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ABSTRACT

Some aspects of atom-field interactions in curved spacetime are reviewed.
Of great interest are quantum radiative and entanglement processes arising
out of Rindler and black hole spacetimes, which involve the role of Hawking
—Unruh and dynamical Casimir effects. Most of the discussion surrounds
the radiative part of interactions. For this, we specifically reassess the
conventional understandings of atomic radiative transitions and energy
level shifts in curved spacetime. We also briefly outline the status quo of
entanglement dynamics study in curved spacetime, and highlight literature
related to some novel insights, like entanglement harvesting. On one hand,
the study of the role played by spacetime curvature in quantum radiative
and informational phenomena has implications for fundamental physics,
notably the gravity-quantum interface. In particular, one examines the
viability of the Equivalence Principle, which is at the heart of Einstein’s
general theory of relativity. On the other hand, it can be instructive for e
manipulating quantum information and light propagation in arbitrary Posttimefike region
geometries. Some issues related to nonthermal effects of acceleration are

also discussed.
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1 Introduction

Atom-field or light—matter interactions are at the very
foundations of quantum optics, which has witnessed
great progress in the past decades, opening windows to
the development of many ground-breaking theoretical
tools and unprecedented experimental techniques,
having great bearing on fundamental physics and various
technological applications. Some prominent advancements
include ultraintense laser systems [1], cavity QED [2],
techniques ushering to novel quantum phases and
phenomena arising out of strong atom—photon interactions
[3], topological photonics [4], gravitational wave interfer-
ometry [5-9], atom interferometric precision tests for
general relativity and gravity [10], to name a few of the
recent ones. While the conventional quantum optical
processes are based on flat background space(-time) with
an inertial description, recent years have seen intense
efforts in understanding the impact of curved background
geometry on the optical phenomena, either in classical
regime [11, 12], helping emulate general relativity and
black hole effects in optical structures [13-16] and
analogue spacetime models [17, 18], or in quantum
regime within accelerated frames and curved geometries
[19-23]. The motivation for pursuing these directions is
manifold. Firstly, one expects to achieve possible ways
to create test beds for probing cutting edge theoretical
problems in fundamental physics that arise in non-
Euclidean geometry which, among many include, for
example, issues related to quantum gravity [24, 25],
Hawking—Unruh radiation [26—-29], cosmological expansion
and particle creation [30-34], which are otherwise notori-
ously difficult to observe. Secondly, these efforts could
be potentially helpful in designing novel structures that
may manipulate and control light propagation in arbitrary
surfaces and complex media. It could also boost the
progress in quantum computation and information
phenomena by incorporating the effects of acceleration
and curvature, which has been actively pursued for last
two decades or so [35-37], paving way for a rapidly
developing field of relativistic quantum information [38,
39]. It has also sparked intense debates about the role of
acceleration in quantum information processes [40—44]
and quantum optical phenomena [45, 46]. Similar ideas
have also been explored to quantify the role of gravity in
the dynamics of Bose-Einstein condensates [47-50] and
Dirac equation [51].

Quantum optical phenomena are deeply grounded in
the theory of light—matter interactions, or atom-field
dynamics [52, 53] that occur in flat spacetime. Many
novel phenomena emerge when a transition is made to
curved geometries. On a thorough survey of literature, it
turns out that there are many ways to go forward.

One major line of investigation is to include the
contributions from acceleration radiation or celebrated
Unruh effect [54], also known as Fulling-Davies—Unruh
effect [55-57], which posits that a Minkowski vacuum
appears as a thermal state to an accelerating observer
(Rindler observer), and alludes to the idea that radiation
is not a local covariant phenomenon [58-60]. Likewise,
we have contributions from Hawking effect [61], which is
the thermal radiation detected by a static observer (e.g.,
an atom) in a black hole geometry. Both of these effects
exploit causal horizons of spacetime and use same proce-
dures for the description of quantum fields on curved
spacetime [62]. It is expected that when atoms and fields
undergo acceleration in Rindler and curved spacetimes,
Hawking—Unruh effect does contribute to the atomic
transition and energy level shift phenomena. Being
concerned with the vacuum physics, this naturally
connects Hawking—Unruh effect with the particle
creation in quantum vacuum via Casimir [63, 64] or
dynamical Casimir effect [65, 66], and moving mirror
models [20, 67-73]. In the past three decades, this has
been thoroughly worked out and forms the thrust of this
review.

We also make a brief mention of few other directions
that seek to introduce curved geometry in the description
of quantum systems. The seminal work by Chandrasekhar
on solving Dirac equation in a Kerr spacetime [74] has
flourished into a major activity of analyzing influence of
curved spacetime on quantum mechanical behavior of
particles [75-78]. In a series of papers by Parker [79-82],
the possibility of using atoms as a probe of classical
spacetime geometry was considered, where the spacetime
curvature manifests itself in the atomic spectrum,
having dependencies on Ricci curvature. This has spread
out into a flurry of research activities and extended to
many systems (see e.g., Refs. [83-88]).

Other considerations are based on a geometric
approach applied to quantum mechanics [89], the maximal
acceleration hypothesis and its connection to Lamb shift
[90] and Unruh effect (see Ref. [91] and the relevant
references therein). Furthermore, many efforts have been
devoted to the study of emission [92], scattering [93] and
absorption [94, 95] of electromagnetic and other fields
near black holes, which find connections to black hole
superradiance [96] and probing black hole geometries
[97]. However, this later field-geometry coupling is a
much bigger paradigm that extends beyond the scope of
present discussion.

By introducing acceleration or spacetime curvature in
optical phenomena, it necessarily involves tools from
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quantum field theory and differential geometry, these
studies somehow lie at the boundary between quantum
optics and gravity. Though the topics have sparsely
been covered in some reviews [57, 66, 98], we believe
that a comprehensive and up to date review that could
assemble all relevant works in one piece and provide a
thorough introduction to this emerging field is still lacking
at the moment. By focusing on atom-field dynamics in
curved geometries, we thus hope this short review
provides a glimpse of this area and thus becomes handy
for beginners.

We organize the work as follows. In Section 2, we
introduce the necessary mathematical tools including
Rindler motion and techniques for quantizing fields in
curved geometries. This is essential for description of
Hawking—Unruh effects and is needed in subsequent
discussions. Here, we also introduce the basic theory
behind so-called dynamical Casimir effect. Section 3 is
devoted to the atomic radiative transition processes and
Lamb shift in Rindler and black hole spacetimes,
followed by discussions on dispersion and resonant inter-
actions in curved spacetimes. In Section 4, we discuss
some aspects of particle and energy production in
moving mirror models, followed by atom-mirror systems
in black hole spacetime. A brief discussion is made
about relativistic quantum information in Section 5.
Conclusions are drawn in Section 6.

2 Field quantization and particle emission
in curved spacetime

2.1 Accelerated observers in flat spacetime: Rindler

motion

We begin from Minkowski spacetime metric

ds? = 2dt? — da? — dy? — d2?, (1)

which characterizes a four-dimensional continuous space-
time and is an invariant quantity under Lorentz trans-
formation. It represents a non-Euclidean geometry, and
sometimes also known as pseudo-FEuclidean spacetime.
However, for a constant ¢, spatial part of the geometry
remains Euclidean [99]. Based on the sign of ds? in
Eq. (1), the interval can timelike (ds? > 0), null or lightlike
(ds? =0) and spacelike (ds* <0). Intuitively, one can
view this as if a body moving along its trajectory can
have three ways to go. In the first case, body is at rest
and time flows. So it moves in time and does not move
in space. Second case would mean that it catches up
exactly with a ray of light. And in the third case, it
moves only in space and not in time, which is impossible.
Hence the blue region below the light’s trajectory is not
causally connected to the body. The situation is shown
in the spacetime diagram of Fig. 1, called lightcone.

Note that the shaded region on left and right sides

Future timelike region

—ct
Past timelike region

Fig. 1 Lightcone showing different regions of spacetime.
Shaded region pertains to accelerated observer.

(wedges) of the vertical axis is very important for
describing accelerated observers in flat spacetime — helping
in the description of Unruh effect. A symbolic way of
representing a spacetime metric is signature. For
Minkowski spacetime in Eq. (1), it is given by
(+,—,—,—). By using indexed coordinates x*(u = 0,1,2,3)
such that

0

2V =ct, 2! =

:.’L‘(I}QZ 3

(2)
The metric given in Eq. (1) can be represented in
Einstein summation convention for tensors as

ds? = n, dztdz”,

3)

where 1n,, is the Minkowski metric tensor. Closely
related to these underlying transformations in spacetime
are Lorentz and Poincaré groups. The Lorentz transfor-
mation is also sometimes written as [100] z/* = AkzY,
where ¥ is any four-vector and A is the Lorentz tensor.
The corresponding group comprises three rotations and
three boosts and hence a six parameter (also called
generators) group. Its extension by adding four spacetime
translations, z'* = Aka¥ +a* (a* is a constant tensor)
constitutes Poincaré group, which obviously has ten
generators in total [101].

The inertial motion in special relativity is very well
described by the above considerations and can be found
in almost every elementary textbook on relativity. So it
gives an impression that only objects in uniform motion
can be dealt with special theory of relativity. However,
this statement is not quite complete. So then, is it possible
to incorporate acceleration in a special relativistic
decription of motion? The answer is yes. Such accelerated
motion is called Rindler motion. The best possible example
is a constantly accelerating rocket in space. Recall that
we mentioned in the previous section about the shaded
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Fig. 2 Rindler motion. Reproduced from Ref. [62].

wedges of Minkowski spacetime diagram in Fig. 1 on
right and left sides of particle worldline. Rindler motion
is very well described in that part of Minkowski spacetime
as shown below in Fig. 2.

In Fig. 2, t and z are time and space coordinates
respectively in an inertial reference frame. For simplicity,
we only consider motion in right Rindler wedge as
shown. We make transformations between an inertial
observer and accelerated observer as follows.

Let us consider an inertial observer S and accelerated
observer B having his own frame in which he feels
constant acceleration « (his proper acceleration). Also
we mark the time of B in his own frame as 7 respectively
(B’s proper time). One can approximate this accelerated
motion by considering it as a succession of another inertial
frame S’ (with ' as time) having velocity v with respect
to S. So the accelerated observer is momentarily at rest
in §’. One can easily make a Lorentz transformation
between S and S’ which would be moving at a constant
velocity v with respect to S at that particular instant of
time. If S measures the acceleration of B as a, then
acceleration of B in ', denoted by «' is given by simple
transformation of special relativity o =~3%a, where
v=1/y/1—v%/c? is the usual Lorentz factor. Remember
v is the velocity of S’ w.r.t S at that particular instant
of time. Our aim is to get the description of B’s own
observations in terms of S’s. By considering a particular
instant of time when B is at rest in $’, its acceleration is
also constant in S’. At that time,

3

= | a= const. (4)

v
==
C

We can also write the above equation as

d

= &(71}) = const.

«

(5)

By considering the boundary condition v =0 at ¢t =0, we
solve the above equation to get

at
V1+ (at/c)?’

and the position z(t) as

u(t) = (6)

2

K dt’ c 5
x(t) :a/o W = EVl—F(at/c) .

This gives rise to the following equation of motion:

(7)

2\ 2

c
xz—t2=<—> .
«

This is clearly an equation of hyperbola. So the worldline
of B is a hyperbola as seen from Fig. 2. In terms of
proper time 7, we have [102]

0 = [ Vi—werre
B t dt/
B /0 1+ (at’/c)?
= () s ()

2

(8)

c ar

= (%) cosh (%F). 12

2(r) = () cosh (= (12)
In natural units, ¢ = 1, we have
1 1

t(r) = o sinh(ar), z(1) = o cosh(ar). (13)

This is called the Rindler transformation which connects
an inertial and accelerating observer. Here o and 7 are
called Rindler acceleration and Rindler time respectively
[103]. From Eq. (13), one can easily identify the hyperbolic
polar coordinate representation of z and ¢ as follows:

t = ¢sinhy, x = £ coshy, (14)

where ¢ = 1/a and n = ar. These two parameters ¢ and 7
are called Rindler coordinates, and this leaves the metric
as

ds? = £2dn” — dg?, (15)

which is called Rindler metric. Rindler metric can be
very well used to describe most the physics of uniform
gravitational fields where acceleration is constant, i.e.,
weak-field limit of general relativity. By using Egs. (14)
and (15), Rindler line element in (1 + 1) dimensions can
also be written as [103]

ds? = e22¢(dr? — de?). (16)

To cover the whole Rindler wedge, we can accommodate
many accelerating observers (infinite in principle!) in
Rindler formulation with constant accelerations parame-

54203-4

Syed Masood A. S. Bukhari and Li-Gang Wang, Front. Phys. 19(5), 54203 (2024)



TOPICAL REVIEW

FRONTIERS OF PHYSICS f P

terized by & and & as shown in Fig. 2. For each
observer’s motion, ¢ would be constant along the whole
trajectory and only n would change. A more general
transformation would be [62]
1 . 1
t= = F(€)sinh(n), &=~ {(€) cosh(y), (1)
where f(¢) is a function of £. Since more the acceleration,
more the observer gets close to the origin, this hints to
take f(¢) an increasing function. Choosing f(¢) = e%, the
above transformation becomes
1 . 1
t = —e*¢sinh(n), = = —e®¢ cosh(n), (18)
@ «
which are so-called conformal Rindler coordinates [104],
and very often used in literature. The above derivation

will be very useful in describing Unruh effect, as follows
in the subsequent sections.

