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ABSTRACT

We  experimentally  demonstrate  the  generation  of  customized  Laguerre–
Gaussian  (LG)  beams  whose  intensity  maxima  are  localized  around  any
desired curves. The principle is to act with appropriate algebraic functions
on  the  angular  spectra  of  LG  beams.  We  characterize  the  propagation
properties of these beams and compare them with non-diffraction caustic
beams possessing the same intensity profiles. The results manifest that the
customized-LG beams can maintain their profiles during propagation and
suffer  less  energy  loss  than  the  non-diffraction  caustic  beams,  and  hence
are  able  to  propagate  a  longer  distance.  Moreover,  the  customized-LG
beam exhibits  self-healing ability  when parts  of  their  bodies  are blocked.
This new structure beam has potential applications in areas such as optical
communication, soliton routing and steering, and optical tweezing.
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1   Introduction

Structure  lights  with  customized  intensity,  phase,  and
polarization distributions [1, 2] have promoted the devel-
opment  of  fundamental  physics  [3],  optical  trapping
[4–6],  imaging  [7],  optical  communications  [8, 9],  and
light–matter interactions [10–15], etc. Hermite–Gaussian
(HG)  beam  [16],  Laguerre–Gaussian  (LG)  beam  [17],
and Ince–Gaussian beam [18, 19] are three representative
structure lights,  which are the solutions of  the paraxial
wave  equation  under  Cartesian,  polar,  and  elliptical
coordinates, respectively. These beams can remain their
transverse  profiles  unchanged  for  about  one  Rayleigh
length propagation, but suffer from an overall scaling of
light  spot  due  to  diffraction.  In  1987,  by  solving  the
Helmholtz  equation  in  circular  coordinates,  Durnin  [20]

proposed a well-known non-diffracting beam, namely the
Bessel beam, whose transverse structures neither deform
nor  expand  over  a  significant  propagation  distance.
However,  an  ideal  Bessel  beam  with  infinite  energy  is
inaccessible  practically.  Thus  in  most  realistic  experi-
ments, the Bessel beam is apodized to a Bessel–Gaussian
(BG)  beam  [21–23]  that  can  be  approximated  as  non-
diffracting.  Alternatively,  some  other  forms  of  non-
diffracting  beams,  e.g.,  Mathieu  beam  [24]  and  Weber
beam [25],  can  be  obtained  by  extending  the  frame  for
solving the wave equation in elliptic and parabolic coor-
dinates.

The  above  conventional  non-diffracting  beams  have
fixed, relatively simple transverse intensity distributions
due  to  the  limited  classes  of  light  fields,  which  in  turn
astricts  their  usefulness.  To  overcome  this,  several
productive  ways  have  been  proposed  [15, 26–28]  to
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generate various types of non-diffracting or propagation-
invariant beams, and most of them are based on spatial
spectrum engineering techniques. It should be noted that
the  earliest  related  research  can  be  traced  back  to  the
1990s, in which the spiral-type beam in the form of arbitrary
curves was put forward [29, 30] and later proved to be a
class  of  caustic  beam  with  propagation-invariant  and
resistance to perturbation [31]. As another representative
example  of  customizing  complex  caustic  beam,  in  2020
Zannotti et  al.  [32]  constructed  arbitrary-shaped  non-
diffracting caustic beams through careful amplitude and
phase  modulation  of  the  Bessel  beam in  Fourier  space,
also  known  as  the  Bessel  pencil  method.  This  method
utilizes  the  most  localized  propagation-invariant  light
spot,  namely  a  0th-order  Bessel  beam,  as  a “pencil” to
draw  the  desired  beam  along  a  preset  curve.  Shortly
thereafter,  Mendoza-Hernández  [33]  theoretically
proposed that by acting an algebraic function on an LG
beam in Fourier space, a new structured beam similar to
the  non-diffracting  caustic  beam can also  be  generated,
and importantly, such a beam can preserve its profile a
longer  propagation  distance  than  the  non-diffracting
caustic beam. Nevertheless, this work does not extend to
generating  arbitrarily  shaped  beams  and  yearning  for
experimental realization.

