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ABSTRACT

A  unique  feature  of  non-Hermitian  systems  is  the  extreme  sensitivity  of
the eigenspectrum to boundary conditions with the emergence of the non-
Hermitian  skin  effect  (NHSE).  A  NHSE  originates  from  the  point-gap
topology of complex eigenspectrum, where an extensive number of eigen-
states are anomalously localized at the boundary driven by nonreciprocal
dissipation.  Two  different  approaches  to  create  localization  are  disorder
and  flat-band  spectrum,  and  their  interplay  can  lead  to  the  anomalous
inverse Anderson localization, where the Bernoulli anti-symmetric disorder
induces  mobility  in  a  full-flat  band  system  in  the  presence  of
Aharonov–Bohm (AB) Cage. In this work, we study the localization–delo-
calization  transitions  due  to  the  interplay  of  the  point-gap  topology,  flat
band  and  correlated  disorder  in  the  one-dimensional  rhombic  lattice,
where both its  Hermitian and non-Hermitian structures show AB cage in
the  presence  of  magnetic  flux.  Although  it  remains  the  coexistence  of
localization  and  delocalization  for  the  Hermitian  rhombic  lattice  in  the
presence  of  the  random  anti-symmetric  disorder,  it  surprisingly  becomes
complete  delocalization,  accompanied  by  the  emergence  of  NHSE.  To
further  study  the  effects  from  the  Bernoulli  anti-symmetric  disorder,  we
found  the  similar  NHSE  due  to  the  interplay  of  the  point-gap  topology,
correlated  disorder  and  flat  bands.  Our  anomalous  localization–delocal-
ization property can be experimentally tested in the classical physical plat-
form, such as electrical circuit.

Keywords  non-Hermitian  skin  effects, disorder, flat  band, localization–
delocalization transition

 1   Introduction

Recent  years  have  witnessed  tremendous  advancements
in  exploring  the  physics  of  non-Hermitian  Hamiltonian
in  open  systems  due  to  their  unique  physical  features
without Hermitian counterparts [1–61].  The non-Hermi-
tian Hamiltonian can be experimentally realized in classi-
cal systems, such as phononic lattice [62], optical struc-

tures  [63, 64]  and  electrical  circuits  [65, 66],  and  open
quantum  systems  in  ultracold  atoms  [51, 67].  Recent
advances  in  non-Hermitian  studies  have  shown  many
intriguing  potential  applications  of  the  non-Hermitian
systems  in  photonics  [16, 68, 69]  and  electrical  circuits
[70, 71]. One of striking physical features in non-Hermitian
systems  is  the  extreme  sensitivity  of  the  eigenspectrum
to boundary conditions with the emergence of  the non-
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Hermitian skin effect (NHSE) [7–9, 17–19, 35–40], where
a  large  number  of  bulk  modes  collapse  into  localized
boundary  modes  in  the  open  boundaries.  The  NHSE
originates  from  the  point-gap  topology  of  the  complex
eigenspectrum, and has been shown to be responsible for
many  intriguing  physical  phenomena  in  non-Hermitian
systems,  such  as  the  breakdown  of  conventional  Bloch
band theory [7–9] and nonunitary scaling of non-Hermitian
localization [72].

