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ABSTRACT

We theoretically studied the exciton geometric structure in layered semi-
conducting transition metal dichalcogenides. Based on a three-orbital tight-
binding  model  for  Bloch  electrons  which  incorporates  their  geometric
structures,  an  effective  exciton  Hamiltonian  is  constructed  and  solved
perturbatively to reveal the relation between the exciton and its electron/
hole  constituent.  We  show  that  the  electron–hole  Coulomb  interaction
gives  rise  to  a  non-trivial  inheritance  of  the  exciton  geometric  structure
from  Bloch  electrons,  which  manifests  as  a  valley-dependent  center-of-
mass anomalous Hall velocity of the exciton when two external fields are
applied on the electron and hole constituents,  respectively.  The obtained
center-of-mass anomalous velocity is found to exhibit a non-trivial depen-
dence  on  the  fields,  as  well  as  the  wave  function  and  valley  index  of  the
exciton. These findings can serve as a general guide for the field-control of
the valley-dependent exciton transport, enabling the design of novel quan-
tum optoelectronic and valleytronic devices.

Keywords  transition metal dichalcogenides, exciton, geometric structure,
Berry curvature, van der Waals stacking

 1   Introduction

Atomically  thin  layers  of  semiconducting  transition
metal  dichalcogenides  (TMDs)  have  gained  substantial
interest  owing  to  their  potential  as  versatile  platforms
for exploring condensed matter phases and their promising
applications  in  optoelectronic  devices  [1–5].  The  direct
band gap of monolayer TMDs is located at the hexagonal
Brillouin  zone  corners,  labelled  as  ±K valleys.  Due  to
the  large  effective  masses  at  band  edges  and  reduced

dielectric  screening  in  two-dimensional  (2D)  systems,
these materials exhibit an exceptionally strong Coulomb
interaction  between  charged  carriers.  As  a  result,  the
bound  state  of  an  electron–hole  pair  through  the
Coulomb interaction,  called the exciton,  plays  a  crucial
role in photonic and optoelectronic properties of TMDs.
The excitons can be viewed as a two-body system com-
prising a center-of-mass (CoM) motion and an electron–
hole  (e–h)  relative  motion.  The  e–h  relative  motion
manifests  as  a  discrete  series  of  Rydberg states  (1s,  2s,
2p±, …) [6, 7], akin to the 2D hydrogen atom [8]. Excitons
in  different  valleys  of  TMDs  are  endowed  with  valley
optical  selection  rules  [9–12],  implying  that  the  valley
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degree-of-freedom  can  be  manipulated  optically.  In
bilayer TMDs, excitons can be classified into intralayer
and  interlayer  excitons  [13],  depending  on  whether  the
electron  and  hole  reside  in  the  same  or  different
constituent monolayers. With the versatile tunability of
monolayer  and  bilayer  TMDs,  the  properties  and
dynamics of excitons can be tailored by various control
knobs, such as in-plane electric fields, interlayer twisting,
and gate fields [1–5].

In  condensed matter  systems,  an  intriguing  aspect  of
the  quasiparticle  is  the  geometric  structure  which
describes how its internal degree-of-freedom (spin, valley
and  orbital  compositions,  etc.)  varies  with  parameters
like position and momentum. It can give rise to geometric
phases  that  have profound effects  on various properties
of  the system [14].  In two-dimensional layered semicon-
ductors,  the  variation  of  the  orbital  composition  with
momentum gives rise to non-trivial geometric structures
for Bloch electrons in ±K valleys, which can be quantified
by  Berry  curvatures  in  momentum  space  [15].  The
geometric  structure  plays  crucial  roles  in  many  exotic
quantum  phenomena  including  the  valley  orbital
magnetic  moments  [16–18]  and  valley  Hall  effects  [15,
19–24]  where  a  Hall  velocity  transverse  to  the  external
electric field can emerge with a magnitude proportional
to  the  Berry  curvature.  Such  a  Hall  velocity  does  not
require a magnetic field, thus is also called the anomalous
velocity.  As  a  composite  quasiparticle,  the  exciton  can
inherit geometric structures from its Bloch electron and
hole  constituents  which  can  manifest  as  an  excitonic
valley  Hall  effect  as  being  reported  in  recent  years
[25–29].  Besides,  previous  studies  have  shown  that
geometric  structures  of  the  electron  and  hole
constituents can lift the degeneracy of 2p+ and 2p– exciton
states and modify the energy spectrum [30–33] and optical
properties  [34–36].  In  these  previous  works,  the  exciton
geometric  structure  is  often  described  by  the  direct
summation  of  the  Berry  curvatures  from  the  electron
and  hole  constituents  [30–33].  However,  the  strong
Coulomb interaction can complicate the exciton’s internal
degree-of-freedom,  and  the  bilayer  stacking  of  TMDs
brings  further  tunability  to  the  electron  and  hole
constituents. For a more rigorous analysis on the exciton
geometric  structure  and  its  manifestation  in  quantum
phenomena,  a  careful  analysis  on the  internal  structure
involving  the  e–h  relative  motions  needs  to  be  carried
out.

In this paper, we treat the electron and hole constitu-
ents of the exciton with the well-developed three-orbital
model [37] where geometric structures of Bloch electrons
are naturally incorporated. By utilizing Schrieffer‒Wolff
(SW)  transformations  and  treating  the  inter-orbital
coupling as a perturbation, we reveal an effective exciton
Hamiltonian  which  contains  not  only  the  previously
known  energy  correction  terms,  but  also  additional
terms  that  couple  different  Rydberg  states  of  the  e–h

relative  motion.  We  found  that  these  additional  terms
lead to a non-trivial inheritance of the exciton geometric
structure from Bloch electrons. Such an exciton geometric
structure  can  manifest  as  an  anomalous  CoM  velocity
under  external  fields,  whose  detailed  form  provides  a
general perspective for studying the exciton valley trans-
port  and  designing  novel  valleytronic  devices.  In  addi-
tion, the resultant anomalous CoM velocity of the exciton
varies with both fields applied on the electron and hole
constituents.  We find that when external  fields  perturb
the  e–h  relative  motion  (e.g.,  a  homogeneous  in-plane
electric field), the resultant anomalous CoM velocity can
be  much  larger  than  the  case  where  only  the  CoM
motion is perturbed (e.g., a thermal or density gradient
field).  Our  work  gives  a  rigorous  derivation  about  how
the exciton geometric  structure in monolayer or bilayer
TMDs is  inherited from the Bloch electrons,  which can
serve as a guide for the field control of the valley-dependent
exciton transport.

