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ABSTRACT

We study the quantum system of three ultracold one-dimensional identical B 7
g=-3 g—=0 g=3 g—o+tw

bosons with §-contact interaction in a harmonic trap by proposing a

method termed the generator coordinate method (GCM)-polynomial . . - I
ansatz (PA). Based on the asymptotic property of our system, we describe

the wave functTon as a (pseudo-)polynomial r.nultlphed ].:)y .the asymptotic ; - AR
Gaussian function, then apply the GCM to this PA description to solve the »e
system. Our results include not only the ground and first excited states, 2 -
which are in agreement with previous calculations, but also a dozen unex- 20
plored excited states. We present and discuss the eigenenergy spectra and e | s av, | s,
eigenstates, including periodic patterns and degeneracies. Additionally, we RN RSN E
reproduce the states and properties at extreme interaction limits, such as > o
Bose-Einstein (BE) condensate, fermionization at Tonks—Girardeau (TG) : . 0L s
gas limit and TG/super-TG mapping. -

Keywords one-dimensional bosons, few-body system, generator 050 | 055 e

coordinate method

We focus on the system of one-dimensional ultracold
gas in a harmonic trap [4, 5, 28-30], balancing theoretical

1 Introduction

and experimental simplicity and fundamentality. The
particles are confined in a quasi-one-dimensional
harmonic trap, which can be realized with adjustable

Ultracold gas systems [1-3], especially the one-dimensional
ones [4-7], have been well studied as instructional theo-
retical models for understanding few-body systems [8]

since the 1960s. Various models, some exactly solvable
[9-16], have been introduced but remained toy models
until the experimental improvements enabled their real-
ization. In the recent few decades, these systems have
become feasible and tunable in experiments [17-22] and
extensively studied. They have become an ideal platform
with abundant frontier application prospects, including
quantum computation [23, 24], quantum simulation [25,
26], quantum transport [27], and more.

=C>= Higher

g Education
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interaction strength using confinement-induced resonance
[21] or Feshbach resonance [20] and allows for the sepa-
ration of the overall center-of-mass motion.

Some limits of this system are analytically solvable.
Without the interaction, the system forms a simple
Bose-Einstein (BE) condensate, and the eigenstate is
merely the product of independent bosons in the
harmonic trap. In the contrary case called
Tonks—Girardeau (TG) gas [9, 31-38], where the interac-
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tion force is extremely repulsive, the bosons exclude
each other like fermions (i.e., the wave function vanishes
where any two bosons meet), a phenomenon known as
Bose-Fermi mapping or fermionization. In the opposite
super-Tonks-Girardeau (sTG) limit [39-42] where the
interaction is extremely attractive, there are excited
states that can be mapped to the states at the TG limit.

Although the simplest system of two identical bosons
has an analytical exact solution [43—46], the system of
more particles lacks a general exact solution at arbitrary
interaction strength. Various numerical approaches have
been applied for approximate solutions [47-58]. Typi-
cally, these methods face the problem of balancing accuracy
and feasibility. For instance, the correlated pair wave
function (CPWF) [52] is a simple analytical function
with nice accuracy. However, because it is fixed, it
cannot correct its inherent deviation. The geometric
wave function proposed in Ref. [54] is intrinsically an
approximation, with several parameters determined
numerically by the variational method to approach the
exact solution. The direct diagonalization method [47]
aims for accurate solutions but involves an enormous
number of configurations and requires significant compu-
tational time, which may limit its accuracy and further
calculations. Many of them restrict the interaction
strength to a repulsive one, leaving room to investigate
the attractive interaction and the sTG limit.

Compared with the ground state, fewer works have
studied the excited eigenstates. Some of them [59-61]
use group theory to study the energy spectra, especially
their degeneracy at the limits of the interaction
strength. Others use various numerical methods to
calculate: multiconfiguration time-dependent Hartree
method (MCTDH) combined with a relaxation technique
[62]; physically transparent variational method [63, 64]
obtaining the energy spectra; stochastic variational
calculations [65]; effective interaction based on the two-
particle relative harmonic-oscillator states [56]; and the
GCM-CPWF [53] obtaining the first excited eigenstate.
Among these studies, the first few eigenenergies and
eigenstates are numerically obtained; however, the
values and regularity of higher excited eigenstates at
arbitrary interaction strength from numerical calculation
remain unrevealed.

