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ABSTRACT

86.0% 81.1%
|0⟩ |1⟩

While the common practice of decomposing general quantum algorithms
into  a  collection  of  single-  and  two-qubit  gates  is  conceptually  simple,  in
many cases it  is  possible to have more efficient solutions where quantum
gates  engaging  multiple  qubits  are  used.  In  the  noisy  intermediate-scale
quantum (NISQ) era where a universal error correction is still unavailable,
this  strategy is  particularly appealing since it  can significantly reduce the
computational  resources  required  for  executing  quantum  algorithms.  In
this  work,  we  experimentally  investigate  a  three-qubit  Controlled-
CPHASE-SWAP  (CCZS)  gate  on  superconducting  quantum  circuits.  By
exploiting the higher energy levels of superconducting qubits, we are able
to  realize  a  Fredkin-like  CCZS  gate  with  a  duration  of 40 ns,  which  is
comparable  to  typical  single-  and  two-qubit  gates  realized  on  the  same
platform. By performing quantum process tomography for the two target
qubits, we obtain a process fidelity of  and  for the control qubit
being prepared in  and ,  respectively.  We also show that  our scheme
can be  readily  extended to  realize  a  general  CCZS gate  with  an arbitrary
swap  angle.  The  results  reported  here  provide  valuable  additions  to  the
toolbox for achieving large-scale hardware-efficient quantum circuits.

Keywords  quantum computation, quantum gate, superconducting
circuit

 

I n  realistic  quantum  circuits,  errors  may  occur  in
different  forms  including,  for  example,  stochastic
errors resulting from decoherence and coherent errors

due to control imperfections. While remarkable progress
of quantum error correction has been achieved in recent

years [1–3], a fault-tolerant universal quantum computer
is  still  far  beyond  the  reach  of  today’s  technology  of
quantum  information  processing  (QIP).  It  has  been
widely  believed  that  in  a  rather  long  period  from now,
we will be in the NISQ era [4–6]. To combat the various
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types  of  errors  mentioned  above  in  the  NISQ  era,  one
top priority is to develop hardware-efficient implementa-
tions of quantum algorithms, which aims at minimizing
the  impact  of  errors  by  reducing  the  spatiotemporal
complexity of quantum circuits.

Multi-qubit  quantum  gates,  such  as  the  Fredkin
(controlled-SWAP)  and  Toffoli  (and  its  equivalent
controlled-controlled-Z) gates, are widely used in quantum
information  processing  for  this  purpose.  For  instance,
using such gates helps reduce the circuit depth for varia-
tional  quantum eigensolver  [7–9].  Moreover,  these  gates
can  simulate  effective  many-body  interaction,  which
appears in a variety of proposals of quantum simulations
[10–12]. A common practice of implementing such multi-
qubit  gates  is  to  decompose  them  into  a  collection  of
standard  single-  and  two-qubit  gates.  However,  when
complied this way, it takes eight (six) CNOT (controlled-
NOT) gates to realize a Fredkin (Toffoli) gate in addition
to several single-qubit gates, even for the case of an all-
to-all  connectivity  [13].  Therefore  finding  more  efficient
ways of implementing such multi-qubit gates are highly
desirable.

Thus far, Toffoli gate has been extensively investigated
on various platforms [14–17]. In superconducting quantum
circuits, the performance of Toffoli gate has been signifi-
cantly  improved  recently  [18–23].  On  the  contrary,  the
Fredkin gate has been less explored experimentally, even
though several protocols were proposed [24–27]. Warren
et  al.  [22]  implemented  a  family  of  three-qubit  gates
(including the Fredkin gate) based on simultaneous two-
qubit  operations  in  superconducting  circuits.  However,
the  weak  interaction  in  their  work  resulted  in  a  long
gate  duration.  Furthermore,  simultaneously  turning  on
the interaction may complicate the tuning up process.
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In this work, we report an experimental realization of
a Fredkin-like Controlled-CPHASE-SWAP (CCZS) gate
[19, 22] that inverts the states of two target qubits and
realizes a conditional phase operation, upon the state of
the third qubit. Following the common practice, we also
decompose  such  a  three-qubit  gate  into  a  sequence  of
single- and two-qubit gates.  However,  by exploiting the
higher energy levels of the qubits, we are able to shorten
the duration of a three-qubit Fredkin gate to around 40
ns,  which  is  comparable  to  the  durations  of  typical
single- and two-qubit gates widely used in superconducting
quantum  computation.  We  characterize  this  gate  by
measuring  its  truth  table  and  performing  quantum
process tomography for the two target qubits when the
control  qubit  is  prepared  in  and ,  and  obtain  a
truth  table  fidelity  of  and  a  process  fidelity  of