The  paper  is  organized  as  follows.  In  Section  2,  we
give  an  overview  to  the  geometric  structure  of  Bloch
electrons and the CoM anomalous velocity of the exciton.
In  Section  3,  an  effective  Hamiltonian  for  excitons  in
TMDs  is  derived  using  a  perturbative  treatment,  and
the  exciton  geometric  structure  manifested  as  its  CoM
anomalous  velocity  under  external  fields  is  obtained.
The last section is the summary and discussion.

 2   The geometric structure of Bloch
electrons

dx2−y2 − idxy dz2 dx2−y2 + idxy
Near K, the three-orbital Hamiltonian of the Bloch electron
involving ,  and  orbitals  is
[37] 

Ĥe =

 ϵr + δrp̂
2 −αp̂− −γp̂+

−αp̂+ ϵc + δcp̂
2 βp̂−

−γp̂− βp̂+ ϵv + δvp̂
2

 . (1)

ϵr ϵc ϵv

p̂ ≡ −i ∂∂re
= −i

(
∂
∂xe
, ∂
∂ye

)
p̂± ≡ p̂x ± ip̂y

p̂ p

p̂

|ul,p⟩ Ĥe

l = r, v, c

Ωl,pez =
∂
∂p × i

⟨
ul,p|∂ul,p

∂p

⟩
ex/y/z

Ωr = 2
(
γ2

ϵ2rv
− α2

ϵ2rc

)
Ωc = 2

(
α2

ϵ2rc
− β2

ϵ2cv

)

In the diagonal part, ,  and  give the K-point energies
of the remote (r), conduction (c) and valence (v) bands,
respectively.  The  off-diagonal  terms  represent  the
momentum-dependent  inter-orbital  couplings,  with

 the  momentum  operator  of  the
electron  and .  Without  the  external  poten-
tial,  can be replaced by a classical number , and we
have kept  up to  the  second-order  (linear-order)  of  in
the  diagonal  (off-diagonal)  terms.  The  resultant  three
bands of  the Bloch electron are  schematically  shown in
Fig.  1(a).  The  eigenstates  of  vary  with p
( ), which results in the internal geometric structure
of the Bloch electron quantified by the Berry curvature

.  Here  is  the  unit  vector
along x/y/z direction.  For  a  Bloch  electron  at K,  its
Berry curvature is ,  or
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Ωv = 2
(
β2

ϵ2cv
− γ2

ϵ2rv

)
ϵjl ≡ ϵj − ϵl j, l = r, v, c, with  and . Corre-

spondingly, the hole Hamiltonian near τ'K' is 

Ĥh =

 −ϵr′ − δr′ k̂
2 α′k̂τ ′ γ′k̂−τ ′

α′k̂−τ ′ −ϵc′− δc′ k̂
2 −β′k̂τ ′

γ′k̂τ ′ −β′k̂−τ ′ −ϵv′− δv′ k̂
2

 .

(2)

k̂ ≡ −i ∂∂rh
= −i

(
∂
∂xh
, ∂
∂yh

)
k̂± ≡ k̂x ± ik̂y

τ ′ = +1 τ ′ = −1

τ ′Ωr′ =

2τ ′
(
α′2

ϵ2
r′c′

− γ′2

ϵ2
r′v′

)
τ ′Ωc′ = 2τ ′

(
β′2

ϵ2
c′v′

− α′2

ϵ2
r′c′

)
τ ′Ωv′ =

2τ ′
(
γ′2

ϵ2
r′v′

− β′2

ϵ2
c′v′

)

Here  is  the momentum operator
of  the  hole  and .  Note  that  for  bilayer
systems, the electron and hole can be in opposite layers
with different  parameters.  ( )  denotes  the
intravalley  (intervalley)  electron–hole  pair.  The  hole
Berry  curvatures  at τ'K' are  given  by 

,  and 

.
−Fe · re

−Fh · rh Fe Fh

Ωlez × Fe τ ′Ωl′ez × Fh

me

mh

−FCoM ·R
FCoM ≡ Fe + Fh R ≡ mere+mhrh

M

It  is  known  that  under  an  external  potential 
( )  induced  by  a  force  field  ( ),  the  electron
(hole)  will  acquire  an  anomalous  transverse  velocity

 ( )  which  leads  to  the  anomalous
Hall effect [14] [Fig. 1(b)]. An electron in the conduction
band with an effective mass  and a hole in the valence
band  with  an  effective  mass  can  form  an  exciton
through  the  Coulomb  interaction,  whose  CoM  motion
experiences  an  external  potential  with

 the  total  force,  the  CoM

M ≡ me +mh FCoM

ΩTez × FCoM

ΩT ≡ m2
e

M2Ωc +
m2

h
M2 τ

′Ωv′

FCoM

V (|re − rh|)
−Ωcez × ∂V (|re−rh|)

∂re
−τ ′Ωv′ez × ∂V (|re−rh|)

∂rh

Fe Fh

Fe · re + Fh · rh = FCoM ·R+ FR · r
r ≡ re − rh

FR ≡ mh
M Fe − me

M Fh

FCoM FR

coordinate and  the exciton mass.  then
introduces a CoM anomalous velocity  to the
exciton.  The  value ,  which  is  the
sum of the electron and hole Berry curvatures (normalized
by the effective mass related factors),  can be viewed as
the  exciton  Berry  curvature  under  the  effect  of .
However,  the  above  rough  treatment  didn’t  fully  take
into  account  the  effect  of  the  Coulomb  interaction

,  which  adds  an  additional  term
 ( )  to  the  electron

(hole)  anomalous  velocity  and  can  affect  the  exciton
CoM anomalous velocity. Furthermore, for an interlayer
exciton,  and  applied  on  the  electron  and  hole
constituents  located  in  opposite  layers  can  be  tuned
independently.  Writing 
with  the  e–h  relative  coordinate  and

 the  force  component  that  affects  the
e–h relative motion, the resultant CoM anomalous velocity
should  depend  on  both  and  thus  cannot  be
solely  determined  by  a  single  Berry  curvature  [see
Fig. 1(c)].

