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Based on the AdS/CFT correspondence, this study employs an oscillating
Gaussian  source  to  numerically  study  the  holographic  images  of  an  AdS
black hole under  gravity using wave optics. Due to the diffraction of
scalar  wave,  it  turns  out  that  one  can  clearly  observed  the  interference
patten of the absolute amplitude of response function on the AdS bound-
ary.  Furthermore,  it  is  observed  that  its  peak  increases  with  the 
parameter  but  decreases  with the global  monopole ,  frequency ,  and
horizon .  More  importantly,  the  results  reveal  that  the  holographic
Einstein ring is a series of concentric striped patterns for an observer at the
North  Pole  and  that  their  center  is  analogous  to  a  Poisson–Arago  spot.
This  ring  can  evolve  into  a  luminosity-deformed  ring  or  two  light  spots
when  the  observer  is  at  a  different  position.  According  to  geometrical
optics,  it  is  true that  the size of  the brightest  holographic ring is  approxi-
mately  equal  to  that  of  the  photon  sphere,  and  the  two  light  spots  corre-
spond to  clockwise  and anticlockwise  light  rays.  In  addition,  holographic
images  for  different  values  of  black  holes  and  optical  system  parameters
were  obtained,  and  different  features  emerged.  Finally,  we  conclude  that
the holographic rings of the AdS black hole in modified gravities are more
suitable and helpful  for  testing the existence of  a  gravity dual  for  a  given
material.

Keywords  AdS black hole, holographic images, AdS/CFT
correspondence

 1   Introduction

d+1

The holographic principle was proposed as a fundamental
property of relativistic gravity, which is primarily based
on  the  thermodynamics  of  black  holes  [1, 2].  As  a
concrete  realization  of  the  holographic  principle,  the
AdS/CFT correspondence states that the quantum gravity
theory in a (d + 1)-dimensional anti-de Sitter (AdS )
space-time is equivalent to the d-dimensional conformal

dquantum  field  theory  (CFT )  on  the  boundary  [3].  A
precise mathematical relationship for this correspondence
can be established by computing various physical quantities
on both sides [3–5]. AdS/CFT duality has two important
characteristics: the duality between gravitational theory
and  lower-dimensional  non-gravitational  theory,  which
reflects  the  holographic  principle,  and  the  duality
between  weak  coupling  gravitational  theory  and  strong
coupling field theory. These characteristics allow for the
exploration of the quantum nature of gravity using field

RESEARCH ARTICLE
Volume 19 /  Issue 5 /  54202 /  2024

https://doi.org/10.1007/s11467-024-1393-8

 

mailto:gpliphys@yeah.net
mailto:qqjiangphys@yeah.net


theory  and  the  study  of  field  theory  using  the  gravity
dual.  For  example,  holographic  gauge  theory  models
have  been  used  to  compute  experimentally  measured
observables  in  quantum  chromodynamics  (QCD)  [6].
Holographic  condensed-matter  models  exhibit  the  char-
acteristic behavior of superconductors, providing a novel
method for studying strongly coupled condensed-matter
systems  [7].  New  insights  into  the  hydrodynamics  of
fluids  have  been  obtained  from  the  computation  of
perturbations  near  a  black-hole  horizon  [8–10].  The
AdS/CFT correspondence, or more generally the gauge/
gravity duality, gauge/string duality, has been extended
to  general  cases  without  supersymmetry  or  conformal
symmetry  [11–15].  It  continues  to  inspire  many  studies
in  various  fields  of  physics  [16–22].  For  example,  the
holographic prescription has recently been regarded as a
useful tool for studying aspects of quantum information
in gravity and field theories, including mutual information
[16, 17],  entanglement  entropy  [18],  and  computational
complexity  [19].  In  cosmology,  several  holographic
models have been proposed to explain the nature of dark
energy  [20–22].  Other  holographic  correspondence
models  have  been  discussed,  such  as  the  dS/CFT  and
Kerr/CFT correspondences [23, 24]. Therefore, the AdS/
CFT duality has been proven to be a powerful  tool  for
studying physical processes that occur in a gravitational
background or have a gravity dual [25–40].