2.2 Recipes for field quantization

Next, we discuss some results from quantization of fields
on curved spacetimes. We begin by Minkowski description
of quantum fields and develop the framework for curved
cases. The simplest one is to consider a free Klein—
Gordon field which possesses zero spin (s = 0), hence a
scalar field. The flat space metric signature is (+, —, —, —)
and we adopt units in ¢ = h = 1, unless stated otherwise.
The detailed method can be found in many textbooks
(see for example, Refs. [105-107]). In canonical quantiza-
tion scheme, a scalar Klein-Gordon field ¢(z*) and its
associated momentum (z#) appear in a Legendre trans-

formation between Hamiltonian density # and
Lagrangian density £
H=mnp—L, (19)

which gives the Hamiltonian H = [d" 'z for an n-
dimensional spacetime. These two are then promoted to
field operators ¢ and #, such that they possess values at
each point z#. For simplicity, we drop the hat symbols
on operators. The equal time commutation relations are
imposed as

[6(t, %), ¢(t, y)] = [x(t, ), w(t, y)] = 0, (20)

[b(t, ), m(t, y)] = 10" (z — y).

Also, the Lagrangian density, which is Lorentz-invariant,
is given by

(21)

. %nwaﬂqsayqs - %m2¢2, (22)

where m characterizes the field mass. This gives us the
Klein—Gordon equation

nHV(‘)“ang + m2¢ =0, (23)

or

(O +m?)¢ =0, (24)

where O =7#¥9,0,. Thus, in a similar way to harmonic
oscillator, we expand field ¢(¢,z) as follows

ot.) = [ Kaon(to) + ot o). (25)
where ¢, are complete set of solutions to Eq. (23) char-
acterized by vector k (assuming ¢ and ¢* as positive and
negative frequency modes respectively), and a, and aL
are creation and annihilation operators respectively
which follow the commutation relations as mentioned
before. By considering some explicit solutions to Eq. (23)
as o = Apeibr—wrt) - with A, as some constant, the
normalized modes are given by

1

ei(kx—wkt).
oo (2m) 1

Pr(w,t) = (26)

In the above consideration, w, is either a positive or
negative frequency satisfying the dispersion relation,
w? = k% + m? With these things in hand, we can write
1

H= /d”‘lk[ﬁk + §5<"—1><0>}, (27)
which makes sure that H be a Hermitian operator such
that ax|ny) is its eigenstate. This operator H possesses a
ground state |0), such that V k,ax|0) =0, which is the

Fock vacuum. Thus, for Fock vacuum, the average
particle number is

(0] ]0) = 0, ¥ k. (28)

For the foregoing discussion, one important point must
be made here. By considering positive frequency modes
which are Lorentz-invariant, we can conclude that the
definition of vacuum constructed thereby is also Lorentz-
invariant. This situation is changed when we consider
the background spacetime as curved.

While making transition to curved spacetime, we
replace flat signature 7, by more generic signature
guw(+,—,—,...,—) and the derivative §, by covariant
derivative V,, which gives the following Lagrangian for
scalar field

1 1 1
£ = o192 (59" 0,00,6 — Sm3?), (29)
2 2 2
where ¢ is the determinant of metric tensor g,,. It
should be mentioned here that there is a possibility of
coupling between the scalar field and gravitational back-
ground described by Ricci scalar curvature R. This
results in the following equation for field ¢

(VAV, +m? + AR)¢p = 0,

where X is the coupling constant. We consider the case
of minimal coupling where X\ =0, which reduces above
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equation to

(VHV,, +m2)¢ = 0. (30)

We take a brief pause here and will return to the
above result. In what follows, we discuss Klein—Gordon
inner product, which is very important to appreciate
difference between flat and curved space quantization.
Corresponding to the harmonic oscillator case, if a function
fa helps to solve the oscillator equation

i+ w?r =0, (31)

by the substitution & = af4(t) + al f5(t), then it is possible
to define an inner product on the space of solutions to
Eq. (31) as

(FarT5) = (30005 — @) ), (32)

where fp is just another function like f, and o, = %.
With this new notation, the anticommutation relation is
{f, Hla, c{T] = 1. For flat space field quantization with two
solutions ¢; and ¢, corresponding to Eq. (23), we define
this inner product as

(¢1,P2) = %/E dn_liﬂ(dhaﬂﬁg - ¢;6t¢1>7 (33)

t

where the integral measure is taken over a constant time
hypersurface ¥; which represents Cauchy surfaces for
Klein—Gordon equation given in Eq. (23). A Cauchy
surface is a closed hypersurface intersected by every
timelike curve only once, if the curve is inextendible. A
spacetime is globally hyperbolic, if it has a Cauchy
surface. Similarly, for the curved spacetime quantization,
the inner product is given by

(@rlan) =1 [ a3 (6790 = 629,07

Here the integral measure is defined over spacelike
hypersurface ¥ with normal vector n* and induced
metric ~;;(y). Now it is often helpful to consider two
modes of positive- and negative-frequency solutions to
Eq. (30) forming a complete basis and then expanding
the field operator ¢ as a combination of these modes.
Thus, for a set of modes f; used by an observer, we
write

o= (aifi +alf7), (34)

where a; and &j are identified as annihilation and

creation operators following the commutation relations
[&i’dj] = [&17&;] = [&ivd;’] =0,

and corresponding vacuum state is |0y), such that

al0g) =0y It is very important to ascribe a timelike

Killing vector for flat spacetime quantization such that

one is able to classify the solutions in terms of positive-
and negative-frequency modes. In curved spacetime,
such a Killing vector does not exist generally, hence our
procedure for identifying positive- and negative-
frequency mode solutions no more works. For the sake of
clarity, we consider another set of modes ¢g; with vacuum
0, and corresponding annihilation and creation operators
b; and b} (following same commutation relations as that
of a; and a!) respectively by another observer such that

¢ = Z (aigi + ajg;).

It is possible to define a transformation between f; and
g; such that

gi = Z (aijfj + @‘jf;), fi= Z (a;igj - 53‘1'9;),
j

(2

(35)

which characterizes the scenario where one observer
expresses his results in terms of other’s basis modes.
This is the famous Bogoliubov transformation and helps
to write transformation between the operators a; and b;
as follows:

a; = Z (Oéjii)j + ﬁ;i);), 87; = Z (a}‘jdj — B;&T>,
J J
(36)
with «;; and g;; as Bogoliubov coefficients which follow
the orthonormalization relations

Z (O‘ika;k - szﬁj*k) = 0ij,

J

Z (O‘ikﬂjk - ﬁikajk> =0.

J

(37)

Here comes the crucial step. If an observer sees a field
in f-vacuum while using f-modes, in which case there
are no particles, the same system as seen by other
observer using g-modes would be such that expectation
value of g-number operator is given by

(0¢]72gs05) = (04[b1b;]0;)

= Bl
i

= 184
j

while we made use of Eq. (36). 3;; is a non-zero quantity,
which clearly manifests that annihilation operator of one
observer is a combination of annihilation and creation
operators of other one. Eq. (38) signifies a remarkable
result. It demonstrates that, while one observer sees field
in a vacuum state, the same field appears to other
observer to be in a non-vacuum state. Thus, the uniqueness
of vacuum state in Minkowski spacetime is broken

(38)
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completely in a curved spacetime. It is only for the inertial
case, where g;; = 0, that the two observers agree on the
definition of vacuum. It is this non-uniqueness of field
states between the two observers which leads to the
phenomenon of Hawking—Unruh effect.

2.3 Thermality of the Minkowski vacuum: Unruh effect

Variously known as Fulling-Davies—Unruh effect or
Unruh effect in short, in its simplest form, refers to the
detection of thermal radiation by an accelerating
observer (Rindler observer) in Minkowski
Unruh originally discovered it while attempting to
understand the underlying mechanism of black hole-orig-
inating Hawking radiation [54]. The mathematical
machinery of both these effects is same but the difference
lies in the underlying spacetime geometry. While Unruh
effect is observed in flat spacetime by an accelerating
observer, the underlying spacetime in Hawking radiation
is that of a black hole, which obviously is curved. For
the derivation, we follow books by Parker and Toms
[107], and Carroll [108]. Recall from the previous section,
the Rindler metric in (1 + 1)}-dimensions reads (by using
Egs. (16) and (18))

ds? = e22¢(—dr? + d¢?).

vacuum.

(39)

It is not difficult to recognize that, since metric components
in the line element of Eq. (39) are independent of 7, the
vector
ot or
Or = 87'8t + 8Taw
= ¢"[ cosh(ar)d; + sinh(at)d, ]

= a(x0; + t0y,), (40)

is a Killing field associated with the boost in z-direction.

The Klein—Gordon equation for a massless particle
[m =0, in Eq. (24)] in Rindler metric of Eq. (39) can be
expressed as

O¢ = e 2%(=02 + 87). (41)
Solving this equation leads us to consider two sets of
normalized plane waves corresponding to left and right
Rindler wedges respectively

1 ke,

1 .
(1) — efl(wakrg)7 9(2)
4w

Vinw k= (42)

Here, we are considering Minkowski and Rindler
observers for the description of Unruh effect. For
Minkowski observer, the field ¢ can be expressed in

where f;, are the Minkowski plane wave modes. For the
Rindler observer with b, and BL as annihilation and
creation operators respectively, the same reads as

6= /dk (é,gl)g,(j) + i),(ﬁl)fg,(el)* + 81(3)9122) + i),?”g,(f)*).

Minkowski vacuum represented by |0),) is defined here
as follows

ak|0ar) = 0, (44)
and the Rindler vacuum as
BM10R) = b |0R) = 0. (45)

We emphasize here that, even though the Hilbert space
for the theory is same for both observers, they however
differ in Fock space description. This is because Rindler
vacuum can be described as many-particle state in
Minkowski representation, which arises due to fact that
a Rindler mode can be written as an admixture of
creation and annihilation operators of Minkowski repre-
sentation. As part of the ansatz outlined in the previous
section, we need to compute Bogoliubov coefficients that
relate Minkowski and Rindler descriptions of the field.
For a consistent formulation of field mode description in
Rindler frame, we need to define a new set of functions
comprising positive and negative frequency modes as

1 1 mw/2a (1 —7rw/2a ,(2)*
hé): — (e /2 g,(c)+e /2 g(,;i )7
25inh(—>
(0%
and
2 1 mw/2a (2 —7rw/2a ,(1)*
hé): (e /2 g,(c)+e /2 g(,;i )7

2 sinh (E>
«

with the inner product (hgl),hf)) = §(ky — ko). Also, by
employing h;, modes, positive and negative frequency
Minkowski modes have associated annihilation and
creation operators, respectively, such that vk

&l l0ar) = &2 (0ar) = 0,

which indicates a description of Minkowski vacuum
using h;, modes. With these new modes, we write field as

¢ = / d (e ng + eV 4 fP D 4+ fP ).