In contrast to the boundary localization of bulk modes
caused  by  NHSE,  the  disorder  can  induce  Anderson
localization  of  bulk  modes  along  the  lattice  [73, 74].
Recent  studies  have  shown  that  the  introduction  of
disorder into non-Hermitian lattices with NHSE can lead
to many unconventional phenomena [72, 75–94], such as
Anderson delocalization [75, 78], nonunitary scaling rule
of  non-Hermitian  localization  [75]  and  reentrant  NHSE
[93]. In addition to the disorder, flat bands can also lead
to the localization of bulk modes along the lattice due to
the destructive interference among different propagation
paths  [95, 96],  providing  another  mechanism to  confine
waves. A paradigmatic example of the flat-band localiza-
tion is the Aharonov–Bohm (AB) caging, which provides
the perfectly localized compact modes with all the bands
being  flat  in,  e.g.,  the  one-dimensional  (1D)  rhombic
lattice  subjected  to  an  artificial  gauge  field  [97–103].
Note  that  the  interference  among  different  propagation
paths and AB caging have been studied in higher dimension
[104–108].  However,  owing  to  the  diverging  effective
mass  in  a  flat  band,  the  system becomes  very  sensitive
to  the  disorder  [109, 110].  Remarkably,  it  has  been
shown  that  the  Bernoulli  anti-symmetric  disorder
induces a localization–delocalization transition in the 1D
rhombic  lattice  [99, 102, 103].  This  striking  effect  is
dubbed the inverse Anderson transition from an insulating
to a metallic phase, where the disorder removes geometric
localization  and  restores  transport  in  a  lattice  with  all
bands flat.

The  interplay  of  non-Hermiticity  and  flat  band  has
recently  received  the  extensive  attentions  [111–117].  Its
effects  on  the  flat-band  localization  in  the  1D  rhombic
lattice  have  been  also  reported  [118–123].  A  natural
question to ask is how the interplay of flat band, disorder
and  point-gap  topology  determines  the  localization–
delocalization  properties  in  the  1D  rhombic  lattice.  In
this work, we consider a 1D rhombic lattice subjected to
the nonreciprocal  hopping and magnetic flux,  where we
introduce two kinds of the correlated disorders, i.e., the
random anti-symmetric disorder and the Bernoulli anti-
symmetric disorder. In the Hermitian case, the Bernoulli
anti-symmetric  disorder  induces  the  inverse  Anderson
localization, while it leads to the NHSE in the presence
of  nonreciprocal  hopping.  Mostly  interesting,  the
random  anti-symmetric  disorder  causes  the  coexistence
of localization and delocalization in the Hermitian rhombic

lattice  subjected  to  the  magnetic  flux,  however,  it
induces  the  delocalization  and  the  emergence  of  NHSE
in the presence of the nonreciprocal hopping.

The  article  is  organized  as  follows.  In  Section  2,  we
build  the  non-Hermitian  model  in  the  rhombic  lattice,
and  study  the  flat-localization  for  the  clean  system  in
the presence of magnetic flux. In Section 3, we study the
effects of random anti-symmetric disorder on the locali-
zation  and  delocalization  property  in  the  nonreciprocal
model.  In  Section  4,  we  discuss  the  effects  of  Bernoulli
anti-symmetric  disorder.  In  Section  5,  we  describe  the
experimental  proposal  for  testing our theoretical  results
using  electrical  circuits.  In  Section  6,  we  conclude  the
article.

 2   Model of non-Hermitian rhombic lattice

A B C

U(1)

We  consider  a  1D  rhombic  lattice  consisting  of  three
coupled sublattices, indicated by ,  and  in Fig. 1(a).
In  such  a  lattice,  the  asymmetric  fermionic  hopping
within each unit cell is introduced, and a magnetic flux
with  Abelian gauge fields is applied to each plaque-
tte.  In  the  presence  of  disordered  onsite  potential,  the
system’s Hamiltonian is written as 

H0 = − t
∑
j

(
a†j+1bje

iϕ + a†j+1cj + H.c.
)

− (γ + λ)
∑
j

(a†jbj + a†jcj)

− (γ − λ)
∑
j

(b†jaj + c†jaj)

+
∑
j,α

∆
(α)
j nα,j , (1)

aj bj cj
A B C j ∆

(α)
j

α = A,B,C α

j nα,j = α†
jαj α = a, b, c

γ ± λ

t

ϕ

where ,  and  is the annihilation operator at sublattices
,  and  at  the th  unit  cell,  respectively, 

( ) is the on-site disorder in sublattice  at the
th  unit  cell,  ( )  denotes  a  density

operator,  represents  the  intracell  asymmetric
hopping  strengths,  and  is  the  intercell  symmetric
hopping strength. In the rhombic lattice, a single Peierls
phase factor  is used to represent the magnetic flux in
each plaquette.

