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ABSTRACT

Nonreciprocity plays a pivotal role in the design of optical and quantum
devices. A key mechanism for achieving it lies in the breaking of Lorentz
reciprocity. In this paper, we systematically investigate the scattering prop-
erties of a non-Hermitian system composed of an arbitrary-dimensional
scattering center coupled to two semi-infinite leads. We first propose a
general theorem that elucidates how symmetry constrains the transmission
and reflection amplitudes. We show that parity-time (P7) symmetric
systems can still exhibit reciprocal transmission despite the presence of
non-Hermitian terms. The introduction of a magnetic flux that preserves
parity symmetry and flux inversion symmetry can break Lorentz reciprocity
and thus enable nonreciprocal transport. Based on detailed symmetry
analysis, we construct a series of minimal models that demonstrate unidi-
rectional transmission. Our results provide new insights into the mecha-
nisms of nonreciprocal scattering and offer a theoretical foundation for the
development of optical diodes and quantum isolators in non-Hermitian
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1 Introduction

Nonreciprocal transport, where a system exhibits asym-
metric transmission properties for waves incident from
opposite directions, has garnered growing attention in
recent years due to its fundamental significance and
broad technological applications [1-8]. In contrast to
reciprocal systems, where the transmission properties are
symmetric with respect to the direction of incidence,
nonreciprocal systems allow for the selective control of
wave propagation. This property is pivotal for the devel-
opment of next-generation photonic and quantum
devices, including isolators, circulators, unidirectional
amplifiers, and topological lasers [9-14]. Achieving
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robust nonreciprocity is thus crucial for realizing
advanced information processing, protected signal rout-
ing, and enhanced device functionality in both classical
and quantum domains.

Recent experimental progress has brought nonreciprocal
physics to the forefront of photonics and quantum tech-
nology [15-20]. In photonic systems, synthetic magnetic
fields and temporal modulation have been used to break
Lorentz reciprocity, enabling unidirectional wave propa-
gation in optical resonators, photonic lattices, and meta-
materials [21-27]. Similarly, in quantum platforms such
as superconducting circuits and ultracold atoms, engi-
neered dissipation and non-Hermitian Hamiltonians have
been employed to realize controllable gain and loss, leading
to nonreciprocal transport at the quantum level [28-33].
These advancements not only expand the scope of
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controllable transport phenomena but also open new
avenues for the realization of symmetry-protected non-
Hermitian dynamics.

In this work, we systematically investigate the scattering
behavior of a class of non-Hermitian systems composed
of a finite scattering center and two semi-infinite tight-
binding leads. By introducing complex on-site potentials
and a tunable magnetic flux into the scattering center,
we explore how various symmetry constraints, particularly
parity—time (P7) and parity-magnetic-flux reversal
(PMx) symmetries, govern the reciprocity of transmission
and reflection. Here, we define the parity—flux-reversal
(PMz) symmetry as the invariance of the system under
the combined operation of spatial inversion (P) and
magnetic flux reversal (Mz). Our analysis leads to
several key findings. We rigorously prove a general relation
between the symmetry of the system and the reciprocity
of scattering amplitudes. Importantly, we demonstrate
that the presence of PMz symmetry does not necessarily
guarantee nonreciprocal transport, highlighting the need
for symmetry breaking beyond traditional PT
paradigms. Furthermore, we identify a series of microscopic
configurations that allow for perfect unidirectional trans-
mission and amplification under specific parameter
conditions.

Unlike previous studies that focused primarily on PT-
symmetric non-Hermitian systems, our results highlight
that even systems with the combined parity—flux-reversal
(PM3x) symmetry can display nonreciprocal transport.
This demonstrates that PMz symmetry provides a new
route beyond PT constraintsenriching the overall
understanding of directional scattering.

The paper is organized as follows. In Section 2, we
present a general theoretical framework for symmetry
analysis in non-Hermitian scattering systems and derive
constraints on the scattering amplitudes. In Section 3,
we construct a minimal tight-binding model with
tunable complex potentials and magnetic flux, and
analyze its scattering properties under various symmetry
classes. Section 4 explores multiple representative config-
urations where nonreciprocity emerges, supported by
both analytical expressions and numerical simulations.
Finally, Section 5 summarizes the main results and
discusses their implications for designing nonreciprocal
quantum and photonic devices.

2 Scattering states and symmetry
constraints

We consider a one-dimensional scattering system with
only two channels, corresponding to left and right inci-
dence. The scattering center may have arbitrary spatial
dimension, but only one-dimensional asymptotic channels
are assumed as sketched in Fig. 1. The two linearly
independent scattering eigenstates are given by
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Fig. 1 Schematic illustration of the scattering system. It
consists of two one-dimensional scattering channels (yellow
shaded regions) and a central scattering region (blue grid
area), which can have arbitrary geometry or dimensionality.
Panels (a) and (b) correspond to right- and left-incident
plane waves, respectively. The analysis focuses on the role of
symmetry in determining the transmission properties, with
particular attention to unidirectional transport, which forms
the basis for optical and quantum information networks.

1) = el +rFeihi <0, )
L theiki j >0,
the=iki, j <0,

)

e ki pkeli i 0.

HOE { :
By taking linear combinations of degenerate states [6],
we derive the relations

toRtk ek =1, (3)

to Rk e TRE = 0. (4)

2.1 Parity symmetry
Under the action of the parity operator P

P .7 — _.jv (5)
applying P to fF(j) and comparing with f§(j) gives:

k k

TR =TL t{%:tf (6)

These relations reflect the intrinsic symmetry of space
and hold irrespective of probability conservation.