U (re, rh) ≡
V (|re − rh|)− Fe · re − Fh · rh

In  fact,  writing  the  total  potential  as 
, the electron and hole velocity

operators are in the forms: 

v̂(c)
e =

p̂

me
− Ωcez ×

∂U (re, rh)

∂re
,

v̂
(v′)
h =

k̂

mh
− τ ′Ωv′ez ×

∂U (re, rh)

∂rh
. (3)

v̂X = me

M v̂
(c)
e + mh

M v̂
(v′)
h = Q̂/M + veh + v̂int Q̂/M

veh + v̂int

The  CoM  velocity  operator  of  the  exciton  is  then
. Here  is the

trivial CoM group velocity, and  is the exciton’s
CoM anomalous velocity operator induced by the electron
and  hole  Berry  curvatures,  as  can  be  seen  from  their
equation forms: 

veh ≡
me

M
Ωcez × Fe +

mh

M
τ ′Ωv′ez × Fh

= ez × (ΩTFCoM + δΩFR) ,

v̂int ≡ −δΩez ×
∂V (r)

∂r
. (4)

δΩ ≡ me

M Ωc − mh
M τ ′Ωv′ Ωr/c/v ΩT

δΩ veh

v̂int

|nl⟩

Here ,  and  the  values  of , ,
and  are  summarized  in Table  1.  corresponds  to
the CoM sum of the electron and hole anomalous veloci-
ties,  which  is  a  constant  independent  on  the  exciton
wave  function.  is  the  anomalous  velocity  operator
introduced by the e–h Coulomb interaction. Setting the
exciton basis as the Rydberg series  of the traditional
2D  hydrogen  model  and  keeping  only  the  four  lowest-
energy states 1s, 2s, 2p±, one can write 

v̂int ≈
2∑

n=1

(⟨
2p+

∣∣v̂int ∣∣ns⟩|ns⟩⟨2p+∣∣
+

⟨
2p−

∣∣v̂int ∣∣ns⟩∣∣ns⟩⟨2p−∣∣)+ h. c.. (5)

 
K

Fe Fh

K K

Fe Fh

FCoM ≡ Fe + Fh

FR ≡ (mhFe −meFh)/M

Fig. 1  (a) The  electron  and  hole  bands  near  ± .  The
wavy double arrow denotes the Coulomb interaction between
them. (b) Schematic  illustrations  of  valley  Hall  effects  for
the  electron  (upper  panel)  and  hole  (lower  panel)  under
external  forces  and ,  respectively.  Blue  solid  (dashed)
arrows denote the trajectories of carriers in +  (– ) valley.
(c) A schematic illustration of the Hall effect of the interlayer
exciton  when  its  electron  and  hole  constituents  experience
external forces  and , respectively. The total force on the
exciton  can  be  decomposed  into  which
perturbs the exciton CoM motion and 
which perturbs the e–h relative motion.
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v̂int

va
veh ⟨v̂int⟩ ⟨v̂int⟩

|ns⟩ |2p±⟩ FR

 only has  the off-diagonal  terms since it  changes  the
angular momentum quantum number by ±1. The CoM
anomalous velocity  of a given exciton state equals the
sum of  and the expectation value .  For  to
be finite, the exciton must be in the coherent superposition
of  and , which can be induced by  that affects
the  e–h  relative  motion  or  a  possible  coupling  between
the CoM and e–h relative motions.

 3   The effective Hamiltonian and CoM
anomalous velocities of excitons

Below we give a rigorous analysis to the exciton geometry
structure and quantitatively calculate the corresponding
CoM anomalous velocity under external forces. Starting
from  the  three-orbital  models  of  the  electron  and  hole
constituents [Eqs. (1) and (2)], the full exciton Hamiltonian
is 

Ĥ = Ĥe ⊗ Îh + Îe ⊗ Ĥh + U (re, rh) Îe ⊗ Îh, (6)

Îe Îh

Ĥe Ĥh

eŜ
′
eŜĤe−Ŝe−Ŝ

′
Ĥ

Ŝ

eŜ
(
Ĥe ⊗ Îh + Îe ⊗ Ĥh

)
e−Ŝ p̂

k̂

eŜU (re, rh) Îe ⊗ Îhe−Ŝ

Ŝ′

eŜ
′
eŜĤe−Ŝe−Ŝ

′

U

v̂e ≡ eŜ
′
eŜ i

[
Ĥe, re

]
e−Ŝe−Ŝ

′

v̂h ≡ eŜ
′
eŜ i

[
Ĥh, rh

]
e−Ŝe−Ŝ

′

where  and  are  the  3  × 3  identity  matrices  in  the
electron  and  hole  subspaces,  respectively.  Considering
the  presence  of  off-diagonal  terms  in  and ,  we
apply  two  consecutive  SW  transformations

 to perturbatively diagonalize . The first
transformation  involving  the  anti-Hermitian  operator 
diagonalizes  the  non-interacting  e–h  pair

 up to the second order of  and
,  but  at  the  same  time  it  also  introduces  finite  but

weak  off-diagonal  terms  to .  The
second  transformation  involving  is  to  ensure  that

 becomes diagonal up to the first order of
 (see Appendix A for details about the two SW trans-

formations). After the diagonalization, the exciton problem
can be reduced to the subspace with the electron located
in c-band and hole  in v'-band.  Meanwhile,  the  electron
and hole velocity operators are 
and ,  respectively,  whose
components in cv'-subspace and the corresponding CoM
anomalous  velocity  of  the  exciton  are  found  to  exactly
coincide with Eqs. (3) and (4), respectively.

