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ABSTRACT

Principal component analysis (PCA) is a widely used tool in machine learning algorithms, but it can be computationally
expensive. In 2014, Lloyd, Mohseni & Rebentrost proposed a quantum PCA (qPCA) algorithm [Nat. Phys. 10, 631 (2014)]
that has not yet been experimentally demonstrated due to challenges in preparing multiple quantum state copies and
implementing quantum phase estimations. In this study, we presented a hardware-efficient approach for qPCA, utilizing an
iterative approach that effectively resets the relevant qubits in a nuclear magnetic resonance (NMR) quantum processor.
Additionally, we introduced a quantum scattering circuit that efficiently determines the eigenvalues and eigenvectors (prin-
cipal components). As an important application of PCA, we focused on classifying thoracic CT images from COVID-19
patients and achieved high accuracy in image classification using the qPCA circuit implemented on the NMR system. Our
experiment highlights the potential of near-term quantum devices to accelerate qPCA, opening up new avenues for practical
applications of quantum machine learning algorithms.
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1 Introduction

With the rapid advancements in artificial intelligence,
researchers have intensively and extensively explored the
potential applications of machine learning (ML) [1-3] to
enhance medical image analysis and optimize the allocation
of medical resources [4-9]. ML algorithms have been
successfully employed in various medical contexts,
including the segmentation of pulmonary embolism
using computerized tomographic (CT) angiography [10,
11], breast cancer detection and diagnosis using
mammography [12], and the diagnosis of neurological
disorders or brain tumors using magnetic resonance
imaging [13-16]. Moreover, ML techniques have proved
valuable in aiding the diagnosis of COVID-19 patients
by identifying ground-glass opacities and consolidations
in thoracic CT images [17-20], providing physicians with
a reliable diagnostic reference. For these tasks, medical
image recognition is an essential component, where the
analysis of imaging data is paramount in assisting
healthcare professionals to identify disorders, enabling
early diagnosis and treatment.

Current endeavor of medical image recognition heavily
relies on classical ML algorithms such as principal
component analysis (PCA) to analyze and interpret
complex imaging data. The classical PCA algorithm is
computationally expensive, which limits its scalability
when a large dataset is dealt with. Consequently, there
is a growing interest in exploring quantum alternatives
that can potentially overcome these limitations and
provide superior performance [21-37]. Quantum PCA
(qPCA) [38], the quantum version of the PCA algorithm,
offers an exponential speedup compared to its classical
counterpart. Despite being proposed as early as in 2014,
experimental realization of qPCA has been challenging
due to the requirement of a significant number of data
copies and implementation of the quantum phase esti-
mation. To date, experimental realizations of qPCA
have been achieved through parameterized quantum
circuits [39] and resonant algorithms [40], both of which
lack universality compared to the original qPCA algo-
rithm.

In this work, building upon the original qPCA algorithm
proposed by Lloyd et al. [38], we demonstrated a hard-
ware-efficient qPCA protocol designed for medical image
recognition. Our approach utilized an iterative method
customized for the nuclear magnetic resonance (NMR)
quantum processor [41-46]. Instead of requiring multiple
data copies, two copies were recycled indefinitely in our
design. To extract the eigenvalues and eigenvectors of
the covariance matrix, the quantum scattering circuit
with an ancillary qubit was introduced to encode the
eigen-information, enhancing the measurement efficiency
[47-51]. We applied our protocol to perform binary clas-
sification on CT images to identify patients affected by
COVID. The results revealed that healthy and affected
CT images processed by the qPCA protocol can be

distinguished accurately in a two-dimensional parameter
space, achieving remarkable fidelity of about 90%. Looking
ahead, the continued development and optimization of
qPCA techniques holds great potential for advancing the
field of medical image analysis, enabling more accurate
diagnoses and improved treatment strategies.

2 Experiment

2.1 Theoretical background

PCA is a classical ML subroutine widely used for medical
image recognition. It facilitates the projection of high-
dimensional vectors onto a lower-dimensional space
while retaining their maximum discriminatory informa-
tion, as illustrated in Fig. 1(a). In the context of medical
examinations, such as CT scans, each resulting image is
flattened into a d-dimensional vector that encodes the
pixel values, where d represents the number of pixels.
Consequently, the dataset consisting of M images can be
converted into a d x M matrix X, where each column
encapsulates the pixel information of an individual
image. After centralization (see Appendix A), classical
PCA solves the eigenvalues of the dxd covariance
matrix C = X X7, where the superscript T denotes the
transpose operation. This covariance matrix captures the
interdependencies among different components of the
data, and PCA diagonalizes it as C =3, )\kekez, where
e, represents the eigenvector of C corresponding to the
eigenvalue ),. The eigenvectors associated with the
largest eigenvalues are referred to as the principal
components, and the dimensionality of the data X can
be reduced by projecting it onto the subspace spanned
by these principal components; see Fig. 1(a). The
computational and query complexity of the classical
PCA algorithm is O(d?) [22], leading to a quadratic
increase in computation time as the dimension d
increases.