2.2 Time-reversal symmetry

For a system with time-reversal symmetry, the operator
satisfies 7i7 ! = —i. Comparing f §(j) with (ff,(5))*
leads to

trr = (tHe)" (7)
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Together with probability conservation,
‘T]f,R|2 + |tllf,R|2 =1, (8)
this yields

te =tr, |l =1IrLl; ©)

implying reciprocal transport in any time-reversal

symmetric Hermitian system.

2.3 PT symmetry

For a PT-symmetric scatterer, acting PT on fF(j) and
comparing with fF(j) yields

( k:)* —k

* —k
TR) =T (t{{) =t

(10)
Combining with Eq. (3), we find

1] = [tx],

(11)

indicating that transmission remains reciprocal even
when probability is not conserved, as in non-Hermitian
systems.

2.4 Breaking reciprocity via magnetic flux

To break reciprocity, we introduce a Hermitian magnetic
flux ¢ that breaks time-reversal symmetry. We define
the magnetic-flux-reversal operator M such that

Mz : ¢ — —¢. (12)

The operator Mz acts only on the magnetic flux, while
leaving the time coordinate unchanged. When combined
with parity P, the joint PMxr symmetry imposes
nontrivial constraints on scattering amplitudes. The
Hamiltonian then transforms as

MrH(@)Mz"" = H(-¢), (13)

PMzH($)(PMF)~! = H(9). (14)

The invariance under P.M » implies that the transformed
wavefunctions must also be physical solutions of H(¢).
Applying PMz to the left-incident wave fF(4,$)

e M 4 rf(=g)e™, j >0,

i 15
th(—p)e ik, j <0, (13)

PMzfEG) = {

and comparing with (5, ¢), we find

ti(=¢) = tx(¢), ri(=¢) =rR(9).

When ¢ = —¢, Eq. (16) still holds.

Eq. (16) shows that the transmission and reflection
amplitudes at flux —¢ are related to those at flux ¢ by
parity exchange, independent of time-reversal invari-
ance. We define systems satisfying Eq. (16) as possessing

(16)

Fig. 2 A scattering center governed jointly by magnetic
flux (¢) and complex potential (V).

PMx symmetry.

In the next section, we explore the impact of introducing
flux into a non-Hermitian scattering center and demon-
strate how varying the position and magnitude of the
complex potential enables controllable nonreciprocal
transport, including perfect unidirectional reflectionless
transmission at specific flux values.

3 Model hamiltonian and scattering
solutions

We now consider a tight-binding model consisting of a
one-dimensional chain with nearest-neighbor hopping.
The full Hamiltonian is given by

H = Hy + Hc + Hg, (17)

where Hp and Hy describe the semi-infinite leads (scat-
tering channels) on the left and right of the scattering
center, respectively, while Hc captures the scattering
center with possibly non-Hermitian on-site potentials
and synthetic magnetic flux ¢. The lead Hamiltonians
take the standard form:

Ho= koY (a}ajH + H.c.) , (18)
J

Hi= koY (a}a]-+1 + H.c.) . (19)
J
The scattering center is modeled by
He = — C_i¢(Hng{a_1 + Iigb;bl + Klailbg
+ Iigbgbg + ngaJ{bg + mb;al) + H.c.
+ Vablby + Vablby + Vablbs, (20)

where the on-site potentials V;, (m =1,2,3) can be
complex-valued, introducing non-Hermiticity into the
system. The operators a) (a;) and bl (b;) create (annihi-
late) bosons or fermions on the leads and center sites,
respectively. The notation H.c. denotes Hermitian conju-
gates of the hopping terms, and s, (¢=0,1,2,3) are real
hopping amplitudes. The magnetic flux ¢ is embedded
into the hopping terms via the phase factor e '*. In
particular, notice that the parameter ¢ represents an
effective magnetic flux that can be physically realized in
different platforms. For instance, in photonic lattices ¢
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can be engineered by introducing phase delays in ring
resonator arrays [34], in ultracold atom systems it can
be simulated through laser-assisted tunneling that
induces synthetic gauge fields [35], and in superconducting
circuits it naturally arises from externally applied
magnetic fluxes [36, 37]. These examples illustrate that
the flux parameter in our model is not merely a mathe-
matical abstraction, but has concrete realizations in a
variety of experimental settings.

We solve this system using the Bethe Ansatz method.
The single-particle eigenstate satisfies

HIk) = Elk), (1)

with plane-wave dispersion EF = —2xgcosk in the leads.
The general form of the wavefunction reads

By =" il + > alD),
j 1

where f; and g, denote amplitudes on the scattering
channels and scattering center, respectively. The asymp-
totic form of f; follows Egs. (1) and (2). Substituting
the ansatz into Eq. (21), we obtain the following coupled
equations:

(22)

Ef 1= —kof-2 — €%ragi — e “r1gs,
Efi = —kofs — e Pkags — €%k1ga,
(E—Vi)g1 = —e%k3ga — e Phaf 1,
(B —V3)gs
(E—Va)gs = —¢ Yrggs — ¢

—ei¢/$2f1 — e_iqbliggg,

¢/€393

— ei¢li1f,1 — e*id’mﬁ. (23)
By solving the coupled equations Eq. (23) to eliminate
the central state amplitudes g;, equations for f; are
obtained, from which the analytical expressions for the
reflection and transmission amplitudes can be derived.