Now, the Rindler annihilation operators b;’s can be written
in terms of ¢&,’s as

terms of his choice of annihilation and creation operators 1 1 L 5
R At . . . b( ) — (eﬂ'w/QDéé( ) 4 efm,u/2ozé( )T)
(ar, and a), respectively) as k . P k —k
2 sinh (—)
_ ~ AT opx o
¢—/dk(akfk+akfk)> (43) (46)
Syed Masood A. S. Bukhari and Li-Gang Wang, Front. Phys. 19(5), 54203 (2024) 54203-7
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Similarly, we have

1
2 sinh <E>

«

65@2) — (eﬂ'w/Qaéff) + efﬂ'w/Qaé(ill)CT) )

(47)

By making use of Egs. (46) and (47), one is able to
construct number operator for Rindler observer in terms
of ¢’s, which for region I is
. ST
wr W (k) = bV THH. (48)
Our aim is to compute the particle number in Rindler
frame using Minkowski modes. Hence, we have

(Oarlrr® (k)[0ar) = (V15 (0,r).

Following Eqgs. (46) and (47), we get
sinh ( —

(49)

Here the factor §(0) arises out of the use of non-square-
integrable plave wave modes. In fact, it is the expectation
value of particle number

(Oarle™) e 0ar) = 8(0), (50)

indicating that é(_l,zt|0M) is a normalized one-particle
state. Eq. (49) shows that Minkowski vacuum looks to
the Rindler observer like a thermal state with non-zero
particle content. This makes notion of vacuum and
particle frame-dependent in curved spacetime, which
means that they do not represent some fundamental
elements in non-inertial frames. It is thus argued that
this thermal nature of vaccum in the form of Unruh
effect is necessary for the consistency of quantum field
theory and needs no more experimental verification than
the field theory itself [57]. Finally, taking a look at
Eq. (49) shows that this is a Planck spectrum with a
characteristic temperature

«

Ty = —
U o )
which upon putting the constants back furnishes

_ ha
T 2mckp’

Ty (51)
This is the famous relation for Unruh temperature. The
weakness of Unruh effect can be readily seen from above
relation. To get a feel of it, one can put the value of

constants in Eq. (51) and this gives an estimate of
required acceleration as 10%° m/s?, which is incredibly
large. This makes Unruh effect very difficult to observe
in the lab. However, some simulation experiments have
revealed the consistency of Unruh’s prediction (see Ref.
[28] as a recent work).

2.4 Black holes are not black: Hawking radiation

Though Hawking effect bears close similarity to Unruh
effect in the mathematical formulation, they only differ
in underlying spacetime. Unruh effect occurs in accelerated
frames in Minkowski spacetime, while Hawking effect
occurs for accelerated observers in curved spacetime.
Einstein’s equivalence principle guarantees their consis-
tency. Since the original derivation by Hawking is
tedious, so we follow simpler and brief approach by
Jacobson [106] and Carroll [108].

We write down the Schwarzschild metric of a black
hole as

2GM 1
2 _ _ _ =2 2 T 3.2 2402
ds® = (1 " >dt + (1_2GM>dr + r=dQ,

r

2GM = Rg is the Schwarzschild radius. In
Schwarzschild spacetime, given an observer with four
acceleration U#, we define a Killing field K* =V (x)U*,

such that its magnitude given by

V= -K,K",

which interestingly gives us a redshift factor V, that
relates the emitted and observed frequencies of photons
by static observers as E = —p,U*. An observer at a
distance r from the black hole such that r > 2GM, has a
geodesic with timelike Killing vector 9; such that

where

2GM
1-— .
T

V =

(52)

For this observer, the magnitude of four-acceleration is
given by
GM
o= —— (53)
rvr —2GM

To put the things in perspective, we consider two
observers here, one close to event horizon at a distance
ry > 2GM and other far away at distance r, > 2GM.
Now, evidently for the one near the horizon, acceleration
is very large, i.e.,

1
a1 2> =

2GM (54)

Therefore, this much of acceleration sets a time and
length scales such that the spacetime looks essentially
flat. Here, for a (third) freely-falling observer, nothing
unusual happens (see also the associated “firewall” argu-
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ment [109] or “fuzzball 7 scenario [110]), which implies
that the falling observer sees a vacuum state field as
Minkowski vacuum, which to the observer at r; distance
produces an Unruh effect with radiation having temper-
ature

(€3]

T = .
17 o

(55)
Now, for the observer far away from the black hole at r,
distance (in principle r5 — 00), length and time scales set
by the acceleration o' > 2GM are large and thus one
can not ignore the curvature effects. The overall impact
of this curvature is the redshift of radiation frequency
that comes from the black hole with the temperature

Viog

Ty = ——. o6
2 VQ 21 ( )

One can readily see from Eq. (52), as ry — 00, V} — 1,
Eq. (56) yields

. Viag
T= llmnHQGM o . (57)
In general, for a black hole, one can write
K hk
Ty = — = — 58
H o 27'(" ( )

where x = lim(V«a) represents the surface gravity of the
black hole. Eq. (58) is the celebrated Hawking effect
with Ty as Hawking temperature — the observed temper-
ature of the thermal radiation felt by static observer at
a far off distance from black hole — Schwarzschild
observer.

2.5 Dynamical Casimir effect

A related effect to Hawking—Unruh effect which bears
same underlying principle of particle generation from
quantum vacuum is the famous dynamical Casimir effect
(DCE) of Moore (also known as Moore—-Casimir effect)
[65, 66], which has been successfully verified in some
direct [111, 112] and analogue [113] experiments. It is a
prime example of field quanta generation due to moving
or oscillating boundaries. In fact, study of fields in presence
of boundaries is an old subject, starting all the way from
classical fields (see Refs. [114, 115]). Here, our motive is
to provide a brief introduction to DCE, most of which is
based on Ref. [66], wherein the following has been stated
as a standard definition of DCE:

“Macroscopic phenomena caused by changes of
vacuum quantum states of fields due to fast time variations
of positions (or properties) of boundaries confining the
fields (or other parameters)”.

From a classical field point of view, one may consider
the wave equation for a field A in units of (c = 1),

0? 0?
— —— ]| A=0,
otz 0x?

which for a time-dependent domain 0 < x < L(¢) satisfying

the boundary conditions, A(0,t) = A(L(t),t) =0 provides
the solution

L(t) = Lo(1 + at),

(59)

(60)

where o is a parameter signifying the scale of changes in
the string length. This solution by Nicolai [116] is the
one of the maiden attempts of the study of behaviour
fields in presence of boundaries. For quantum fields, the
basic considerations stem from zero-point fluctuations
governed by Heisenberg uncertainty principle in quantum
mechanics. We assume a double wall cavity, with one
wall fixed at =0 and other is movable, in such a way
that the second wall is at rest for ¢t <0. For a field
potential A(z,t) perpendicular to axis x, satisfying the
boundary conditions as stated above, one can write
down

> nmnx .
A .’E’t < 0) = Cn Sin ()elw"t7
( ) ;::0 I

which is the initial state of the field. Here, ¢, are the
coefficients being complex numbers and quantum operators
in classical and quantum cases, respectively. L, is the
equilibrium length of the cavity when both walls are at
rest. For obtaining the solution to field A for ¢ > 0, one
has the freedom to adopt many approaches. We follow
here the one by Moore [65]. Moore’s solution assumes
the following form:

(61)

A, (z,t) = Cplexp (—imnR(t — x)) — exp (—imnR(t + z))],
(62)
where R(¢) satisfies the equation R(t+ L(t))-
R(t — L(t)) = 0. The functional for of R(¢) is given by
2In|1 + a(|
In{(1+v)/(1=v)|

Ra(¢) = (63)

Following some standard operational procedures [65, 66,
115], one obtains

Ay (z,t) = Cplexp (—imnF (t — z)) — exp (—imnG(t + x))],

(64)

with the following conditions:
G+ R(t))— F(t—R(t)) =2, (65)
G(t+ L(t)) — F(t — L(t)) = 0. (66)

When the wall is at rest, one gets static Casimir force
between the plates, F = —rhe/(24L2). On contrary, when
the distance between walls varies in such a way that
|dL/dt < c|, we have

Syed Masood A. S. Bukhari and Li-Gang Wang, Front. Phys. 19(5), 54203 (2024)
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ran [ () 62265
(67)

This attractive force between the walls originates from
fluctuating field modes due to oscillating boundaries.
This process generates particles, which for mth mode,
happens at a rate [66, 114]

dN,, _ (A -=(=1D™)
dt ~ el mm ’ (68)

where ¢ is related to eigenmode limit et < 1. We will see
in Section 4.3, the particle generation profile due to an
oscillating mirror has a Planckian factor in it and hence
bears close similarity to that of Hawking—Unruh effect.

3 Radiative atoms in Rindler and black
hole spacetimes

Having discussed the prerequisites, we now discuss atom-
field interactions in Rindler and black hole spacetimes,
with contributions from Hawking—Unruh effect.

3.1  Unruh thermality in the atomic spectrum

Spontaneous excitation of atoms is one of the foremost
phenomena that captures the physics of atom-field inter-
actions. It drives its origin from zero point fluctuations
of electromagnetic field [117, 118], or the QED radiative
reactions for atomic transition frequencies [119], or the
combination of them [120]. We consider a field here that
is decomposed in terms of creation and annihilation
operators

¢(I, t) - /dBk Jk [ak (t)eikx + aL (t)e—ikx}’

where g; = [2w,(27)%]71/2, that interacts with an atom
moving in Minkowski spacetime along the worldline z(7).
Here, k is the wave vector of the field with the
frequency wy, and 7 is the proper time of the atom. The
Hamiltonian for atom-field interaction in the atom’s
proper frame is given by

H(r) = po(7)d(x(1)).

Here u is the atom-field coupling constant, and o(7)
depicts the internal structure of the atom and is a
certain combination of atomic lowering and raising oper-
ators. As a part of the standard solution procedure for
Heisenberg equations of motion, field ¢ in the interaction
Eq. (69) is split into free and source parts [121]

(bf(x(T)) = /d3k’ gk[ak(O)ei(kmfwkt)

+ a;[c(O)efi(lcavfwkt)}7

(69)

(70)

and
¢*(z(7)) = ip /T dr'o! (7)[¢! (@(7)), ¢’ (x(7))], (71)

respectively. Next, an atomic observable O(7) is defined,
for which the Heisenberg equation of motion

OO0 _ita(r), o), (72)
yields
0 _ o)l (7). 0] (73)

To account for contributions of vacuum fluctuations and
radiation reaction for atom excitation, Dalibard, Dupont-
Roc and Cohen-Tannoudji (DDC) [122, 123] proposed
that a preferred symmetric ordering between field operator
and atomic observable in Eq. (73) leads to a meaningful
physical description of radiation reaction and vacuum
fluctuations. This consideration leads to the following
two equations:

[290] ! @()o(r), 0]
+[o(r).0(n)|¢f (@ (7)), (74)
which pertains to ¢, the free part of the field, and
(9] — Lo e ()ot), O
+o(n), 0] ¢* (@(r)), (75)

which pertains to ¢°, the source part of it.

With regard to Unruh effect, an atom is a typical
example of point-like Unruh-DeWitt detector [124] that
provides means to probe the Unruh thermality of
vacuum. In our case, the observable associated with the
accelerated atom is its Hamiltonian, H,, and we consider
the atom’s interaction with a scalar field. It is found
that the rate at which the total energy of the atom with
two given states (|a) and |b)) changes is given by adding
Eqgs. (74) and (75), which yields

<di“‘>m—§;[— S wl(ale’ O)]5)

Waq >Wh

1
X (1 + eZﬂwab/a _ 1)

+ Y wasl{alo? (0)b])*

Waq <Wp

1
x eQmuab/a -1 ’

where w,, = w, —wp is the transition frequency of the
atom [121]. From Eq. (76), one can see that if the atom

(76)
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is initially in the excited state, the term w, > wy
contributes only, leading to spontaneous emission. On
the other hand, if the atom is initially in the ground
state, the term w, < wy contributes, which indicates that
there is no balance between vacuum fluctuations and
radiation reaction, leading to spontaneous excitation of
atom even in vacuum. Note the acceleration (o) dependence
of the energy rate change, which in the limit a —0
agrees with that of inertial case. The above result shows
a complete conformity with Unruh effect for a scalar
field [54]. In contrast to the scalar field, there arise some
nonthermal contributions to the excitation rate of
Eq. (76) for linear acceleration in electromagnetic [125]
and circular accelerations in Dirac fields [126]. This
alludes to the loss of equivalence between uniform accel-
eration and thermality, and also affects the contribution
of radiation reaction to the atomic energy.