QPCA offers a significant advantage over its classical
counterpart by substantially reducing computational
complexity, scaling as O[(logd)?] in both computational
and query complexity [38]. In gPCA, the centralized
classical data X is encoded into a quantum state
p=XX"/Z using logd qubits, where Z serves as the
normalization factor [52]. This quantum state p can be
decomposed in its eigenbasis as p=3¢_, Alex)(er]. By
performing e~#* combined with the quantum phase esti-
mation algorithm, the eigenvalues )\, and eigenvectors
lex) can be determined. However, the original qPCA
algorithm is faced with significant experimental challenges
due to the requirement of multiple copies of p for realizing
et and the complex quantum circuits involved in
phase estimation. To address this issue, we proposed a
hardware-efficient iterative method that enables the
execution of e~"** without the need for multiple copies of
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Fig. 1 PCA-based medical image recognition and the corresponding qPCA circuits. (a) Flowchart illustrating the application
of PCA for identifying lung CT images. The information of the CT images is encoded in the covariance matrix, which
captures the interdependencies among different data components. Classically, principal components are obtained using iterative
eigen-algorithms, e.g., power iteration, allowing for dimension reduction by projecting the data onto the subspace spanned by
these principal components. (b) Quantum circuit for extracting the eigenvalues of the data matrix p. The Hadamard gate
prepares the probe qubit in an equal superposition state, while the controlled-e~#* gate encodes the eigenvalues of p into the
phase of the probe qubit. The trial qubits are initialized to an arbitrary pure state that must have non-zero overlaps with the
eigenvectors of p. (c) Quantum circuit for eigenvectors extraction of p. The evolution time is set as 7 = /(A2 — A1), assuming
that A1 < Xa2. The single-qubit gate U, prepares the probe qubit in |0) + ¢*17|1). (d) Complete circuit incorporating the realization

of the controlled-e~*** gate. It requires N copies of the data matrix p, and the key component is the e

—iSAt gate between the

trial qubits and each copy, where S is the standard swap gate and At =t/N.

p- The conventional phase estimation is replaced with a
quantum scattering circuit, resulting in a substantial
reduction in the number of required qubits.

2.2 Solving the eigenfunction

Assuming that p=>3", Alex)(ex|, scattering quantum
circuits for solving the eigenvalues ), and eigenvectors
lex) are shown in Figs. 1(b) and (c), respectively. The
circuit utilizes one probe qubit and a trial system with
the same dimension as p. The eigenvalues are first solved
using the circuit in Fig. 1(b). The probe qubit is
prepared to an equal superposition state |+)=
(J0) +[1))/v2 using a Hadamard gate, and the trial
qubits are initialized to an arbitrary pure state
[¢¥) =", axler). It is worth noting that the coefficients ay,
need to be non-zero, which generally holds for generic
data. After applying the controlled-e~#* gate, the entire
system’s final state becomes %Zk ar(|0) + e 1)) er),
where the partial density matrix of the probe qubit is
given by

S lax e )

1 1
Pprobe = 2 Zk |ak|2e—i>\kt 1

The real part of the off-diagonal elements of the probe
qubit, denoted as M,(t), carries the information of the
eigenvalues \; in the form of

M, (t) = Z |ak|? cos(Agt).

k=1

(2)

This quantity can be effectively measured in various
physical systems of quantum processors, such as probing
the transverse magnetization in NMR. Performing a
discrete Fourier analysis on M, (¢) allows for the extraction
of all the eigenvalues \j.

Once the eigenvalues are accurately obtained, the
identification of the eigenvectors can be achieved using
the quantum circuit shown in Fig. 1(c). Without loss of
generality, we describe the method for determining the
two eigenvectors of a simple 2 x 2 density matrix p (see
Appendix C for the generalization to high-dimensional
density matrices). Compared to Fig. 1(b), the probe
qubit in this circuit requires a preloaded phase e*7,
specifically |0) +e™17[1), where 7 =7/(\y — A1) assuming
that \; < Xo. In addition, the evolution time ¢ of the
controlled-e'#* gate is set to 7 as well. For a generic
trial state [¢)) = aj]e1) + azles), the final state of the entire
system becomes (a;|0)|e;) + az|l)|e2))/v2 after imple-
menting the circuit. As a result, the eigenvectors |e;) and
lea) can be determined from the corresponding subspace
of the probe qubit. Please see Appendix C for the gener-
alization to the cases of multiple eigenvalues.