Ap's — BB/(E —V1)] — a1/ (E — V)

" ol (B~ Vi)~ Xps + BEN(E ~ V)]
(24)
o Nlps = BBIE = V1)] — ad'u(E — Vy)
R GQik[OZOéIMI(E—V:i)—)\/MI§+BB/)\'(E—‘/1)]7
(25)
. —2ikoc/ Bsink(E — V1)(E — V3)
LT kool (E — Va) — Nls + BBN(E — V)]’
(26)
. —2ikgaf’ sink(E — V1)(E — V3)
8T kool (B — Vs) — Np's + BBIN(E — )]
(27)

Here we define:

o =e? ok — e Pri(E — V1),

B =e2Pkong — eid)m(E —V3),

A= —ro(E —Vy)e* — k2,

1= —ko(E — Va)elt — k2,

s=(E V) (E—-W)(E—-V;)—ri(2E -V, — V3).

(28)
Under flux reversal ¢ — —¢ :
a—ao,f—= 5, (29)
wavevector inversion k — —k :
A= N — . (30)

4 Transmission under different on-site
potential configurations

Building on the above symmetry analysis, we now inves-
tigate how different choices of the complex onsite potentials
V. affect the transmission coefficients. In particular, we
propose schemes for achieving nonreciprocal transport
by appropriately engineering the scattering center.
Unless otherwise stated, we set all hopping amplitudes
to unity: k1 = ko = k3 = ko = 1.

4.1 Reciprocity and symmetry breaking

First, we assume that all potentials V,, are real-valued
(denoted V;.), the system is Hermitian. The Hamiltonian
simplifies to

HéHerm) _ _ e*iq’(bJ{a,l + bgbl + ailbz

+ bgbg + (IJ{b3 + b;al) + H.c.

+ V. (blby + blby + bibs). (31)

In this case, the system exhibits reciprocal transport,
ie., [th] = |tk|, regardless of the value of ¢, due to the
underlying P7 symmetry.

Next, consider a non-Hermitian case with ¢ =0 and

complex symmetric potentials V; = V3 = —¢, V5 =0,
leading to
H__ = —(bla_y +blby +a' by
+ blby + albs + blar) + Hec.
— e (blby + bibs). (32)

This system satisfies PH__P~! = H__, and hence also
exhibits reciprocal transmission.

For the final model, we consider a configuration with
onsite potentials V; =V3 =0 and V, = —¢?. The corre-
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sponding Hamiltonian of the scattering center is given
by

HéPMf) = — e*w’(bia_l + b;bl + aJr_le

+ biby + albs + blay) + Hee.

— ¢7blb,. (33)

This Hamiltonian is invariant under the combined PM x
transformation, i.e., PM;HgDMF)(PM;)*l = H((:P/\/“E)7
which guarantees the relation ¢ (—¢) = tr(¢), as dictated
by the symmetry constraint Eq. (16). To illustrate this
point, we evaluate the scattering amplitudes analytically
at the specific wavevector k£ = ~. The resulting reflection
and transmission coefficients are

cos 2k(e~* — 20 F cos k)

PMz _ PMz _ 34
" "® 0FE — e 3kcos2k ' (34)
(PMr _ iE sin 2k(e_2.i¢’ —e?E)? ’ (35)
0F — e3ik cos 2k
[PMr _ iE sin 2k(e2ié — e ?E)? (36)
O0F — e 31k cos 2k
Here we define:
§=1-2Fcos3¢ + E>. (37)
It is evident that under ¢ — —¢, the relation

tFM7 (¢) = t8M7 (—¢) holds, confirming the symmetry
constraint. Nevertheless, we also find that

77 ()] = [t (o),

which indicates that the system may still exhibit
symmetric transmission even when constrained by PMx
symmetry. This is because Eq. (16) only imposes that
the transmission amplitudes are equivalent under
magnetic flux sign reversal, rather than strictly requiring
[tL(#)] = |tr(¢)|. Therefore, PMz symmetry serves as a
permissive condition rather than a determinative one for
achieving nonreciprocal transport: it enables the possibility
of directionality but cannot guarantee its occurrence. In
Fig. 3, we demonstrate this point by comparing ¢/ **
and ¢~ for the same magnetic flux.

While PMx symmetry by itself does not guarantee
non-reciprocal transmission, it can accommodate reci-
procity breaking under specific conditions. In particular,
reciprocity breaking emerges when the microscopic
implementation of PMz symmetry is combined with
mechanisms that inherently distinguish forward and
backward propagation. Two such mechanisms are:

i) Magnetic flux

A nonzero Peierls phase (magnetic flux) modifies the
complex hopping amplitudes in a PMr-symmetric
system without violating the combined parity—charge-
conjugation constraint. This flux breaks time-reversal

(38)

[P

- - =i

1.5 "

i

Reflection and transmission

Wave vector k

Fig. 3 Scattering probabilities as functions of the wavevector
k under the parameter setting Vi =Vz=0, Vi=—¢",
k=~¢€(0,7), and magnetic flux ¢, =4n/9. The reflection
probability |[#P*7| and the transmission probabilities [t/ |
and [tf™7| are plotted. Although the system preserves the
PMx symmetry, the transport remains reciprocal in this

regime, as evidenced by the equality [¢77| = [t7*7| across

the entire range of k.

symmetry, which is a sufficient condition for the scattering
matrix to become non-reciprocal in general.

ii) Spatial distribution of gain/loss

In non-Hermitian systems, balanced gain and loss can
be arranged in a manner that preserves PMx symmetry
but changes the relative amplification/attenuation expe-
rienced by waves traveling in opposite directions. The
effect is especially pronounced when the gain/loss profile
is asymmetric with respect to the system’s scattering
center, even though the PMx transformation maps the
Hamiltonian to its negative complex conjugate.