In this paper, by using the generator coordinate
method (GCM), we study one of the prototypes lacking
an exact solution — a gas of three identical bosons in a
one-dimensional harmonic trap [60]. This case is significant
not only as a stepping stone to more complex systems
but also for its potential applications, such as creating
anyons [66].

The (discretized) GCM [67-71] has been developed as
an efficient approach to approximate solutions of quantum
many-body problems. It does this by superposing the so-
called generating functions while retaining collective
properties. It has various adaptations in diverse fields
[72-84], demonstrating great flexibility and power in

solving quantum many-body problems. The key to the
GCM is selecting the appropriate form of generating
functions [85, 86], which ensures good solution accuracy
while maintaining a relatively small number of generating
functions, thereby keeping computational costs low.

In Ref. [563], the GCM has been used with an analytical
function CPWF [52] as the generating function to solve
the system we are considering. Here, we use the GCM to
solve this system but with a different generating func-
tion. We set it as a polynomial description multiplied by
the system’s asymptotic function (polynomial ansatz,
PA). This approach is inspired by a fundamental power
series method for solving the single-particle harmonic
oscillator [87] and independent of further assumptions of
the wave function.

Our paper is organized as follows. In Section 2 we
introduce the system and propose our GCM-PA method,
detailing the analytical calculation of the GCM kernels.
The results are presented in Section 3, including the
eigenenergies spectra and eigenstate patterns, followed
by some verifications and discussions. In Section 4 we
mark a summary.

2 System and method

The system we consider is an ultracold one-dimensional
gas of N =3 identical bosons with contact interaction,
confined in a harmonic trap. The positions of these three
bosons are denoted by (x1,z2,z3). The reduced Hamilto-
nian, expressed in dimensionless harmonic oscillator
units h=m = w =1, is given by

1en 82 1L
T AR 5 — ;).

1<i<j<3
(2.1)

The contact interaction between each pair of bosons is
described by a J-function with a uniform coupling
strength g, where g > 0 represents a repulsive interaction
and g <0 an attractive one. The wave function must
exhibit the BE exchange symmetry.

The nature of the harmonic oscillator allows us to
separate the total (t) Hamiltonian into two parts: relative
(r) and center-of-mass (c). The relative part depends
only on the relative distance r;; = |z; — z;| of each pair
(i,5) of bosons, while the c.o.m. part only the normalized
coordinate R = % Z? x;:

0,0+ B

i<j 1<J 1<J

- - - 1 1
HC - Ht - Hr — —58122 + §R2
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H, is a simple Hamiltonian for a one-dimensional single-
particle harmonic oscillator. Hereinafter, we will focus
on the solution with positive parity of the relative
Hamiltonian.

2.1  Polynomial ansatz

To discover the solution of the relative Hamiltonian, we
start with the asymptotic properties at r;; -+ oo due to
the harmonic trap, which is a Gaussian function:

1
U, ~ exp ~8 Z rfj = G,. (2.4)

1<j

We propose an ansatz where the remaining part of the
wave function is described as a polynomial of the relative
coordinates {r;;}, determined by the interaction strength

g:

W(r) = p(g; 12,713, 723) Gr- (2.5)

This is referred to as the polynomial ansatz (PA) here-
inafter.

The analytical exact ground states at two limits of ¢
are already known [9, 34] with their form consistent
with the PA. In the BE condensation case g =0, we
have a trivial ground eigenfunction with an (unnormal-
ized) polynomial part p = 1 and corresponding eigenenergy
E.=1; In the TG gas g — 400, the ground eigenenergy
is E, = 4 and the corresponding p = HKJ. Tij = T12T13723 18
the Vandermonde determinant [34, 88]. Generally, p
may not be a polynomial with finite terms but a pseudo-
polynomial; a truncation may serve as an approxima-
tion.