It turns out that, this thermality of Minkowski
vacuum is a must for the consistency of inertial perspective
which has been vindicated from the perspective of a co-
accelerated observer as well, both with and without
boundary [127]. For Dirac field, by considering a non-
linear coupling case, a cross term appears in the rate of

mean energy change given by [128]
dH 4 1

(5. =~ 2 whillale’ )b

Wa >Wh

502 4ot 1
<\t e\ e
Wi Wop e2mWab/ @ — ]

2
o > whllale! )P

w14 502 N 4ot 1
wap Wy )\ &/ =1 )

Though this response of the atom with Dirac field
consistent with typical Dirac particle detector [129],
however the additional term «* in Eq. (77) is absent
both in case of scalar and electromagnetic fields, and the
contribution of a* term becomes very dominant for
a>w [128], where w is the transition frequency of
hydrogen atom. A more comprehensive way is to
consider Einstein coefficients, since they are a must for
understanding these spontaneous transition processes of
atoms. In the accelerated atom case, corresponding to a
ground state 1 and an excited state 2, we find spontaneous
emission to be enhanced by a thermal factor as

(77)

Aoy = M—;w (1+ é) (78)

8 e2rw/a _ 1

compared to the inertial case, Ay = gw, while we get a

weighted thermal correction to the spontaneous excitation
rate

2 1

A12 = %W(762ww/a — 1) (79)
It can be seen that excitation rate given by Eq. (79)
vanishes as a — 0 in agreement with Unruh effect [121]
(see also Refs. [130, 131] for the inclusion of a boundary).
Interestingly, based on a time-dependent perturbative
method, similar results to that of Eq. (79) have been
obtained in Refs. [132-134], indicating a great agreement
with that of DDC formalism considered here.

Since entanglement is a key ingredient of quantum
information, cryptography and computation [135], it
would be reasonable to study the impact of acceleration
on radiative transitions of entangled atoms. Once again,
the investigations have been done via DDC formalism
(see, e.g., Ref. [136]). Some of important treatments on
the subject concern the link between spontaneous emission
and entangled states in Minkowski vacuum [137]. Also
boundaries have been shown to play decisive role in
transition probabilities of entangled atoms [138, 139].
For the inertial case, both radiation reaction and
vacuum fluctuations cancel at asymptotic times, while
they are responsible for decay of entanglement between
the atoms. This means that entanglement could serve as
an interplay between radiation reaction (a classical
concept) and vacuum fluctuations (quantum concept)
[140]. Tt is found that if the acceleration of atoms in this
case is very large, the contributions of radiation reaction
and vacuum fluctuations are distinct [136], as given by

H 4,2 2 2
A\ v (o ) 1y 2
dr 3T w2 e2mw/a _

VF

and

4,2 (2
dia - wmfan )
dr 3r \ w?

RR

which is depicted in Fig. 3.

The situation is further modified if one considers the
system interacting with a scalar field near a boundary.
By introducing a perfectly reflecting boundary near the
entangled system, the transition rates become dependent
upon atom-boundary separation, separation between the
atoms and the acceleration o [139]. For some cases of
radiative processes of entangled atoms, the acceleration
produces a nonthermal behaviour in the atomic energy
changes and could also possibly pave way for manipulating
the radiative behaviour of entangled systems [139, 141]
(see also [142] for the case of co-accelerated observer).
We also point out here that Ref. [141] contains a
detailed investigation of this issue and some of the
results reported in Refs. [136, 140, 143] have been chal-
lenged.

Spontaneous transitions are often associated with
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Fig. 3 Contributions of vacuum fluctuations (blue solid
line) and radiation reaction (red dashed line) for an entangled
accelerated two-atom system for the variation of a, where
a=ae . The chosen parameters include w=5pu=1,pu' =
p?>=p®=1 and Rindler coordinates & =¢ =0 in natural
units (Menezes et al. [136]).

radiative energy shifts in atoms, which includes Lamb
shift. However, there exists a distinction between the
behaviour of scalar and electromagnetic fields in
contributing to the energy shift [144, 145]. Since for inertial
case, it is very well known that vacuum fluctuations,
and not the radiation reaction, contribute to Lamb shift,
it turns out that this situation still holds in accelerated
case as well. Once again, consider a uniformly accelerated
two-level atom interacting with a massless scalar field
which undergoes an energy shift. Since in this case, radi-
ation reaction generally does not contribute anything
[146], we have the following contributions to Lamb shift

a?p? 1

A=Ay+—" =
0t T9952 &

(82)
where A, is the Lamb shift for inertial case. The extra
factor here comes from acceleration and is purely
contributed by vacuum fluctuations [147]. For arbitrary
stationary spacetimes, we have

A=Ag+D, (83)

where @ is an extra term that can be evaluated for
particular type of acceleration. For the circular acceleration
case, the correction term comes out be [146]

le—QﬁBw/aEi <2\/§Bw>
(6]

_
64+/3m2
_ eQﬁBw/aEi< _ 2\/§Bw>] ’ (84)

«
where Ei is the principal value of exponential integral

function. Here the factor B is related to Lorentz factor
(v is the velocity of atom) as

8l

Fig. 4 Enhancement of atomic energy shift @ due to accel-
eration. Reproduced from Ref. [146].

1
B=1- 5(vfy)*2.

(85)
The correction is graphically shown below in Fig. 4
against the inertial emission rate Tj,eptiar = pw/(87).

The above plot shows clearly the enhancement of
energy shifting compared to the inertial emission rate of
the atom. Beyond Unruh contribution, in some multilevel
atoms, acceleration can induce Raman-like transitions.
By virtue of these transitions, some states show no
contribution from Unruh effect due to acceleration [148].
It is worth mentioning here that the impact of acceleration
or gravity on the atomic spectrum and level shifting has
been considered in other formalisms as well, quite different
from the one considered here. The implication is that
gravity plays a great role in quantum phenomena by
using atom to probe the spacetime curvature effects [30,
149]. This has been extended to probe various gravity
models [150-152]. Very recently, this line of work also
finds connections to some table-top experimental setups
with interesting cosmological implications [153, 154].

3.2  The case of black holes

3.2.1  Hawking contributions to the atomic spectrum

In this section, we discuss the atomic transition
processes and energy level shifting occurring in different
curved spacetimes of black holes. Since the underlying
space is curved, one must expect Hawking radiation to
play role, since equivalence principle guarantees the
correspondence between Unruh and Hawking effect. But
before jumping to the radiative processes, it is necessary
to mention the defining properties of black holes. No-
hair theorem posits that all black hole solutions of
Einstein—Maxwell equations of general relativity are
characterized by only three parameters [99]: Mass (M),
angular momentum (J) and charge (Q), related by

M2~ (%)2 —Q% >0, (36)

in natural units ¢ = G = 1. The most general case, when
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all these three parameters are present, corresponds to
Kerr-Newmann black holes (charged, spinning), which
reduces to Kerr black hole (uncharged, spinning) for
J#0, Q =0, Reissner-Nordstrom black hole (charged,
non-spinning) for J=0, Q#0 and Schwarzschild
(uncharged, non-spinning) black hole for J=@Q =0. So
these parameters are expected to play great role in the
atomic radiative phenomena. The choice of vacuum
state in a black hole spacetime is also of paramount
importance. Contrary to Minkowski spacetime, where
vacuum is associated with non-occupation of positive
frequency field modes corresponding to a unique definition
of time and time-like Killing vector, no such definition
exists in curved spacetime.

One can choose vacuum with respect to Schwarzschild
time ¢, i.e., for static observer far from black hole, which
happens to be the natural definition of time. For this
choice of time, Boulware vacuum is the vacuum state
defined with respect to existence of normal modes for
Killing vector §/0t, but the expectation value of renor-
malized stress-energy tensor in freely-falling frame
diverges at horizon [155]. However, this divergence is
removed on the future horizon in Unruh vacuum [54],
which is the most suitable choice of vacuum state of
gravitational collapse of a massive body. In Unruh
vacuum, the frequency modes coming from past horizon
are defined with respect to Kruskal coordinates, the
canonical affine parameter at past horizon. In addition
to this, Hartle-Hawking vacuum [156] is not empty at
infinity and has rather thermal particles coming from
infinity when black hole and thermal radiation are in
equilibrium.

The effects of acceleration or curvature on atomic
spectrum and radiative phenomena have been dealt in
many paradigms. One of the possible ways is to incorporate
Maximal Acceleration of Caianiello [157] into the radiative
processes and Lamb shift of atoms. The basic idea is to
consider an accelerating atom of mass m following a
worldline in the metric

. 2
ds’ = gupdatdz” {1 - ﬂ}, (87)

2,
where g, is metric of some background gravitational
field, @# is acceleration and A, = (#) is the maximum
acceleration limit. Note that the effective geometry
given by Eq. (87) is a mass-dependent correction and
induces curvature. With that spacetime configuration,
the correction to 25—2P Lamb shift in hydrogen atom
has been demonstrated to be compatible with experiment
[90]. Many other issues have been analyzed within this
Maximal Acceleration model including its relevance to
Unruh effect [91] and some aspects of radiative phenomena
[157]. However, here we continue to discuss the curvature
effects on atomic radiative and level shift phenomena
using DDC formalism as done in the Rindler case. This
will maintain the continuity of our discussion in a natural

way.

We begin by highlighting the work by Higuchi et al.
[158], who considered the possible excitation and emission
processes of a static source outside a Schwarzschild
black hole due to Hawking radiation. A point-like detector
interacting with a massless scalar field in Unruh vacuum
gives the following response rate:

o

Rtot = A2’

(88)
where ¢ is the coupling constant between source and
field and « is the proper acceleration of source held fixed
in black hole spacetime. In terms of response of static
sources, this result establishes an equality between
Schwarzschild spacetime (with Unruh vaccum) and
Minkowski spacetime (with Minkowski vaccum), which
is kind of unexpected result, since all classical formulations
of equivalence principle are locally valid, while the quantum
states are defined golablly [158]. However, no such
equality is found for electromagnetic [159] and massive
scalar fields [160]. Using DDC formalism, which is different
than one used by Higuchi et al. [158], we discuss sponta-
neous excitation and Lamb shift of an atom interacting
with scalar and electromagentic fields in black hole
spacetime. However, it is interesting to see that the
essence of both of these approcahes is the vindication of
Hawking’s prediction [61].

Consider an atom as a point-like detector held static
in Schwarzschild black hole spacetime. The metric, in
the units ¢ = k=G =kp =1, is given by

ds? = (1 — g)dﬁ — (1 — g)fldﬁ

— r?(d*0 + sin” 0dg?), (89)
where M is black hole mass and r is the radial distance
of atom from black the hole center. For such an atom,
we explore how radiation reaction and vacuum fluctuations
of massless scalar field contribute to the rate of change
of average atomic energy, when the atom-field Hamiltonian
in proper frame of atom is H(r) = po(r)¢(z(r)). We
discuss the cases for different choices of vacua.

Boulware Vacuum. For Boulware vacuum, the Wight-
man function for scalar field is given by [161, 162]

1
Dg(x?x/) = Ar Z Yim (0, ¢)|2
Im

T qw .
x / % AR ()2
0

Wk

+ | Rowrlr)?), (90)

where Y},,(0,$) are spherical harmonics, R;(wi|r)’s are
radial functions pertaining to solution of Klein—Gordon
equation, and w; the frequency of the field mode. The
corresponding Hadamard function of the field reads as
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O (a(r),2(r)) = o= S [¥im 0, 6)
lm

« /+oo dﬂ |:e(ikat/\/l—2M/r)
0

Wi

e (iwat/ /12M/7~)}

< [ By (wilr) 2 + | Ru(wrlr) 2]
(91)

and the corresponding Pauli-Jordan (or Schwinger)
function of the field are

K@), 2(0) = o 3 Vi (6,0)P
lm

y /+OO dwy, |:e(ikat/\/1—2M/r)
0

w

B e(ikat/\/IQM/r)]

< [| B (wrlr) 2 + [Ru(wrlr) 2]
(92)

We now make use of Egs. (91) and (92) in the equations
for vacuum fluction and radiation reaction contributions
to atomic energy in DDC formalism [122, 123, 149],
which is given by

dH _o: 2 T ' ~F ’ i A /
<d7’ >VF_21,u /T dr’'C (x(T),x(T))de (r,7"),

0

and

dH __ o Q/T /I F / i A ’
< - >RR_21M i dr'x (x(T),a:(T))dTC’ (r, 7)),

0

respectively, to yield the mean rate of change of total
atomic energy as [163, 164]

dH 4 p?
<dT>=—27r Sal(alo? O
tot Wa >Wp

100
1+ ——— ) (204 1)|B(0)?
< [14 T, 22+ DIBOF].