In this paper, we experimentally generate customized-
LG  beams  with  any  desired  shapes.  The  rationale  is
based  on  tailoring  the  LG  beams  in  Fourier  space  by
algebraic functions [33–35],  which are constructed using
the  Bessel  pencil  method.  To  assess  the  propagation
properties of the customized-LG beams, we also generate
non-diffracting customized-BG beams [32] with the same
transverse profiles for peer comparison. The experimental
results show that the customized-LG beams can maintain
their  profiles  during  propagation  and  suffer  less  energy
loss  than  the  customized-BG  beams,  and  hence  can
propagate  a  longer  distance.  Moreover,  the  self-healing
ability of the customized-LG beam is also verified. 

2   Principles

Â
U0(r, z) U(r, z)

We  first  introduce  the  underlying  principle.  When  a
linear  differential  operator  acts  on  an  appropriate
seed  beam ,  a  new  customized  beam  can
be obtained with a complex transverse shape [33, 34] or
on-demand  trajectory  [28, 36].  Such  a  transformation
process can be expressed as 

U(r, z) = ÂU0(r, z), (1)

r = (x, y)

F F−1

where  is  the  transverse  coordinate.  Using  the
Fourier transform  and inverse Fourier transform ,
Eq. (1) can be further written as 

U = F−1
{
F
{
ÂU0

}}
= F−1 {AF {U0}} = F−1

{
AŨ0

}
,

(2)

A
Â Ũ0

U0

where  is  an  algebraic  function  corresponding  to  the
operator  in Fourier space [34],  is the Fourier transform
of  and  can  be  optically  obtained  by  a  lens  focusing
process. The transformation process described in Eq. (2)
can  be  physically  realized  by  the  setup  shown  in
Fig. 1(a).

z = 0

Since we focus on the seed of an LG beam and derive
a  collection  of  customized-LG  beams  based  on  the
theory above, it is convenient to work with the expression
of seed LG at the plane  

LGU0 = CLGL
|0|
p

[
2r2

ω2
kt(0)

]
exp

[
− r2

ω2
kt(0)

]
, (3)

CLG L
|0|
p

p

l = 0 ωkt(0) = ω0/(2
√
2N) ω0

N = p+ 1/2

p≫ 1

where  is a constant coefficient,  is the Laguerre
polynomial with  being the radial order and azimuthal
order ,  with  being the input
Gaussian  beam  waist  and .  It  should  be
emphasized  that  when ,  the  LG  beam  can  be
regarded as a quasi propagation-invariant beam compa-
rable to the BG beam. Thereupon, to evaluate the prop-
agation  characteristic  of  the  customized-LG  beams,  we
also generate customized-BG beams with similar shapes,
i.e., a conventional light field with non-diffraction prop-
erties, for comparison. In general, the seed BG beam can
be expressed by 

BU0 = CBJ0 (ktr) exp
(
− r2

ω2
B

)
, (4)

CB J0 (·)
kt

k = 2π/λ ωB

wB =
√
2Nw0 kt = 2

√
2N/w0

zmax = kw2
0/2

where  is a constant,  is the zeroth order Bessel
function of the first-kind,  is the transverse component
of the wave vector ,  is the waist of the BG
beam [37]. Note that, the requirements for an LG beam
to  behave  similarly  to  a  BG  beam  should  be

 and  [37], then the two beams
have  the  same  maximum  propagation  distance

 within  which  their  spatial  structure  does
not  undergo  obvious  deformation  during  propagation.
Interestingly,  these  relations  are  also  often  used  to
produce  the  perfect  LG beam whose  spot  size  does  not
change with its orbital angular momentum [38, 39].