We apply the GCM to construct p(g;ri2,r13,723) by
superposing the terms in the polynomial of {r;;}, starting
from the constant term and up to a truncating degree d.
Due to the symmetry among ris, 713 and re3, these
terms can be symmetrized by the operator S [87]. A
generating function ¢ then reads

— {,.n3,.n2,.n1
¢(n3n2n1)(T127T13,T23) = Sri3ri3753 Gr.

(rij > 0; ng >ng >nqg >0) (2.6)

¢ is normalized to ¢ in advance to prevent the GCM
kernel elements from blowing up as the polynomial
degree ns + n, +n, increases. The GCM wave function
reads:

nz+nz+n1<d

>

I:(n3n2n1)

\IIGCM = C]QZ;[. (27)

We highlight the necessity of taking the absolute
value r;; =|z; —z;| in the generating function. This
guarantees not only the BE statistics but also the
Bethe—Peierls contact condition [10, 50, 89], which intro-

duces a discontinuity in the first-order derivative of the
wave function, resulting in a é-term in the second order.
Only then can the dynamic term cancel out the §-functional
contact interaction in the Schrédinger equation. Any
finite superposition of smooth functions will fail to represent
the system properly because the required solution is
outside the Hilbert space spanned by smooth functions.

2.2  GCM kernels

To obtain the weights ¢; for each generating function ¢;
labeled by triplet I in the eigen—wave function, together
with the eigenenergy E, one solves the Griffin—Hill-
Wheeler (GHW) equation:

He = ENe, (2.8)

where c is the vector of all the ¢;, and N and #, the so-
called normal kernel and Hamiltonian kernel, are defined
as

Ny = (1lés) = [ lwismar, 29)

Hiy = <¢,|ﬁry¢J> = /qs}(r)Hr(pJ(r)dr. (2.10)
The GHW equation, which is a generalized eigenvalue
equation of the two kernels, is solved following the
procedure outlined in Ref. [71]. We neglect N’s tiny
eigenvalues, which are practically the ones less than the
machine epsilon € = 107!2. The ground and the first few
eigenenergies, along with their corresponding eigenstates,
are expected to be obtained in the GCM calculation.

To calculate the H kernel, we expand the action of
the Hamiltonian on a generating function ¢ = pG; as

Hp(ri2,713,723)Gx
k,l#j
= G:|p(T12,713,T23) — Z sgn(z; — z)sgn(z;

1<k<I<3
1<<3

gy ZRnmners) g Op(rie s rag)

k0T ; r
Orjkdrj 1<k<I<3 O

321?(T12~ 713, 7’23)
—_— = 2 oz
ar%l Z (@
1<k<I<3

+ gp(r12,713,723) Z 5(xkfxl)]

1<k<I<3

>

1<k<I<3

2 )ap(7”12,7"13>7’23)
Ori

(2.11)

The terms in Eq. (2.11) can be classified into those with
the §-function (the last two terms in the square brack-
ets), which arise from both the contact interaction and
the dynamic term, and those without §-function. The §-
term §(zy, — x;) contributes only at the connection region
xy = x;, while the non-d-terms contribute over the region
where 1,295,253 are different but have measure-zero
contribution over the connection regions during the later
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integration. Hence, for each specific relative magnitude
relationship among zi,z,, 23, the square bracket part to
be integrated in Eq. (2.11) reduces to a polynomial.

To perform the integrations and later visualize the
wave functions, it is convenient to transform the relative
coordinates into orthonormal Jacobi coordinates X and
Y:

1

X =- ﬁ(xl —552)7

1

Y \/6@1 +x2) + 7
Thus, the relative magnitudes of z;, zo, and z3 divide
the polar angle 6§ =arctant in the XY-plane into six
equal parts (See Fig. 1). The wave functions of both
each sextant and each dividing ray are symmetric due to
the BE statistics, allowing us to integrate over only one
sextant and one dividing ray.