The interplay of these two ingredients — magnetic
flux and asymmetric gain/loss — allows PM z-symmetric
systems to support non-reciprocal and even amplified
transport. Importantly, PMz symmetry constrains the
structure of the scattering matrix but does not enforce
its reciprocity.

To realize the non-reciprocal transmission, we will
consider five representative configurations of the scattering
center to illustrate how synthetic magnetic flux ¢ and

complex potentials V; cooperatively influence reci-
procity.
4.2 Nonreciprocal transport under symmetry and

complex potentials

4.2.1  Symmetric complex potentials with nonzero flux

i) Model with uniform loss: Vi = Vs = —e™, V3 =0
The scattering center Hamiltonian takes the form

Xi Zhang, et al., Front. Phys. 21(4), 042203 (2026)
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He, = —e P(bla_y +blby +a' by
+ b;bg + aJ{bg + b£a1) + H.c.

— & (blby + blbs), (39)

where the complex potentials are symmetrically
distributed about the central site. For the specific case

v =k, the analytical expressions for the scattering
amplitudes are obtained as

e 2k (cos k + cos 3¢)
TLHR =

' (cos2k — 1)e~F — 2(cosk + cos 3¢)’ (40)

tLl (¢) = tRl (_¢)
e—ik(e—2i¢ +ei¢>e—ik)2

= . . 41
2(cos 2k — 1)e~F — 4(cos k + cos 3¢) (41)

These results satisfy the symmetry relation in Eq. (16),
and confirm that the reflection probabilities for left and
right incidence are always identical. Figures 4(a) and (b)
show the reflection probabilities for left and right incident
wave packets, respectively, while Figs. 4(c) and (d)
display the corresponding transmission probabilities.
Although the non-Hermiticity is P-symmetric, the
presence of magnetic flux ¢ breaks Lorentz reciprocity,
resulting in direction-dependent transport. Notably,
along the blue curve in Fig. 4(a), both reflection amplitudes
vanish, r, = rg, = 0. At these parameter values, one can
always identify situations in the transmission plots
where one transmission probability is unity while the
other is zero. For instance, for ¢ € [0,Z]U[2F, 7], and
|r,| = |rg,| =0, we find |t;,| =1, and |ty | =0 indicating
perfect transmission from the left and complete suppression
from the right. Conversely, for ¢ € (%, 2F) with vanishing
reflection, we observe |t;, | =0, and [t | =1. We refer to
this phenomenon as unidirectional reflectionless trans-
port, where the wave is fully transmitted from one side
while being completely blocked from the other. Such
behavior provides a mechanism for robust direction-
selective control of wave propagation. We further verify

this feature numerically for various wavevectors
k=%,%2.%, 2 % and |r, g |=0. As shown in Fig. 5, the

scattering amplitudes clearly display the effect of non-
Hermitian potentials. In the Hermitian limit, the system
conserves energy for all values of ¢, satisfying
|7|>+]t|>=1. In the non-Hermitian regime, however,
complex potentials generally induce partial absorption or
amplification, so that |r|2+[t|>#1 for generic ¢.
Remarkably, there exist discrete parameter points (e.g.,
r=0,t=1), where the effective absorption vanishes.
Each of these points corresponds to a configuration in
which transmission is completely suppressed from one
side while perfect transmission occurs from the other. In
such cases, the system satisfies probability conservation.

ii) Model with uniform loss: V; = Vo = V3 = —e¥

The Hamiltonian of the scattering center is given as

=1

=1

@ ®) ,
0.4 4
2 | 2
= 0.2 = 2
1 1
0 0 0 0
0 2 0 2
¢ ¢
(c) 3 1 (d) 3 1
2 2
= 0.5 -~ 0.5
1 1
0 0 0 0
0 2 0 2
¢ ¢

Fig. 4 Scattering probability distributions for the asym-
metric scattering model under the parameter conditions
Vi=Va=—€7, V=0, k=v¢€ (0,7), and ¢ € (0,7). (a) Left
reflection probability |r,|; (b) right reflection probability
|rr,|; (c) left transmission probability |t,|; (d) right trans-
mission probability |t,|. The blue dip regions in panels (a)
and (b) (|r,,k,|=0) mark the zero-reflection conditions,
while the yellow highlighted regions in panels (¢) and (d)
(tr,/r,| = 1) indicate ideal full-transmission states. When the
parameters lie along the blue contour lines in (a) or (b), the
system exhibits perfect unidirectional transmission in which
one side supports unit transmission while the opposite side is
completely suppressed. The direction of this nonreciprocal
transport can be dynamically controlled by tuning the
magnetic flux ¢.