A

The  generation  of  several  types  of  customized-LG
beams, such as astroid-LG and deltoid-LG beams, have
been  theoretically  proposed  before  [33]  and  verified  in
our  experiments  (see  the  Electronic  Supplementary
Material  for  details).  Extending  it  to  customizing  arbi-
trary-shaped LG beams is somewhat challenging, mainly
because  it  is  difficult  to  construct  the  corresponding
algebraic  function .  Inspired  by  the  formal  similarity
between  the  LG  and  BG  beams,  we  found  that  the
Bessel-pencil  method could also be utilized to construct
complex  customized-LG  beams.  The  algebraic  function
of such a beam can be constructed by 

A =

∫ b

a

exp [−iktrc(τ) · u(φ) + iγB(τ)] dτ, (5)
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rc = (xc, yc)

u(φ) = (cosφ, sinφ)
τ

a/b γB(τ)

τ

where  is the transverse coordinate along the
desired curve,  is a unit vector related
to  the  azimuthal  angle,  and  is  the  arc  length  of  the
curve,  and  is  the  head/tail  of  the  curve.  is  a
phase term growing with the curve’s arc length , which
can be obtained by 

γB(τ) = kt

∫ τ

0

|r′c(s)| ds. (6)

Based on the theory above we can obtain an arbitrary
customized  beam  with  an  LG-seed  or  a  BG-seed.  For
instance,  we  integrate  Eq.  (5)  along  three  designed
curves,  i.e., “sheet”, “sinusoid”,  and  letters “XJ”,  and
obtain  the  corresponding  spatial  angular  spectrum
modulation, and then obtain three kinds of customized-
LG and customized-BG beams by Fourier transform, as
shown  in Fig.  2(b).  For  convenience,  the  sheet-shaped
beam  customized  by  LG  or  BG  is  abbreviated  as
LG/BG-sheet,  while  LG/BG-sine  and  LG/BG-XJ  are

A

f = 20

p = 20 w0 = 0.2

ωB =
√
2(p+ 1/2)ω0 = 1.3 kt = 2

√
2(p+ 1/2)/ω0 =

6.4× 104 −1

zmax = kw2
0/2 = 16

named in the same way. The first row manifests that 
acts as a phase and amplitude modulator on the angular
spectrum,  obtained  by  simulating  the  focusing  process
through a  lens  with  cm,  of  the  two seed beams,
whose  parameters  are  set  as ,  mm,

 mm and 
 m ,  such  that  they  have  similar  intensity

distribution  and  the  same  maximum  propagation
distance  of  cm.  The  second  row  of
Fig.  2(b)  exhibits  the  intensity  and  phase  distributions
of the corresponding customized-BG and customized-LG
beams. It can be observed that using the same algebraic
function,  the  shapes  of  customized-BG  beam  and
customized-LG  beam  are  almost  the  same  with  the
peripheral sideband ignored, and their intensity maxima
are indeed localized around the preset curve. Essentially,
the customized beams can be approximately regarded as
an  ordered  coherent  superposition  of  the  seed  beams,
and therefore possess some properties, such as propagation
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z = zmax
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Fig. 1  (a) Schematic  diagram  of  generating  customized-LG  beams. (b) Intensity  and  phase  distribution  of  modulated
spatial spectrum  (first row) and the corresponding customized beams  (second row) with shapes of “sheet”, “sinusoid”,
and “XJ”,  respectively.  Note  that  two types  of  seed beams are  used here,  with  columns 1,  3,  and 5  corresponding to  BG
beam and columns 2, 4, and 6 corresponding to LG beam.
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invariance and self-healing properties, of the corresponding
seed beams, which we will focus on verifying experimentally
in the following. 