Q̂ ≡ k̂ + p̂ q̂ ≡ mh
M p̂− me

M k̂

By  introducing  the  exciton  CoM  momentum
 and  e–h  relative  momentum ,

we  get  the  effective  exciton  Hamiltonian  in cv'-
subspace: 

Ĥcv′ ≈ ĤX,0 + δĤ + ĤC + ez ·
(
ΩTFCoM + δΩFR

4
× Q̂

)
− FCoM ·R.

(7)

ez ·
(

ΩTFCoM+δΩFR

4 × Q̂
)

FCoM ·R Q̂

ĤX,0 δĤ ĤC

On the above right-hand-side, the effects of the last two
terms  are  trivial  and  well-known: 
introduces  a Q-dependent  energy  shift  to  the  exciton,
and  leads to the drift of the CoM momentum .
Below  we  focus  on  the  more  essential  first  three  terms

,  and .
The  first  term  corresponds  to  the  well-studied  2D

hydrogen-like Hamiltonian 

ĤX,0 = ϵcv′ +
Q̂2

2M
+

q̂2

2µ
+ V (r) , (8)

µ ≡ memh/M

ĤX,0 eiQ·R |nl⟩ nl

l

ĤX,0

2p±

with  the  reduced  mass.  The  eigenstates  of
 are discrete Rydberg states  with  = 1s,

2s, 2p±, whose CoM momentum Q and angular momentum
 = 0, 0, ±1 are good quantum numbers. Note that the
nonlocal screening of the 2D layered geometry leads to a
non-hydrogenic behavior for eigenstates of , and the
resultant  2s exciton  energy  is  higher  than  those  of 
[38–40], see the inset of Fig. 2(a).

δĤThe Q-independent term  in Eq. (7) is given by 

δĤ = A∂2V (r) +
Ωc + τ ′Ωv′

2

(
∂V (r)

∂r
× q̂

)
· ez, (9)

A = 1
2

(
α2

ϵ2rc
+ β2

ϵ2cv
+ γ′2

ϵ2
r′v′

+ β′2

ϵ2
c′v′

)

E
(Darwin)
nl E

(SOC)
nl |nl⟩

E
(Darwin)
nl

E
(Darwin)
nl

E
(SOC)
nl

|nl⟩ nl

E
(Darwin)
nl

ε

with . Here the first (second)
term  on  the  right-hand-side  corresponds  to  the  well-
known  Darwin  (spin–orbit  coupling)  term  in  the  2D
hydrogen model [8], which produces an energy correction

 ( )  to  [31–33].  Different  from  the  3D
hydrogen  model  where  is  finite  only  for s-type
wave functions,  in  the  2D case  it  becomes  finite  for  all
Rydberg  states  with  zero  and  nonzero  angular  momen-
tums. Specifically, the energy shifts  are indepen-
dent on the valley index, and are the same for 2p+ and
2p–.  On  the  other  hand,  is  finite  only  for  states
with nonzero angular momentums, with opposite values
for 2p+ and 2p–. For a quantitative estimation, we have
numerically solved the exciton wave functions  for  =
1s, 2s, 2p± in monolayer and bilayer MoSe2, from which
the energy corrections induced by Darwin and spin–orbit
coupling (SOC) terms are obtained, see Appendix B for
calculation details. Figures 2(a) and (b) show  in
suspended (with environmental dielectric constant  = 1)

Ωr/c/v K ΩT ≡
(
m2

eΩc+m
2
hτ

′Ωv′
)
/M2

δΩ ≡ (meΩc −mhτ
′Ωv′) /M

Ωr′/c′/v′ = −Ωr/c/v

Table  1  The electron Berry curvatures  at  calculated from the three-orbital model, and ,
 for  excitons  in  monolayer  MoSe2 (unit:  nm2).  The  hole  Berry  curvature  is  related  to  that  of  the

electron through  in monolayer TMDs.

Ωr Ωc Ωv ΩT (τ ′ = +1) ΩT (τ ′ = −1) δΩ(τ ′ = +1) δΩ(τ ′ = −1)

0.023 –0.125 0.148 –0.072 0.030 0.036 –0.138
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ε

δE2p ≡ E
(SOC)
2p+

− E
(SOC)
2p−

τ = +1

δE2p ≈

δE2p

δE2p

τ = −1

and  hBN-encapsulated  (  =  4.5)  MoSe2,  respectively.
Figures 2(c) and (d) are those for .
For  intravalley  excitons  with ,  our  calculation
gives  12 meV for intralayer exciton in monolayer
MoSe2 encapsulated  by  thick  hBN,  in  agreement  with
the experimental observation [41]. For interlayer excitons
in bilayer TMDs, we find that  varies with the interlayer
separation d and is generally in the order of several meV.
On  the  other  hand,  for  intervalley  excitons  with

 is  negligibly  small,  see Figs.  2(c)  and  (d).  The
energy alignment of 1s, 2s, 2p+ and 2p– after taking into
account  the  above  energy  corrections  is  illustrated  in
Fig. 2(a) inset.

ĤX,0 δĤ

ĤC

Unlike  and  which  conserve  the  angular
momentum,  on  the  right-hand-side  of  Eq.  (7)
changes the angular momentum quantum number by ±1,
with a form given by 

ĤC = − δΩ

2

(
∂V (r)

∂r
× Q̂

)
· ez + FR · r

+

(
ΩcFe − τ ′Ωv′Fh

4
× q̂

)
· ez. (10)

ĤC |ns⟩ |2p±⟩
⟨v̂int⟩

Q FCoM/R ĤC

|ns⟩ |2p±⟩

 then  couples  and  states  and  introduces  a
finite  component to the CoM anomalous velocity of
the  exciton  [Eq.  (4)].  Below  we  focus  on  the  CoM
anomalous velocities of 1s and 2s states, as they can be
detected  through  their  radiative  recombination.  For
small values of  and ,  leads to a perturbative
coupling between  and  which gives rise to 

⟨v̂int⟩ns =
(

1

M +∆Mns
− 1

M

)
Q− δΩηnsez × FR + η′nsez

× [δΩFCoM + (Ωc + τ ′Ωv′)FR] .