M87∗

The discovery of  the gravitational  wave (GW150914)
by the Laser Interferometer Gravitational  Wave Obser-
vatory (LIGO) dispelled any doubts regarding the existence
of  black  holes  in  the  Universe.  [41].  More  importantly,
the  Event  Horizon  Telescope  (EHT)  collaboration
captured  shadows  of  supermassive  black  holes  in  the
center of the giant elliptical galaxy  and the Milky
Way [42, 43]. Based on these observations, each shadow
comprises a dark central  region surrounded by a bright
ring. Theoretically, the dark region is generally called a
black-hole  shadow,  whereas  the  bright  ring  is  a  photon
ring.  This  demonstrates  that  the  observational  appea-
rance  of  black  holes  with  the  inclusion  of  shadows  and
rings can give rise to a thoughtful understanding of the
fundamental  properties  of  black  holes.  An  increasing
number of studies have been conducted recently on this
topic  Refs.  [44–64].  For  instance,  the  size  and  shape  of
shadows for different black hole parameters were carefully
addressed  in  Refs.  [44–51].  When  black  holes  are
surrounded  by  different  classes  of  luminous  accretion,
observational shadows, and rings are described in different
gravity  theories  [53–64].  On  the  other  hand,  it  is  well
known that if a light source behind it illuminates a grav-
itational  body,  the  observer  on  the  other  side  of  the
same  line  will  also  capture  a  ring-like  image  owing  to
gravitational  lensing.  This  ring-like  image  is  called  an
Einstein ring in astronomy and has attracted considerable
attention  [65–72].  Black  holes  possess  strong  gravity.
Light  rays  may  surround  black  holes  several  times,
allowing  multiple  Einstein  rings  to  emerge  naturally.

Therefore,  as the observational appearance of  the black
hole  shadow,  the  Einstein  ring  can  shed  light  on  the
fundamental  properties  of  black  holes  because  general
relativity theory implies that the Einstein ring is equival-
ent to a photon ring. Recently, based on the AdS/CFT
correspondence, the holographic Einstein ring of the AdS
black hole in the bulk from a given response function on
the boundary was constructed for the first time using a
direct procedure [73, 74]. This simple method provides a
useful  tool  for  determining  whether  dual  gravity  exists
for  given  quantum  field  theories  (QFTs).  In  2021,
employing  this  method,  researchers  observed  the  holo-
graphic image of an asymptotic AdS black hole dual to a
superconductor on a two-dimensional sphere [75], further
affirming  the  existence  of  black  holes  through  tabletop
experiments  with  superconductors  as  long  as  they  have
gravitational  duals.  Subsequently,  this  idea was genera-
lized  to  other  anti-de  Sitter  black  holes  using  more
precise  numerical  techniques  [76–81].  These  studied
reveal that the possible generalizations and applications
of  holographic  images  of  AdS  black  holes  are  very
important,  as  they  can  be  regarded  as  an  experimental
test  for  the  existence  of  a  gravitational  dual  of  a  given
material.

R

R

f(R) R

f(R)
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Einstein  gravity,  namely,  general  relativity  (GR),  for
which the holographic rings of the AdS black hole have
recently  been  detailed  [73, 74, 76],  is  regarded  as  a
successful  theory  only  for  describing  the  gravitational
interaction  between  submillimeter  and  solar  system
scales  [82].  However,  Planck’s  length  is  generally
expected to be replaced by the quantum theory of gravity
with ultraviolet completion [83]. Owing to the absence of
fundamental  quantum  gravity,  modified  gravity,  as  a
phenomenological model representing a classical general-
ization  of  the  GR,  was  constructed  by  complying  with
observational data and data from local tests. Therefore,
it  is  evident  that  the  holographic  rings  of  AdS  black
holes in modified gravities would be more suitable than
Einstein  gravity.  However,  the  features  of  holographic
Einstein images in modified gravities remain unknown in
the  holographic  framework.  Therefore,  this  study  aims
to  address  this  gap  in  the  literature.  It  is  well-known
that Einstein’s field equation can be obtained using the
least-action  principle.  The  Lagrangian  function  of  the
action  is  the  Ricci  scalar .  However,  Einstein’s  field
equation must be modified to study the Universe’s accel-
erated expansion. Therefore, it is natural to correct the
Lagrangian  function  of  the  action  as  a  function  of ,
that is, , rather than  itself. Buchdahl realized this
idea  in  1970 and proposed the  well-known  theory.
Therefore, -gravity  theory,  as  a  type  of  modified
gravity  theory,  has  been  regarded  as  a  good  candidate
for  explaining  the  accelerating  Universe.  This  is
attributed to its capacity to account for the accelerating
phases during the early and late epochs of the universe
[84–87].  Accordingly,  considerable  effort  has  been
devoted  to  studying  various  aspects  of  this  gravity
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theory and a series of results have been obtained [88–97].
For  instance,  one  study  not  only  found  various  black
holes using  theory but also further investigated the
effects  of  corresponding  parameters  on  their  thermody-
namic  properties  [88–90].  In  the  theory  context,
strong gravitational lensing, thermodynamic phase tran-
sitions,  and  gravitational  wave  propagation  have  been
carefully discussed [92–94]. In addition, the shadows and
rings  of  black  holes  surrounded  by  various  accretions
were  obtained,  and  a  few  useful  constraints  on 
parameter were discussed [58]. For more detailed aspects
of  theory,  please  refer  to  Refs.  [98, 99].  Building
upon the abovementioned results, we consider  gravity
as  an  example  of  a  modified  gravity  to  present  the
preferable  holographic  images  of  a  dual  black  hole,
assuming a dual  gravitational  picture exists  for  a given
quantum system. In particular, based on the AdS/CFT
correspondence,  we  employed  an  oscillating  Gaussian
source  to  numerically  study  the  holographic  images  of
an  AdS  black  hole  using  wave  optics  and  then  further
clarified  the  corresponding  results  using  geometrical
optics.