(93)

with B;(0) as reflection coefficient with the property
Bj(w) = Bi(w) = Bj(w), while the relation in Eq. (93) is
derived using Regge-Wheeler tortoise coordinate -+
re =7+ 2M In(r/2M —1). It indicates that in Boulware
vacuum, the mean atomic energy is enhanced compared
to Minkowski case and also behaves normally at the
horizon which is in sharp contrast to response rate of an
Unruh-DeWitt detector [162]. If one considers electro-
magnetic field, one must first define a quantization rule

before calculating the contribution from the field.
Crispino et al. [159] have carried out the quantization of
electromagnetic field in exterior region of Schwarzschild
black hole using Gupta—-Bleuler condition in a modified
Feynman gauge. This helps one to define correlation
functions and vacuum states of the field. In this case,
the mean rate of total energy becomes [164]

A
dr o 3T
tot Wa>wp

2

[{alo? (0)[b)*wa

o
x [1+ S + flwan )] (94)
Wab
with the proper acceleration
M M
a=— = . (95)
r\/9oo  r2\/1—2M/r

Thus, it is clear from the Eq. (94), that the response
of atom to electromagnetic field is different compared to
that of scalar field with the appearance of gray-body
factor f(was,r). The energy change rate diverges as the
event horizon is reached and approaches zero at asymptotic
infinity where the spacetime is flat, i.e., a — 0, while for
scalar field, it is finite [163, 165]. This indicates the
equivalence of Boulware vacuum for static observer in
Schwarzschild spacetime and Rindler vacuum in flat
spacetime. For a two-atom system, the mean rate
change demonstrates the possibility of generating entan-
glement between them, if they are initially
prepared in a separable state in Boulware vacuum,
which coincides with the conclusion in Ref. [166]. It is
claimed in Ref. [167] that for a pair of entangled atoms,

even

the atomic energy rate grows rapidly as the atoms
approach the black hole horizon, and this stems from
the large proper accelerations with Hawking radiation
consequently being a pivotal factor. However, in subsequent
works [141, 168], these results have been challenged.

Unruh Vacuum. In this case, we first consider the
Wightman function as

1
DJI;(I7II) = E Z D/lm(ga ¢)|2
Ilm

+90 duoe e—iwkAt
2
X/ o [Wml(wkﬂ

+ e(wk)e—i”kmﬁ(wk)ﬁl ,

(96)

which clearly shows how surface gravity of black hole x
enters the field quantization. This leads us to the following
mean rate of atomic energy change for scalar field case
[163]
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dH w2
< df> = =5 2 lalo/ )3,
tot Wa >wh

a

1 —
. (”m)ﬁ(“’“”)“) (““b)}
2
15 f 2 2 P(wap)
thr 3 Lt OBl gy

(97)
where we have substituted x, = x/(y/1 —2M/r), ?(wab)

and P(w,,) are factors that arise out radial functions
ﬁl(wk) and ﬁl(wk) respectively, with P(wa) :?(wab)+
F(wab), and this relation is same for electromagnetic
case [164]. One can see that in Unruh vacuum, the
balance between radiation reaction and vacuum fluctua-
tions is broken and leads to spontaneous excitation of
atom due to positive contribution from second term in
Eq. (97). Thus, Unruh vacuum tends to destabilize the
atom as compared to Boulware case [see Eq. (95)]. In
the limiting case of r — 2M, atom gets some thermal
contributions at Tolman temperature, T = (ggo) V2T
(Ty is usual Hawking temperature) from black hole
appear as seen from Eq. (97), while for the case r — oo,
some thermal contributions occur from the back-scattering
of outgoing flux from black hole off the curvature [163,
164].

Hartle-Hawking vacuum. We briefly mention here that
in this case, the appearance of thermal contributions
from surface gravity via the factors 1/(e2™~=+/k» — 1) similar
to Unruh vacuum case, tends to increase the atomic
energy changes and excitation occurs as if the atom is in
a thermal bath at some temperature which tends to
approach Hawking temperature in the asymptotically far
off distance. Some additional thermal factors in the form
of f(we) and quadratic acceleration o2 appear in
Eq. (97). This makes situation similar to that of electro-
magnetic field fluctuations in flat space in presence of
boundaries [169]. This demonstrates that electromagnetic
field fluctuations scatter off the spacetime curvature, as
field modes do in flat spacetime [164]. For the entangled
case, Hartle-Hawking vacuum has similar behaviour to
that of Unruh vacuum [167].

Kerr spacetime. We point out here, that the
Schwarzschild geometry is the simplest case of spherically
symmetric spacetime. One interesting case would be to
consider rotating spacetime of Kerr black holes [170],
which in Boyer—Lindquist coordinates is given by the
metric

has two commuting Killing vectors. In this case, some
difficulties arise in defining equivalent vacuum state to
Hartle-Hawking vacuum [171], and many new vacuum
states can be considered, viz. Candelas—Chrzanowski
vacuum and Frolov—Thorne vacuum. A noteworthy
feature of rotating geometry is its ability to harbour
some crucial phenomena like black hole superradiance
and energy extraction [96].

The problem of atom-field interaction in Kerr geometry
has been worked by Menezes [172]. The analysis has
indicated that if one considers a static atom in Boulware
vacuum, the total rate in energy change is such that a
fine tuning exists between vacuum fluctuations and radi-
ation reaction for atom in ground state stablizes it
against spontaneous excitation. For an excited atom,
they contribute equally to spontaneous excitation. This
result is analogous to atom interacting with a quantum
field in Minkowski spacetime. Importantly, for asymptotic
limit, r — oo, decay rate goes arbitrarily high due to
occurrence of superradiance [96].

For Unruh vacuum, the excitation of the atom manifests
Hawking effect. For this to occur, the condition to be
satisfied is |(wap/\/go0)| > mQy, where Qp is black hole
angular velocity

a
b = 3 +a?’ (98)
with . =M ++vM2—a2 and a=J/M as black hole
parameter and goo is the component of metric tensor.
Also, the energy gap between the states and the angular
velocity of the black hole have a great role in setting the
behaviour of the total energy rate. It has also been
shown that the thermal radiation at temperature

RH
2m,/g00’

allows non-superradiant energy gaps to be spontaneously
excited. The Kerr black hole rotation enters the energy
rate as chemical potential as expected [105].

For Candelas—Chrzanowski-Howard vacuum state, a
thermal contribution for both cases, |(way/\/go0)| > mQy
and |(was/+v/g00)| < mQg is verified, unlike Unruh vacuum.
For some terms proportional to radial functions, rotation
does not affect the rate which means vacuum does not
follow the t—¢ reversal symmetry of Kerr geometry.

Other possible candidate for equivalent Hartle-Hawking
vacuum for Kerr black hole is Frolov—Thorne vacuum
[173, 174]. As angular velocity of black hole acts as

T= (99)

) 2Mr., ., 4Marsin®6 chemical potential [105], for the atomic transition, it is
ds® = — (1 - P2 )dt - 2 dtdo greater than the energy gap. It is well known that the
9 emission depends upon azimuthal quantum number m
[ 2 192 ; .2 2 : : : £
+ A dr® + p°df” + 5 sin 0do”, with respect to rotation axis through the thermal factor
p
! (100)
where p? =712 +a?cos?f, A=1r?— 2]}11’ + a2 and- S= 27r(wab/\/gT —mQpy) ’
(r?2 +a®)? —a?Asin®’4. Such a metric characterizes a exp - -1
stationary and axially symmetric rotating black hole and
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which therefore enhances the excitation probability of
the atom if its angular momentum is oriented towards
that of the black hole. Furthermore, in the limit M — oo
which corresponds to T — 0, a negative flux is produced
which means black hole stimulates the emission process.
This is the very essence of Unruh—Starobinskii effect, the
quantum analogue of superradiance [175-177]. The case
of a stationary atom with a zero angular momentum has
also been studied in [172]. Superradiance also modifies
the two-atom entanglement dynamics very significantly
compared to Schwarzschild case, if the system is probed
via Born-Markov approximation [178]. For the case of
entangled atoms in de Sitter spacetime, the energy vari-
ation is dependent on a certain characteristic length
scale. If the distance is smaller than this scale, energy
change rate is same as that of thermal Minkowski
vacuum. Beyond that scale, both spacetimes have
distinct behaviour [179].

3.2.2  Lamb shift: Vacuum fluctuations, not the radiation

reaction

We return to Lamb shift and related radiative shifts
now, citing some noted results. For the Lamb shift in
black hole spacetime, we continue the analysis based
upon the DDC formalism, similar to what we did in
Rindler case. First, we consider the Schwarzschild metric,
where the atom is interacting with a massless scalar field,
given by

ds? = (1- %)dﬂ =

r

1

(1-27)

— 12(d%0 + sin® 0dp?).

dr?

(101)

It has been explicitly shown that we get the following
total contribution for relative level shift in Boulware
vacuum [180]

2 o0
1672 J, W +w W —w

2 [e’e}
© ] Wi W
P( - ) ) )
+ 1672 /0 k W +w W —w Flwe,m)

(102)

Ap

where w is energy level difference between levels, P
represents principal value, and the grey-body factor is

1 0o
f(T, Wk) = W Z(Zl —|— 1)|P(\/900(JJ]€)|2.
=0

In Eq. (102), the first term is just term representing
Lamb shift in boundary-less Minkowski spacetime, and
second one is a finite correction in flat spacetime with
no boundaries. This correction arises due to backscattering
of field modes off the spacetime curvature and is analogous
to Lamb shift of atom in presence of reflecting boundaries

[146, 181]. In Unruh vacuum, for atom close to event
horizon (r — co), we get corrections as

Ay =1+ f(r)]Anm + Ar,

where Ay is the Minkowski term for shift given by

2 o0
W W W
Ay = dw P( — )
M 16%2/0 k WEt+w  wp—w
Here, A7 is the additional thermal contribution in
Unruh vacuum given by

(103)

(104)

2 o0
:L/ dka( Wk Ok )
1672 J, W +w W —w

JCm—
e2men [y — 1)

A

(105)

where k, = r/,/goo- It is clear from the above, that the
atom close to event horizon gets correction to Lamb
shift as if it immersed in a thermal bath at temperature
given by Tolman relation T = (1/,/goo)Ts- Now, in the
asymptotic limit, » — oo, Eq. (103) gets additional factor
with Ar as

Ay = [1+ f(r)]An + f(r)Ar. (106)

The correction in Eq. (106) appears due to backscattering
of outgoing thermal flux from event horizon off the
curvature of black hole spacetime. Considering same
situations in Hartle-Hawking vacuum state,

Apg =1+ f(r)]Am + 1+ f(r)]Ar,

for the asymptotic limit r — oo, which is consistent with
the behaviour of Hawking—Hartle vacuum, and

Ag =1+ f(r)]An + 1+ f(r)]Ar,

near the event horizon as r — 2M. In both Unruh and
Hartle-Hawking vacuum, thermal term A7 is due to the
origin of thermal radiation from the horizon, in agreement
with Hawking radiation. It is also noteworthy that this
thermal term has the form

(107)

(108)

2

alhed [1 —v+n (g) +(9(x(2))},

Ap =Y
T yr2

(109)
where ~=0.577216 is FEuler constant, z =wy/T and
o =w/T. As the temperature increases, thermal contri-
bution to Lamb shift increases logarithmically [180].
Furthermore, in de Sitter spacetime, the overall contri-
bution for static atom is just a thermal contribution of
the form similar to that of Unruh and Hawking—Hartle
case, but the thermal factor in Eq. (105) includes cosmo-
logical constant A as follows:

1
V3w ’
2\/7‘;%)_1

while for freely falling atom, the thermality occurs at the

(110)

exp
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Gibbons-Hawking temperature 7, = [182 183]. For
signatures of black hole-induced
corrections to Lamb shift, one can look into [184]. So far,
we have dealt with classical geometry of spacetime in all
of the above discussion. However, one can see in the
literature, these analyses have also been extended to
quantum spacetime [185] and topological defects [186].