He, = He, — ¢7bib,. (42)

Obviously, it respects the combined PMx symmetry.
For v =k, the corresponding scattering amplitudes are
obtained as

R cos k + cos 3¢ (43)
b2 7 TR ™ Tisin k + 2eiF + 262k cos 3¢
tL2 (¢) = tR2 (_¢)

(e—2i¢ + ei¢e—ik)2 (a4

T 7 2ieksink + 4 + 4ei* cos 3¢’

These expressions satisfy the PM z-symmetric relation
of Eq. (16). Numerical simulations of the scattering
behavior are shown in Fig. 6. As in the previous model,
a unidirectional reflectionless phenomenon is again
observed along the blue contour in Fig. 7, where
|rL,| = |rr,| = 0. However, in contrast to Model 1, here
the transmission is imperfect even when reflection
vanishes. Specifically, at points along the zero-reflection
contour, one transmission amplitude is zero while the
other is less than unity, i.e., |t;,| <1 and |tg,| =0 (or
vice versa). This indicates that part of the incident

042203-6
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Fig. 5 Reflection and transmission probabilities as functions
of magnetic flux ¢ for fixed wavevectors k= r/2, /3, n/4,
7/5, and 7/6. When the reflection probability |r| approaches
zero, the system exhibits perfect nonreciprocal transmission,
characterized by unit transmission probability on one side
and zero transmission on the opposite side.

energy is absorbed by the scattering center, thereby
diminishing the efficiency of unidirectional transport.
Moreover, we observe that within a finite neighborhood
of the blue contour in Fig. 6(a), the transmission

@ , ®
0.4 0.4
2 2
= 2 = 2
| 0. . 0.
0 0 0 0
0 2 0 2
¢ ¢
© 5 . @ -
0.6 0.6
2 ‘ 2
- 0.4 - 0.4
1 0.2 1 0.2
p-— W= 1M 0 0
0 2 0 2
¢ ¢

Fig. 6 Scattering probabilities for the asymmetric model
under the parameter setting V3 =V, =Vs=—c", with
k=~€(0,7r) and ¢ € (0,7). (a) Left reflection probability
|7, |; (b) Right reflection probability |rg,|; (¢) Left transmission
probability |t,|; (d) Right transmission probability |tg,].
Compared to the previous model, the zero-reflection region
(highlighted by the blue curves in the reflection maps)
becomes broader. When (k,¢) lie near these regions, the
system approximately exhibits unidirectional behavior. In
these cases, one transmission probability vanishes exactly
(e.g., |tL,| = 0 or |tg,| = 0), while the opposite-side transmission
is less than unity (e.g., |tr,| < 1 or |t,| < 1).

remains strongly asymmetric and nearly reflectionless.
This behavior implies a degree of robustness to parameter
fluctuations. For instance, as shown in Fig. 7, at
¢ =, and k. = %, the system exhibits |r,| = |rg,| =0,
[tr,| =0, and |t.,| <1, confirming the presence of an
imperfect but clearly directional scattering process.

iii) Model with central gain and edge
Vl = ‘/3 = —V2 = —e7

In this case, the Hamiltonian of the scattering center
is given as

loss:

He, = He, + ¢"bbbs. (45)

The Hamiltonian Hc, satisfies the PMjx symmetry
condition as given in Eq. (14). The corresponding scattering
amplitudes are calculated as

e 2k (cos k + cos 3¢)

—_ : 46
2cosk + 2cos 3¢ + ie~ 2k sink’ (46)

TLy = TRy

—ik (g—did | o2ido—2ik | 9o—ide—ik
tLS:_e (e + e“'%¢ il—ieA .e )’ (47)
2(2cosk + 2cos 3¢ + ie~%F sink)

ik (odi¢ 4 o—2ipo—2ik | 9uido—ik
by, = S (e A eT e T 4 2e e (48)
2(2cosk + 2cos 3¢ + e~ sin k)

These expressions satisfy the PMr-symmetric
constraint t;, (¢) = tg, (—¢) in accordance with Eq. (16).
Numerical results are presented in Fig. 8, where the blue
contour again marks the condition |r,| = |rg,| = 0. From
the figure, we observe a striking unidirectional transport
regime in which an incoming wave packet from one side
experiences no reflection and no transmission, while
from the opposite side, the wave is fully transmitted

0.8

o
o

Reflection and transmission
<) =)
) =

Wave vector k

Fig. 7 Scattering probabilities as functions of the wavevector
k for the parameter setting Vi = Vo = V3 = —¢", k=~ € (0,7),
and ¢. = 47 /9. Shown are the total reflection probability |r,|
and transmission probabilities |t1,| and |tg,|. At the critical
point k. = 7/3, the system exhibits unidirectional transparency
with |TL2| = |7"Rz| =0, |tL2| =0, and |tR2| ~ 0.65.

Xi Zhang, et al., Front. Phys. 21(4), 042203 (2026)

042203-7



Fe P FRONTIERS OF PHYSICS

RESEARCH ARTICLE

@ ,
2
~=
1
0
0 2
¢

© 5

Fig. 8 Scattering probabilities for the asymmetric model
with parameters Vi =Vs=-Vo=—¢7, k=+~¢€(0,7), and
¢ € (0,). Panels show (a) the left reflection probability |ry],
(b) the right reflection probability |rg,|, (¢) the left transmission
probability |ti,|, and (d) the right transmission probability
[tr;|. When the reflection probabilities approach the blue
contour, the system exhibits near-unidirectional transmission
with amplification, characterized by |ti,| = 0 and |tg,| > 1.

without reflection. Specifically, for ¢ € [0, 2] U[ZE, 7] and
k along the blue curve, this unidirectional behavior is
clearly manifested.