, .  The  dominant
errors  are  due  to  decoherence  and  distortion  in  signals
controlling  qubits’ frequencies.  The  signal  distortion
induces  an  incomplete  swap  between  and  and
thus  affects  the  gate  operation.  Using  the  above  three-
qubit  operation,  we  demonstrate  fast  generation  of  a
GHZ  state  with  a  fidelity  of ,  suggesting  its

promising applications in QIP.
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The  experiment  is  carried  out  in  a  superconducting
quantum circuit that consists of three frequency-tunable
superconducting  transmon  qubits,  as  sketched  in
Fig. 1(a). The three transmon qubits [28] are labelled as

. In this work,  serves as the control qubit for
all the three-qubit operations. The anharmonicity for the
three  qubits  is  around  GHz,  and
their  idling  frequencies  are  GHz,
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Fig. 1  Schematics  of  the  superconducting  qubits  and
circuit diagram used in this work for a Controlled-CPHASE-
SWAP  (CCZS)  gate. (a) Sketch  of  the  device  with  three
transmon qubits of tunable frequencies. Eeach qubit contains
a SQUID (superconducting quantum interference device) ring
whose magnetic flux can be varied by a current flowing on a
on-chip flux line nearby (not shown), which in turn changes
the  qubit’s  frequency.  Each  qubit  is  equipped  with  its  own
flux line, control line, and readout resonator (not shown) as
widely used in the transmon-based superconducting quantum
circuits.  Adjacent  qubits  are  coupled  and  share  a  common
feedline for dispersive readout. (b) Schematics of our scheme
decomposing  a  Fredkin-like  CCZS  gate  into  a  sequence  of
three  iSWAP  operations  (marked  as  ×)  between  adjacent
qubits. Each iSWAP operation represents a coherent  rotation
realized  by  tuning  the  state  of  the  involved  two  qubits
into  resonance  with  the  state.  The  overall  operation  is
then a Fredkin-like CCZS gate: a controlled-iSWAP operation
between two target qubits  and  upon the status of the
control  qubit .  If  is  in  its  excited  states  (·),  an
controlled-iSWAP  occurs  between  and . (c) Pulse
sequence  for  benchmarking  the  CCZS  gate.  Single-qubit
gates,  marked  as ,  are  used  for  preparing  different  initial
states  and  rotating  the  three-qubit  state  for  projection
measurements.
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 GHz,  and  GHz.  The
nearest neighbouring qubits are effectively coupled via a
tunable coupler [29], and the working coupling strengths
are  MHz  ,  which  is  bench-
marked  by  tuning  two  adjacent  qubits  into  resonance
and  measuring  the  rate  of  their  iSWAP  operation.
Throughout this work, we use the upper index of  to
explicitly  indicate  the  two  basis  states  involved  in  the
exchange. Each qubit has its own individual control line
for microwave pulses of single-qubit operations and indi-
vidual flux line for varying its frequency. Moreover, each
qubit is equipped with a dedicated resonator for dispersive
readout,  and  all  three  readout  resonators  share  a
common  feedline.  We  use  the  ground  and  first  excited
states of each qubit as the computational basis  and .
The second excited state  serves as an ancilla for realizing
the three-qubit gate operations. At the idling frequencies,
the relaxation time  of the first excited state is char-
acterized to be 33.7 μs, 21.6 μs, and 27.2 μs, respectively,
for the three qubits. The dephasing time  benchmarked
by  the  standard  Ramsey  experiment  is  1.3  μs,  2.8  μs,
and 2.5 μs for the three qubits, respectively.
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As mentioned above, we implement the CCZS gate by
decomposing it into a sequence of single- and two-qubit
gates. Here the essential components are several iSWAP
operations between adjacent qubits. In the following we
first discuss such iSWAP operations. For example, let us
consider  qubits  and .  If  their  first  excited  states
are tuned into resonance, that is, the condition 
is  satisfied,  an  exchange  of  energy  between  the  qubits
occurs at a rate of . An iSWAP gate between the
two basis states of  and  can thus be accomplished
in  a  duration  of  [30].  Similarly,  we  can  tune
other  levels  of  the  qubits  into  resonance  and  realize
iSWAP  operations  among  other  basis  states.  For  the
CCZS  gate  studied  here,  an  iSWAP  gate  between 
and  would  be  desired.  In  order  to  bring  these  two
states  into  resonance,  we  simply  tune  the  qubits  until
the  condition  of  is  satisfied.  Under
this condition, an energy exchange between  and 
occurs  at  a  rate  of ,  which  approximately  equals