f(R)

The  remainder  of  this  paper  is  organized  as  follows:
Section  2  is  devoted  to  introducing  the  construction  of
the holographic image.  In Section 3,  by considering the
oscillating  Gaussian  source  on  the  AdS  boundary,  we
carefully study the scalar field and response function of
the AdS black hole in massive gravity. In Section 4, we
present the holographic images of a  AdS black hole
with  the  aid  of  a  lens  and  screen  and  further  analyze
these images using geometrical optics. Finally, Section 5
presents our conclusions and a discussion.

 2   Construction of the holographic image

JO

A schematic of the imaging of a dual black hole is shown
in Fig.  1.  On  the  AdS  boundary,  we  consider  a  scalar
wave generated by the source  at a certain point that

⟨O⟩ ⟨O⟩

JO

S2

4

will be injected into the bulk because of the time-periodic
boundary condition. From this point, the wave propagates
in the AdS space-time and reaches another point on the
AdS  boundary.  The  arriving  boundary  scalar  wave  is
identified as the response function .  contains the
characteristic  information  of  an  AdS  black  hole.  In
general, source  can be fixed to an oscillating Gaussian
source as the boundary condition for the scalar field. In
this case, one can see that the (2+1)-dimensional boundary
CFT on  the  2-sphere  is  dual  to  a  black  hole  in  the
global AdS  space-time or a massless bulk scalar field in
this space-time.

⟨O⟩If  the  response  function  can  be  successfully
obtained,  the  detailed  transformation  can  be  expressed
as shown in Fig. 2.

(θobs, 0)

JO

f d

For  arbitrary  positions  of  the  source  and  response
functions, we can always choose an appropriate coordinate
system to ensure preferred observation positions ,
where position  is located at the South Pole, as shown
in Fig. 2(a). To convert the response function to a black
hole  image,  we  still  require  an  optical  system  with  the
inclusion of  two proper components  at  the boundary,  a
convex  lens  and  a  spherical  screen.  A  lens  with  focal
length  and radius  converts a plane wave (pw) into a

O

Response
〈O〉

AdS boundary

Source
Black hole

 
Fig. 1  Schematic of the imaging of a dual black hole.

AdS boundary

x
y

 = 0

θobs

Position of O and 〈O〉.

sw

fd

pw

z

L

Screen

Ψp Ψs Ψsc

(x, y)

Forming the transmitted wave on the screen

xs
2 + ys

2 + zs
2 = f 2

O

〈O〉

(a) (b)

 
⟨O⟩Fig. 2  Detailed transformation of the response function  on the screen.
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spherical wave (sw) and the spherical screen presents an
image of a dual black hole, as shown in Fig. 2(b). Here,
the convex lens is fixed to the coordinates  of
the flat 3-dimensional space , and the coordinates
of  the  observed  point  on  the  screen  are  defined  as

.  In  the  optical  system  [Fig.  2(b)],  the
response  function near  the  observation positions  is  first
copied as . Then, when the observer looks up into the
AdS bulk using this system, the function  is obtained
to construct an image of a dual black hole.

 3   Scaler field and response function of the
AdS black hole in f(R) gravity

f(R)

f(R)

f(R)

This  section  introduces  the  AdS  black  hole  solution
under  gravity.  Recently,  a  class  of  exact  solutions
for modified field equations with a global monopole was
obtained  that  generalized  previous  results  in  the 
theory of gravity [100]. Considering a negative cosmological
constant, the corresponding action of  gravity is 

S =
1

16π

∫
d4x

√
−g [f(R) + L] , (1)

g 4× 4 L
G ≡ c ≡

ℏ ≡ 1

where  is the determinant of a  matrix,  represents
the  Lagrangian  density,  and  the  natural  unit 

 is  adopted  throughout  the  study.  This  action
generates the following field equations: 

κTµν = F (R)Rµν − 1

2
f(R)gµν −∇µ∇ν [F (R)]

+2[F (R)]gµν , (2)

F (R) = df(R)/dR κ = 8πwhere , . The Lagrangian density,
considering  the  global  monopole  space-time  model,  is
described by 

L =
1

2
∂µϕ

α∂µϕα − 1

4
λ(ϕαϕα − η2)2. (3)

λ

η

O(3) U(1)

ϕα

Here,  is the positive coupling constant that disappears
in  the  energy-momentum tensor  [101],  and  represents
the  spontaneous  breaking  of  symmetry  to 
symmetry. However,  is given by an isotriplet of scalar
fields  corresponding to the well-known hedgehog ansatz
[101].  From  the  above  equations,  a  static  black  hole
solution is obtained as follows: 

ds2 = −A(r)dt2 + 1

B(r)
dr2 + r2dθ2 + r2sin θ2dφ2, (4)

with 

A(r) = B(r) = 1− 8πη2 + 3Mψ0 −
2M

r
− ψ0r +

Λ̃

3
r2.