Notably, in this model, when |r.,|=|rg,|= 0 and
[trs| = 0, the transmission amplitude satisfies |t;,| > 1,
and the system exhibits amplification, a hallmark of non-
Hermitian scattering in active media. In contrast to
Hermitian scattering, where the S-matrix is unitary and
total scattering probability is conserved, non-Hermitian
systems with gain break unitarity, allowing the sum
|t|* + ||* to exceed unity. This excess corresponds to the
net energy injected into the scattering channels by the
active elements within the scattering center. From an
energy-flow perspective, the amplification is sustained
by the gain components, which supply energy to the
propagating modes. In our model Hc,, the interplay
between spatially distributed gain/loss and magnetic
flux creates interference conditions that enable both
perfect transmission and net energy amplification. Such
behavior aligns with the general framework of non-
Hermitian scattering theory, where reciprocity and
conservation are no longer guaranteed, and amplification
can be engineered via the symmetry-controlled balance
of coherent transport and active energy input. Such a
configuration can serve as a quantum diode with gain,
enabling signal propagation in a single direction while
simultaneously amplifying it without backscattering. As
shown in Fig. 9, this perfect diode behavior is most
pronounced at ¢, = 4, and v, = k. = %.

The non-reciprocity in the above three models all

Reflection and transmission

Wave vector k

Fig. 9 Scattering probabilities as functions of the wavevector
k for the parameter configuration V; = Vs = —Vs = —!?, with
k=~ € (0,7) and ¢, = 47/9. The plot shows the total reflection
probability |r;| and the left and right transmission probabilities
[t,| and |tg,|. At the critical point k.= /3, the system
exhibits a highly nonreciprocal transmission characterized by
7L, = |rry| = |tL,] = 0 and [tg,| ~ 1.73, indicating unidirectional
amplification.

arises from the combined effect of the breaking of time-
reversal symmetry (by magnetic flux) and the directional
imbalance in dissipation/amplification, both of which
are compatible with PMx symmetry. The phase ~
directly modulates the interference of scattering paths
and controls the degree of asymmetry between
[t and |tg|. Depending on the specific distribution of
non-Hermitian potentials, the strength of nonreciprocity
can be either enhanced or suppressed.

4.2.2  Asymmetric complex potentials

iv) Model with asymmetric loss: V; = —V3 = —e7, V5 = 0
The scattering center Hamiltonian in this configuration
is given by

He, = —e P(bla_y +blby +a' by
+ bgbg + aJ{b3 + b;al) + H.c.

— € (bfbr — bib), (49)
which explicitly breaks both P7 and PMz symmetries.
As a result, symmetry arguments alone cannot determine
whether this scattering center supports nonreciprocal
transport. From the schematic structure, it is evident
that the left- and right-incident waves experience asym-
metric gain and loss distributions. This suggests that the
presence of a magnetic flux, combined with the asymmetric
complex potential, may lead to a complete breakdown of
reciprocal transmission. To verify this hypothesis, we
analytically compute the scattering amplitudes as
follows. Eq. (28) is transformed into

042203-8
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ar = % 4 7Pk B = e 2P _ ei¢(E +V),
AL =0, = —e k(e —e7iF) ¢ = Be2ik,

=282 1) = —Fe 'tV = e (50)

Under flux reversal ¢ — —¢: a; — o, 1 — ;. Here we
define

Q= ek [—ai0) B(E + V) — N, (518} — E2e~2h)].
(51)

The resulting reflection and transmission coefficients are

oot E(E+V)

’I"L4 - #7 (52)
TR, = (25" + 5151) — 20104eP(E + V), (53)
Q
" 20 B1(E +V) sin k. (54)
Q
_ 2ia161(E+V)sink:. (55)

R4 Q

Despite the absence of symmetry constraints, this
model exhibits pronounced nonreciprocal behavior, with
the degree of asymmetry strongly dependent on both the
flux ¢ and the complex potential parameter ~. At the

specific parameter values ¢, = 4 and k. = %, we find

‘TL4(kca ¢c)‘ = |7'R4 (kca ¢c)| = ‘tR4 (kca ¢c)| =0, (56)

‘tL4(kc, ¢C)| =1

This result demonstrates a perfect unidirectional
transmission: a wave incident from the left is fully trans-
mitted with no reflection, while a wave incident from
the right is completely blocked. This behavior is illustrated
in Fig. 10, where the transmission and reflection proba-
bilities are plotted as functions of the system parame-
ters.

v) Model with purely imaginary antisymmetric
gain/loss: V; = =3 = —iy, 5 =0

Again, the last model dose not possess PMx symme-
try, the considered scattering center is given as

(57)

= —e¢ ' (bla_y +blby +al b
+ b;bz + aJ{bg + b;m) + H.c.
— iy(blby — blbs),

Hc

5

(58)

where the hopping part remains identical to previous
models. However, this model has PT symmetry and is
subject to the constraint of Eq. (11). To this end, we
give the sacattering solution as

Reflection and transmission

Wave vector k

Fig. 10 Scattering probabilities as functions of the
wavevector k  under the parameter configuration
Vi=-Vs=—¢7, k=v¢€(0,n), and ¢. = 47/9. The plot shows
the total reflection probability |r.,| and |rg,| the transmission
probabilities |t1,| and |tg,|. Although the system does not
possess PMyz symmetry, at the critical point k. =~. = /3,
the scattering behavior becomes highly nonreciprocal with
|r,| = |rry| = |tr,| = 0 and |t,| = 1, indicating perfect unidirec-
tional transparency.