The relative asymptotic Gaussian G, transforms into
_X2+Y2) _
2

(2.12)
xIs.

the standard two-dimensional form exp(

exp (—%). Consequently, the integrands in the two
kernels H and AN can be rewritten as the Gaussian
G? = exp(—p?) multiplied by some polynomials of
X =pcosf and Y = psinf. The non-d-part is integrated
over p € (0,400) and 4 € (£,Z) where z; < z2 < 3, while

R
:1 a+1 I b+1
4 2 2

/ XY*G?dXdy

r1<x2<T3

-3 2

Fig. 1 [Illustration of the Jacobi coordinates (X,Y,R) with
the contour |¥?=0.1 of a sample wave function
U, = ri2r13r23Gy (which is the ground eigenstate at the TG
limit). The gaps among the sextants of the wave function
correspond to the connection regions x; = z2, z1 =3, and
T2 = I3.

the in H 6=7 where

x1 = 29 < x3. These integrals can be analytically written

J-part takes a specific
as shown in Egs. (2.13) and (2.14) for each single term

in the integrand:

2(b+1)

JYPGEdY | (2.14)

1 b
r1=22<T3 = §F <2 + 1) ’
where I'(a) is the gamma function and 5 F(a,b,¢,2) is the
ordinary hypergeometric function [90]. All the results of
elements in the kernels are algebraic numbers or elementary
operations on «. Eventually, we obtain an analytical
expression of our GCM kernels H and A, whose numerical
values are used to solve the GHW equation.

The known properties at the limits g — +oo, such as
fermionization and TG/sTG mapping, can be revealed
in our GCM process. To see this, we isolate the H;, part
from the # kernel, which is contributed by the contact
interaction in the last term in Eq. (2.11) and arises only
at the connection regions where risrisre3 =0. All the
terms r$ri2ris where ngs,ng,ny >1 vanish at these
regions and annihilate their corresponding elements in
the Hi matrix, while the other elements (and thus in
H) diverge when g — +o0o. To ensure finite eigenenergies,
the weights associated with the non-vanishing columns
have to vanish, constraining the eigenstate to comprise
only terms containing the factor ryori3r93G;, which

vanish wherever r;; =0. This complete repulsion

b+l 1 2 1 2 1
_ F(a+b+ >2F1<b+ a+b+2 b+3

2

2 ) 2 9 2 ?_3> ’ (213)

[
between bosons corresponds to the exclusion between
identical fermions, known as the fermionization at the
TG limit. The sign of ¢’s infinite value does not affect
this result or the eigenstate, demonstrating the smooth
connections between the finite TG and sTG solutions,
known as the TG/sTG mapping.

3 Results and discussion

3.1  Results and patterns

We applied the GCM-PA with a truncating polynomial
degree d up to d = 18, where the dimension of independent
generating functions is m = 62. Our process results in a
regular series of eigenenergy and eigenstate spectra, as
shown in Figs. 2 and 3. The eigenstates are labelled in a
pair of numbers, which will be explained below. We
display the relative eigenfunctions in the XY -plane with
the Jacobi coordinates introduced above. The pattern is
a cross-section of the 3-dimensional total state ¥ (z) by
the plane z; 4+ z2 + 23 = 0 (see Fig. 1) and it exhibits Cg,
symmetry due to the bosonic exchange symmetry.

012201-4
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Fig. 2 The relative eigenenergy spectra calculated by our
GCM-PA with the truncating polynomial degree d =18. On
the g axis, the interval —3 < g <3 is linearly scaled, while
lg| > 3 uses a negative reverse scale. The limits g — +oco and
g — —oo are connected, forming a barber pole-like loop. The
grid line at E=19=d+ 1 corresponds to an upper limit of
our calculation and spectra above E ~ 22 are drawn dotted
due to their apparent deviation.
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In the ground state at attraction g <0, the density
concentrates around the regions where the bosons meet,
particularly at the origin where all three bosons come
together. As the attraction strength increases to infinity
(g = —o0, the sTG limit), the ground eigenenergy drops
to —oco. At the BE limit g=0, the relative ground
eigenenergy is F, =1, and the corresponding eigenstate
takes the form of a Gaussian function with SO(2)
symmetry on the XY-plane. When the interaction
becomes repulsive (g > 0), gaps appear from the connection
regions z; = z;, particularly at the origin. At the TG
limit (g — +o00), the relative ground eigenenergy is
E. =4 and the wave function at the connection regions
vanishes. The reproduction of the BE and TG ground
wave functions is verified by examining the solution
weights on each polynomial.