 for  transmon  qubits  [31].  Therefore  in  the
subspace of , the SWAP matrix reads 
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where  is an effective rotation angle deter-
mined  by  the  duration  and  strength  of  the  coupling.
Given  the  coupling  strength  of  MHz  in
our sample,  an iSWAP gate (i.e., )  between 
and  is  accomplished  at  a  duration  of 

 ns.
UFNext,  we  define  a  three-qubit  operation  of  by

cascading  three  iSWAP  gates  between  adjacent  qubits

as the following: 

UF = UAB(π)UAC(π)UAB(π)

=
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QA |1⟩
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The  circuit  diagram  of  is  shown  in Fig.  1(b).
Table  1 lists  all  the  intermediate  and  final  outcoming
states when applying  to different initial states. Only
when  the  control  qubit  is  in  the  state  are  the
states of  and  swapped. Therefore  is indeed a
Fredkin-like  CCZS  gate  [19, 22].  We  note  that  the
second  excited  state  of  the  control-qubit  is  used  as
an auxiliary state that participates in the gate operation
but  returns  to  zero  population  at  the  end.  The  overall
duration  of  this  gate  is  around  40  ns,  including  three
iSWAP gates which lasting for 12.5 ns and buffer periods
between the iSWAP gates.

UF

F = (1/8)Tr(|Uexp| · |UF|) =
91.2% Uexp

We experimentally characterize the above Fredkin-like
CCZS  gate  by  applying  the  operation  on  the  eight
three-qubit  computational  basis  states,  and  measuring
the corresponding final states. Figure 1(c) is the overall
circuit  diagram  where  single-qubit  gates  for  preparing
the  initial  states  and  for  rotating  the  final  states  onto
proper  measurement  basis  are  included.  The  obtained
results are used to construct the truth table of the gate
process, shown in Fig. 2. A good agreement is observed
between  the  experimental  data  and  theoretical  result
represented by Eq. (2). The fidelities of all eight output
states are calculated and show a significant dependence
on  the  relevant  decoherence  times.  The  truth  table
fidelity  is  also  calculated  as 

,  where  is  the measured truth table in Fig.  2.
This  fidelity  evaluates  the  average  performance  of  the
Fredkin-like CCZS gate acting on different initial states
[32].

To examine the causes for this relatively low fidelity,
we  ran  a  numerical  simulation  using  the  parameters  of

Table  1  List of states after each step of the iSWAP gate.

Initial state UAB(π)After first UAC(π)After UAB(π)After last 
|000⟩ |000⟩ |000⟩ |000⟩
|001⟩ |001⟩ |001⟩ |001⟩
|010⟩ |010⟩ |010⟩ |010⟩
|011⟩ |011⟩ |011⟩ |011⟩
|100⟩ |100⟩ |100⟩ |100⟩
|101⟩ |101⟩ −i|200⟩ −|110⟩
|110⟩ −i|200⟩ −|101⟩ −|101⟩
|111⟩ −i|201⟩ −i|201⟩ −|111⟩
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qubits’ characterizations  (i.e.,  frequencies,  decoherence
times, and coupling strength) extracted from experiments
and obtained a truth table with a fidelity of nearly 97%,
which is limited by qubit dephasing and unwanted tran-
sitions  such  as .  Therefore  we  conclude  that
the difference between the experimental results and the
simulation  mainly  comes  from  the  distortion  in  the
square  waves  transmitted  on  the -lines  for  tuning
qubits’ frequencies. Such distortion affects the gate oper-
ation by inducing an incomplete swap between  and