∆
(α)
j = 0

ϕ = 0

|ψj |2

|ψj |2 = |ψj,A|2 + |ψj,B |2 + |ψj,C |2 |E| ̸= 0

In the absence of disorder in the system, i.e., ,
we plot the complex eigenenergies for , as shown in
Figs.  1(b1–b3).  There  exist  one  flat  band  and  two
dispersive bands [see Figs. 1(b1, b2)]. The eigenenergies
with periodic boundary conditions (PBCs) form a point
gap  in  the  complex  plane,  and  the  eigenenergies  with
open  boundary  conditions  (OBCs)  lies  inside  the  loop
[see Fig.  1(b3)].  A  point  gap  usually  indicates  a  non-
Hermitian  skin  effect  for  eigenstates  [39]. Figure  1(b4)
shows  the  probability  density  distribution ,  with

,  for ,  under  OBC,
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where all modes with non-zero eigenenergies are localized
at  left  boundaries.  While  zero-energy  eigenstates  are
localized along the lattice due to the flat-band effect [see
Figs.  1(b1,  b2),  the  non-Hermitian  skin  modes  can  be
characterized by the non-zero spectral winding number,
defined as [8, 39] 

W(Er) =
1

2πi

∫ 2π

0

dk∂klog det[H0(k)− Er], (2)

Er

H0(k)

where  is a chosen complex value as a reference energy,
and  is momentum-space Hamiltonian with 

H0(k) = −
∑
k

t
[
e−i(k−ϕ)a†kbk + e−ika†kck + H.c.

]
− (γ + λ)

∑
k

(
a†kbk + a†kck

)
− (γ − λ)

∑
k

(
b†kak + c†kak

)
. (3)

ϕ = πFor , Figs.  1(c1,  c2)  show three flat  bands with
perfectly  compact  localized  states,  the  so-called

ϕ = π

Aharonov–Bohm cage [100–102, 104] in the non-Hermitian
system. In spite of nonreciprocal hopping, the destructive
interference  effect  among  different  propagation  paths
greatly  suppresses  the  non-Hermitian  skin  effect  for

.

 3   Effects of random anti-symmetric
disorder

∆
(B)
j = −∆

(C)
j =

∆j ∆j [−∆/2, ∆/2]

∆
(B)
j = −∆

(C)
j = ∆j ∆j

±∆

ϕ = π ∆
(A)
j = 0

We now consider effects of the interplay of the nonreciprocal
hopping and disorder on the mode localization and skin
effects.  We  study  two  types  of  disorder  realizations:
(i) random anti-symmetric disorder, i.e., 

 with  sampled uniformly in the range ,
and  (ii)  correlated  binary  (Bernoulli)  anti-symmetric
disorder ,  where  takes  two  values

 with  the  same  probability  [124].  Unless  specified
otherwise, we assume , and .

The  strong  random  anti-symmetric  disorder  breaks
the flatness of bulk bands, and leads to a part of Anderson
localization  of  eigenstates  in  the  Hermitian  rhombic
lattice, as shown in Figs. 2(a, b). While, for the eigenen-
ergies  around  zero,  the  eigenstates  are  extended  [see
Fig. 2(c)]. This indicates that disorder-induced transport
in the photonic cage system is possible. The 1D rhombic
lattice supports topologically-protected in-gap states [see
red  dots  in Fig.  2(a)],  which  has  been  experimentally
observed [101].
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Fig. 1  (a) Tight-binding  representation  of  an  asymmetric
rhombic chain enclosed by a  magnetic flux in each plaque-
tte. Each unit cell contains three sublattices indicated by ,