The key ingredient of implementing the aforementioned
quantum circuits lies in the realization of e~"#* for an
unknown density matrix p. In the original qPCA algorithm
[see Fig. 1(d)] [38], n copies of p are available, and
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repeated applications of e 52t are performed between
the trial state |4) and each copy of p (which is subsequently
discarded). Here, S represents the swap operator, and
At =T /n needs to be sufficiently small to maintain the
Trotter-Suzuki approximation. This technique can be
viewed as a continuous sequence of infinitesimal swap
operations between o = |¢)(y| and p. Ultimately, the
trial qubits evolve to the state

e7ip’n,AL‘aeipnAt7 (3)
which is equivalent to the construction of e="*. It should
be noted that all the aforementioned operations are
actually controlled gates conditional on the state of the
probe qubit.

After performing the eigen-decomposition, the remaining
steps of qPCA closely resemble its classical counterpart.
The principal components obtained from the eigen-
decomposition are utilized to compress the high-dimen-
sional data into a lower-dimensional subspace for subse-
quent applications [see Electronic Supplementary Mate-
rials (ESM)|. However, the original qPCA algorithm
requires a significant number of copies of the density
matrix, which poses substantial challenges in terms of
qubit resources, making the scheme nearly impractical
to implement on state-of-the-art quantum processors. To
overcome this limitation, we have developed a hardware-
efficient approach that allows for the reset and recycling
of discarded copies, enabling their reuse in multiple
rounds. In the following sections, we will describe this
approach in detail, along with the experimental hardware
setup.

2.3 Experimental setup

We validate the effectiveness of the qPCA protocol by
applying it to the identification of lung CT scans from
COVID-19 patients. COVID-19 infection often leads to
lung inflammation and the development of distinct
fibrous lesions on CT images, which differentiate them
from healthy lung scans. For our experiment, we utilize
the iCTFT database, which provides an integrated
collection of thoracic CT images and clinical data from
patients diagnosed with COVID-19 pneumonia [53]. The
dataset consists of a total of 80 images, with 40 scans
from virus-positive patients and 40 scans from virus-
negative patients. These scans are divided into a training
dataset and a test dataset, serving as the basis for our
proof-of-principle experiment. Our qPCA protocol aims
to assist in diagnosing pneumonia symptoms and
involves three main steps: (i) selecting a training dataset
with labeled images (positive or negative), calculating
the covariance matrix, and loading it onto the quantum
processor; (ii) implementing the qPCA quantum circuit
on the quantum processor; and (iii) post-processing the
results using the classical PCA algorithm and evaluating
the performance using the test dataset.

2.4 Data loading

We randomly select a training dataset consisting of two
CT images: one from a virus-positive patient and the
other from a virus-negative patient. Each CT image is
discretized into 260 x 190 grayscale pixels, as shown in
Fig. 2(a). We flatten each image into a column-vector of
size 49 400 x 1, resulting in a training dataset represented
by a 49 400 x 2 matrix X. Prior to analysis, the dataset
is centralized to remove any biases (see Appendix C).
To prepare the data for the quantum circuit, we
compute the covariance matrix ¢ = XXT, which has
49 400 x 49 400. Implementing this large
matrix on a quantum circuit requires an efficient imple-
mentation of quantum random access memory [52],
which poses significant experimental challenges. In our
work, we employ a dimension-reduction technique by
computing a commuted covariance matrix D = XTX of
dimension 2 x 2. This reduced matrix can be encoded
into a density matrix pp up to normalization, and this
approach, known as the “eigenface” method, has been
successfully applied in face image recognition [54]. It is a
well-established data-processing technique in image clas-
sification tasks. More details regarding the data loading
process can be found in the Appendix and Supplemental
Information.

The experiment was conducted using a NMR system
on a Bruker 600 MHz spectrometer. The quantum
processor consists of four nuclear spins of 3C in the
crotonic acid molecule dissolved in aceton, which serve
as the 4-qubit system. The experimental setup is
depicted in Fig. 2(b). The data matrix to be processed,
denoted as pp, can be encoded into a single qubit. In our
4-qubit processor, the qubits are labeled as C; to C4, and
each qubit has a specific role. C; serves as the probe
qubit for the scattering quantum circuit [cf. Figs. 1(b)
and (c)], Cy acts as the trial qubit, initially prepared in
the state |¢)=|+)=(|0)+[1))/v2, while C3 and C4
provide two copies of pp. Therefore, the 4-qubit system
is initialized as follows:

dimensions

po = [0)(0[ & |+){+ @ pp © pp. (4)

This initialization is performed at the beginning of the
experiment [see Fig. 2(b)]. For the parameters of the
quantum processor and experimental details, see Methods
and Supplemental Information.