The first two excited eigenstates, labeled as ¥, and
Wy in this work, exhibit similar evolution in the radial
direction, gaining 1 and 2 additional nodes, respectively.
The relative eigenenergies E;o and FE,y increase with g,
starting from E, =3 and E, =5 at the BE limit and
reaching E, = 6 and E; =8 at the TG limit, respectively.

Above the three lowest eigenstates, degeneracy and
intersections occur in the spectra. In Figs. 2 and 3, the
spectral lines are categorized into blue, red, and green
series based on their degeneracies, and the degenerate
spectra are distinguished by the shade of color and the
solid/dashed /dotted type. In Fig. 2, below E ~ 22, both
the color and the type are to mark the label i in the
spectrum FE;;. Spectra E;; sharing the same j are

g=10°

P & ..
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.
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Fig. 3 Evolution according to g of densities |¥(g)|* of the
first few eigenstates drawn in the XY -plane. The white color
represents zero density. Neighboring states presented in the
same color degenerate at the BE and TG limits. The ¢
values are chosen nuance away from exact 0 and +oco to

separate the eigenstate patterns.

smoothly connected at the TG/sTG limit, forming a
periodic structure, and are drawn in the same color and

type.
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Fig. 4 The convergence of the first few eigenenergies FE;;(d) — E;;(d = 18), with respect to the truncating degree d in the

GCM basis.

The smooth continuation of the energy spectra, guar-
anteed by the Hellmann-Feynman theorem [91], is
achieved through manual judgment and tracking the
evolution of the eigenstate pattern. Two spectra degenerate
at both the BE limit with E(0) =7 and the TG limit
with FE(+oc0) = 10. Their eigenenergies split slightly at
finite g > 0. One of them, W3y, follows a similar pattern
of ¥oy, U9 and ¥y, in the radial direction but no longer
maintains the SO(2) symmetry at the BE limit. In the
axial direction, it gains one more node than W¥,,. The
other state, ¥y, has a finite sTG value E(—co) =4,
smoothly mapping the TG limit of ¥y in the sense of
% (as also exhibited by the Hellmann—-Feynman
theorem [59]), illustrating the TG/sTG mapping. Based
on the TG limit of Wy, it grows in density from the
connection regions, gaining two nodes between them and
the existing peaks in each sextant in the radial direction.

A similar pattern repeats for upper states: at the sTG
limit, the spectrum W¥;;(j > 0) smoothly succeeds the TG
limit of the predecessor spectrum ¥, ;_; , while the spectrum
;o grows from E, = —co. The wave function ¥,; have i
nodes in the axial direction and 2j nodes in each sextant
in the radial direction; its relative energy E, is
2i+65+1 at the BE and 2i+6j+4 at the TG limit,
where j+ 1 states degenerate together. Their energies
are slightly split at intermediate g, following the order
that a state with higher j has a higher eigenenergy at
g >0, but a lower one at g < 0. This behavior is the 3-
body extension of the Zel’dovich effect [92] and the
pattern of energy spectra is consistent with Ref. [60].

By checking the computed weights of the polynomial
terms in the GCM results, we can see that the wave
function solutions are even at the BE limit and odd at

the TG limit. At these two limits, the results are exact,
and the relative eigenenergy E, equal to 1 plus the finite
degree d, of the polynomial p in the eigenstate, provided
that d, does not exceed the truncating degree d in the
GCM basis. In other words, the results at the BE and
TG limits with eigenenergy below d + 1 are exact. For a
d =18 basis, 15 energy spectra, in 8 levels, are fully
below this upper bound (see Fig. 2). The energy spectra
deviate noticeably from the regular pattern as E;
increases a few units beyond this upper bound.

3.2  Validations

To verify our results, first, we check the convergence of
our eigenenergies by increasing the truncation degree d
in our GCM basis. As shown in Fig. 4, the relative
eigenenergy FE, monotonically decreases as d increases
and exponentially converges as d+1 exceeds it. The
value of the ground energy at an intermediate repulsive
g > 0 computed by a d = 3 GCM basis (with 6 independent
generating functions) is only ~ 10~* higher than the
converged value. Generally, the eigenenergies at g <0
converge more slowly, though still exponentially. As a
comparison, Ref. [47] reports a discrepancy less than 1%
for the ground energy at g >0, obtained using ~ 1000
configurations in the Hilbert space through the direct
diagonalization method.