A2(A362 — p) — apap A3 (E — i)

TL5 = Q/ I (59)
Mo (asa — p) — asab s (B —1i

e, = b(p2s2 — p) 9/2 aha( 7), (60)
—2iad, ok sin k(E? 4+ ~2

th — 2442 Q/ ( fy )’ <61)
—2iay(ad)* sink(E? + 2

tR5 _ 2( 2) Q/ ( Y )) (62)

where

ap = €M% — eT(E +iy), Ay = (e — i),

o = e®(e* +1y), ¢ = E(2cos 2k + +2),
p=o3(ay)" (B +1iv),

Q' = e?*azab N3 (B — V3)

— 352 + ag(ah) 5 (B + iy)). (63)
Under flux reversal ¢ — —¢ : as — of. Clearly,
75 (9) 7 TRs (—9); [t (@)] = |trs (0)]- (64)

This result is consistent with the constraint of PT
symmetry. Numerical simulations are presented in
Fig. 11, which reveal distinctive features compared to
the previously discussed models. Notably, the left and
right transmission probabilities are always equal across
the entire parameter space. Moreover, when the parameters
fall along the blue curve in the left reflection plot

Xi Zhang, et al., Front. Phys. 21(4), 042203 (2026)
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Fig. 11 Scattering probability distributions for the nonre-
ciprocal scattering model with V; = —V3 = —ivy, k=~ € (0,7),
and ¢ € (0, 7). Subfigures show (&) the left reflection probability
|rs]; (b) the right reflection probability |rr,|; (c) the left
transmission probability |t,|; and (d) the right transmission
probability |tz,|. Although the system lacks PMz symmetry,
different parameter regimes exhibit distinct transport behav-
iors. When parameters lie along the blue curve in panel (a),
the system behaves reciprocally with |r | =|rg;] and
[ts| = |trs|- In contrast, parameters within the yellow bright
region in panel (b) exhibit nonreciprocal reflection
|rLg| # |rrg|, while maintaining symmetric transmission

|tL5 ‘ = |tR5 ‘ .

[Fig. 11(a)], the system exhibits symmetric transport. In
contrast, when the parameters lie in the yellow region of
the right reflection plot [Fig. 11(b)], pronounced nonre-
ciprocal transmission emerges. This asymmetry originates
from the action of the non-Hermitian phase, consistent
with the fact that P7 symmetry does not constrain
reflection.

The proposal of these two types of models further
confirms that nonreciprocal transport is not exclusive to
systems with PMz symmetry, and PM r-symmetric
systems are only one of the ways to achieve nonreciproc-
ity.

Based on the analysis of five representative configura-
tions, we conclude that systems with general complex
potentials can exhibit nonreciprocal transport through
the interference between the non-Hermitian phase and
the magnetic flux. A robust realization of nonreciprocity,
however, requires the cooperative action of spatial
symmetry breaking and the non-Hermitian phase.
Within this framework, the PMz symmetry plays the
role of a permissive condition: it enables the possibility
of directional transport but does not guarantee its occur-
rence. By selectively positioning gain and loss at different
lattice sites, the system exhibits distinct transport
behaviors, including regimes of perfect unidirectional
transparency or amplification. These results highlight

the critical role of spatial symmetry breaking in engineering
nonreciprocal scattering and open new possibilities for
controlling light transport in non-Hermitian systems.
Our findings provide a theoretical foundation for the
design of novel photonic devices such as unidirectional
invisible channels and non-Hermitian optical amplifiers.

5 Summary

In this work, we systematically studied the conditions
under which nonreciprocal transmission emerges in a
class of non-Hermitian lattice systems with finite scattering
centers. By introducing complex on-site potentials and
magnetic flux into the tight-binding scattering center,
we explored how different symmetry classes, especially
PT and PMx symmetries, affect the transmission and
reflection amplitudes for left and right incident waves.

We first established symmetry-based constraint relations
for the scattering matrix and clarified that: while PMx
symmetry can exhibit nonreciprocity under certain
conditions, it is not sufficient to guarantee complete
nonreciprocal transport. Nonreciprocity is not ensured
by a single symmetry breaking, but arises from the
interplay between magnetic flux, non-Hermitian phases,
and spatial asymmetry. Notably, systems with PMx
symmetry demonstrate that symmetric configurations
can still support asymmetric transport, which extends
the traditional wunderstanding established in 7PT-
symmetric systems.

To validate this, we constructed and analyzed five
representative models with different spatial distributions
of the complex potentials. By tuning system parameters
such as the phase of the magnetic flux and the magnitude
of the complex potential, we identified parameter
regimes where perfect unidirectional transmission occurs,
including reflectionless transmission from one side and
complete suppression from the other. In some configura-
tions, we also observed non-Hermitian amplification,
which enables gain-assisted diode-like behavior.

It is worth noting that the breaking of the PMx
symmetry can naturally be linked to the emergence of
exceptional points (EPs). In the unbroken phase, the S-
matrix eigenvalues remain symmetric with respect to ¢,
and the corresponding eigenstates preserve the PMx
structure, leading to balanced nonreciprocity. Once the
symmetry is spontaneously broken, however, eigenstates
lose this constraint and acquire chirality, which strongly
enhances directional transport. This suggests that EPs
associated with PMz symmetry breaking may serve as
a robust mechanism to control and amplify nonreciprocal
effects. While a detailed study of this phenomenon lies
beyond the scope of the present work, we expect that
similar physics may be realized in more complex non-
Hermitian platforms, providing a promising direction for
future investigations.
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Appendix A: Full derivation of scattering
amplitudes

For completeness, we detail here the derivation of the

Here the lead dispersion is E = —kg(e* + e7*).