(5)

ψ0 f(R) ψ0rIn  Eq.  (5),  originates  from  gravity,  and 
represents  the  deviation  from  general  relativity.  We

F (R) = df(R)/dR F (R) = 1

R

r F (R) = F (R(r))

F (R(r)) F (R(r)) = 1 + ψ(r)

ψ(r) ψ(r) = ψ0r

f(R)

f(R)

ψ0 M

Λ̃ = 3/ℓ2 ℓ

Λ̃

(t, u, θ, φ)

f(u) u = 1/r

always  define  and  according
to  Einstein’s  GR  theory.  Additionally,  because  is  a
function  of ,  we  have .  Generally,  the
function  can  be  expressed  as ;
for simplicity, we take  as  to study holo-
graphic  images  under  gravity.  Therefore,  one  can
see  that  the  effect  of  gravity  is  embodied  in  the
parameter . In addition,  is related to the black hole
mass, , where  is the AdS radius and the cosmo-
logical  constant  originates  from  some  parameters  of
the  metric  coefficient.  By introducing  a  new coordinate

 into  the  metric  (4),  it  can  be  reexpressed  as
,  where .  Therefore,  we  further  employ  the

Eddington ingoing coordinates as follows: 

v = t+ u∗ = t−
∫

du
f(u)

. (6)

Therefore, the metric can be rewritten as 

ds2 =
1

u2
[
−f(u)dv2 − 2dudv + dθ2 + sin θ2dφ2

]
, (7)

where 

f(u) = 1 +
1

u2
− ψ0

u
− 8πη2

+
3ψ0

[
1− ψ0uh +

(
1− 8πη2

)
u2h

]
u2h (2uh − 3ψ0)

−
2u

[
1− ψ0uh +

(
1− 8πη2

)
u2h

]
u2h (2uh − 3ψ0)

, (8)

uh = 1/rh rh

A(r) = 0

and  where  and  is  the  event  horizon  of  the
black  hole,  which  is  determined  using  the  equation

. Considering a massless particle in a scalar field,
its  dynamics  can  be  described  by  the  Klein–Gordon
equation, 

2Φ(v, u, θ, φ) = 0, (9)

in the proposed coordinate system. Its exact form is 

u2f(u)∂u∂uΦ+
[
u2f ′(u)− 2uf(u)

]
∂uΦ− 2u2∂v∂uΦ

+ 2u∂vΦ+ u2D2
SΦ = 0,

(10)

f ′(u) = ∂uf(u)

u→ 0

where  near  the  AdS  boundary,  that  is,
. The asymptotic solution to the above equation is

[76] 

Φ(v, u, θ, φ) = JO(v, θ, φ) + u(∂v)JO(v, θ, φ)

+
1

2
u2(D2

S)JO(v, θ, φ) + u3⟨O⟩+O(u4).

(11)

D2
S S2

JO ⟨O⟩
(v, θ, φ)

 is the scalar Laplacian of unit . Based on the AdS/
CFT dictionary,  and , as independent functions of
the boundary coordinates , are the external scalar
source  and  the  corresponding  response  function  in  the

FRONTIERS OF PHYSICS RESEARCH ARTICLE

54202-4   Guo-Ping Li, et al., Front. Phys. 19(5), 54202 (2024)

 



dual  CFT,  respectively.  By  choosing  a  monochromatic
and axis-symmetric Gaussian wave packet source located
at the south pole of the AdS boundary as the source, we
obtain 

JO(v, θ) = eiωv · 1

2πσ2
· exp

[
− (π − θ)2

2σ2

]
= eiωv ·

∞∑
l=0

cl0Yl0(θ), (12)

with 

cl0 = (−1)l
√
l + 1/2

2π
exp

[
−1

2
(l + 1/2)2σ2

]
. (13)

σ

σ ≪ π

Yl0

Φ

In Eq. (12),  represents the width of the wave produced
by the Gaussian source, and it should be noted that the
case  is only considered because the small value of
the  Gaussian  tail  can  be  ignored.  In  addition,  is  a
spherical harmonic function. Owing to the symmetry of
the space-time and source (Eq. (12)),  the scalar field 
can be decomposed as 

Φ(v, u, θ, φ) = eiωv ·
∞∑
l=0

cl0Ul(u)Yl0(θ, φ). (14)

Correspondingly, the response function is 

⟨O⟩ = eiωv
∑
l

⟨O⟩lYl0(θ). (15)

By substituting Eq. (14) into Eq. (10), we obtain 

u2f(u)U ′′
l +

[
u2f ′(u)− 2uf(u) + 2iωu2

]
U ′
l

−
[
2iωu+ l(l + 1)u2

]
Ul = 0. (16)

Combining this with Eq. (14), Eq. (11) is 

lim
u→0

Ul = 1− (iω)u+
1

2
[−l(l + 1)]u2 + ⟨O⟩lu3 +O(u4).