 and .  denote the asymmetric hopping strengths (red
and  yellow  lines  with  arrows),  and  is  the  symmetric
hopping strength (black line). Real part (b1) and imaginary
part (b2) of  single-particle  eigenspectrum  for .
(b3)  vs.  of eigenenergies in complex plane with
PBC (blue dots) and OBC (red dots) for . (b4) Probability
density  distributions  (summed  over  each  unit  cell)  of
eigenstates  for  their  eigenenergies  inside  point  gaps  with

 under  OBC  for ,  where 
.  Real  part (c1) and  imaginary  part (c2) of  single-

particle  eigenspectrum  for ,  and  its  bands  are  perfect
flat,  leading to mode localization.  The other parameters  are

 and .
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Fig. 2  (a) Eigenenergies  and (b) probability  density
distributions  (summed over each unit cell) of eigenstates
of  the  Hermitian  rhombic  lattice,  subjected  to  the  random
anti-symmetric  disorder,  under  OBCs  for .  The  red
dots  indicate  the  topological  boundary  states. (c)  for

 with . (d) IPR vs. . The other parameters for
Hermitian conditions are ,  and .
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∆

ψn = (ψ
(a)
n , ψ

(b)
n , ψ

(c)
n )T

To  characterize  the  delocalization  and  localization
induced  by  the  random  anti-symmetric  disorder  in  a
wide  range  of  disorder  strength ,  we  calculate  the
inverse  participation  ratio  (IPR)  of  each  normalized
right eigenstate . The IPR is defined
as 

IPRn =
∑
j

(
|ψ(a)

n (j)|4 + |ψ(b)
n (j)|4 + |ψ(c)

n (j)|4
)
, (4)

L∑
j

(
|ψ(A)

n (j)|2 + |ψ(B)
n (j)|2 + |ψ(C)

n (j)|2
)
= 1 n

ψn IPRn ≃ 1/(3L)

ψn IPRn IPRn ≃ 1

∆

where the sums run over length  of the rhombic chain,
and .  If  the th
eigenstate  is  extended,  and  drops  to
zero  for  an  infinite  system.  On  the  contrary,  for  the
localized  eigenstate ,  keeps  finite,  and 
for  the  perfect  localization. Figure  2(d)  plots  the
eigenenergy-resolved  IPR  as  a  function  of  disorder
strength .  The  random  anti-symmetric  disorder  leads
to the coexistence of localized and delocalized eigenstates
in the Hermitian rhombic lattice.

|ψj |2

∆ λ = γ

We  now  proceed  to  study  the  effects  of  the  random
anti-symmetric disorder on the localization–delocalization
properties  of  the  rhombic  lattice  in  the  presence  of
nonreciprocal  hopping. Figures  3(a1,  a2),  (b1,  b2)  and
(c1,  c2)  plot  the  complex  eigenenergies  and  the  corre-
sponding probability density distributions  (summed
over  each  unit  cell)  of  eigenstates  for  different  disorder
strength  and  unidirectional  hopping  strength ,
respectively. In Figs. 3(a1, a2), using the same disorder

∆

λ = γ

strength  as  the  one  in Figs.  2(a,  b),  the  nonreciprocal
hopping  leads  to  the  formation  of  the  point  gap  under
PBCs [see blue dots in Fig. 3(a1)], enclosing the eigenen-
ergies  under  OBCs  [see  red  dots  in Fig.  3(a1)].  The
point  gap  usually  indicates  the  emergence  of  NHSE,
where all the bulk modes are localized at the boundaries
under  OBCs  [see Fig.  3(a2)].  The  result  shows  that,
although the random anti-symmetric disorder causes the
coexistence  of  localization  and  delocalization  in  the
Hermitian lattice, the nonreciprocal hopping leads to the
complete  delocalization,  accompanied  by  the  NHSE.
Therefore,  the  interplay  of  the  flat  band,  disorder  and
point gap causes an unconventional localization–delocal-
ization property in the rhombic lattice. Further increase
of the disorder strength  again leads to a part of local-
ization  and  delocalization,  where  the  skin  modes  and
localized bulk states coexist [see Figs. 3(b1, b2)]. While,
the  non-Hermitian  skin  effect  reappears  for  the  larger
unidirectional  hopping  strength ,  as  shown  in
Figs.  3(c1,  c2).  These  indicate  that  the  interplay  of
random  anti-symmetric  disorder  and  nonreciprocal
hopping can not only breaks the flatness of bulk bands,
but  also  leads  to  complete  delocalization,  accompanied
by the reentrant NHSE.