, which is technically challenging to characterize and
is  thus  not  included  in  our  simulation.  Moreover,  the
gate  fidelity  also  depends  on  the  strength  of  the 
coupling  between qubits.  When this  strength decreases,
the  experimental  fidelity  will  be  significantly  improved.
The truth table measures the probability distribution of
the quantum states and may underestimate phase errors
in  the  corresponding  process  [32].  To  further  obtain
information about the phase of the unitary, we perform
quantum process  tomography  for  the  two  target  qubits

 when the control qubit  is prepared in  or 
[33]. We prepare 16 two-qubit product states where the
state  of  each  qubit  is  selected  from  the  set

.  Following  the  two-
qubit state tomography, we reconstruct the experimental
process matrix . The experimental and ideal quantum
process  tomography matrices  and  are given in
Fig.  3 respectively.  The  process  fidelity 

,  when the control qubit  is
prepared in  and , respectively.

To  demonstrate  potential  applications  of  the  above
Fredkin-like CCZS gate, we use it to generate a maximal

UF

cos(θ/4)|001⟩ − sin(θ/4)|101⟩
cos(θ/4)|001⟩+ sin(θ/4)|110⟩ θ

QA θ = π
1√
2
(|001⟩+ |110⟩)
|001⟩ |110⟩

θ

θ = π

entangled  three-qubit  Greenberger–Horne–Zeilinger
(GHZ)  state.  It  is  straightforward  to  verify  that  when
applying  of  Eq.  (2)  to  an  initial  product  state  (i.e.,
non-entangled)  of ,  the  ideal
final  result  should  be .  Here 
is  set  by  the  single-qubit  gate  acting  upon  the  control
qubit  in the state preparation. At exactly , the
above  state  becomes  a  GHZ  state  of .
Indeed, Fig. 4(a) plots the populations of  and 
as  a  function  of .  It  is  clear  that  the  two  states  have
nearly the same populations at .

z

Rx(π/2) Ry(π/2)

σxσxσx, σxσxσy, ...,

σzσzσz

96.5%

|11⟩ ↔ |20⟩ U(θ)

θ = π

To benchmark the fidelity of the generated GHZ state,
we perform quantum state tomography (QST) measure-
ment. Because we can only do measurements along the 
axis  of  the  transmon  qubits,  single-qubit  rotations  of

, ,  and identity gates are applied to map
the  qubit  states  to  the  desired  measurement  axis  for
joint readout. Therefore, we need to perform 27 different
joint  projection  measurements  of  (

),  with  each  measurement  having  8  possible
outcomes. The reconstruction of a three-qubit state can
then  be  achieved  using  the  above  measured  results,
following  a  standard  protocol. Figures  4(b)  and  (c)
respectively show one example of the real and imaginary
parts  of  the  reconstructed  density  matrix  of  the  GHZ
state  generated  using  our  scheme.  The  fidelity  of  this
GHZ state is calculated to be . We further generate
the same GHZ state by using the traditional controlled-
Z (CZ) gate and single-qubit gates, where the CZ gate is
realized by the  SWAP operation  with a
rotation  angle . Figures  4(d)  and  (e)  respectively
show the real  and imaginary parts  of  the reconstructed
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Fig. 2  Measured truth table for our three-qubit CCZS gate.
This truth table is to be compared with  in Eq. (2). The
truth  table  fidelity  is  calculated  as 
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Fig. 3  Experimental (left column) and ideal (right column)
quantum process  tomography matrices  and  for  the
two target qubits. The control qubit  is prepared in (a) 
and (b) , respectively.
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91.7%
density  matrix  of  the  GHZ  state  generated  this  way.
The  fidelity  can  be  calculated  to  be ,  which  is
lower  than  that  of  the  GHZ  state  generated  using  our
Fredkin-like CCZS gate.