(17)

⟨O⟩
Ul ⟨O⟩l

⟨O⟩

u = 0

Ul(0) = 1 u = uh[
u2hf

′(uh)+i2ωu2h
]
U ′
l−[2iωuh+l(l+1)u2h]Ul=0

σ = 0.05 d = 0.6 ⟨O(θ)⟩

To determine the total response function , Eq. (16) is
used  to  obtain .  Then,  can  be  extracted  using
Eq. (17). Finally, one can obtain the total response function

 with  the  relationship  (15).  Here,  we  employ  the
pseudospectral method [76] to solve Eq. (16) by consider-
ing  the  boundary  conditions  at  the  horizon  and  AdS
boundary.  At  the  boundary,  that  is, ,  we  have

.  For  the  horizon, ,  Eq.  (16)  can  be
expressed  as .
By choosing  and , the amplitude of 
can be obtained, as shown in Fig. 3.

f(R) ψ0

From Fig. 3, a black hole as an obstacle has given rise
to  the  diffraction  of  the  scalar  wave,  which  further
results in the observed interference pattern, which coincides
with that found in the Schwarzschild AdS black hole. In
addition,  it  shows  that  all  peaks  of  the  amplitude
increased with the  parameter  but decreased with

rh ω ηthe  even  horizon ,  frequency ,  and  parameter .  In
other words, the amplitude of the response function has
the features of a space-time geometry.

 4   Holographic rings of an AdS black hole
in f(R) gravity

z = ±f
f

f ≫ d

Ψp = ⟨O⟩
Ψs(x)

After  obtaining  the  total  response  function,  we  present
it  on  a  spherical  screen.  Based  on Fig.  2(b),  the  lens
with  the  focus  located  at  is  assumed  to  be
infinitely thin, and  is assumed to be much larger than
the size of the lens, i.e., . When the response function
is copied as a plane wave around the observed point, we
obtain . After the plane wave is converted into
a wave transmitted with a lens, the wave function 
on the lens can be written as 

Ψs(x) = e−iω
|x|2
2f Ψp(x), (18)

ωwhere  denotes frequency. When this wave reaches the
screen, it is converted into 

Ψsc(xs) =

∫
|x|<d

dx2Ψs(x)e−iωL. (19)

L=
√
(xs−x)2+(ys−y) + z2s ≃

f − xs·x
f + |x|2

2f

f ≫ |x|

With the aid of the relation 
,  and  further  considering  the  Fresnel

approximation, i.e., , one can obtain 

Ψsc(xs) ∝
∫
|x|<d

dx2Ψp(x)ϖ(x)e−
iω
f x·xs , (20)

with 

ϖ(x) ≡
{
1, 0 ≤| x |≤ d

0, | x |> d
, (21)

ϖ(x)

where the Taylor expansion and appropriate approxima-
tions are used to obtain Eq. (20), and  is a window
function.  Therefore,  images  of  dual  black  holes  on  the
screen  can  be  captured.  The  holographic  Einstein  rings
can  be  obtained  by  choosing  the  appropriate  values  of
the  black  hole  parameters  and  are  presented  in Fig.  4
when the observed point is located at different positions.

As  shown  in Fig.  4,  a  series  of  concentric  striped

ψ0 = 0.1; η = 0.1

η = 0.08
ψ0 = 0.2

ω = 55
rh = 0.8

−0.4 −0.2 0.0 0.2 0.4
0

10
20
30
40
50
60
70

 
|⟨O⟩|Fig. 3  Amplitude of  around the North Pole.
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patterns are caused by the diffraction of the scalar wave.
There seems to be nothing at the center of the holographic
Einstein ring.  In fact,  there is  a light point which is  so
weak  that  we  cannot  see  it.  The  choice  of  parameters
causes  this  problem.  This  brighter  light  point  can  be
seen  in  the  following  figures,  i.e.,  the  first  column  of
Fig.  5,  and  is  analogous  to  the  Poisson–Arago  spot.
More importantly, one can see that the holographic ring
of the dual black hole is closely related to the observer’s
position.  For  instance,  this  evolves  into  a  luminosity-
deformed ring rather than a rotationally symmetric ring.