In addition to the above radiative phenomena associated
with the atoms, a considerable attention has been paid
to the behavior of entanglement between atoms in non-
inertial frames via DDC formalism and open quantum
systems approach. Some notable studies cover Rindler
[187-190], Schwarzschild [191], Kerr [178], cosmic string
[192, 193], x-deformed [194], de Sitter [195], and higher-
dimensional [196, 197] spacetimes. We point out that
there is another formalism concerning entanglement
dynamics in curved spaces that forms the bedrock of
relativistic quantum information. We will discuss that in
Section 5.

the observational

3.3  Acceleration with a nonthermal character?

When neutral atoms or molecules interact with a
common electromagnetic field, a kind of interaction
develops between them. We identify these interactions
as dispersion and resonant interactions [198]. While
dispersion interactions are generally witnessed between
atoms in ground state, resonant interaction generally
occurs when one or both of the atoms are in excited
state and possesses a long range character. Resonant
interaction is also involved in resonant energy transfer in
molecules [199], which has relevance in biological photo-
synthesis [200] and interaction between macro-molecules
[201]. For both of these two processes, there is detailed
literature available either in books or in review papers,
most of which concerns flat spacetime case or inertial
atoms; see Ref. [202] for most recent analysis concerning
its connection to chemical reactivity of molecules and
Ref. [203] for analysis beyond perturbative approxima-
tion. For a recent generic account on this topic, we refer
the reader to a nice review article by Passante [98].
However, we see though recent years have seen significant
activity in extending these phenomena to accelerated
frames and curved spacetimes including outer regions of
black holes. It is with this motivation that we intend to
briefly review these interactions in curved geometries,
beginning from dispersion forces followed by resonant
interactions. This will also include discussions on
nonthermal aspects of Hawking—Unruh effect.

3.3.1  Dispersion interactions

he > : : 6 ,—2ur
AE = — — du ax(iu) ap(iu)u’ e
T Jo
1 3 5 6 3
“\ 22 + udr3 + uird + ubrs + w676 |’

(111)

where k = iu is the imaginary wavenumber, r = rg —r4 is
the distance between two atoms, ay and ap are polariz-
abilities of atom A and B respectively. The relation in
Eq. (111) is valid for regions outside the overlap of two
wave functions with » having its dependence on relevant
atomic transition wavelengths from the ground state,

Arg = 2k}, From Eq. (111), one can study two limiting
cases. One is the near zone limit, characterized by
<Ay
i Pleg ? 1
0F =—= , 112
near Z E.sg“‘E - 7"6 ( )

where p, s denote arbitrary atomic states, g unperturbed
ground state. Eq. (112) is Van der Waals (nonretarded

regime) relation and clearly scales as 1/r%. Another is
the far zone limit, characterized by r > \,,
23hc 1
0Etor = , 113
f Ar QAQB— ( )

which is Casimir-Polder (or retarded) regime of dispersion
interaction and scales as 1/r7 [98, 205, 206].

As mentioned earlier, our focus is on acceleration or
curved geometry effects on dispersion interactions. It
turns out that the contribution from Hawking—Unruh
effect has a great role to play. In fact these accelerated
dispersion interactions further establish the consistency
of predictions made by Hawking—Unruh effect [207-209].
Here, we consider a pair of atoms A and B, each with
frequency w, which move with same proper acceleration
a, having constant distance r between them. Following
the procedure in Ref. [210], we get the expression that
shows effect of acceleration on near zone limit of dispersion
energy as

3he [ d
m A aapdu
a?th

o0
+Ts/ apapdu,
mTeer 0

which shows that the energy is time ¢ and acceleration a
dependent in the form of 1/r% term. Compared to inertial
case, this additional term decreases slowly with inter-
atomic separation r. Similarly, for far zone limit, we
have

0Buar) = — (1= 220

(114)

hcaaap 123 Ta?t?
- -2 (210
(0B ar) T e 4 24c2
11A02t aqap

The general interaction energy of dispersion interaction Sc = (115)
between two atoms A and B is given by [198, 204] e "
Syed Masood A. S. Bukhari and Li-Gang Wang, Front. Phys. 19(5), 54203 (2024) 54203-17



Fe > FRONTIERS OF PHYSICS

TOPICAL REVIEW

which shows that additional contributions from accelera-
tion induce a 1/r% behaviour in the energy, which is
longer than usual 1/r7 behaviour in far zone regime for
atoms at rest. For this case, if one uses DDC formalism
for calculating contributions of vacuum fluctuations
assuming a scalar field, the result turns out to yield an
acceleration-dependent length scale, ry characterized by
the relation

ro = —, (116)

o

which helps to identify two regimes: one where the inter-
atomic distance r < ro and other r>>ry. If the atoms
satisfy the condition r < rg, it turns out that Casimir-
Polder interactions can display typical Unruh-type
behaviour with temperature Ty = /27, that corresponds
to thermality as already discussed in Ref. [210]. In this
way, Casimir—Polder energy for a typical length scale
associated with onset of quantum effects, r > );,, where
Ain is the thermal wavelength, displays the following
dependence on separation

o _ LT

cpP — 7512 w2r2’ (117)

with p as the atom-field coupling constant, which is a
classical thermal character similar to that of electromag-
netic field [210, 211]. However, if the separation is very
large such that r > rq, the interaction energy becomes
[210]

acc __ 1 M4T0
CP ™ 51omt w2rt’

A comparison of Egs. (117) and (118) indicates that the
interaction energy decreases faster with the mutual sepa-
ration r in accelerated atoms compared to both far and
near zone limits. Eq. (118) signals the breakdown of
Unruh thermality and is a consequence of absence of
local inertial frame approximation associated with non-
Minkowskian geometry over large regions of spacetime.
Here it was relevant for Rindler spacetime where the
atoms are in accelerated frames and background spacetime
is flat. If one includes a black hole geometry, the
behaviour of dispersion energy depends on choice of
vacuum state: Boulware, Unruh and Hawking vacuum.
Using open quantum system framework, Zhang et al.
[207] have considered an atom interacting with a massless
scalar field outside a Schwarzschild black hole of mass
M given by the metric in Eq. (101), where the atom is
at distance r from the black hole center. For Boulware
vacuum, a Casimir-Polder like force acts on the atom
given by

B 2712 M3w
4wt

(118)

(r — 3M)In (%) (119)

where m is the electron mass. Eq. (119) shows that close
to event horizon where r = 2M, the force starts becoming

attractive and repulsive at far off distance dropping as
1/r3. The turning point where r=3M, the vacuum
modes are scattered the most. For Unruh vaccum, the
force is attractive and varies as 1/(r —2M) and thereby
diverging close to the horizon, while in the far off region,
it is attractive(repulsive) for Ty > m (Tg < m), where
Ty is Hawking temperature. If, on the other hand, a pair
of atoms is considered interacting now with electromagnetic
field vacuum, the Boulware and the Unruh vacuum
behaviour for Casimir-Polder interaction is like that of
Minkowski spacetime with a typical 1/r7 behaviour while
Hawking-Hartle vacuum produces a thermal effect on
the interaction at temperature Ty [208]. This kind
equivalence between Boulware and Unruh vacuum with
that of Minkowski has been previously shown in many
works (see e.g., Refs. [105, 212-214]), which raises an
interesting question of distinguishability of Minkowski
and Schwarzschild geometries. However, by considering
Resonance Casimir-Polder interaction (RCPI) [198]
between entangled atoms, interaction in a Schwarzschild
geometry has two distinct regimes corresponding to a
characteristic length scale, that shows dependence on
surface gravity x of black hole. If the interatomic separation
r is greater than that length scale, the power law
behaviour of RCPI is 1/r? compared to Minkowski case
where it varies as 1/r [215]. This helps to distinguish
between two spacetimes. Moreover, another characteristic
length scale, which distinguishes thermal and nonthermal
nature of Casimir-Polder interaction in Rindler case, is
again witnessed in Schwarzschild black hole spacetime;
again the length scale is proportional to surface gravity
x of the black hole [216].

As noted, all these geometries considered so far poten-
tially yield a plethora of physical insights into the
behaviour of quantum vacuum. An interesting aspect is
to analyze the behaviour with regards to metric fluctuations
of spacetime in a quantum gravitational framework. It is
found that if quantum corrections to classical gravitational
force between two atoms are considered, the new inter-
action turns out to display similar behaviour to usual
dispersion relations in the sense of “near” and “far” zone
limits. In addition to this, the interaction also depicts its
dependency on the material properties of the object,
which is through gravitational quadrupole polarizabilities
[217] (see also Refs. [218-221] for the related discuss-
ions).

It is pertinent to mention that the interatomic energy
can offer long range behavior of quantum vacuum if one
assumes the fourth-order of the coupling constant in
DDC formalism [222]. Some recent treatments on the
problem concern the coupled Unruh-De Witt detectors
in Minkowski spacetime [223], wherein near zone has
been shown to be drastically amplified by acceleration,
and investigations related to some subtleties surrounding
the thermal nature of the de Sitter spacetime background
[224].
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3.3.2  Resonant interactions

Like dispersion interactions, resonant interactions are
also radiation-mediated interactions between neutral
molecules or atoms when one or more of them are in
their excited states. It involves exchange of real photons
between the atoms [198, 204]. Resonant interaction is
potentially involved in many optical phenomena, like
collective spontaneous emission [225-227], level shifts in
atoms [228], resonant energy transfer between molecules
[229] and numerous optical applications including e.g.,
laser cooling [230], entanglement generation [231] and
this has been pursued rigorously in the recent decades
[232-235]. In this discussion, we briefly review the
progress in deciphering the role of acceleration and
curved spacetime in the behaviour of resonant interac-
tions.

For two atoms R distant apart and prepared in a
correlated state, the resonant energy varies as 1/R in the
far zone and thus are long range interactions when
compared to dispersion interactions. Here we first
consider two atoms A and B interacting with a scalar
field and prepared in the following Bell-type correlated
state

¥s) = == (lga.es) + los. ). (120)

V2
where g and e denote ground and excited states respec-
tively. The Hamiltonian in this case can be written as
[146, 149, 236]

di
H(1) = hwoi (1) + hwoP (1) + Z hwkaiakg
k

+plog' d(xa(r)) + o5 dles(r))],

where first two terms denote Hamiltonians of free atoms,
zA(t)(zp(r)) is the worldline of atom A (B) and can be
inspired from Eq. (69). By carrying out the mathematical
calculations in DDC formalism, we get the contribution
from radiation reactions only, given by

(121)

E==F ,u2 cos @arc sinh <@>
16mc?R\/N (R, ) a 2¢2/ |’

(122)

where N(R,«) is normalization factor and « is the accel-
eration [236]. Eq. (122) is a clear indication that acceler-
ation does not produce any Unruh-like thermal contribu-
tions for resonant interactions. However, similar to the
Casimir—Polder interaction [210], a characteristic length
scale emerges as seen from relation (122), given by

It can be argued that resonant interaction scaling is
different for interatomic distance R versus R,. For

R < R,, it is possible to find some inertial description
for linear susceptibility of the field, i.e., it can be well
approximated by its static counterpart [236, 237]. In this
limit

o0F ~F

(123)

2
I 2we Ro
stR2a la In (7)

However, for the R> R,, the acceleration affects the
resonant interactions very significantly, given by

2
pe 1 cos (8)
16ma R R
For this limiting value of distance, resonant energy is
insensitive to Unruh effect or thermal effects of accelera-
tion. By considering electromagnetic field, the scaling
occurs either as 1/R? or 1/R*, depending upon the orien-
tation of dipole relative to the orthogonal directions to
R and also putting the system in the vicinity of a
boundary, which eventually makes it possible to control
and manipulate resonant energy by dipole orientation
[236, 238]. Unlike other phenomena considered before,
resonant energy in a Schwarzschild black hole does not
show any distinct behavior for Boulware, Unruh or
Hartle-Hawking vacuum, since the acceleration produces
thermal effects only for vacuum fluctuations and resonant
interactions occur due to radiation reaction. However,
like Rindler case, the manipulation of interaction
strength has been shown to be possible [239, 240].

oF ~F

(124)