ψn

To further explore the effects of asymmetrical hopping
and  disorder  strength  on  the  NHSE,  we  calculate  the
average  eigenstate  localization  in  the  form of  the  mean
center  of  mass  (mcom)  of  the  amplitude  squared  of  all
eigenvectors ,  averaged  over  the  disorder  realization
[125], i.e., 
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Fig. 3  The localization and delocalization of the non-Hermitian rhombic lattice subjected to random anti-symmetric disorder
 ( )  for .  Complex  eigenenergies  under  both  OBCs  (blue  dots)  and  PBCs  (red  dots)

(a1) for  and , (b1) for  and , and (c1) for  and . The corresponding
probability density distributions  (summed over each unit cell) of eigenstates are shown in (a2, b2, c2). (d) mcom as
functions of  and  with . (e) mcom as functions of  and  with . The mcom is averaged over 2000 disorder
realization with .
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mcom =

∑N

j=1
j ⟨A(j)⟩V∑N

j=1
⟨A(j)⟩V

, (5)

with
 

⟨A(j)⟩V =

⟨
1

N

N∑
n=1

(
|ψ(a)

n (j)|2+|ψ(b)
n (j)|2+|ψ(c)

n (j)|2
)⟩

V

,

(6)

⟨·⟩V N

N

where,  indicates  disorder  averaging,  and  is  the
number  of  unit  cells.  The  mcom  determines  the  the
degree of the mode localization. When mcom is close to
be  one  or ,  it  indicates  the  most  of  eigenstates  are
localized  at  the  boundaries  with  the  emergence  of  non-
Hermitian skin effect. Otherwise, it indicates the appear-
ance of the delocalized eigenstates.

λ ∆

λ = γ

λ = γ ∆

λ = γ

Figure  3(d)  plots  the  mcom as  functions  of  and 
with .  When  the  asymmetrical  hopping  strength

 is fixed, the increasing disorder strength  leads to
the state localization. While, as the  rises, the localized

γ ∆

λ

∆ γ/t = 1

states  become skin modes,  i.e.,  the emergence of  NHSE
induced  by  random  anti-symmetric  disorder.  Moreover,
the  appearance  of  NHSE  requires  a  strong  asymmetric
hopping  for  the  fixed  values  of  and ,  as  shown  in
Fig. 3(e), where we plot the mcom as functions of  and

 with .
To  characterize  the  topology  of  non-Hermitian  skin

effects,  we  calculate  the  real-space  winding  number,
which is defined as [85] 

w(Eb) =
1

L′Tr
′
(
Q̂†[Q̂, X̂]

)
, (7)

Q̂

(H− Eb) = Q̂P̂

P̂ Q̂ P̂

(H0 − Eb) = M̂ŜN̂† Q̂ = M̂N̂†

P̂ = N̂ ŜN̂† X̂

Xjj′,ss′ = jδj,j′δs,s′(s = a, b) Tr′

L′

where  is  positive-definite  Hermitian  matrix,  which  is
obtained  by  the  polar  decomposition ,
with unitary matrix .  and  are related to singular
value  decomposition ,  with 
and .  is  the  coordinate  operator,  with

, and  denotes the trace over
the  middle  interval  with  length ,  where  the  whole
chain is cut off from both ends. This definition of wind-
ing number avoids the effects from the system’s bound-
ary.