(11)

Q̂ ĤC

∆Mns

1
M+∆Mns

− 1
M = δΩ2

4

[
|⟨ns|∂−V |2p+⟩|2
Ens−E2p+

+ |⟨ns|∂+V |2p−⟩|2
Ens−E2p−

]
FR ·r ĤC ηns ≡ ⟨ψ2p+|r̂+|ψns⟩⟨ψns|∂−V |ψ2p+⟩

Ens−E2p+

+
⟨ψ2p−|r̂−|ψns⟩⟨ψns|∂+V |ψ2p−⟩

Ens−E2p−

η′ns ≡ δΩ
8

[ ⟨ψ2p+|∂+|ψns⟩⟨ψns|∂−V |ψ2p+⟩
Ens−E2p+

+
⟨ψ2p−|∂−|ψns⟩⟨ψns|∂+V |ψ2p−⟩

Ens−E2p−

]
ηns η′ns

On the right-hand-side of Eq. (11), the first term comes
from the modification to the exciton dispersion from the

-related term in  [Eq. (10)], thus can be viewed as a
correction  to  the  exciton  mass,  with

.  The
second  term  is  an  anomalous  velocity  originating  from

 in ,  with 
.  The  third  term  comes

from  SOC,  with 
.  and  are dimensionless

parameters determined by the exciton wave function.
Q ≈ 0

va = veh + ⟨v̂int⟩ns
For an exciton with , we get the final form of its

CoM anomalous velocity ,  which can be
written as 

va ≈ ez ×
{(

ΩT + η′nsδΩ
)
FCoM +

[(
1− ηns

)
δΩ

+ η′ns
(
Ωc + τ ′Ωv′

)]
FR

}
. (12)

Eq.  (12)  represents  the  central  result  of  this  work.  We

 

E
(Darwin)
nl

ε

E
(Darwin)
nl

ε

E
(Darwin)
nl ε

δE2p ≡ E2p+ − E2p−

δE2p

Fig. 2  (a) The  Darwin  term  induced  energy  correction
 to 1s, 2s, and 2p± states of the interlayer exciton as a

function of the interlayer distance d in suspended MoSe2 with
environmental dielectric constant  = 1. d = 0 corresponds to
the monolayer case. The inset illustrates the energy alignment
of 1s, 2s, 2p+ and 2p– states. (b)  for excitons in hBN-
encapsulated MoSe2 with  = 4.5. The inset shows the depen-
dence  of  on  in  monolayer  MoSe2. (c) The  SOC
induced  splitting  as  a  function  of  the
interlayer  distance d,  for  excitons  in  suspended  MoSe2.
(d)  for excitons in hBN-encapsulated MoSe2.  In (a‒d),
solid symbols at d = 0 correspond to excitons in monolayer
MoSe2,  whereas  empty  symbols  correspond  to  excitons  in
bilayer  MoSe2 with d =  0  (i.e.,  two  monolayers  vertically
overlap).

 
ηns

ε ε

τ ′ = +1 τ ′ = −1 ηns

∆M1s/M

Fig. 3  (a) The dimensionless parameter  for 1s and 2s
exciton states as functions of the interlayer distance d, in the
suspended  (  =  1)  and  hBN-encapsulated  (  =  4.5)  MoSe2.

 and  have nearly the same  values. (b) The
mass corrections  in the suspended and hBN-encap-
sulated TMDs as functions of d.
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va FCoM FR

ηns η′ns
ηns

η1s η2s

can see that  depends on both  and  and varies
with  the  exciton  wave  function  through  and .
Figure 3(a) shows our calculated values of  for excitons
with  different  interlayer  distances d,  whose  absolute
values  are  ~  2.  The  opposite  signs  of  and  come

E1s − E2p± < 0 E2s − E2p± > 0

η1s η2s ε

∆M1s/M

from  the  fact  that  and .
Both  and  have weak dependences on d and , but
are nearly independent on the valley index. Figure 3(b)
shows the mass correction  for 1s exciton, which
reaches  maximum (≈ 5%)  for  the  intralayer  intervalley

 
FR FCoM

FCoM

(τ, τ ′) = (+1,+1) (+1,−1)

FCoM FR −eE E

FR −FR

Fh Fe −eE E

Ω
(CoM)
ns

Ω
(R)
ns

Ω
(e)
ns

Fig. 4  (a) A schematic  illustration  of  the  exciton  valley  Hall  effect  under  =  0  but  ≠ 0  which  is  induced  by  a
density or thermal gradient (color map). The orange arrow denotes the total force  applied on the exciton CoM motion.
Solid and dashed blue arrows denote the trajectories of excitons with the valley indices  and , respec-
tively,  with  their  transverse  motions  induced  by  the  CoM anomalous  velocity  of  the  exciton. (b) The  exciton  valley  Hall
effect under  = 0 but  =  ≠ 0 which is induced by a homogeneous in-plane electric field  (black arrows). Green
arrows denote the electrostatic forces  and  applied on the electron and hole constituents, respectively. (c) The exciton
valley Hall effect under  = 0 but  =  ≠ 0 (the red arrow) which is from an electric field  (the black arrow) applied
in the electron layer only. (d) The Berry curvature  of 1s and 2s excitons as functions of the interlayer distance d [see
Eq. (13) in the maintext],  which leads to the exciton transverse motion in (a). (e) The Berry curvature  of  1s and 2s
excitons, which leads to the exciton transverse motion in (b). (f)  of 1s and 2s excitons, which leads to the exciton transverse
motion in (c).
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ε

η′ns ∆M2s/M

exciton  under  a  weak environmental  screening  (  = 1).
The  values  of  and  are  found  to  be
extremely small (~ 0.01 and ~ 0.01%, respectively) thus
not shown.