2.5 QPCA implementation

As mentioned earlier, the original qPCA algorithm
requires a large number of copies of pp, which is
currently beyond the capabilities of state-of-the-art
quantum technologies. In this work, we employ an iterative
approach to implement the controlled-e~*#»* operation in
N steps, where each step consists of two controlled-
e At gates applied between the trial qubit (C;) and the
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Fig. 2 Data loading and the experimental quantum circuit in the 4-qubit NMR system. (a) Training dataset comprises one
positive and one negative CT image from the iCTFT database. Each image is flattened into a 49400 x 1 vector based on
grayscale values, resulting in a training dataset represented by a 49400 x 2 matrix X. After centering the data, instead of the
covariance matrix C = X X", we compute the commuted covariance matrix D = X" X and load it into the quantum register,
denoted as pp. (b) Experimental quantum circuit for performing the iterative qPCA algorithm on the 4-qubit NMR quantum
processor. We prepare two copies of pp and implement the controlled-e~'#P* operation in N steps, where each step consists of

two controlled-e'4¢

gates applied between the trial qubit (C2) and the data qubits (Cs3 or C4). In each step, the probe and

trial qubits are reinitialized to their final state from the previous iteration using single- and two-qubit gates determined by
the state of the previous iteration. Gradient-field pulses are applied to destroy instantaneous quantum coherence, serving as

non-unitary operations.

data qubits (C3 or C,). In the experiment, the chosen
parameters are ¢t = 150, N = 1000, and At =t/(2N) = 0.075.
It is important to note that, due to the normalization of
pp, the time scale used here may appear large. However,
the actual experimental time required to perform the
quantum circuit is orders of magnitude shorter. This
experimental time is ensured to be much shorter than
the relaxation time of the processor. Specifically, the two
controlled-e ¥4t gates are implemented using an optimized
pulse with a duration of 2 ms, achieving a fidelity of
over 0.999. Subsequently, quantum state tomography is
performed on the probe and trial qubits to obtain the
state of this subsystem.

The iteration process is as follows: After measuring
the probe and trial qubits, the entire processor undergoes
a resetting operation, consisting of a fast-relaxation
technique for less than 2 s [55] and a subsequent spatial
averaging operation [44, 45, 56-58] to create the |0000)
state. Next, taking the (k + 1)-th iteration as an example,
the probe and trial qubits are reinitialized to their final
state from the previous k-th iteration, denoted as py,
while the data qubits C; and C4 are reset to pp. Since py
is generally a mixed state, we apply 1 ms gradient-field
pulses to destroy the instantaneous quantum coherence,

which are served as non-unitary operations. The forms
of the single- and two-qubit gates depend on the infor-
mation of p,, which can be efficiently calculated and
experimentally realized in our NMR quantum processor,
as described in Methods. Following the reinitialization,
the two controlled-e~*5At gates are sequentially applied
to the entire system. In the absence of decoherence
errors, this quantum circuit is equivalent to the original
qPCA algorithm but requires fewer copies of pp and is
hardware-efficient for resetting the system in each itera-
tion. It is important to note that in our experiment, we
choose two copies to reduce the total number of itera-
tions. However, the number of copies and iterations can
be adjusted based on the hardware characteristics,
specifically the tradeoff between the number of control-
lable qubits and the decoherence time.

In our implementation, the two eigenvalues \; and \,
of pp are encoded in the transverse magnetization M, (¢)
of the probe qubit, Cy, as shown in Eq. (2). In each iter-
ation, we measure the M, component of C; and subsequently
apply a discrete Fourier transformation to obtain the
experimental results of the two eigenvalues. To determine
the eigenvectors, we employ the scheme depicted in
Fig. 1(c). This circuit differs from the one in Fig. 2(b) in
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Fig. 3 Experimental eigenvalues obtained by the hardware-efficient qPCA approach. (a) Training set images for Group 1
experiment. The left and right images are randomly sampled from lung CT images of negative and positive patients, respec-
tively. Clear textures are observed in the healthy lung CT image, while the diseased lung CT image exhibits a hazy shadow.
(b) Magnitude of the probe qubit’s z—component M,(t) [cf. Eq. (2)] for Group 1 at different time instants. (c) Discrete
Fourier analysis of M,(¢) in Group 1. The spectral lines of different colors represent the Fourier analysis of M,(¢) at every 200
iterations. (d—f) Results for Group 2. (g) Two eigenvalues obtained from the Fourier analysis every 50 iterations in Group 1
and Group 2. As the number of iterations increases, the eigenvalues A tend to converge towards the theoretical values.
(h) Precision of eigenvalue measurement is quantified by the half-widths of the two peaks, denoted as A\, . The values in

both groups gradually decrease as the number of iterations increases.

the following ways: Firstly, the probe qubit C; is
preloaded with a phase factor ¢*'7, where 7= 7/(\J%—
ATP) and AP and AJP are the experimentally obtained
eigenvalues. Secondly, the evolution time ¢ of the
controlled-e~1#rt gate is set to 7 as well.

2.6 Experimental results

To validate the effectiveness and stability of the proto-
col, we perform four groups of experiments, each with a
different training dataset and corresponding pp. In the
main text, we present the experimental results from two
groups (other groups in ESM), labeled as Group 1 and
Group 2. The original training images for these groups
are displayed in Figs. 3(a) and (d).

