

with S, =v.700, Where v, acts on particle-hole degrees
of freedom. We note that if Hg(k) is positive definite, all
eigenvalues of Mg(k) are real, yielding purely oscillatory
dynamics coinciding with the Bogoliubov spectrum. If
not, Mg(k) can have complex eigenvalues, corresponding
to exponentially growing or decaying modes,
dynamical instabilities.

One can find that Mg(k) satisfies several key symme-
tries: the pseudo-Hermiticity

ie.,

77M1T3(k‘)77_1 = Msg(k), withn = 7,700, (7)
the particle-hole symmetry,
CME(—k)C_l = —Mg(k), with C = v, 1900, (8)

the inversion symmetry
PMg(—k)P~" = Mg(k),
and mirror symmetry
OMg (k)01 = My(k),

For the coupled bosonic chains, the symmetries of
Mz(k) [Egs. (8)—(10)] ensure that its quasiparticle spec-
trum remains fourfold degenerate. Diagonalization of
Mg(k) yields two pairs of quasiparticle branches with
squared energies

with P = vo7004, 9)

with © = VoTL00. (10)

B3 (k) = e(k) £ (k) (11)

where

e(k) = J? +t1 +t3 — A% 4+ 2X\% 4 2t1t5 cos k — 2)\% cos 2k,
(12)
v(k) =2 [2X3(J + A)(J — A)(1 — cos 2k)

(82 4 12) + 2tyta S cos k] 7. (13)
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Fig. 2 (a—e) Complex eigenenergies of quasiparticle excitations obtained from M-+, the real-space representation of
M (k), for different system sizes. Gray dots in (a) indicate the spectra under PBC, while red and blue dots correspond to the
spectra in the infinite-size limit and for finite systems under OBC in the coupled-chain system, respectively. For comparison,
green dots show the spectra in the infinite-size limit under OBC in the decoupled-chain limit. (f—j) Spatial distributions of
all eigenstates of M., showing the probability densities on chain 1, |[s)+,1(5)|> (top panels, blue), and on chain 2, |4 »(5)[?
(bottom panels, orange). Parameters used are J =0.01, t; =2, to =1, A= 1/2, and A = 1/3.

To make this degeneracy structure explicit, we employ
the unitary transformation
17,0,

1 Too0
V2 \ —ir.o. 700/’
which block-diagonalizes Mg(k) into two independent
blocks,

Up = (14)

i (My(F) 0
U Mg (k)U, = ( 0 M_(k) (15)
with
My(k) = — (t1 + tacosk)rgo, — tasinkryoy

+ 2Asinkrgo, — J1p00 £1AT,0,. (16)
Each block M4 (k) possesses the identical eigenvalue set,
{£E,(k), £E_(k)}. Consequently, each block retains an
internal twofold degeneracy, analogous to that of an
isolated single chain. We emphasize that this transfor-
mation acts solely at the level of the dynamical matrix.
It does not redefine the quasiparticle operators and
therefore leaves the symplectic structure of the bosonic
BdG problem intact, preserving the canonical commutation
relations.

3 Quantum squeezing-induced critical skin
effect emerging from 7Z, skin modes in
the decoupled limit

Previous studies of the critical cNHSE have largely

focused on systems composed of coupled distinct non-
Hermitian chains with different NHSE decay lengths
[74-79], where each chain hosts skin-mode localization at
opposite boundaries. In contrast, the Hermitian bosonic
ladder considered here consists of two identical chains.
In the decoupled limit (J=0), each chain exhibits a
twofold quasiparticle degeneracy protected jointly by
particle-hole and inversion symmetries [105]. Under
open boundary conditions, the eigenstates of each
isolated chain become localized at opposite ends of the
system, providing a direct manifestation of the Hermitian
Zy skin effect, as shown in Fig. 1(b). Building on this
setting, we explore the possibility of realizing a cNHSE
in Hermitian bosonic quadratic lattices, where each indi-
vidual chain already supports a Z, skin effect in the
decoupled limit, fundamentally distinct from previously
studied cNHSE scenarios.

Due to the degeneracy of Mg(k), any of its physical
eigenstates can be expressed as a linear combination of
states from the decoupled components M (k). Without
loss of generality, we work with M, [the real-space
representation of M (k)] for the numerical simulations.