4 Atoms and the accelerating mirrors

Quantum vacuum is full of fluctuating field modes. The
feeble effects of vacuum are normally challenging to
probe as evident from the foregoing discussions; however,
the amplification by various means can enhance the
strength of the signatures. In addition to Hawking—
Unruh effects, this gives rise to large class of non-
stationary QED effects including, previously discussed,
dynamical Casimir effect (DCE) [65, 66, 241]. One possible
way is to employ moving boundaries. A moving boundary
(mirror) thus potentially affects the structure of quantum
vacuum, which results in the creation and annihilation
of field quanta [242]. In general, a moving mirror model
in quantum field theory takes into account the impact of
moving surfaces which eventually constrains the field
modes. Although much consideration has been given to
single moving mirrors, two-mirror models have also
received significant attention in the recent years; see e.g.,
Refs. [243-246]. Moving mirror models have spanned
wide area of research activities, which makes it difficult
to bring all of them under one roof, for one of its mani-
festations in a flat spacetime version viz. DCE, has
already been worked out in many aspects (see e.g., Refs.
[247-249] for some recent investigations and Ref. [66] for
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a most updated review). Most importantly, these models
are relevant in studying the particle production in various
cosmological models and radiation from collapsing black
holes [105, 250] (see also Ref. [251] for a recent analogue
experimental setup), quantum decoherence [252], Entan-
glement dynamics [253] and harvesting [254]. Further-
more, it has also been a successful model for shedding
new light on the deep workings of Hawking—Unruh effect
[20, 255-257] and equivalence principle of relativity [258].
In this section, we touch some of the aspects of accelerated
mirrors that are very relevant for our discussion, viz
atoms and accelerated mirrors on curved spacetimes and
Hawking—Unruh effect. In particular, we first review the
works related to the general principles governing energy
and particle creation under different boundary conditions
from accelerated mirrors, and later discuss the relevant
scenario of curved spacetime extension of DCE. After-
words, we discuss atom-moving (accelerating) mirror
physics in black hole spacetimes, and discuss some of the
recent issues concerning acceleration radiation. Although
the usual reference during the analysis is to massless
scalar fields for simplicity, however the allusion to quantum
radiation (light photons) and optical phenomena is natu-
rally implied and can be worked out.

4.1  Parameterizing energy and particle production in

moving mirrors

Under general conditions, a (1 + 1)-dimensional moving
mirror comprises a massless scalar field ¢ obeying
Dirichlet boundary conditions on a perfectly reflecting
boundary with the wave equation (¢ =h=1)

(% - ;;) ¢ =0. (125)
By introducing conformal (null) coordinates,

u=t—x, v=t+ux,
the solution to Eq. (125) is generally written as

b = 9(v) + h(u), (126)

where ¢, are the mode functions, and g and h are arbitrary

functions. The inner product is defined as

(01,62) = =i [ dEn(61(2)0,03), (127)
b

where ¥ is some Cauchy surface for spacetime and n* is

future-directed unit normal [105]. Without boundaries in
Minkowski spacetime, the normalized modes are

1 1 e—iwkv

Varwy VAaTwy ’

which gives the solution to Klein—Gordon equation of
Eq. (125) as

—iwgu _
€ ) d)wkv =

¢wku =

1 oo i .
— WU —1w
dwp, [Awu€ F 4 A pe
VAaTwg Jo

4 alkue+1wku 4 alkve+Ika]7

¢ =
(128)

where a,, . (af, ) and a,, ,(af, ,) are creation (annihilation)
operators. For the sake of brevity and less mathematical
rigor, we avoid detailed mathematical calculations, for
which interested reader can look into [105]. The inner
product in Eq. (127) is to be evaluated for a particular
mirror trajectory. If past and future null infinities for
mirror trajectory z = z(t) are denoted by ¢~ and I+
respectively, the scalar product of Eq. (127) for 4~ gives

259

+oo
(61,62) = —i / (61 (1 = —00,0) Oy 63 (1 = —00), 0],
(129)

and for g+

+o0
(61,82) = —i / (61,0 = 00) Do 3 (1,0 = 00)]

— 00

“+oo
—i / (61,0 = 00) 9 63y v = o).
(130)

When Dirichlet boundary conditions [67] are imposed,
b., must vanish at the mirror’s location, we get the
value of two functions, u=t—2(t) and v=t+ 2(t). We
can choose the mode functions either to be positive w.r.t
g~ becoming an in vacuum state with frequency wj, or to
be positive w.r.t g+ becoming an out vacuum state with
frequency wy,. Thus, we write

1
VATw,

where p(u) = v is some function of w, which implies field
mode vanishes at mirror’s location. For ¢+, there are
two sets of mode functions. One set given by

R,out _ 1

“k VAarwy

(e—iwl’v _ e—iwl’p(U))’ (131)

in
b =

(e—iUka(U) — e—iwk“), for v < vy,
(132)

which is non-zero for right ¢ and zero for left 9} and
other set which is positive w.r.t ¢~ is denoted by ¢f,
which are only included if the mirror trajectory is
asymptotic to the null surface v = vy, and these modes
don’t interact with the mirror [260-262]. It is important
to mention canonical relation for mode functions here,
given by

(G (@), 6y () =

(133)
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which for the modes ¢f, gives the inner product

( 5k,¢£;) =—i/ dve’, O, 5r = 0wk —w)). (134)

0

The much deeper analysis of the above mode functions
needs a specific choice of trajectory for the mirror. In
fact, this has been carried out in many works. Few of
such trajectories include: Carley and Willey trajectory
[260], Walker-Davies trajectory [263], and some new
types of trajectories, recently introduced in a series of
papers by Good et al. [70, 264-267]. By virtue of choosing
a particular trajectory, it is possible to calculate a physical
observable like particle number, energy etc. In addition
to choice of trajectories, several other ways to parameterize
the behaviour of moving mirror models vis-a-vis energy
or particle production include the simple Dirichlet and
Newman [67, 68] or Robin [268] boundary conditions.
Some more sophisticated boundary situations include
the one studied by Barton et al. [269, 270], which
includes a mass term for the field at the position of the
mirror and which acts as delta-function type potential.
In another model, Golestan et al. [271, 272] constrain
the field amplitude around the position of the mirror by
utilizing an auxiliary field, while the proposal by Sopova
et al. [273] replaces the mirror by a dispersive dielectric.
In another of the very recent models, Galley et al. [274]
have introduced a mirror-oscillator-field (MOF) model,
where a new internal degree of freedom associated with
the mirror mimics the mirror-field microscopic interaction
by minimally coupling to the field modes present at the
position of the mirror. Later, similar coupling was
considered by Wang et al. [275] to calculate the force on
mirror due to vacuum fluctuations, which however
produces some divergent effective mass. In a later model,
this was thoroughly worked out and removed by consid-
ering the minimal coupling between internal oscillator
and a massive scalar field [276].

Having defined the inner products in Egs. (133) and
(134), one of the standard methods to describe quanta
production include Bogoliubov transformation between
modes at §~ and IT. We expand modes at §+ as

oo
b= [ ot ol + B0, (135)
The Bogoliubov coefficients are
@l = (05,000, (136)
J _ J inx
o = (00,007, (137)

where J denotes either of the right ¢} or left g/ modes.
The average particle number associated ¢+ is given by

<N‘]> = <Ozn|NJ|0,m> :/ dwk/ dw”ﬁ;{kw{lQ.
0 0
(138)

By wusing cauchy surface ¢~ and making use of
Eqgs. (129), (131) and (132), we get the 8f , corresponding
to Cauchy surface g/ as
i df (v)
iwjv—iwg f(v) |, 1
dve ™ [wl Wk g }7
(139)

R —
Bwkw; -

1 vo
4\ Jwiw] /_oo

and we get an equivalent expression if one uses 9
Cauchy surface given by

1 °° i i dp(u)
R iwju—iwkp(u) |,/
ﬁ“"‘“; 4 Jwiw] /_csdue l {wl P qu }
(140)

It is interesting to write Eq. (140) in terms of a time
integral the trajectory z(t) by substituting
u =t — z(t), where t — z(t) gives the values of u at a given
location of mirror along the trajectory z(¢). Thus we
write Eq. (140) as follows:

over

Bl = dt e rttie—=M,, 4+ 5(t) —w_],

1 oo
A7\ Jwrw] /_oo

(141)

where we defined w; = wy +w) and w_ = wy —w] and it is
most suitable when the trajectory is asympotically iner-
tial. For an inertial trajectory, ﬂfkw{ = 0, which obviously
is the case since the mirror is not accelerating. For a
trajectory that is initially inertial and characterized a
finite time accelaration, the total energy by summing
over the modes is given by the relation [277]
o0
FE :/ wk<ka)dwk. (142)
0

There are two other popular methods to quantify particle
creation or energy content. One is to employ the formalism
by Davies and Fulling [67], which calculates the expectation
value of stress-energy tensor for massless minimally
coupled field, which gives the energy flux as

1 13 p// 2 p///
(Tuw) = 5= [* ) - 7,}7
247 L2\ p P
where p’ denotes derivatives of p with respect to u. For
inertial trajectory, (Ty,,) =0, and it only survives with

acceleration. In terms of trajectory z(t), the energy flux
is given by

(143)

1 o 32

E=— ——dt, 144

127 /OO (1+2)21-2%)3 (144)
where time derivatives of z are with respect to lab frame,
not the proper frame of mirror. The other framework
uses wave packets to calculate particle number. One
famous example is by Hawking’s proposal for particle
creation in black holes [61], which enables one to study
time dependence of particle creation. Detailed aspects of
this method can be found in Ref. [278]. A wave packet
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¢;n is constructed from the ¢, as

1 (j+1)e 2mniwy
7/ dwge = Qu,,
€) J;

V(0

where n is an integer and j is non-negative integer, ¢ is
the width of frequency range for each packet (j+ 3)e.
The application of these methods for different mirror
trajectories has been worked out for some cases, such as
Carlitz—Willey [260] and Walker-Davies [277] trajecto-
ries. Here, we only write down the expresion for energy
flux

E=Y (i +3)etNom),

where Nj, is the average particle number that reaches
g in the frequency range je <wjy < (j+1)e within an
approximate time range 2%=T < ¢ < 24T,

Good et al. [264] have solved mirror problem for a
class of trajectories with time-dependent particle produc-
tion. We find, for example, a trajectory called Arctx
(from arctangent exponential) given by

Djn = (145)

(146)

1
z(t) = ——arctan(e#t),

. (147)

where p is a positive constant, gives an estimate of
energy produced as

"
= ]_ v 1 — .
25927r( 3V13 = 36)

(148)

A good time resolution of particle production can be
obtained by these trajectories (see also Ref. [266]).

4.2 Dynamical Casimir effect in black holes

We pointed out earlier that DCE is one of the primal
examples of moving mirror problem. We discuss here the
application of accelerating mirror models to the description
of DCE in curved spacetime. The impact of gravity on
static Casimir effect has been considered in some works
by Sorge et al. [279, 280] and on DCE by Céleri et al.
[281]. A similar related study by Rétzel et al. [282]
discusses frequency spectrum of optical resonator in a
curved geometry. Lock et al. [73] have recently
presented a general formalism for incorporating spacetime
curvature effects into DCE, when one cavity boundary is
fixed. In a similar vein, detailed investigations for a
Casimir apparatus in free fall in a Schwarzschild black
hole have been carried out in some very recent works
(283, 284], that further substantiate the points we
discuss here.

It has been demonstrated that a massless scalar field
inside a cavity can describe phononic excitations in rela-
tivistic BEC system [285] or suitably approximate an
electromagnetic field when the polarization effects are
very small [286]. By considering such a system with inertial

coordinates (x,t), the Klein-Gordon equation yields
normalized solutions given by

1
vmm

where w,, =mn/L are mode frequencies with
L = (x5 — 1) as the cavity length with m being an inte-
ger. A column vector from the mode solutions to
Eq. (149) is given by ¥ = [¢1, ¢, ..., %, ¢5,...]T, where “T”
is the matrix transpose operation, can be related to
another set of mode solutions ¥ by ¥ = S¥ where

_(a B
s=(2 7).

Here SKST = K and K is 2 x 2 identity matrix. a,,, and
Bmn are Bogoliubov coefficients and help to calculate the
particle number in an initial vacuum state, given by
A=Y |Bmnl?. For our case, the coefficients for finite
time range ¢t = 0 to ¢t =T turn out to be

2 T
Omm + / dtAY)
j=179

(149)

e~ wntsinfw,, (x — z1)],

¢m(t) =

. oT
P el Jo dtwm (t)

st gg/ ’ ’ d ]
% e—lfo dt’ [wm (t") —wn (t )];;J‘| , (150)
and
2 T
Bym = & ST dtwm (t) Z/ dtBY)
j=170
s omi S 8t o ()b (1)) 425 (151)

dt’
where j =1, 2.