In Group 1, we observe the time-dependent transverse

magnetization M, (t), as depicted in Fig. 3(b). It is
evident that M, (¢) exhibits oscillations with two distinct
frequencies, corresponding to the eigenvalues of pp, as
time progresses. However, the oscillation amplitude
gradually decreases due to the decoherence effect in the
NMR processor. We perform a discrete Fourier transfor-
mation to the first 200, 400, 600, 800, and the complete
set of 1000 of experimental (M, (t)), with results plotted
in Fig. 3(c). We also analyzed the changes of the two
eigenvalues every 50 iterations, as shown in Fig. 3(g). As
the number of iterations increases, the two eigenvalues
tend to approach their corresponding theoretical values
A12. Although the estimated eigenvalues at different
iteration numbers show minor variations, the peaks
corresponding to the eigenvalues become sharper. We
quantify the measurement precision using the half-
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widths of the peaks, denoted as A\ 5. The results clearly
demonstrate that the experimental eigenvalues A{™ and
A5P closely match their respective theoretical predictions
after the iterative qPCA process. Moreover, the uncer-
tainties A\, ; gradually decrease as the number of iterations
increases [see Fig. 3(h)].

Once the eigenvalues are obtained, the corresponding
eigenvectors can be determined by preparing the probe
qubit in the state (|0)+¢*1'7[1))/v/2 and modifying the
controlled gate to controlled-e=*>7. Here, 1 =7/(\5®—
A{P) ~ 4.87 s. Compared to the eigenvalue computation
(t = 150 s), the controlled evolution required for extracting
the eigenvectors is significantly shorter, spanning only
65 iterations. The experimental results of the eigenvectors
are shown in Fig. 4(a). We separately plot the two
components of the eigenvectors, |e;) and [e;), and
compare the experimental results with the theoretical
ones using a bar figure. The fidelities of the experimental
eigenvectors, |ef?) and |e5®), are 0.9998 and 0.9999,
respectively.

To evaluate the performance of the iterative qPCA,
we perform state tomography on the probe and trial
qubits every 50 iterations in Group 1. The state fidelity,
defined as F = tr(pexppom)//tr(p2,)tr(pd), is computed and
plotted against the number of iterations, as shown in
Fig. 4(b). The fidelity demonstrates a decreasing trend
as the number of iterations increases, primarily due to
the effects of decoherence and imperfections in the quantum
gates during each iteration. These factors contribute to
imperfections in the state of the probe and trial qubits,
subsequently affecting the fidelity of the next iteration.
Nevertheless, the fidelity consistently remains above a
high level (~0.96), indicating the robustness of the
protocol against such errors.

Moving on to Group 2, the experimental eigenvalues
and eigenvectors are depicted in Figs. 3(d)-(h) and
Fig. 4(a). Despite the different training dataset used in
this group, the experimental results exhibit high preci-
sion, further validating the stability and effectiveness of
our iterative protocol. It is important to note that the
experimental results for the remaining groups can be
found in the Electronic Supplementary Materials,
providing a comprehensive analysis of the protocol’s
performance across multiple datasets.

2.7  Image classification

After obtaining the two eigenvalues AT and corresponding

eigenvectors |ef') through the iterative qPCA process,
the remaining tasks can be efficiently performed on classical
computers. It is shown by Turk et al. [54] that
e; = X|e]?) and e; = X|e5 ") are two principal components
of the covariance matrix C = XXT, which can be
referred to as the “eigen-features” of the training dataset.
Consequently, we can compress the information of all

training images z{*" and test images ™ (after central-

(a) Group 1 Group 2
1.0
I theo I theo
3 exp exp
2
T 05{ || F0.9998 F=0.99 F=0.9999, F=0.99
< le) ey ley e

(b)
1.0 ————a, s ——
s "
! F=0.95
0.9
0.8
=
3
=07 -
0.6

0 2 4 6 8 10
Iteration (x10?)

Fig. 4 Experimental eigenvectors and the iterative process.
(a) Experimental results of the eigenvectors for Group 1 (left
panel) and Group 2 (right panel). The coefficients of |e;) and
le2), represented in the computational basis, are illustrated.
Both theoretical (green bars) and experimental (yellow bars)
coefficients are shown for comparison, and the fidelities of
the experimental eigenvectors exceed 0.9998. (b) Change in
state fidelity (probe and trial qubits) as a function of the
number of iterations. The fidelity is plotted at every 50 iterations
for better visualization, while the solid line represents the
fitting result. As a reference, we display the density matrices
of the probe and trial qubits at the 200th and 800th itera-
tions, as shown in the insets.

ization) into a two-dimensional space spanned by these
two principal Specifically, we define
Quain — eTgiin and Qi = '™ as 2-dimensional weight
vectors, which can be computed with polynomial
complexity. To classify a CT image in the test dataset,
we use the nearest-neighbor method with distance
defined by the 2-norm [|Qfn — Q' Further details can
be found in the Methods and Supplemental Information.