To demonstrate the emergence of the critical skin
effect in a Hermitian bosonic quadratic Hamiltonian
with Z, skin effect, we analyze the complex quasiparticle
eigenenergies obtained from M, for various system
sizes, as shown in Figs. 2(a)—(e). In Fig. 2(a), the OBC
spectrum in the thermodynamic limit, computed using
non-Bloch band theory (red dots), coincides with the
PBC spectrum (gray dots) of the coupled-chain system.
In contrast, for two decoupled chains in the infinite-size
limit, the OBC spectrum remains entirely real (green
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—1;38 of instability can be controlled by the system size,
—L=100 reflecting a boundary-sensitive mechanism enabled by
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Fig. 3 Spatial distribution of the eigenstates [y (5)|* of
M. corresponding to the eigenvalue with the largest imaginary
part, Max[Im(Eopc)], and negative real part, for various
system sizes. The parameters used are J =0.01, t; =2, to =1,
A=1/2,and A =1/3.

dots), and is clearly distinct from that of the coupled
case. This discontinuous change of the OBC spectrum
across the critical point J = 0 in the thermodynamic
limit signals the emergence of the critical skin effect,
where the simple Z,-type pairing structure of the decoupled
chains no longer applies.

For finite systems, this discontinuity is smoothed into
a continuous crossover. At small sizes, such as L =10,
the OBC spectrum remains nearly real and closely coincides
with the decoupled-chain spectrum, indicating that the
effect of interchain coupling is negligible [see the overlap
of blue and green dots in Fig. 2(a)]. As the system size
increases, however, the OBC spectrum gradually
acquires a finite imaginary part and spreads into the
complex plane. In the thermodynamic limit, it converges
toward the Bloch spectrum, as seen from the approach
of the blue dots to the red dots in Figs. 2(b)—(e). This
spectral evolution is accompanied by a corresponding
change in the wave functions: initially localized states
increasingly extended as the spectrum
approaches the Bloch limit [see spatial distribution of all
eigenstates of M (k) in Figs. 2(f)—(j)].

Another hallmark of this critical behavior is scale-free
localization, manifested by a localization length that
increases with system size. Figure 3 illustrates the
spatial distribution of the eigenstates |y, (j)]*? of M,
corresponding to the OBC eigenvalue with the largest
imaginary part of Max[Im(FEopc)] and with negative real
part, for system sizes L = 40, 60, 80, 100, 120. The horizontal
axis is normalized by L, demonstrating the scale-free
character of the localization.

On the other hand, the size-dependent evolution of
the imaginary part of the quasiparticle spectrum has
direct consequences for the system’s dynamical behavior.
For small systems, the purely real spectrum indicates
dynamical stability [see Fig. 2(a)]. Beyond a critical
system size, however, the emergence of a finite imaginary
component leads to dynamical instability [see
Figs. 2(b)—(e)]. This behavior is qualitatively different
from conventional non-Hermitian systems with explicit
gain and loss, where instability is typically parameter-

become

the critical non-Hermitian skin effect. We refer to this
behavior as size-dependent dynamical instability, a
phenomenon that is absent in Hermitian single-particle
systems as well as in non-Hermitian systems without
gain. This dynamical instability gives rise to system-size-
dependent quantum signal amplification, where the
amplification factor, quantified by the maximum imaginary
part of the spectrum, is directly controlled by the lattice
dimensions.

4 Size-dependent skin transition

The eigenenergy spectrum of M, (k) is constrained by
particle-hole and inversion symmetries, resulting in a
twofold degeneracy associated with opposite spectral
winding across the Brillouin zone. We show that intro-
ducing a staggered onsite squeezing perturbation breaks
inversion symmetry and lifts this degeneracy. Moreover,
it induces a size-dependent skin transition and enhances
boundary localization.

Specifically, we consider a staggered onsite squeezing
perturbation that modifies the original pairing matrix as

(17)

which preserves the Hermiticity of the bosonic ladder
system. While the perturbation breaks the inversion
symmetry of Mg(k), the mirror symmetry remains
intact. Applying the same unitary transformation as in
Eq. (14) to separate the degenerate subspaces, the
reduced matrices are modified as

A/(k) = A(k) + VTOUZ7

M (k) = My (k) £iV 1,00, (18)

where the term iV 7,00 acts as an effective staggered loss.