QB QC

θAB QA QB π

UF

θAC

UF = UAB(π)UAC(θAC)UAB(π)

|110⟩

Finally,  we  note  that  the  above  Fredkin-like  CCZS
gate is of course just a specific member of the family of
general  CCZS  gates.  Indeed,  in  the  following  we  show
that a controlled-SWAP operation between the states of

 and  with  an  arbitrary  swap angle  can  be  easily
realized in  our  scheme.  For  this  purpose,  we simply fix

, the swap angle between  and , to be  for the
first  and  third  iSWAP gates  in ,  and  only  vary  the
other  swap  angle  of  for  the  intermediate  iSWAP
gate.  Therefore  we  have .
Applying  it  to  an  initial  state ,  one  obtains  the

|110⟩ → −i|200⟩ → −icos(θAC)|200⟩
−sin(θAC)|101⟩ → −cos(θAC)|110⟩ − sin(θAC)|101⟩

|101⟩

QB QC θAC

following  evolution: 
.  Similar

analysis can be made for the initial state . Therefore
we  are  able  to  realize  a  SWAP  operation  between  the
states of  and  with an arbitrary angle set by .

θAC

|101⟩ θAC π

|101⟩ |110⟩
θAC = π

QB QC

QC

Figure  5 shows  the  experimental  data  and  numerical
simulations  of  such  controlled-SWAP  operation  with  a
tunable angle. Here the normalized relative state popula-
tions are plotted as a function of the control parameter

.  The  three-qubit  system  is  first  prepared  into  the
initial  state  of ,  then  is  swept  from  0  to  2 .
During the course, the measured populations of the two
states  of  (blue  dots)  and  (red  triangles)  are
exchanged.  At ,  a  complete  swap  between  the
states of  and  is accomplished. The experimental
data  agree  with  the  theoretical  simulations  (lines)
reasonably well. The small discrepancy towards the end
may result from two factors: decoherence and distortion
in  the  flux  line  for  tuning  the  frequency  of .
Compared to a previous work [22] where the swap angle
between  the  two  target  qubits  relies  on  both  the
coupling strengths and frequency detunings, the scheme
used here is simpler to implement and also more flexible.

|11⟩ ↔ |20⟩

In conclusion, we have experimentally demonstrated a
three-qubit  CCZS  gate  using  superconducting  circuits.
Hardware efficiency is achieved by leveraging the higher
levels of the transmon qubits for realizing SWAP opera-
tions  of  between  the  control  and  two  target
qubits,  which  is  the  essential  part  of  our  scheme  for  a
general CCZS gate. Compared to other implementations
of similar three-qubit gates where only two levels of each
qubit  are  used,  our  scheme  makes  a  good  use  of  the
available  resources  in  the  relevant  Hilbert  space.  Since
we only use the second excited state of the control qubit
as an auxiliary state, it also makes the gate implementation
and  control  much  simpler.  In  addition,  the  duration  of
our CCZS gate is only 40 ns, being comparable to that
of  typical  single-  and  two-qubit  gates  widely  used  on
superconducting  circuits.  Therefore  our  CCZS  gate  is
hardware efficient, straightforward to implement, and of
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Fig. 4  Generation and benchmarking of a three-qubit GHZ
state  using  our  Fredkin-like  CCZS  gate. (a) The  measured
populations  associated  with  the  state  of 

 when a CCZS gate is applied to a direct product
state  of .  When ,  the  GHZ
state  is  produced. (b–e) The  reconstructed
density matrix for the GHZ state  using QST.
(b)  and  (c)  are  real  and  imaginary  parts  for  the  case  of
applying the CCZS to generate the GHZ state, respectively.
(d) and (e) are real and imaginary parts for the case of using
traditional CZ gate and single-qubit gates, respectively.
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Fig. 5  Demonstration  of  a  controlled  three-qubit  iSWAP
operation  with  an  arbitrary  angle.  The  populations  of  the

 state  (blue  dots)  and  state  (red  triangles)  are
measured  as  a  function  of  in 

. When ,  is completely transferred
into . Lines are a guide to the eye representing the theore-
tical prediction without decoherence and leakage errors.
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96.5%

n

short  duration.  These  advantages  are  particularly
welcome for potential QIP applications in the NISQ era.
As  a  demonstration,  we  have  used  our  CCZS  gate  to
generate a GHZ state with a fidelity of . Lastly, we
want  to  point  out  that  the  scheme  can  be  readily
extended  for  implementing  a  general  controlled-SWAP
gate  involving  qubits,  which  provides  an  alternative
option to the existing methods [32].
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