We present a visualization of the two weight vectors
QE.“““ and all 80 weight vectors Q' from the test dataset
on a 2-dimensional plane in Fig. 5. The positive images,
as labeled in the iCTFT database, are colored in red,
while the negative images are shown in blue. The weight
vectors corresponding to the training images are marked
with circles, and the decision boundary is represented by
a dashed line. The weight vectors associated with the

components.
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Fig. 5 Classification of lung CT images after qPCA.
(a) Classification results for Group 1. After performing
qPCA, each CT image in the dataset is projected onto a two-
dimensional space spanned by the two experimental eigen-
vectors |ej®) and |e5®). The two training images are denoted
by circles, while the test images are represented by crosses.
The test dataset consists of 39 virus-negative images (blue)
and 39 virus-positive images (red). The decision boundary is
depicted by the dashed line. Out of the 78 test images, 72
are correctly identified, resulting in a success rate of 92.31%.
(b) Classification results for Group 2. Among the 78 test
images, 68 are accurately classified, yielding a success rate of
87.17%.

test images are denoted by crosses. It can be observed
that most of the test images have been successfully classified
using the iterative qPCA process for either Group 1 or
Group 2. Among the 78 test CT images included in
Group 1, 72 were successfully recognized, leading to an
accuracy rate of 92.31%. Conversely, out of the 78 test
images in Group 2, 68 were correctly classified, resulting
in an achievement rate of 87.17%.

In this case where only two samples were used as the
training set, PCA attempts to utilize the available infor-
mation to capture the overall structure within the
dataset. The dissimilarity between the two samples in
the training set becomes the primary direction sought by
PCA. Consequently, the two samples from the training
set will be distributed along the principal component
direction in the reduced-dimension space, with a relatively
large distance between them, reflecting the differences

present in the original data. When applying PCA to the
test dataset, the samples within the test dataset are
projected according to the principal components learned
from the training data. As the test data were not
involved in the training process, their projected positions
may be closer to each other, as shown in Fig. 5. It is
important to mnote that the occurrence of this
phenomenon depends on the similarity between the
training and test datasets and the data distribution.
However, with only two training samples, this
phenomenon is more likely due to limited information
availability.

3 Discussion

There are two issues regarding the experimental qPCA.
First, loading the classical data into quantum states is
generally difficult. Currently, no efficient method for
loading classical data has been realized in any experi-
ment. It is crucial to explore and develop efficient imple-
mentations of quantum RAM architectures, such as the
“bucket brigade” approach or other alternatives. Despite
this limitation, qPCA can still be employed to address
problems involving quantum states, such as dimension
reduction, process tomography, and state discrimination.
Second, the multiple state copies and iterative approach
can be combined as demonstrated in this experiment
(two copies and 1000 iterations). For a real quantum
processor, the number of allowable state copies is limited
by the availability of controllable qubits, while the
number of iterations is limited by the relaxation time. In
most cases, it is necessary to combine these two techniques
to perform the qPCA circuit with higher precision.

Classical PCA, a popular tool in many machine learning
tasks, suffers from a severe scaling problem when
computing the eigenvalues and eigenvectors of the
covariance matrix. In this work, instead of using the
original qPCA algorithm that requires multiple copies of
quantum states and implementation of quantum phase
estimations, we proposed a hardware-efficient qPCA
approach to circumvent this problem. We demonstrated
that a hardware-efficient iterative method could effectively
reset the probe and trial qubits in the NMR quantum
processor, and the eigenvalues and eigenvectors (principal
components) could be efficiently determined using the
quantum scattering circuit. As a practical application of
PCA, we focused on the classification of lung CT images
from COVID-19 patients, and demonstrated high accuracy
in classifying these images using the NMR system. Our
experiment marks the first implementation of the qPCA
algorithm in a modified form and highlights the potential
of near-term quantum devices to accelerate quantum
machine learning algorithms, which opens up new
avenues for practical applications of large-scale quantum
computers.
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Appendix A: Centralization

In the context of the PCA algorithm, centralization
involves adjusting the data so that its mean becomes
zero. This process is crucial for eliminating the effect of
translation in the data and ensuring that the dataset is
centered around the origin of the coordinate system. In
the case of image recognition, assuming each image is
flattened into a d x 1 vector x;, the dataset consisting of
M images can be represented by a dx M matrix X,
where X = [z1,%2,...,z)). DBefore computing the cov-
ariance matrix, it is necessary to centralize X by
subtracting the mean value, X:Z;Vil xz;/M, of the
features from the original data. By performing central-
ization, we ensure that the mean value of the data is
zero along each dimension, enabling more accurate and
interpretable results when conducting PCA analysis.