w

λ ∆ γ/t = 1

γ

λ = γ

Figure  4(a)  plots  the  winding  number  as  functions
of  and  with  for  the non-Hermitian rhombic
lattice subjected to the random anti-symmetric disorder.
The  result  shows  that  the  emergence  of  non-Hermitian
effects  is  strongly  determined  by  the  asymmetric
strength . While, for the perfect unidirectional hopping
with ,  even  though  the  disorder  is  very  strong,
there exists skin modes [see Fig. 4(b)]. These skin modes
are coexistence with the localized modes for  the regime
with the large mcom [see Figs. 3(b1, b2, d)].
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Although the random anti-symmetric disorder leads to
the  delocalization  in  the  nonreciprocal  rhombic  lattice
subjected  to  the  gauge  field,  the  random  symmetric
disorder  with  ( )  leads
to the Anderson localization, as shown in Figs.  5(a,  b),
where  there  doesn’t  exist  a  point  gap with  the  absence
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The results are averaged over  disorder realizations with
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λ ∆ λ = γ

of NHSE for , and . We calculate the
mcom as  functions  of  and  with  in Fig.  5(c).
Indeed,  when  the  nonreciprocal  rhombic  lattice  is
subjected  to  the  random  symmetric  disorder,  all  the
states remain localized, and there is no NHSE.

 4   Effects of Bernoulli anti-symmetric
disorder

π

The random anti-symmetric disorder cause the coexistence
of  localized  and  delocalized  states  in  the  Hermitian
rhombic lattice subjected to the  flux. while, the interplay
of  the  random  anti-symmetric  disorder,  flat  band  and
point  gap  leads  to  the  delocalization,  accompanied  by
the  reentrant  NHSE.  In  the  Hermitian  rhombic  lattice,
it  has  been  shown  that  the  Bernoulli  anti-symmetric
disorder  leads  to  the  inverse  Anderson  localization  due
to  the  interplay  of  geometric  frustration  and  disorder
[124].

We  now  consider  the  non-Hermitian  rhombic  lattice
subjected to the Bernoulli  anti-symmetric disorder with

∆
(B)
j = −∆

(C)
j = ∆j ∆j ±∆

ϕ = π

λ = γ ∆

λ = γ

 (  randomly takes two values of )
for . Figure 6(a1) shows the complex eigenenergies
of  the  lattice  under  both  OBCs  and  PBCs.  The  point
gap (blue dots) enclosing the real eigenvalues (red dots)
under OBC indicate the NHSE, as shown in Fig. 6(a2),
where all the bulk modes are localized at the left bound-
ary.  To  explore  how  the  asymmetrical  hopping  and
disorder  strength  influence  the  NHSE,  we  calculate  the
mcom as functions of  and , as shown in Fig. 6(b).
In contrast to the case of random anti-symmetric disor-
der, a small value of the unidirectional hopping strength

 can  induced  the  NHSE  in  spite  of  the  disorder
strength.  Moreover,  a  small  degree  of  asymmetric
hopping can cause the skin modes in spite of the disorder
strength [see Fig. 6(c)].

π
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j = ∆j ∆j
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Although the  Bernoulli  anti-symmetric  disorder  leads
to the delocalization in the nonreciprocal rhombic lattice
subjected to the  gauge field,  the Bernoulli  symmetric
disorder  with  (  randomly  takes  two
values  of )  leads  to  the  Anderson  localization,  as
shown  in Figs.  7(a,  b),  where  there  does  not  exist  a
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point  gap  with  the  absence  of  NHSE  for ,  and
.  We  calculate  the  mcom as  functions  of 

and  with  in Fig. 7(c). Indeed, when the nonre-
ciprocal  rhombic  lattice  is  subjected  to  the  random
symmetric  disorder,  all  the  states  remain localized,  and
there is no NHSE.