θobs = π/2

θobs

ψ0, η, rh

In  addition,  this  ring  is  reduced  to  two  points  at
,  as  explained  by  geometrical  optics  in  later

discussions. The maximum intensity of the ring increases
with the increase of . In addition, we obtained holo-
graphic  rings  with  different  values  of  the  chosen  black
hole  parameters,  that  is, ,  which  are  shown  in
Fig. 5.

f(R)

ψ0 rh
θobs = 0

By  comparing  with Fig.  4,  one  can  see  from Fig.  5
that  the  radius  of  the  ring  decreases  with  the 
parameter  but  increases  with  the  event  horizon 
when the observed position . Although the global
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ψ0 = 0.1, η = 0.25, ω = 75, rh = 0.75, d = 0.6, σ = 0.05 ys/f

xs/f (−1.3, 1.3)

Fig. 4  The holographic images for , where the vertical line reads  and
horizontal axis is , and their range belongs to , which also used in later similar figures.
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d = 0.6, σ = 0.05, ω = 75Fig. 5  Holographic images for .
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η

η

ψ0

η rh
rh

rh

ψ0

θobs = π/6

monopole parameter  has almost no effect on the radius
of  the  ring,  it  increases  the  width  of  the  holographic
Einstein ring. Meanwhile, the concentric striped patterns
caused  by  wave  diffraction  appear  more  evident  than
those  observed  in Fig.  4.  In  particular,  the  brighter
point  at  the  center  that  interfered  with  the  concentric
ring of the holographic Einstein ring became increasingly
brighter as parameter  increases. We also find that the
maximum  intensity  of  the  ring  increases  with ,  but
decreases  with  and .  In  our  study,  the  diffraction
intensity  increases  when  the  event  horizon  is  larger.
In this case, an increasing number of waves are superim-
posed  at  the  ring’s  location,  and  the  total  intensity
increases  naturally,  which  implies  that  the  intensity  of
the ring increases when  decreases. At other observed
positions, there are many different features for different
values of black hole parameters, as shown in Fig. 4. For
instance, when one increases , the holographic images
seem symmetric  regardless  of  the intensity or shape for

,  but  they  evolve  into  two  asymmetric  light
arcs and light spots with surrounding concentric striped
patterns, as shown in Fig. 5(a). Moreover, in Fig. 5(b),

η = 0.3

θobs = π/6 π/3

π/2

rh

where , the brightness of the ring on the left and
right  sides  is  no  longer  symmetrical  for , 
and , and the right light spot disappears. In addition,
we  find  that  different  values  of  lead  to  different
appearances  of  holographic  rings  at  different  positions.
Based  on  these  observations,  we  can  conclude  that  the
holographic  images  shown  in Figs.  4 and 5 not  only
characterize the feature of space-time geometry but may
also  be  more  suitable  with  expectations  for  a  given
quantum system.

d σ ω

For different values of the optical system and source,
that is, , , and , we present the corresponding holo-
graphic rings in Fig. 6.

d ω

σ

θobs = 0

σ ω

d

d = 0.3

Based  on Fig.  6,  we  find  that  the  width  of  the  ring
will  be  larger  for  a  smaller  value  of  or ,  but
unchanged  for 1).  It  is  worth  noting  that  the  sizes  of
the  rings  are  hardly  affected  by  these  parameters.  In
addition,  when  the  observer  is  located  at ,  the
intensity  of  the  concentric  striped  patterns  increases
with  a  decrease  in  and ,  but  increases  with  the
increase of the lens parameter . At the other observed
points,  as  the  size  of  the  lens  decreases  to ,  the

ω = 40

d = 0.3

σ = 0.024

(a)

(b)

(c)
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~10−1

~104

θobs = 0 θobs = π/6 θobs = π/3 θobs = π/2

θobs = 0 θobs = π/6 θobs = π/3 θobs = π/2

θobs = 0 θobs = π/6 θobs = π/3 θobs = π/2

 
ψ0 = 0.25, η = 0.1, rh = 0.75Fig. 6  Holographic images for .

σ1) Here, to hold on the source as the Gaussian wave, we only change  in a small acceptable region.
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θobs = π/3 d = 0.6 θobs = π/2

ω

θobs = π/2

JO

holographic  ring  is  quickly  reduced  to  two  points  at
,  whereas for  it  occurs at .  In

addition, the decrease in  also increases the disparity in
luminosity  between  the  two  light  spots  at  position

,  and  the  right  spot  is  evidently  darker.  In
other  words,  it  is  found  that  holographic  images  are
related  to  the  space-time  geometry  of  black  holes  and
the nature of the lens and source .

θ = π/2

θ̇ = 0

t, r, θ, φ L

However,  to  understand  the  holographic  ring  more
clearly,  we  clarify  the  holographic  Einstein  ring  in
another  way,  that  is,  through  geometrical  optics.  For
simplicity,  the  orbital  plane  of  a  photon can always  be
fixed  on  the  equatorial  plane  when  the  black  hole  is
spherically symmetric. Under this condition,  and

. Therefore, as we draw attention back to the coor-
dinates ( ), the Lagrangian  of a particle can be
written as 

L =
1

2
gµν ẋ

µẋν =
1

2

[
−A(r)ṫ2 + ṙ2

A(r)
+ r2φ̇2

]
, (22)