Appendix B: Commuted Covariance

In the original PCA algorithm, principal components are
obtained by performing spectral decomposition on the
covariance matrix C = X XT, where X is the data array.
In our case, the data array X has a dimension of
49 400 x 2, meaning the covariance matrix has a
prohibitively large dimension of 49 400 x 49 400, rendering
it impossible for our qPCA algorithm to be implemented
on state-of-the-art quantum processors. Consequently,
an alternative approach was adopted featuring the
commuted covariance D = XTX with a favorably small
dimension of only 2 x 2. It follows from simple algebra
that given an eigenvector |e;) of D and the corresponding
eigenvalue )\;, the product X|e;) is an eigenvector of C
with the same eigenvalue X, ie., CXle)) = \iX|e;)
Because of this extraordinary property, Xle;) (i =1,2)

can be interpreted as dominant features of the training
data. Dimension reduction of the test data sample is
achieved by projecting each data point to these two
dominant features before they are classified using the
nearest-neighbor method.

Appendix C: Generalization to higher
dimensions

In the context of higher dimensions, we employ the
quantum circuit depicted in Fig. 1(b) to concurrently
derive all the eigenvalues \;. Extending the circuit illus-
trated in Fig. 1(c) to higher-dimensional scenarios
involves a systematic iteration process. In each iteration,
the circuit is applied iteratively, and adjustments are
made to both the trial state and the parameter 7.

In the initial iteration, we prepare the trial system in
an arbitrary state, expandable as

|¥) = ailer) + azlez) + bia|d2), (A1)

where |a1|? + |ag|? + |b12|> = 1 and |¢;2) represents a linear
combination of all other eigenvectors than |e;) and [es).
Setting 7= 7/(A — A2) and implementing the quantum
circuit depicted in Fig. 1(c), the final state becomes

(a1ler) + c12]¢12))]0) + (azle2) + diz|d12))[1),

where |a1|? + |a2|? + |c12|> + |d12]* = 1. Depending on the
projection of the probe qubit onto the |0) or |1) subspace,
either byler) + cia|g12) OF bales) + di2|d12) can be extracted.
Importantly, these two states do not contain the eigen-
states |es) Or |e1). Subsequently, we retain the trial state
after projecting the probe qubit to |0), without considering
the normalization coefficient.

In the second iteration, we initialize the trial system
in the state ai|e1) + cia|é12), which is the final state of
last iteration and can be expressed as ajle;) + aszles)+
bios|@103). Here |a1|? + |as|? + |b12s|? = 1, |¢123) represents a
linear combination of all other eigenvectors than |e;), |e2)
and |ez). Setting the parameter 7 as m/(A\; — A3), the final
state at the conclusion of the quantum circuit becomes
(arler) + cia3]d123))|0) + (asles) + dizzldi2s))|1). We project
the probe qubit onto the subspace |0) and obtain the
trial system in the state (aile;) + cia3]d123))-

Through a systematic process of selectively eliminating
undesirable eigenvectors individually and employing
these refined states as the basis for new trial qubits in
successive iterations, we can theoretically converge upon
the desired eigenvectors |e;) and |eg).

(A2)

Appendix D: Experimental setup

The experiments were conducted using a Bruker
AVANCE 600 MHz NMR spectrometer, utilizing a
sample of '3C-labeled trans-crotonic acid dissolved in dg-
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Fig. A1 Molecular structure and relevant parameters.
(a) Molecular structure of 13C-labeled trans-crotonic acid. C,
Cy, C3 and Cy4 in the green dashed line are used as four
qubits in the experiment. (b) Molecular properties and the
Hamiltonian relevant parameters of the sample. Chemical
shifts (diagonal, Hz), scalar coupling strengths (off-diagonal,
Hz), and relaxation times (71 and T:) are all listed in the
table.

acetone. Throughout the experiments, all 'H nuclear
spins were decoupled to create a 4-qubit quantum regis-
ter. The molecular structure of the sample is shown in
Fig. Al(a). The internal Hamiltonian of the system is
given by

4 4
Ws m
HNmr = — E 505 + E §Jij0isz]z',

i=1 i<j,=1

(A3)

where w;/(27) is the Larmor frequency of the i-th spin,
and J;; is the scalar coupling strength between the i-th
and j-th spins. The corresponding parameters are listed
in Fig. A1(b), as well as the relaxation times T; and Ts.
Selective pulses allow for individual addressing of each
spin within the system. More details can be found in the
Supplemental Information.