 5   Experimental proposal

j

j + 1

J(ω)

V I

The localization-delocalization transition induced by the
anti-symmetric  disorder  with  the  emergence  of  NHSE
can be experimentally observed in the electrical circuits
[65, 66].  we  design  non-Hermitian  electrical  circuits,
corresponding  to  the  model  in  Eq.  (1),  as  shown  in
Fig.  8.  The nonreciprocal  hopping between nodes  and

 is  realized  by  the  negative  impedance  converters
through  current  inversions  (INICs)  [126].  The  model  in
Eq.  (1)  is  represented  by  the  circuit  Laplacian  of
the circuit.  The Laplacian is  defined as  the response  of
the grounded-voltage vector  to the vector  of  input
current by [127, 128] 

I(ω) = J(ω)V (ω). (8)

Cγ ± Cλ

C∆a
j C∆b

j C∆c
j A

B C j Ct

In Fig.  8,  the  negative  impedance  converter  through
circuit  reads ,  introducing  the  nonreciprocal
intracell  hopping  in  Eq.  (1).  The  grounded  capacitors,

,  and , represents the on-site disorder of ,
 and  sublattices in the th unit cell. Capacitor  is

used  to  represent  the  symmetrical  intercell  hopping  of

ϕ = π

L

the model  in  Eq.  (1).  The phase  can be achieved
by  crossing  the  adjacent  nodes  with  wires  in Fig.  8(a).
The inductor  is used to tune the resonant frequency of
the  circuit.  Using  Eq.  (8),  the  current  of  each  node
within the unit cell can be expressed as 

Ia,j = iω (Cγ + Cλ) I2Vb,j + iωCtI2Vc,j−1

+ iωCt

(
0 1
1 0

)
Vb,j−1 + iω (Cγ + Cλ) I2Vc,j

+
1

iωL

(−1 1
1 −1

)
Va,j

− iω
(
2Cγ + 2Cλ + 2Ct + C∆a

j

)
I2Va,j , (9)

 

Ib,j = iω (Cγ − Cλ) I2Va,j + iωCt

(
0 1
1 0

)
Va,j+1

+
1

iωL

(−1 1
1 −1

)
Vb,j

− iω
(
Cγ − Cλ + Ct + C∆b

j

)
I2Vb,j , (10)

 

Ic,j = iω (Cγ − Cλ) I2Va,j + iωCtI2Va,j+1

+
1

iωL

(−1 1
1 −1

)
Vc,j

− iω
(
Cγ − Cλ + Ct + C∆c

j

)
I2Vc,j , (11)

Iα,j = (Iα,1,j , Iα,2,j)
T (α = a, b, c)

Vα,j = (Vα,1,j , Vα,2,j)
T (α = a, b, c)

A B C j

I2 2× 2

where  the  vectors  and
 denote the node currents

and  voltages  of ,  and  sublattices  within  the th
unit cell, respectively, and  represents the  identity
matrix.

We transform Eqs. (9)–(11) using a unitary matrix 
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Fig. 8  (a) Electrical  circuit  implementation  of  the  model  in  Eq.  (1),  corresponding  to  the  lattice  structure  in (b).  The
nonreciprocal hopping between nodes  and  is realized by the negative impedance converters through current inversions
(INICs). (c) Details of INIC.
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U =
1√
2

(
1 1
1 −1

)
, (12)

and  achieve  the  transformed  current–voltage  relation-
ship: 

Īa,j = iω (Cγ + Cλ) I2V̄b,j + iωCtI2V̄c,j−1

+ iωCt

(
1 0

0 eiπ

)
V̄b,j−1 + iω (Cγ + Cλ) I2V̄c,j

+
1

iωL

(
0 0
0 −2

)
V̄a,j

− iω
(
2Cγ + 2Cλ + 2Ct + C∆a

j

)
I2V̄a,j ,

(13)
 