Figures 4(a)—(e) present the eigenenergies of quasipar-
ticle excitations computed from M/, for different system
sizes. Under PBC, the staggered onsite squeezing pertur-
bation lifts the degeneracy and splits the spectrum into
two bands with opposite spectral winding as k varies
from -7 to m, as indicated by the black solid and
dashed lines with arrows in Fig. 4(a). In the thermodynamic
limit, the OBC spectrum lies between these two winding
branches, as shown by the red lines in Fig. 4(a). For
comparison, the OBC spectrum in the infinite-size limit
for the decoupled chain is also displayed (green lines).
Notably, the discontinuous jump of the OBC spectrum
across the critical point persists even in the presence of
the staggered onsite squeezing, indicating that the critical
skin effect remains intact.

In finite systems, the behavior is qualitatively differ-
ent. For small system sizes, for example L =10, the
OBC spectrum (blue dots) closely follows that of the
decoupled limit (green lines), as shown in Fig. 4(a), indi-
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Fig. 4 (a—e) Complex eigenenergies of quasiparticle excitations obtained from M/, the real-space representation of
M (k), for different system sizes. The red lines in (a) indicate the spectrum in the infinite-size limit under OBC. Black solid
and dashed lines with arrows denote the spectra under PBC for the coupled-chain system, where the arrows indicate the
spectral winding as k traverses the Brillouin zone. Blue dots correspond to the spectra of finite coupled chains under OBC.
For comparison, the green lines show the spectra in the infinite-size limit under OBC in the decoupled-chain limit.
(f=j) Spatial distributions of all eigenstates of M/, , showing the probability densities on chain 1, |11 (5)|* (top panels, blue),
and on chain 2, |¢;2(5)]* (bottom panels, orange). Parameters used are J =001, V=0.03, t1 =2, to =1, A=1/2, and

A=1/3.

cating that the staggered onsite squeezing perturbation
has a negligible effect at small sizes. As the system size
increases, the spectrum progressively spreads into the
complex plane, crossing the loop formed by the PBC
spectrum and undergoing a sequence of phase transitions
characterized by changes in the point-gap topology [blue
dots in Figs. 4(b)—(e)]. This evolution reflects the gradual
emergence of a size-dependent skin effect, which we refer
to as the size-dependent skin transition.

To characterize this transition, we introduce the spectral
winding number [38, 52, 56|, defined as

dk
W(Ey) = /BZ %31c Indet[ M’ (k) — E),

(19)
where E, is a reference point located inside a point-gap
loop. The integer W(E,) counts the number of times the
complex spectrum of M/, (k) encircles Ej.

Applying Eq. (19) to the PBC spectrum at L = 80, as
shown in Figs. 5(a, b), we identify three distinct regions:
W = —1 for the clockwise loop (red), W =1 for the coun-
terclockwise loop (green), and W =0 for the region
enclosed by both loops (blue). For system sizes L < 80,
the OBC eigenenergies initially reside within the W =10
region and gradually evolve into a closed loop in the
complex plane. As L increases, this loop expands, and
once L > 80, it extends into both the W =1 and W = —1
regions. This behavior indicates that the coupled ladder
undergoes a size-dependent skin transition, reflecting the
gradual emergence of a size-dependent skin effect.

As the complex quasiparticle eigenenergies undergo a

(a) (b)
_ - 0.2F
=80 W=+l
”"LO
S
E or
70 2,
0 3 3 ) -1
R R
(1) B ar) e
L 03 - 03 r 0.001 .
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Fig. 5 (a) Complex eigenenergies of quasiparticle excitations
computed from M/, at L =80. (b) Enlarged view of the red
dotted region in (a). The red, blue, and green shaded areas
denote point-gap regions with winding numbers W = -1, 0,
and 1, respectively. (cl—e2) Spatial distributions of repre-
sentative eigenstates indicated by the red markers in (b). For
each case, the probability density on chain 1, |41 1(5)|*> (top,
blue), and on chain 2, |1 2(j)|* (bottom, orange), are shown
for (cl1, ¢2) W=1, (d1, d2) W =0, and (el, €2) W= —1.
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size-dependent skin transition under OBC, the corre-
sponding eigenstates simultaneously exhibit a change in
their skin localization properties. To characterize this
transition, we compute the spatial distributions of repre-
sentative eigenstates on chain 1, |y, 1(j)|?, and on chain
2, |y 2())? [indicated by red markers in Fig. 5(b)].
When the OBC complex energy lies in the W=1
(W = —1) region, the eigenstates exhibit a unipolar non-
Hermitian skin effect, being localized at the left (right)
boundary on both chains, as shown in Figs. 5(cl, ¢2)
and (el, e2). In contrast, when the complex eigenenergy
under OBC lies in the W =0 region, the eigenstates
display a bipolar non-Hermitian skin effect, with simul-
taneous localization at opposite boundaries of the two
chains, as shown in Figs. 5(d1,d2).