3   Experimental results and discussion

The  detailed  experimental  configuration  is  given  in  the
supplementary  material.  Given  that  the  seed  beam
determines the propagation characteristics of customized
beams,  the  propagation  evolution  of  the  seed  beams  in
free  space  are  firstly  investigated.  The parameters  used
here are completely consistent with those in Fig. 1.

z = 0

z = zmax

z = 0 z = zmax

z = 0

z = zmax

Figures  2(a)  and  (c)  show  the  intensity  distributions
of  the  seed  BG and  LG beams, Figs.  2(b)  and  (d)  are
the beams’ sectional propagation trajectories from 
to ,  and Figs.  2(e)  and  (f)  are  the  intensity
profiles of the two beams in the central region at propa-
gation  distances  of  and ,  respectively.  As
can  be  seen  that  the  two  beams  have  nearly  the  same
intensity distribution at  as expected. During prop-
agation,  the  BG beam maintains  its  overall  profile  but
its  intensity  attenuates  quickly  whereas  the  LG  beam
maintains  its  intensity  profile  much  better  but  suffers
slight  broadening,  e.g.,  at  the  BG  is  almost
dissipated while the intensity maximum of the LG beam
keeps  to  21%  of  its  original.  This  striking  comparison
indicates that compared with the customized-BG beam,
the customized-LG beams suffer less intensity dissipation

during long-distance propagation.

z = zmax

Next, the propagation of the three customized-LG/BG
beams exhibited in Fig. 1 are studied experimentally in
comparison. As shown by intensity volume in Fig. 3, the
transverse  intensities  of  the  customized-BG  beams
decrease dramatically during propagation and are almost
invisible  at .  In  contrast,  the  intensities  of  the
customized-LG  beams  attenuate  much  slower  and  are
still recognizable at the farthest distance. This result can
be easily inferred from the conclusion obtained in Fig. 2,
and is basically consistent with the theoretical simulation
given in the supplementary. In addition, two noticeable
phenomena  are  observed  from Fig.  3.  The  first  is  the
non-uniform attenuation of the customized beams during
their propagation, even for the symmetrically distributed
sheet  beams.  This  is  mainly  because  the  transverse
intensity  and phase  structure  of  the  customized beams,
“drawn” by  the  two  seed  beams,  are  not  exactly
symmetric about the origin,  and the superimposed seed
beams  will  inevitably  interfere  with  each  other  during
propagation.  The  second  is  that  the  diffraction  of  LG
leads  to  slight  distortion  of  the  customized-LG  beam,
especially  for  the  beams  with  complex  structure  [see
Fig.  3(f)].  Nevertheless,  this  shape  change  does  not
significantly alter its original profile, and more importantly
its overall  intensity is well  maintained compared to the
customized-BG beam.

z

z = zmax

z Iz
I0

For  quantitative  analysis,  we  extract  the  intensity
summation of  each pattern and plot  the  total  intensity
variation against , as shown in Figs. 3(g)–(i). One can
find that in all cases given, the intensity of customized-
LG  is  much  higer  than  that  of  customized-BG  beam
after  long-distance  propagation.  At ,  the  former
still retains about 40% of its original while the latter is
reduced to about 10%. Moreover, to assess the similarity
between the transverse intensity distribution propagating
to distance  (labeled as ) and the original transverse
intensity  distribution ,  we  use  the  normalized  two-
dimensional  cross-correlation  function  which  is  simply
defined as 

γ (z) = I0∗I(z)
σI0

σI(z)
, (7)

I0 ∗ I(z)
I0 I(z) σI0 σI(z)

γ(z)

z

Iz I0
z = 0

z

where  denotes  the  cross-correlation  function
between  and ,  and  are standard deviations
of the respective intensities. The maximum value of 
in each longitudinal position  is shown with an asterisk
in Figs.  3(g)–(i)  to  represent  the  degree  of  correlation
between  and .  Evidently,  the  correlation  has  a
maximum  value  of  1  at  and  decreases  with  the
increase  of  due  to  non-uniform  transverse  intensity
attenuation and subtle distortion of the light field struc-
ture.  For  the  light  with  simpler  designed  shape,  e.g.,
“sheet” and “sinusoid” shaped  beams,  this  decrease
occurs  more  slowly,  as  can  be  seen  by  comparing
Figs.  3(g)  and  (h),  implying  that  they  have  a  better
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Fig. 2  Intensity distributions of  the experimentally  gener-
ated (a) BG  and (b) LG  beams. (b,  d) are  the  beams’
sectional  propagation trajectories  from  to 
cm, and (e, f) are the intensity profiles of the two beams in
the  central  region  at  propagation  distances  of  and