ẋµ = ∂xµ/∂λ

λ A(r)

t φ

where  is the 4-velocity of the light ray, and
 is  the affine parameter.  Because metric  does not

contain  time  or  azimuthal  angle ,  there  are  two
conserved quantities: 

E = −∂L
∂ṫ

= A(r)ṫ, L =
∂L
∂φ̇

= r2φ̇. (23)

gµν ẋ
µẋν = 0From the null geodesic , we obtain 

ṙ2 + V (r) =
1

b2
, (24)

b ≡ L/E λ

λ/L

where  is the impact parameter, and  is redefined
as  in  Eq.  (24).  The  effective  potential  can  be
expressed as follows: 

V (r) ≡ A(r)

r2

=
(r−rh)

[
16πη2+rh (3rψ0−2) (rh+r−ψ0)+2r (ψ0−r)−2

]
r3 (3ψ0rh−2)

.

(25)

M = 1, ψ0 = 0.1, η = 0.1, ℓ = 10

V (r) V = 1/b2

V ′ = 0 ṙ = 0 r̈ = 0

rp
Vmax = V (r) |r=rp

bp = 1/
√
Vmax

b > bp
limr→∞ V (r) = 1 (1, Vmax)

1 < 1
b2 < Vmax

θin

θout

The effective potentials are shown in Fig. 7(a) by taking
 as  an  example.  At  the

photon-sphere position,  should satisfy  and
 by  considering  the  conditions  and .

Using this  assumption,  it  is  easy to  determine that  the
location  of  the  photon  sphere  corresponds  to  the
maximum  value ,  and  the  impact
parameter is  in this case. Generally, when
a  photon  with  different  impact  parameters  passes
through the vicinity of a black hole, it exhibits different
motion  behaviors.  As  the  observer  should  capture  the
photon at  the  AdS boundary  from the  light  source,  we
mainly focus on the case in which the dual black hole to
the AdS boundary reflects  the photon.  This  case  corre-
sponds  to  Region  A in Fig.  7(a),  where .  Because

, the range of region A is ; thus,
the  impact  parameter  should  satisfy .  If  a
photon  passes  through  a  position  very  close  to  the
photon  sphere,  it  may  surround  the  black  hole  several
times  before  reaching  the  observer.  The  closer  the
photon sphere is to the photon, the more photons circle
the black hole. This implies that an infinite accumulation
of photons occurs at this position. Figure 7(b) shows the
schematic  diagram  of  light  rays  when  they  circle  the
black hole two times, where two endpoints of the photon
orbit  and the center  of  the black hole  are in a straight
line.  In  this  case,  the  incident  angle  between  the
photon  orbit  and  the  radial  direction  is  equal  to  the
emitted angle , which can be expressed as 

cos θin = gij
uinj

|u||n|

∣∣∣∣
r→∞

, (26)

ui

nj
where  is the spatial component of the 4-velocity, and

 is the normal vector. With the help of Eqs. (23) and
(24), we obtain 

sin θin =
L

E
. (27)

sin θin
rp bp = 1√

Vmax

Therefore,  the  infinitely  accumulated  position  of  a
photon can be expressed as , which corresponds to
location  where . Owing to the axisymmetry,

rp

A

Vmax
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Fig. 7  Effective potential and photon orbit.
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rp

the  observer  can  see  a  bright  ring,  and  its  radius  is
closely related to  in geometrical optics.

To characterize the radius of the holographic ring, as
shown in Fig. 4, we can make the following definition: 

sin θhr =
xring

f
, (28)

xs = xring |Ψsc|2

xs xs, ys
θhr

where at position ,  has a maximum value,
and only the  axis is  considered for the ( ) plane.
A diagram of angle  is shown in Fig. 8.

Yℓ0 ∼ eiℓθ

The  superposed  spherical  harmonics  form  a  wave
packet, which is exactly the null geodesic in wave optics.
Therefore,  when  the  spherical  harmonics  in
Eq. (20) [74], the image peak occurs at 

xring

f
≃ ℓ

ω
. (29)

ℓ ω

L
E = ℓ

ω
sin θin ≃ sin θhr

|Ψsc|2

θobs = π/2

Because  and  in wave optics coincide with the angular
momentum  and  energy  in  geometrical  optics,  we  have

.  This  implies  that ,  which  implies
that  the  size  of  the  holographic  ring  is  consistent  with
that  of  the  photon  ring  obtained  using  geometrical
optics. Therefore, the infinite accumulation of photons in
the photon sphere gives rise to the brightest ring, which
corresponds  to  the  maximum  value  of  from  the
viewpoint of wave optics. In addition, because 
in Fig. 4, the two light points correspond to the clockwise
light rays and anticlockwise one around the black hole,
respectively.  We  numerically  extracted  the  holographic
ring  data  to  check  Eq.  (29)  and  plotted  the  photon
sphere.