Then we compare the results with existing works. Our
results of the ground eigenenergy at g > 0 exactly match
those received by the GCM-CPWF [53] in their decimal
precision (1073) and also have high consistency with
other methods, while we have a tiny lower value of
~ 1073 for the first excited eigenenergy. Additionally, as
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g2 —— GCM-PA
GCM-CPWF
GeomWF
----- ExactDiag
DirectDiag
Var-CPWF

Fig. 5 The one-particle densities obtained from our GCM-
PA work, compared with other methods: GCM-CPWF [53],
CPWF treating the parameter 8 variationally [52], geometric
wave function [54], exact diagonalization [51] and direct diag-
onalization [47]. All states, except the otherwise noted
Ui0(g =5), are the ground state Woo.

shown in Fig. 5, the single-particle density

(3.1)

of both the ground state and the first excited state at
g > 0 in our results precisely matches existing literature
using other methods. Minor deviations are observed with
the CPWF [52] and the geometric wave function [54],
which may be attributed to the limitations inherent in
their methods.

p(z) = [ Wz, 29, 23)*duoadzs

3.3 Discussion
In our reproduction of the GCM-CPWF [53], it deviates
from our GCM-PA results above the second excited
eigenenergies and fails to reveal the reported pattern of
degenerating energy spectra [60]. Also, the interaction is
restricted to ¢g > 0. This is reasonable as its generating
function is an adjustment of the CPWF function [52],
which is a nice description of the ground state at g >0
but not tailored for the excited states or g <0 case of
the system. Since our polynomial ansatz is free from
such presuppositions on the shape of the wave function,
the GCM-PA basis spans more sufficiently in the Hilbert
space and offers a more flexible and fundamental way to
obtain convergent eigenstates. Furthermore, while the
GCM-CPWF relies on the Monte Carlo method for
numerical integrations in the GCM kernels and restricts
the number of generating functions to ~ 10 due to the
computational costs, the GCM-PA basis with analytical
kernels can contain more functions to superpose, thereby
enhancing accuracy.

Besides the advantages in calculation, the wave func-

tions expressed in the form of the polynomial ansatz
reveal their regularity relatively easily. The GCM-PA
may be flexibly adapted to other three-body systems
with different symmetries, such as a pair of identical
fermions with one different fermion (2+ 1 fermions
system). There is also potential to adapt this approach
to solve variants of interaction forms.

The calculation of our GCM kernels for N =3 is
analytically solvable, while higher-dimensional integra-
tions on the region z; <y <--- <y are not easily
handled; additionally, the of polynomials
contained in the GCM basis increases significantly with
the degree of freedom, showing the difficulties in directly
adapting the PA to systems with more particles N > 4.
Nevertheless, their potential presupposition functions
may be guided by deeper investigations into the
patterns in the N =3 system obtained from our GCM-
PA.

number

4 Conclusions

This paper studies the quantum system of three one-
dimensional identical bosons with d§-contact interaction
in a harmonic trap. By analyzing its asymptotic behav-
ior, we introduce a polynomial ansatz (PA) to describe
the wave function and apply the generator coordinate
method (GCM), with parameters set as the exponents in
the polynomial terms, to obtain the solution at each
specific interaction strength.

Using the GCM-PA approach, we obtained converged
results of not only the ground states but also excited
states with energy up to ~ 20kw. The energy spectra and
eigenstates exhibit periodic patterns, as shown in Figs. 2
and 3. The numerical results are consistent with existing
literature, and the ground states of the BE
(Bose-Einstein) and TG (Tonks—Girardeau) limits,
along with some known properties of fermionization and
TG/sTG (super-TG) mapping, are reproduced.

The main contribution of our work is the numerical
results and patterns of excited eigenenergies and eigenstates
without additional presuppositions across the entire
range of interaction strengths —oco < g < 400, which have
not been extensively studied. Our method may be flexible
to adapt to systems with different symmetries or forms
of interaction and may act as a stepping stone for
further studies.
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