Īb,j = iω (Cγ − Cλ) I2V̄a,j + iωCt

(
1 0

0 eiπ

)
V̄a,j+1

+
1

iωL

(
0 0
0 −2

)
V̄b,j

− iω
(
Cγ − Cλ + Ct + C∆b

j

)
I2V̄b,j ,

(14)
 

Īc,j = iω (Cγ − Cλ) I2V̄a,j + iωCtI2V̄a,j+1

+
1

iωL

(
0 0
0 −2

)
V̄c,j

− iω
(
Cγ − Cλ + Ct + C∆c

j

)
I2V̄c,j . (15)

As shown in  Eqs.  (13)–(15),  after  the  unitary  transfor-

eiπ
mation, the current–voltage equations at second node is
decoupled  with  ones  at  first  node,  and  the  phase  of
the intercell  hopping appears in the second node of the
circuit.  Therefore,  we  only  need  to  consider  the  circuit
Laplacian at second node. We rewrite the current–voltage
equations for the second nodes as 

Īa,2,j = iω (Cγ + Cλ) V̄b,2,j + iωCtV̄c,2,j−1

+ iωCteiπV̄b,2,j−1 + iω (Cγ + Cλ) V̄c,2,j

− 2

iωL
V̄a,2,j − iω

(
2Cγ + 2Cλ + 2Ct + C∆a

j

)
V̄a,2,j ,

(16)
 

Īb,2,j = iω (Cγ − Cλ) V̄a,2,j + iωCteiπV̄a,2,j+1

− 2

iωL
V̄b,2,j − iω

(
Cγ − Cλ + Ct + C∆b

j

)
V̄b,2,j ,

(17)
 

Īc,2,j = iω (Cγ − Cλ)V
∗
a,2,j + iωCtV̄a,2,j+1

− 2

iωL
V̄c,2,j − iω

(
Cγ − Cλ + Ct + C∆c

j

)
V̄c,2,j ,

(18)

Īα,2,j (α = a, b, c) V̄α,2,j (α = a, b, c)

J(ω)

where  and  denote  the
current  and  voltage  of  the  second  node  within  each
sublattice  in circuit,  respectively.  Therefore,  we achieve
the  targeted  circuit  Laplacian  to  simulate  the
model in Eq. (1) as

 

J = iω



η∆a Cγ + Cλ Cγ + Cλ · · · 0 0 0
Cγ − Cλ η∆b 0 · · · 0 0 0
Cγ − Cλ 0 η∆c · · · 0 0 0

...
...

...
. . .

...
...

...
0 0 0 · · · η∆a Cγ + Cλ Cγ + Cλ

0 0 0 · · · Cγ − Cλ η∆b 0
0 0 0 · · · Cγ − Cλ 0 η∆c


, (19)

ηα = 2
ω2L −

(
M + Cα

j

)
α = ∆a,∆b,∆c M =

2Cγ + 2Cλ + 2Ct N = Cγ − Cλ + Ct

where  ( )  with 
, .

 6   Conclusion

In  this  work,  we  study  how  the  nonreciprocal  hopping
determines the localization and delocalization properties
in the 1D rhombic lattice subjected to the magnetic flux
and  correlated  disorder.  When  the  Bernoulli  anti-
symmetric disorder is introduced into the non-Hermitian
rhombic lattice, it leads to the boundary localization of
the bulk modes in spite of the disorder strength. To be
interesting,  a  small  degree  of  asymmetric  hopping  can
cause  the  NHSE.  When  the  random  anti-symmetric
disorder  is  introduced  into  the  non-Hermitian  rhombic
lattice, it leads to the anomalous delocalization, accom-
panied by the NHSE, while the random anti-symmetric

disorder causes the coexistence of  localization and delo-
calization  in  the  Hermitian  rhombic  lattice.  Moreover,
the  localization–delocalization  transition  strongly
depends  on  the  disorder  strength  and  asymmetric
hopping strength. The experimental setup for observing
the effects of the point-gap, flat band correlated disorder
is proposed in electrical circuits.
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