From Fig.  9,  it  is  evident  that  the  red  points  are
always located at the region in the neighborhood of the
blue  line,  which  means  the  radius  of  the  holographic
Einstein  ring  coincides  with  that  of  the  photon  sphere.
Therefore,  one  can  see  that  the  holographic  Einstein
images  obtained  using  wave  optics  are  credible  because
they  are  in  line  with  those  obtained  using  geometric
optics.

 5   Discussion and conclusions

JO

f(R)

In this study, by considering a scalar wave generated by
the  source  on  the  AdS  boundary,  we  employ  the
corresponding  response  function  to  carefully  investigate
the holographic images of an AdS black hole using 
gravity theory from wave optics. Specifically, we use the
Klein–Gordon  equation  to  study  the  dynamics  of  a
massless  scalar  field  and  obtain  the  response  function
based  on  the  AdS/CFT  dictionary.  By  introducing  an
optical system, holographic images of the dual black hole
on  the  screen  are  captured,  and  we  clarify  them  using
geometrical optics. In addition, the effects of black holes
and  lens  parameters  on  the  holographic  images  are
discussed throughout the paper.

⟨O⟩
f(R) ψ0

η

ω rh

θobs = 0

θobs = π/6 π/3

θobs = π/2

f(R) ψ0

η

ψ0

η

rh

The results  reveal  that the interference patterns that
originate  from  the  diffraction  of  the  scalar  wave  are
always  observed for  the  total  response  function .  Its
amplitude  increases  with  the  parameter  but
decreases  with  the  global  monopole  parameter ,
frequency ,  and  horizon .  In  other  words,  modified
gravity may strengthen the interference pattern, whereas
the global monopole weakens it. On the screen, when the
observer is located at , we can observe a perfect
Einstein  ring  and  a  Poisson-like  spot  surrounded  by  a
series of concentric striped patterns. At other positions,
that is,  and , the ring breaks and forms a
luminosity-deformed  ring.  In  particular,  at ,
the ring finally evolves into two light spots. For different
values of black hole and lens parameters, some noteworthy
features  are  shown  in Figs.  5 and 6.  For  instance,  it
turns  out  that  the  parameter  decreases  the
radius of the holographic Einstein ring but hardly influences
its  width.  In  addition,  an  increase  in  the  global
monopole parameter  seems to give rise to more apparent
concentric striped patterns, even if the radius of the ring
remains unchanged. Parameter  increases the intensity
of the ring, whereas  decreases it. We also find that the
width  of  the  ring  is  smaller  for  smaller  values  of  the
horizon  radius  of  the  black  hole ,  but  the  intensity
increases.  For  the  lens  and  source  parameters,  the
results reveal that the radius of the ring does not always

Ring

x

y
Screen

f

Boundary

Lens

xring

θhr

 
θhrFig. 8  Angle  in Eq. (28).
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Fig. 9  Radius  of  the  photon  sphere  and  holographic
Einstein ring.
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d ω

ω d

σ

η = 0.3

θ

θobs = π/3 ω

d

f(R)

ψ0 f(R) ψ0

f(R)

change with  and ; however, the width increases with
a  decrease  in  and .  In  addition,  the  intensity
decreases with  but hardly changes with . Parameter
 only  influences  the  intensity  of  the  Einstein  ring,

which  has  no  effect  on  the  radius  or  width.  For  the
values  of  the  black  hole  and  lens  parameters,  the
observed  rings  at  different  positions  also  differ.  When

 in Fig.  5,  one  can  see  that  the  ring  is  finally
reduced to one light point rather than two. As the lens
size  decreases,  the  holographic  ring  evolves  into  two
light spots more quickly as the position  increases, that
is,  in the second row of Fig. 6. For smaller 
and ,  the holographic rings are blurry when compared
to those of  the larger values.  For the effect of  the 
parameter ,  an  increase  in  the  parameter 
generally  increases  the  space-time  curvature.  This
further indicates that the gravity to which the photon is
subjected also increases. As a result, the photon ring (or
holographic  Einstein  ring)  will  become  increasingly
smaller, but the width remains unchanged. Moreover, it
is  evident  that  the  stronger  the  gravity,  the  larger  the
intensity of the ring, as well as the maximum intensity.
We  can  see  that  the  effect  of  the  gravity  is  so
important  that  it  cannot  be  neglected while  studying a
holographic Einstein ring. In other words, the holographic
Einstein ring of  an AdS black hole  is  closely  related to
the black hole, lens, and source parameters. Finally, we
conclude that the holographic rings of an AdS black hole
in  modified  gravities  are  more  suitable  and  helpful  for
testing the existence of a gravity dual for a given material
because they are more abundant in those gravities.

In addition, the study of holographic rings using other
gravity  theories  remains  a  topic  for  the  near  future.  In
addition,  holographic  rings  can  be  extended  to  observe
black  holes  in  superconductors  [75].  Considering  this
method  for  p-  and  d-wave  holographic  superconductor
models is also a worthwhile future research pursuit.
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