FCoM FR

FR = 0

FCoM ̸= 0

FCoM = 0

FR ̸= 0

Fh = 0 Fe ̸= 0

va = Ω
(CoM/R/e)
ns ez × FCoM/R/e

For interlayer excitons in bilayer TMDs, the electron
and  hole  constituents  located  in  opposite  layers  can
experience  different  forces.  This  implies  that  the  force
fields  and  can  be  tuned  independently.  Below
we  consider  three  special  combinations:  i)  but

,  which  comes  from  the  gradient  force  induced
by  an  inhomogeneous  density  or  thermal  distribution,
see  the  schematic  illustration  in Fig.  4(a);  ii) 
but , which corresponds to the case that a homo-
geneous in-plane electric field is applied on the exciton,
see Fig. 4(b); iii)  but ,  that is,  the force is
applied  only  on  the  electron  but  not  on  the  hole,  see
Fig.  4(c).  The  CoM anomalous  velocity  can  be  written
as ,  with  the  three  Berry
curvatures given by 

Ω(CoM)
ns = ΩT + η′nsδΩ,

Ω(R)
ns = (1− ηns) δΩ+ η′ns (Ωc + τ ′Ωv′) ,

Ω(e)
ns =

me

M
Ωc − ηns

mh

M
δΩ+ η′nsΩc. (13)

Ω
(CoM/R/e)
ns

η′ns ≈ 0 Ω
(CoM)
ns ≈ ΩT

Ω
(CoM)
ns

Ω
(R)
ns

Ω
(R)
ns −FCoM ·R

−FR · r

∣∣∣Ω(R)
ns

∣∣∣ ∣∣∣Ω(e)
ns

∣∣∣∣∣∣Ω(CoM)
ns

∣∣∣

We have obtained  for intralayer and interlayer
excitons  in  MoSe2,  which  are  shown  in Figs.  4(d)‒ (f).
Because ,  is  nearly  a  constant  inde-
pendent on the exciton wave functions. However, 
exhibit very different values for intravalley and intervalley
excitons, see Fig. 4(d). On the other hand, as shown in
Fig.  4(e),  the  signs  of  are  opposite  for  1s and  2s
interlayer excitons with the same valley index, implying
that  these  two  states  exhibit  opposite  CoM  anomalous
velocities under the same in-plane electric field. Meanwhile
the  valley  index  can  greatly  affect  the  magnitude  and
sign  of .  Interestingly,  compared  to ,  the
field  component  that  affects  the  e–h  relative
motion has a more profound effect on the CoM anomalous
velocity of the exciton, as can be seen from Figs. 4(d)–(f)
that the maximum values of  and  are several
times larger than that of . We note that previous
works  [42, 43]  have  also  pointed  out  that  an  in-plane
electric field can generate a CoM anomalous velocity for
the  exciton,  which  corresponds  to  the  second  case  in
Eq. (13).

 4   Summary and discussion

In summary, we have given a rigorous derivation of the
exciton  geometric  structure  in  monolayer  and  bilayer
TMDs, which is inherited from that of Bloch bands and
can manifest as a CoM anomalous velocity of the exciton
when external fields are applied on the electron and hole
constituents.  We  have  demonstrated  that  the  CoM
anomalous velocity has a non-trivial  dependence on the

two fields applied on the electron and hole, respectively,
as  well  as  the  exciton  wave  function.  A  large  CoM
anomalous  velocity  can  emerge  even  when  the  CoM
motion of the exciton is not driven by the external fields.
We have also calculated the energy corrections from the
Darwin  and  SOC  terms  for  intralayer  and  interlayer
excitons in TMDs, which originate from geometric struc-
tures  of  Bloch  bands.  The  obtained  splitting  between
2p± exciton  states  agrees  well  with  the  experimental
observation. We emphasize that our treatment is general
and  can  be  applied  to  excitons  in  other  materials.  For
example,  applying  an  interlayer  bias  can  open  a  small
band  gap  in  bilayer  graphene  and  induce  large  Berry
curvatures for the carriers,  which can result in a valley
Hall  effect  as  detected  in  experiments  [44, 45].  Mean-
while,  tunable  excitons  in  bilayer  graphene  have  also
been  observed  experimentally  [46].  This  suggests  that
excitons in bilayer graphene can be another candidate to
observe our proposed phenomena. The theoretical results
in  our  work  thus  can  serve  as  a  guide  for  the  field-
control  of  the  valley-dependent  exciton  transport,
enabling the design of novel quantum optoelectronic and
valleytronic devices.

τ = −τ ′

In Eq.  (12),  the obtained CoM anomalous velocity is
determined  by  the  electron  and  hole  Berry  curvatures,
suggesting  that  the  exciton  geometric  structure  is  fully
inherited  from  that  of  Bloch  bands.  Other  geometric
structures  of  excitons  can  also  emerge,  e.g.,  due  to  the
position-dependent  layer  hybridizations  in  a  bilayer
moiré pattern [47] or CoM momentum dependent inter-
valley e–h exchange interaction [48]. In this work we do
not  consider  the  effect  of  moiré  patterns.  We also  note
that  the  strength  of  the  e–h  exchange  interaction  is
proportional  to  the  probability  that  the  electron  and
hole spatially overlap, which is thus negligibly small for
interlayer excitons due to the vertically separated electron
and  hole  constituents.  Meanwhile,  the  e–h  exchange
interaction can lead to the efficient valley depolarization
(<  1  ps)  for  intravalley  excitons  in  monolayer  TMDs,
which  reverses  the  exciton’s  CoM  anomalous  velocity
thus can diminish the valley Hall effect shown in Fig. 4.
However,  the  e–h  exchange  interaction  is  negligible  for
intervalley  excitons  in  monolayer  TMDs  and  interlayer
excitons  in  bilayer  TMDs,  resulting  in  their  very  long
valley lifetimes ranging from ~ 10 ns to ~ μs [1, 13]. Also
note  that  in Fig.  4 the  largest  magnitude  of  the  CoM
anomalous  velocity  corresponds  to  those  of  intervalley
excitons with . These properties make intervalley
excitons very suitable for observing the proposed valley
Hall effect. In monolayer TMDs, such intervalley excitons
are momentum indirect thus cannot radiatively recombine
directly.  However,  their  radiative  recombination  can be
assisted  by  impurity-scattering  or  phonon-emission,  as
experimentally observed in monolayer WSe2 [49]. On the
other hand, in bilayer TMDs with a 60° interlayer twist
angle,  intervalley  excitons  become  momentum  direct
thus  can  radiatively  recombine  directly.  The  circularly
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polarized  photon  emissions  of  these  intervalley  excitons
can facilitate the detection of the corresponding exciton
valley Hall effect.
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Appendix A: Schrieffer‒Wolff transforma-
tions on the exciton Hamiltonian

eŜĤe−Ŝ = Ĥ +
[
Ŝ, Ĥ

]
+ 1

2

[
Ŝ,

[
Ŝ, Ĥ

]]
+ . . .