Consider now a spacetime curvature characterized by
the Schwarzschild metric

1
f(r)

where f(r)=1-2GM/r with 2GM as Schwarzschild
radius. We also assume one boundary at r =ry fixed
radial ~ distance and other movable boundary
r = (ro + Lo)[1 + 6(t)]. Following detailed calculations as
given in Ref. [73], in this case, the Bogoliubov coefficients
are modified by spacetime curvature as follows:

fro) [ .1
f(ro+ Lo) (Wm + wp)? — 02

A2GM v glwmtwn)T _q
(ro + Lo)? wm + wn (Wm ‘H*’n)? _ 2 .
2

ds? = —f(r)dt® + dr?, (152)

— eilwmtwn)T

Jo [eV]y/Wmwr,

(153)

Here e = A/Ly, where A is related to ro(t) =ro+ Lo+
Asin(vt) and v is the oscillation frequency of proper
length of cavity. A close look at Eq. (153) reveals some
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interesting features. The first term contributes when
curvature is zero and corresponds to resonant frequency
UV = Wy, + wy. The second term shows a novel contribution
due to black hole spacetime curvature, which depicts a
resonance at subharmonic v = ¢=f«n Furthermore, for a
particular frequency, v =w,+w, for some g¢,r in the
regime vT > 1, we get

L%)) [Ef(ro)wT

(Sm+n +7 >
r L »q

1
‘an|2 = 1(1 —4GM

which indicates particle reduction that can be attributed
to curvature and agrees with the results in Ref. [281]
(see also Ref. [287] for comparative results).

Atomic excitation with accelerated mirrors

4.3

4.3.1  The Rindler case
It has been observed that a moving mirror or boundary
potentially reflects virtual particles into real ones [65],
like an atom that jumps to an excited state with the
emission of a photon in Unruh-type virtual processes [71,
288]. The preceding discussion dealt with mirrors alone
that accelerate in Minkowski or black hole spacetime.
This section is an extension of that in the sense that we
now include an atom in the vicinity of a mirror, the
combined system in a Minkowski or a black hole space-
time. In such configuration, a relative acceleration
between atom and mirror renders virtual photons into
real ones leading to the atomic transition. Such a
construction has been pursued for many years now and
it yields a myriad of phenomena with connections to
Hawking—Unruh effects [20, 288, 289], causality in accel-
eration radiation [290] equivalence principle [258], Fano
interference [256] and Cherenkov radiation [257].
Consider a two-level atom uniformly accelerated with
respect to a fixed mirror in flat spacetime, moving along
the trajectory

t(r) = < sinh (m) 2(r) = < cosh (f) (155)

« C «

where as usual ¢ stands for lab time, « is proper acceleration
of the atom and 7 is proper time of atom. Denoting field
mode by ¢,[t(r), 2(7)] and atomic lowering operator by o,
interaction between atom and the photon gives rise to
following Hamiltonian,

H(7) = hp(ay¢y + H.c.)(ce ™7 + H.c.), (156)

where a, is photon annihilation operator and p is atom-
field coupling constant and w is transition frequency of
atom. Let’s assume that mirror is fixed at z = 2y < ¢?/a.
The probability of excitation of atom along with the
emission of a photon is given by [256]

2 sin® (V—SO + )

e27rcw/a¢ ~1

_ 8mep

P , (157)

aw
where ¢ does not depend on z,. The probability as given
by Eq. (157), clearly is an oscillates as function of mirror
position z, and is has Plank-type thermal behaviour at
Unruh temperature Ty with the factor [ehw/(ksTv) — 1)-1,
The corresponding average photon occupation number in
the mode frequency p turns out to be

1

= e2mew/a _ 17 <158)

n,

Alternatively, if the atom is fixed and mirror moves
according to the trajectory given in Eq. (155), the prob-
ability of the event is given by

2 sin? (% + )

1 b

p_ 8mwevp

OéWZ eQ'n'cu/a _ (159)

which shows now the atomic excitation probability with
the generation of photon depends on photon frequency »
and not atomic frequency w. Also note that the oscillatory
behaviour of probability is determined by atomic wave
number w/c unlike earlier case where it is governed by
photon wavelength. In this case, the photon distribution
gotten from Eq. (159)
1

M = reja 1 (160)
From Egs. (158) and (160), we see different photon
distributions arise depending on whether atom or mirror
is accelerated. If instead of an accelerating atom and
mirror system, one considers a uniformly moving atom
in the vicinity of a medium like a flat metal surface or
an optical cavity, the excitation of atom of atom is
followed by the emission of a surface plasmon, which is
found to be connected to Cherenkov and Unruh effects
[257]. The field quantum is emitted at the expense of
kinetic energy of atom through vacuum fluctuations.

4.3.2  Black hole case: Horizon brightened acceleration

radiation (HBAR)

The relative acceleration between atom and field modes
can be envisioned in a different scenario as well: a
mirror held fixed against the gravitational pull of a
black hole, while the atom falls freely in the black hole.
This scheme has been recently considered in a work by
Scully et al. [20]. Some more aspects of this problem
have also been covered in Refs. [71, 72]. The idea is to
consider an atomic cloud such that covariant acceleration
of atoms is zero (which means atoms are in inertial
frame as implied by equivalence principle), while the
mirror is held fixed by applying a force to counter the
pull of black hole’s gravity and is thus accelerated. In
this case, the probability of the event is given by
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4y 1
P = . 161
w?(1 4 2v/w)? 47TR51/) ’ (161)
o (7)1

where R, =2GM/c? is the Schwarzschild radius of the
black hole. It is important to note here that Hawking
radiation does not contribute here as the atoms are
shielded from it by the fixed mirror. This acceleration
radiation, called horizon brightened acceleration radiation
(HBAR), emitted by freely falling atoms appears to a
distant observer much like (but different from) Hawking
radiation. A master equation technique yields the following
relation for entropy of radiation

. kncd .

o= pr g Av (162)
where A, = (2ih,/M)A is the rate of change of change of
black hole area. Note here A = 47 R? is black hole surface
area and m,c? =3 fn,v is the power carried away by
photons and results in decrease in black hole mass. The
photon distribution here 7, is analogous to that of
Minkowski case, worked out in Ref. [256]. We believe
that this problem of radiation from falling atoms in
some sense provides a typical example of a phenomena
of particle creation in general correspondence between
accelerated mirrors and black holes, a formalism that
has been thoroughly touched in Refs. [69, 70, 291-293].

There are other interesting aspects of HBAR radiation
that are worthy of attention, as listed below:

e The origin of black hole thermodynamics has been
an intriguing subject since the seminal work by Bekenstein
[294] and Hawking [61]. An insightful way of looking at
it via a conformal field theory in 0+ 1 dimension, so-
called conformal quantum mechanics (CQM) [295]. It
has been previously shown that Bekenstein—-Hawking
entropy emerges from CQM to field as a near-horizon
approximation [296, 297]. The near-horizon approximation
for black hole metric coefficient f(r) is achieved by using
Taylor expansion while respecting the condition
(r/ry —1) < 1 such that f(r)~ f'(ry)(r —ry). These ideas
have been recently applied to HBAR radiation, and can
be found in Refs. [298-300]. Connected to the near-horizon
analysis is the very question of underlying mechanism
that generates thermality in black hole horizons as in
the Bekenstein-Hawking temperature. In fact this is a
vast area of investigation in black hole physics and finds
many diverse ideas knitted together including chaos
theory. Some important works in this direction can be
found in Refs. [301-308].

« Since HBAR is essentially related to radiation emission
from a freely-falling atom, it finds inevitable connection
to Equivalence Principle of general relativity. There are
many aspects of this issue for timelike geodesics
discussed in Refs. [20, 258, 309, 310]. Whether the ther-
malization of the detectors occurs along the null
geodesics is also a crucial question which can be found in

Ref. [311]. A recent extension covers the possible
enhancement or degradation of HBAR intensity in presence
of dark matter [312].

e The usual notion of Planckian thermality associated
with Hawking—Unruh effect is generally true on ideal
grounds. The situation changes if one takes into account
backreaction or scattering [313-315]. Pertinent to this
scenario, the nonthermal flux emission from black holes
with multiple Killing horizons has been a subject of
debate for a long time. The prime example includes
black holes immersed in a positive cosmological constant
[316-318]. The conditions that generate nonthermal
emission have been tied up to the choice of vacuum
states and coordinate systems. However, it is possible to
realize the possible nonthermal particle emission in pres-
ence of dark energy [319]. It is reasonable to expect that
is nonthermality is linked to the magnitude of cosmological
constant.

5 A note on relativistic quantum
information

The proceeding discussion concerned a major aspect of
atom-field dynamics which involved the radiative aspect
of the interactions in curved spaces. In fact, it was the
main focus of our work. However, there is another
aspect of these interactions concerning the quantum
informational protocols that also deserves a mention.
The study of relativistic aspects of quantum information
theory is not a subject without precedent. Many noted
review works exist on these lines. We may provide a
brief glimpse into the status quo of the field in a piece-
wise manner below:

e One of the earliest and detailed reviews is that by
Peres and Terno [38], which contains a voluminous
treatment of quantum informational phenomena, with
regards to causality in special and general theory of rela-
tivity, with connections to Hawking information paradox.
Pertinent to this, the role of reference frames and super-
selection rules have been reviewed in Ref. [320].

e Quantum entanglement has been shown to be
different for parties involving acceleration compared
with inertial observers [36]. This realization has given
rise to information and communication protocols in
accelerated frames and curved geometries, and various
aspects of these results have been summarized in Refs.
[39, 104, 321].

o Entanglement in quantum field states is a well-
known effect [322, 323]. It has been suggested that two
Unruh-DeWitt type detectors, initially uncorrelated, can
become entangled after interacting locally with a quantum
field, which means the field entanglement has been
swapped to the detectors, a process termed as entanglement
harvesting [324, 325].

e Entanglement harvesting protocol is a phenomenon
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that has been shown to be highly dependent on various
factors, such as detector motion type [326-329], presence
of boundaries [330-334], spacetime topology [335, 336],
internal structure of the detectors [337], external envi-
ronment [188, 338], spacetime dimensions [197], and
curvature [194, 339-341].

e Many intriguing phenomena have emerged with
regard to entanglement extraction from black hole
vacuum. For example, it has been found [339] that two
static  detectors hovering outside a Bafnados—
Teitelboim—Zanelli (BTZ) black hole can not harvest
entanglement in a certain region, a process termed as
entanglement shadow. This phenomenon has been
further investigated in Refs. [342, 343].

Above facts could provide brief insights into some of
the major advances in the field of relativistic quantum
information. We however believe that this field has
witnessed an explosive growth in the past few decades
and demands a separate review work.

6 Conclusive remarks

Atom-field interactions are at the heart of quantum
optics which have been greatly studied in Minkowski
spacetime with flat a background geometry. In recent
times, following the theoretical and experimental
progress of FEinstein’s general theory of relativity and
other gravitational theories, considerable attention has
been paid to the impact of curved geometries on radiative
phenomena, which on the one side could help binding
gravity with quantum theory within a theory of quantum
gravity, and on the other side help designing of novel
systems for manipulation of light and quantum commu-
nication signals in arbitrary frames of references and
complicated geometries. In this brief
attempted to highlight the ongoing progress in studying
quantum radiative and entanglement phenomena in
curved spacetime that involve contributions from the
well-known Hawking—Unruh effect. For atomic radiative
transitions and Lamb shift, observed that
Hawking—Unruh effect enhance the probability and
strength of radiation emission with an explicit dependence
on atom’s acceleration. This in turn validates the existence
of Hawking—Unruh effect. This was discussed in Sections
3.1 and 3.2. In Section 3.3, we discussed the dispersion
and resonant interactions and pointed out how Unruh
thermality can break down beyond a certain acceleration-
dependent distance scale between the atoms. In Section
3.4, we discussed role of accelerated mirrors in particle
production, as in dynamical Casimir effect, and in the
excitation of atoms in their vicinity, both in flat and
curved spacetime. Finally, in Section 5, we touched
upon briefly on quantum entanglement aspects in curved
spacetimes. We hope this short piece of review is useful
for some beginners in the field.

review, we

we
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