The quantum state of the system is manipulated using
a radio-frequency (r.f.) pulse applied perpendicular to
the static magnetic field, resulting in an external Hamil-
tonian given by

4
B , ,
Hep = — Z % [cos (wiit 4 @), + sin (wirt + ¢)ay |,
i=1
(A4)

where B, wy, and ¢ represent the amplitude, frequency,

and phase of the transverse magnetic field, respectively.
Here, v corresponds to the gyromagnetic ratio of the
respective nuclear spin. In the experiment, the transverse
magnetic field can be tailored to implement arbitrary
unitary operations by adjusting the values of B; and ¢.
Additionally, non-unitary operations are achieved using
gradient-field pulses, which effectively eliminate the
signals of non-zero order coherence terms in the quantum
state.

Appendix E: Pseudo-pure state preparation

To prepare the initial state described in Eq. (4), we first
create a pseudo-pure state from the thermal equilibrium
state, which is initially a highly mixed state and not
suitable for quantum computation tasks. Since our
sample consists of four !3C nuclei, which form a
homonuclear system, we set the gyromagnetic ratio of
13C to 1. The thermal equilibrium state can be written
as

N

I .
Pthermal = 2W + EZ O—,lz'
i=1

(A5)

Here, N =4 represents the number of qubits, I is the
2N x 2N identity matrix, and e~ 10=° represents the
polarization at room temperature. This initialization
step is achieved using the spatial average technique, and
the specific pulse sequence can be found in the Supple-
mental Information. The final state after the complete
pseudo-pure state preparation sequence is

poooo = 51 + €/0000) (0000 (A6)

It is important to note that the large identity term in
the state does not evolve under any unitary propagator
and cannot be observed in NMR, experiments. Therefore,
we only need to focus on the deviation part represented
by |0000), as the entire system behaves exactly the same.

Appendix F: Iterative process

In our hardware-efficient QPCA protocol, the iterative
process is specifically designed for the NMR system. The
box in Fig. 2(b) illustrates each iteration, which consists
of a reset operation and a subsequent pulse sequence
comprising single-qubit and two-qubit gates. This imple-
mentation involves non-unitary operations, primarily
achieved through the fast-relaxation technique and
gradient-field pulses. Here, let us consider the k-th iteration
as an example.

In the (k-—1)-th iteration, a partial quantum state
tomography is performed on the probe and trial qubits,
yielding the measured state denoted as p,_;. In the k-th
iteration, we begin with a reset operation, which incor-
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porates the fast-relaxation technique and the spatial
average technique. The fast-relaxation technique is
based on the concept of reachable sets for coherently
controlled open quantum systems [55]. It enables the
entire system to evolve back to the thermal equilibrium
state within less than 2 seconds, significantly faster than
the traditional relaxation time required for NMR ensem-
bles, which exceeds 1 minute. The spatial average tech-
nique, as described in Methods, aims to prepare the
pseudo-pure state from the thermal equilibrium state.
This step takes approximately 45 ms. Discarding the
large identity term in Eq. (A6), the state of the system
can be considered as [0000). The relevant NMR spectrum
can be found in the Supplemental Information.

After the reset operation, the probe and trial qubits
C; and Cy undergo a pulse sequence to reach p;_;. This
state is a mixed state, and we have designed a quantum
circuit that can prepare an arbitrary mixed state, as
illustrated in Fig. 2(b). The sequence involves three
single-qubit rotations on C1, two controlled rotations,
one “entangler” gate Us,, and two gradient-field pulses as
non-unitary operations. The parameters of these gates
are determined solely by py_; and can be obtained
through a hybrid quantum-classical optimization pro-
cess. This technique has been demonstrated to be effective
in NMR systems of up to 12 qubits [59, 60, 63, 64,
69-71]. In this proof-of-principle experiment, as the
Hilbert dimension is not large, we compute the relevant
parameters of these gates and realize them using shaped
pulses (2 ms for single-qubit rotations and 40 ms for two-
qubit gates). The gradient-field pulses have a duration
of 1 ms, and their purpose is to eliminate the off-diagonal
terms of the intermediate quantum state. All of these
operations can be efficiently implemented in the experi-
ment.

Meanwhile, the system qubits Cs and C4 need to load
two copies of the commuted covariance matrix D into
the quantum registers. Generally, efficient methods for
this task are still lacking, and further details can be
found in the review paper [23]. In our work, we do not
aim to solve the QRAM problem but rather demonstrate
the subsequent approach after loading the classical data
into the quantum registers. Since D is a 2 x 2 matrix, we
can easily load it into a single-qubit register using two
single-qubit gates and one gradient-field pulse. The first
single-qubit rotation, denoted as R,(«), corresponds to a
rotation around the y-axis with an angle
arccos (\/(0)2 + (o) + (02)?), where (o:) = tr(ppoy)-
Subsequently, a gradient-field pulse is applied to remove
the coherence and transform the state into a mixed one
with the same purity as the target state pp. The second
single-qubit rotation Uj, referred to as the “initializer”,
evolves the state into pp through a basis transformation.
By repeating the iteration N times, which is equivalent
to using 2N copies of states in the original qPCA algo-
rithm, we can regenerate the two copies of pp required.

o =
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