Ĥ=Ĥe ⊗ Îh + Îe ⊗ Ĥh + U (re, rh) Îe ⊗ Îh
Ŝ

We  apply  a  Schrieffer–Wolff  (SW)  transformation
 on  the  exciton

Hamiltonian , where
the anti-Hermitian operator  has a form 

Ŝ =


0 − α

ϵrc
p̂− − γ

ϵrv
p̂+

α

ϵrc
p̂+ 0

β

ϵcv
p̂−

γ

ϵrv
p̂− − β

ϵcv
p̂+ 0

⊗ Îh

+ Îe ⊗


0 − α′

ϵr′c′
k̂τ − γ′

ϵr′v′
k̂−τ

α′

ϵr′c′
k̂−τ 0

β′

ϵc′v′
k̂τ

γ′

ϵr′v′
k̂τ − β′

ϵc′v′
k̂−τ 0

 .

(A1)

H̃eh ≡ eŜ
(
Ĥe ⊗ Îh + Îe ⊗ Ĥh

)
e−Ŝ

The  resultant  non-interacting  e–h  pair  Hamiltonian
 becomes  diagonal  and

has the following form: 

H̃eh ≈


ϵr +

p̂2

2mr
0 0

0 ϵc +
p̂2

2mc
0

0 0 ϵv +
p̂2

2mv

⊗ Îh

+ Îe ⊗


−ϵr′ +

k̂2

2mr′
0 0

0 −ϵc′ +
k̂2

2mc′
0

0 0 −ϵv′ +
k̂2

2mv′

 .

(A2)

mr ≡ 1
2

(
δr +

α2

ϵrc
+ γ2

ϵrv

)−1

mc =
1
2

(
δc +

β2

ϵcv
− α2

ϵrc

)−1

mv =
1
2

(
δv − β2

ϵcv
− γ2

ϵrv

)−1

Here , 

and  correspond  to  the  effective
masses  of  the  three  electron  Bloch  bands,  and

mr′ ≡− 1
2

(
δr′+

α′2

ϵr′c′
+ γ′2

ϵr′v′

)−1

mc′ ≡− 1
2

(
δc′+

β′2

ϵc′v′
− α′2

ϵr′c′

)−1

mv′ ≡ 1
2

(
β′2

ϵc′v′
+ γ′2

ϵr′v′
− δv′

)−1

p̂

k̂

p̂ k̂

, ,

 are  those  of  the  hole  bands.
In Eq.  (A2),  we have kept up to the second-order of 
and  for  the  diagonal  terms,  whereas  the  off-diagonal
terms are  at  least  second-order  of  and  thus  are  all
dropped  because  of  the  large  inter-band  energy  separa-
tions.

Ũ ≡ eŜU (re, rh) Îe ⊗ Îhe−Ŝ
The  total  potential  is  transformed  to

 which has the below form: 

Ũ ≈ U (re, rh) Îe ⊗ Îh

+


Ĥ

(r)
Darwin + Ĥ

(r)
SOC i

α

ϵrc
∂e,−U i

γ

ϵrv
∂e,+U

−i α
ϵrc

∂e,+U Ĥ
(c)
Darwin + Ĥ

(c)
SOC −i β

ϵcv
∂e,−U

−i γ
ϵrv

∂e,−U i
β

ϵcv
∂e,+U Ĥ

(v)
Darwin + Ĥ

(v)
SOC

⊗ Îh

+ Îe ⊗


Ĥ
(r′)
Darwin + Ĥ

(r′)
SOC i

α′

ϵr′c′
∂h,τU i

γ′

ϵr′v′
∂h,−τU

−i α
′

ϵr′c′
∂h,−τU Ĥ

(c′)
Darwin + Ĥ

(c′)
SOC −i β

′

ϵc′v′
∂h,τU

−i γ
′

ϵr′v′
∂h,τU i

β′

ϵc′v′
∂h,−τU Ĥ

(v′)
Darwin + Ĥ

(v′)
SOC

 .

(A3)

∂e/h,±U ≡ ∂U
∂xe/h

± i ∂U∂ye/h
∂2e/hU ≡ ∂2U

∂x2
e/h

+ ∂2U
∂y2

e/h

Ĥ
(r)
Darwin ≡

1
2

(
α2

ϵ2rc
+ γ2

ϵ2rv

)
∂2eU Ĥ

(c)
Darwin ≡

1
2

(
α2

ϵ2rc
+ β2

ϵ2cv

)
∂2eU

Ĥ
(v)
Darwin ≡

1
2

(
γ2

ϵ2rv
+ β2

ϵ2cv

)
∂2eU

Ĥ
(r/c/v)
SOC ≡ i

4Ωr/c/v (∂e,−Up̂+ − ∂e,+Up̂−)

Ĥ
(r′)
Darwin ≡

1
2

(
α′2

ϵ2
r′c′

+ γ′2

ϵ2
r′v′

)
∂2hU Ĥ

(c′)
Darwin ≡

1
2

(
α′2

ϵ2
r′c′

+ β′2

ϵ2
c′v′

)
∂2hU

Ĥ
(v′)
Darwin ≡

1
2

(
γ′2

ϵ2
r′v′

+ β′2

ϵ2
c′v′

)
∂2hU Ĥ

(r′/c′/v′)
SOC ≡ i

4τΩr′/c′/v′(
∂h,−Uk̂+ − ∂h,+Uk̂−

)

Here  and .
,  and
 correspond  to  the  well-known

Darwin terms for electrons in r-, c- and v-bands, respec-
tively.  are the spin-
orbit  coupling  terms  of  the  three  electron  bands.