Solving Eqgs. (A3) and (A4) for g; and g3 gives

*€i¢/€392 - e7i¢’/‘€2f—1

left- and right-incident scattering amplitudes. Throughout g1 = (E—) ) (A6)
this appendix we keep the notation and parameter defi-
nitions used in the main text. The coupled equations for
the amplitudes read . sy fy — e hags A7)
Ef_l = *K)()f_g - ei¢mgg1 - e_i¢/£1gg, (Al) (E - ‘/3>
Efi = —kofs — e ®rags — €K1 0o, (A2) Substituting these into Eqgs. (A1), (A2) and (A5), and
rearranging, yields three relations for g,.
(E—Vi)g1 = —€%k3ga — e Phaf 1, (A3) )
o EE=V) =W+ m(B-Vf o
(E - Vs)gs = —e®kafi — e ®Kaga, (A4) %P hakg — e PR (E — V1) ’
(E—Va)ga = — e Pkgg — €Prags
2= e o _BE-W sl tkE- W
—ePr1fo1 —e R 1 (A5) 92 = e 2Pkoks — ek (E — V3) ’
|
go = (E — ‘/3)[6_%(1352/{3 — ei¢K1(E — ‘/i)]f—l + (E — Vl)[62i¢ligﬁg — e_i¢n1(E - Vg)]fl (AIO)
(B =Vi)(E = Va)(E —V5) — k3(E = V3) — k3(E — V1)] '
[
Left incidence The previous relation then reads
—ik 1 ik l ik
For left incidence we use the asymptotic ansatz A + Nrie _ K tge ,
«
eikj + TLC_ikj, ] < _1, ﬂ/\e_ik 4 6)\’7"Le”“
) = o All tL = A Al7
fL(‘]) {tLelkj, ] > 1. ( ) L au“k ? ( )
Equating Egs. (A8) and (A9) and substituting Eq. au'elft — Bre—ik
(A11), one obtains o=t L ) (A18)

[E(E = V1) — K3]f-1+ ko(E — V1) f2
[eQid)linig — e—i¢/<;1(E — Vi)]
[E(E — V3) — K3]f1 + Ko(E — V3) fa

,3)\’6”“
Next, equate Egs. (A9) and (A10). Defining

s=(E-WV1)(E—-V2)(E —V3) — k3(2E — V4 — V3),

= - - . Al2
[e=29koks — e%ry (B — V3)] (A12) (A19)
For convenience, introduce the shorthand we obtain
@ = P hons — e Pk (B — V1), pte®  (E-Vi)o'fo1+ (E-V1)B'fy
o = e MPrors — %R (E — 1)), Al3 b S ‘ ‘
2n3 1( 1) ( ) - (E — Vg)o/e_lk + rLe‘k + (E — m)ﬂlt]_elk
B =e 2 Pkorg — ei¢n1(E —V3), N
. . This yield:
ﬁl = e21¢/-€2/£3 — eilqsﬁll (E — Vg), (A14) 18 yleds
'B8(E — V- —ik ik
| | = AR ), (420)
A= —ro(E —V1)e* — k2, N = —ko(E — Vi)e % — k2, [sw’ = BB/(E —Vi)]e
(A15)
o= [§,U,, - ﬁﬁ,(E — V1)}tLeik — O/ﬁ(E — Vg)e_ik
n= —I{()(E — Vg)eik — I{%, MI = —Ko(E — Vg)e_ik — KZ%. b OZI,B(E — Vg)TLeik '
(A16) (A21)
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Equating Egs. (A17) and (A20) gives

o B(E—V3) (e * +rpel®)
[su/ = BB/ (E—Vi)]e
Alsp/ = BB (E—=V1)]—ad/ i/ (E—V5)
2k [aa/ i/ (E=V3) =N p's+BBN(E-V1)|
(A22)

Bre F+ BN e
au’e“" -

rL =

Substituting Eq. (A22) back into Eq. (A17) yields the
transmission amplitude

B)\e_ik 4 BA/CikTL
Ozu’eik
. —2il€00/ﬁ(E — Vl)(E — Vg) sink
— eBkaa/p (B —V3) — Np/s + BN (E — V)]
(A23)

L, =

Collecting, we obtain the left-incident scattering ampli-
tudes

Aoy’ = BB (E = V1)] — ad/p/ (E — V3)

L= eQik[aa’,u’(E _ Vg) _ )\/Mlg + BB/A/(E _ Vl)}’
(A24)
b —2ikgd B(E — V1)(E — V3)sink
" oo’y (B~ Va) = Nuls + BEN(E = Vi)'
(A25)
Right incidence
For right incidence we use
the ik j<0
k(. R ) )
= o o A26
R G) {e“’” + kel 5> 0. (A26)

Proceeding in complete analogy to the left-incident case,
we arrive at

Nus — BB (E = V1)] — ad u(E — Vs)

R = eQik[aa’u/(E _ Vg) _ )\/N/§+ﬁ6/>\/<E _ Vl)]’
(A27)

—2ikgaf’ sink(E — Vi) (E — V3)
eFlac/p! (B = V3) — N /s + BB'N(E — V1))
(A28)

tr =

Parameter mapping under ¢ — —¢ and
k— —k

In the shorthand definitions given in Eq. (A16), one can
verify the mapping

p——¢: a—=ad,B=>05 k= —-k: A= XN, u—pu.
(A29)
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