Moreover, the staggered onsite squeezing perturbation
substantially enhances boundary localization of the
eigenstates in the coupled chains. In the absence of this
perturbation, the OBC spectrum progressively converges
to the Bloch spectrum in the thermodynamic limit, and
the eigenstates become increasingly extended and Bloch-
like as the system size increases, as shown in
Figs. 3(f)-(j). By contrast, upon introducing the pertur-
bation, the OBC spectrum remains confined to the
W =1 and W = -1 sectors even in the thermodynamic
limit. This behavior indicates that the eigenstates are
dominated by the skin effect and consequently remain
robustly localized at opposite boundaries of the two
chains, as shown in Figs. 4(f)—(j).

The enhancement of boundary localization can be
quantitatively characterized by evaluating the maximum
and mean inverse participation ratio (IPR) over all
eigenstates of M, and M/ , and qualitatively captured
using generalized Brillouin zone (GBZ).

The IPR of the i-th normalized eigenstate ¢ (i,j) is
defined as

IPR(7) = > [ (0.5)]" (20)

The GBZs of the 4 x 4 non-Bloch matrices M, and
M!_ can be derived by solving the characteristic equations
37]

detlM.(8) — E] =0, (21)

and

det[ M’ (B) — E] = 0. (22)

These equations yield four solutions £, B2, B3, and fy,
which are ordered according to their moduli as
|B1] < |B2| < [Bs] < |Bal-

In the thermodynamic limit L — oo, the GBZ is deter-
mined by the condition

|Ba| = |Bs- (23)

(@) o.08

M) r

—6— max IPR

—6— mean IPR

004t

©) .12
V=003
Q —-BZ
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A L=30
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—6—mean IPR

0 s s s N -1.5
0 40 80 120 160 -1.5 0 1.5
L Re ()

Fig. 6 The maximum (red dotted lines) and mean (black
dotted lines) IPR, evaluated over all eigenstates, are plotted
as functions of the system size L for (a) V=0 and
(c) Vv =0.03. Panels (b) and (d) show the GBZ of the
coupled system at finite sizes L =20 (black), 30 (blue), 50
(red), and 80 (yellow), as well as in the thermodynamic limit
L — oo (green), for (b) V=0 and (d) V = 0.03, respectively.
For finite L, the GBZ is determined from the characteristic
equation in Egs. (21) and (22) using numerically obtained
OBC eigenenergies Eopc. In the thermodynamic limit, it is
obtained from the condition |8:| =|B83|. Parameters used are
J=001,t1 =2, ts=1, A=1/2, and A =1/3.

By contrast, for finite system sizes, the GBZ is obtained
by numerically solving the characteristic equations in
Egs. (21) and (22) using the numerically computed OBC
spectrum FEggc. In this procedure, the Bloch wavevector
is analytically continued into the complex plane as
k—k=k+ir (r eR), with g = ¢,

Figures 6(a) and (c) show that for V =0, both the
maximum and mean IPR gradually decrease toward zero
as L increases, indicating that the eigenstates become
increasingly extended and Bloch-like. In contrast, for
V =0.03, the TPR remains finite even for large system
sizes, demonstrating that the staggered onsite squeezing
perturbation preserves and enhances boundary localization
via the skin effect. Correspondingly, as shown in
Figs. 6(b) and (d), the generalized Brillouin zone (GBZ)
gradually approaches the unit circle for V =0, whereas
for V =0.03, the GBZ deviates significantly from the
unit circle, reflecting the persistent boundary-localized
nature of the eigenstates.

5 Conclusion

We have shown that Hermitian bosonic lattices with
onsite squeezing can realize a critical NHSE driven

Yu-Wen Liang, et al., Front. Phys. 21(9), 095207 (2026)
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purely by the intrinsic non-Hermiticity of the BdG
dynamics. The spectrum exhibits a discontinuous jump
in the thermodynamic limit and scale-free localization
with size-dependent instability in finite systems. Breaking
inversion symmetry via staggered squeezing lifts degen-
eracies and induces a size-dependent skin transition with
robust boundary localization. These results extend critical
NHSE physics to coherent bosonic platforms and
provide new opportunities for controlling non-Bloch
dynamics without engineered dissipation. We emphasize
that the Z, skin effect discussed in this work characterizes
the decoupled chains, while the emergent critical behavior
in the coupled system is not constrained by a Z, classifi-
cation.
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