, ,

 and 
 correspond to those of the hole.

Ũ

eŜ
′
Ũe−Ŝ

′
Ŝ′

Besides  these  additional  diagonal  terms,  the  SW
transformation also results in the emergence of off-diagonal
terms in . However, these off-diagonal terms are weak
thus can be removed through a second SW transformation

,  with  an  anti-Hermitian  operator  in  the
following form 

Ŝ′ = i


0

α

ϵ2rc
∂e,−U

γ

ϵ2rv
∂e,+U

α

ϵ2rc
∂e,+U 0 − β

ϵ2cv
∂e,−U

γ

ϵ2rv
∂e,−U − β

ϵ2cv
∂e,+U 0

⊗ Îh

+ Îe ⊗ i


0 − α′

ϵ2r′c′
∂h,τU − γ′

ϵ2r′v′
∂h,−τU

− α′

ϵ2r′c′
∂h,−τU 0

β′

ϵ2c′v′
∂h,τU

− γ′

ϵ2r′v′
∂h,τU

β′

ϵ2c′v′
∂h,−τU 0

 .

(A4)

eŜ
′
eŜĤe−Ŝe−Ŝ

′The final form of the exciton Hamiltonian 
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U

Ŝ′ H̃eh

becomes  fully  diagonal  up to  the  first-order  of ,  since
 has  negligible  effects  on  due  to  the  large  inter-

band energy separations. The exciton Hamiltonian in the
subspace with the electron located in c-band and hole in
v'-band is 

Ĥcv′ = ϵcv′ +
p̂2

2mc
+

k̂2

2mv′
+ U (re, rh) + Ĥ

(c)
Darwin + Ĥ

(v′)
Darwin

+ Ĥ
(c)
SOC + Ĥ

(v′)
SOC .

This  then  leads  to  the  effective  exciton  Hamiltonian  of
Eq. (7).

 Appendix B: Numerically solved exciton
wave functions

ψnl (r) ≡ ⟨r|nl⟩We  obtained  the  wave  functions  of  the
exciton  Rydberg  states  by  numerically  solving  the
Schrodinger equation  [

ℏ2q̂2

2µ
+ V (r)

]
ψnl (r) = Enlψnl (r) . (A5)

µ = 0.31m0

M = 1.27m0 m0

We take the values of reduced mass  and exciton
mass  with  the free electron mass, which
correspond  to  the  case  of  homobilayer  or  monolayer
MoSe2. In monolayer TMDs, the e–h Coulomb potential
is taken as the Rytova‒Keldysh potential [50]: 

Vmonolayer (r) = − e2

8εε0r0

[
H0

(
r

r0

)
− Y0

(
r

r0

)]
, (A6)

r0 ≈ 3.9/ε ε

ε

ε

where  nm is the screening length and  is the
average  environmental  dielectric  constant  (  =  1  for
suspended  TMDs,  and  =  4.5  for  hBN-encapsulated
TMDs).  While  for  the  interlayer  exciton  in  bilayer
TMDs, the e–h Coulomb interaction is [51] 

Vinterlayer (r) = − e2

4πεε0

∫ ∞

0

dq
J0 (rq)

(1 + r0q)
2edq − r20q

2e−dq
.

(A7)

J0 (x)

d→ 0

2r0

with  as zero order Bessel function of the first kind,
and d ≈ 0.6  nm  is  the  interlayer  distance.  For  ,
Vinterlayer becomes Vmonolayer with a screening length .

The numerically solved wave functions for 1s,  2s and
2p± states are shown in Fig. A1, which deviate from the
traditional  exponentially  decaying  forms.  We  find  that
the numerical results can be fit nearly perfectly by 

ψ1s (r) =
1√
2π
β1se

−β1sr
2

a+r ,

ψ2s (r) =
1√
2π
b2s

(
1 + cr2

)
e−

β2sr
2

b+r ,

ψ2p± (r) =
1√
2π
b2pe±iθre−

β2pr
2

a+r . (A8)

The  fitting  results  for  excitons  in  hBN-encapsulated
monolayer MoSe2 are shown in Fig. A1.

The  energy  corrections  on  the  Rydberg  states  from
the Darwin and SOC terms can then be calculated: 

E
(Darwin)
nl = A

⟨
ψnl|∂2V |ψnl

⟩
,

E
(SOC)
nl =

Ωc + τ ′Ωv′

2

⟨
ψnl|

(
∂V

∂r
× q̂

)
· ez|ψnl

⟩
.

(A9)

V (r)|r→0 → e2

4πεε0r0
ln
(

r
2r0

)
∂2 V (r)|r→0 → e2

2εε0r0
δ (r)

A e2

2εε0r0
|ψnl (r = 0)|2 E

(Darwin)
nl ∂2V (r)−

e2

2ϵϵ0r0
δ (r) ̸= 0 r = 0

E
(Darwin)
nl

E
(Darwin)
nl

Note  that ,  which  results  in
 and  contributes  a  component

 to .  Meanwhile 
 when away from , which contributes a

second  component  to .  The  overall  value  of
 is the sum of these two contributions.

 
|ψ1s|2 |ψ2s|2

∣∣ψ2p±

∣∣2
ε = 4.5 r0 = 3.9/ε

∝ f(r, θ)e−br2/(a+r) ∝ f(r, θ)e−br

Fig. A1  (a‒c) Fitting  results  for  wave  functions ,  and ,  respectively,  for  excitons  in  hBN-encapsulated
monolayer  MoSe2 with  and  nm.  The  Blue  lines  are  the  fitting  results  using  non-hydrogenic  functions

 [Eq. (A8)]. The green lines are the fitting results using exponentially decaying functions . The
dotted lines are the numerical results.
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