 cm, respectively.
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z = zmax

zmax

performance  in  propagation  invariability.  On  the  other
hand,  for  a  specific  target  shape,  the  customized-LG
beam  has  a  higher  correlation  value  than  that  of  the
customized-BG  beam,  especially  at ,  where  the
correlation  difference  between  the  two  is  up  to  about
50%. Note that this difference is mainly due to the fact
that  the  transverse  intensity  of  the  customized-LG
decays more uniformly and slowly, but on the other side,
the  shape  distortion  of  the  complex  structured  beam
(such  as  LG-XJ)  caused  by  the  diffraction  of  LG  will
reduce this correlation gap, as can be found in Fig. 3(i).
Even  so,  on  the  whole,  the  correlation  value  for
customized-LG  beam  drops  much  slower  than  the
customized-BG  beam,  especially  over  a  distance  of
0.5 .

z = 0

Finally, since it has been proved that the multi-ringed
LG  beam  possesses  the  self-healing  characteristic,  here
we  further  study  whether  the  customized-LG  beams
heritage  this  characteristic.  To  this  end,  an  obstruct  is
used to block parts of LG-XJ beam at . The evolution
of the blocked beam at different propagation distances is

displayed  in Fig.  4(a).  It  is  obvious  that  the  occluded
parts  are  almost  restored  at  a  propagation  distance  of
4  cm.  The  corresponding  theoretical  simulation,  shown
in Fig.  4(b),  agrees  well  with  the  experimental  result.
The transverse energy flow (indicated by white arrows)
is  also  calculated  by  introducing  the  time-averaged
Poynting vector under the paraxial approximation:
 

⟨S⟩ = i
2
ckϵ0(ψ

∗∇ψ − ψ∇ψ∗), (8)

c ϵ0

ψ

∗

where  is  the  speed  of  light  in  vacuum,  is  the
vacuum permittivity,  denotes the transverse light field
and  represents  the  complex  conjugation  item.  The
calculation  manifests  that  the  energy  flux  of  the  beam
always flows along the customized curve. Consequently,
the energy of the unoccluded region will continuously fill
the  occluded region and enable  the  beam to heal  itself.
Such an intriguing property may promote the application
of  customized-LG  beams  in  a  variety  of  complex  envi-
ronments.
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Fig. 3  Experimental  obtained  normalized  intensity  volume  for (a–c) customized-BG  and (d–f) customized-LG  beams.
(g–i) Intensity and cross-correlation function variations against  of the customized-BG and customized-LG beams.
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4   Conclusion

In  summary,  we  experimentally  generate  a  series  of
customized-LG beams that can present any desired high-
intensity  distributions.  The  key  ingredient  is  based  on
tailoring  the  angular  spectrum  of  the  LG  beam  by  an
algebraic function, which is constructed using the Bessel-
pencil  method.  We  also  generate  some  non-diffraction
caustic  beams  that  possess  the  same  intensity  profiles
with  the  customized-LG  beams  for  comparison.  The
results show that the customized-LG beams can maintain
their  profiles  and  suffer  less  energy  loss  than  the  non-
diffraction  caustic  beams  and  hence  can  propagate  a
longer distance. Moreover, the self-healing ability of the
customized-LG  beam  is  further  verified,  which  agrees
well  with the theory and validates  the excellent  perfor-
mance  of  the  customized-LG beam during  propagation.
This  new  phyletic  structure  beam  could  find  broad
applications  in  areas  such  as  optical  communication,
spatial soliton control, optical tweezing and trapping. 
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