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ABSTRACT

Solving non-Hermitian quantum many-body systems on a quantum
computer by minimizing the variational energy is challenging as the
energy can be complex. Here, we propose a variational quantum algorithm
for solving the non-Hermitian Hamiltonian by minimizing a type of
energy variance, where zero variance can naturally determine the eigen-
values and the associated left and right eigenstates. Moreover, the energy
is set as a parameter in the cost function and can be tuned to scan the
whole spectrum efficiently by using a two-step optimization scheme.
Through numerical simulations, we demonstrate the algorithm for prepar-
ing the left and right eigenstates, verifying the biorthogonal relations, as
well as evaluating the observables. We also investigate the impact of quan-
tum noise on our algorithm and show that its performance can be largely
improved using error mitigation techniques. Therefore, our work suggests
an avenue for solving non-Hermitian quantum many-body systems with
variational quantum algorithms on near-term noisy quantum computers.
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1 Introduction

The exploration of non-Hermitian physics holds great
importance in physics, as numerous natural physical
phenomena exhibit non-Hermitian characteristics [1].
Recently, much attention has been paid to non-Hermitian
physical systems due to their exceptional properties,
including PT symmetry breaking [2-5], skin effect [6-8],
topological properties [9-12], and others [13-16]. Never-
theless, tackling the many-body non-Hermitian physical
systems presents a challenge for classical computers due
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to the exponential growth of Hilbert space [17]. While
tensor network provides a potential powerful method to
solve non-Hermitian systems [18-20], it is imperative to
limit the matrix dimension to a moderate threshold
value to alleviate computational complexity [21].
Quantum computing has the potential to provide solu-
tions for hard problems [22-25]. For near-term quantum
computers, variational quantum eigensolver (VQE) is
designed to solve eigenstates of many-body systems [26,
27]. Tt can efficiently calculate the ground state [28-32]
and low-lying excited states [33-36] of a given Hamilto-
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nian. The efficacy of VQE algorithms is based on mini-
mizing the variational energy [28]. However, non-Hermitian
systems may not have a minimum energy as the eigenvalue
of the Hamiltonian may be a complex number, rendering
the conventional VQE not implementable. Alternatively,
the energy variance can be utilized as the cost function,
as it can be used to determine an eigenstate since any
eigenstate is characterized by zero energy variance [37,
38]. This approach allows us to bypass the energy mini-
mization issue in non-Hermitian Hamiltonians [39].
Therefore, energy variance can be leveraged as a cost
function to design the variational quantum algorithm to
effectively solve the non-Hermitian Hamiltonian.

Here, we develop a variational quantum algorithm for
solving non-Hermitian quantum systems by using a
cousin of the energy variance as the cost function. The
cost functon differs from the conventional energy variance
in that the energy is parameterized with a complex
number. By zero-variance principle, the eigenstates and
the corresponding eigenenergies can be obtained and self-
verified by minimizing the energy variance to zero. For
efficient optimization, we adopt a two-step optimization
strategy, which allows the system to evolve towards the
target quantum state by adjusting the optimization
sequence among parameters. The effectiveness of the
algorithm is demonstrated through numerical simula-
tions. Additionally, we investigate the impact of quantum
noise on the algorithm and improve its performance by
incorporating error mitigation techniques. Therefore, our
work highlights the significant potential of quantum
variational algorithms for simulating non-Hermitian
physics.

The rest of this paper is organized as follows. In
Section 2, we first introduce the non-Hermitian Hamilto-
nian in brief, and then propose the variational quantum
algorithm as well as the optimization. In Section 3, we
present the results of the numerical simulation of the
algorithm, analyze the effects of quantum noise, and
show the improvements using error mitigation. Finally,
we draw conclusions in Section 4.

2 Exploring the quantum variational
algorithm in non-Hermitian systems

In this section, we initially provide a concise introduction
to the non-Hermitian systems and the difficulties in
utilizing the conventional VQE algorithm in this
scenario. Then, we present a quantum variational algo-
rithm that is suitable for the non-Hermitian Hamilto-
nian. Afterwards, a two-step optimization strategy is
proposed to determine the desired eigenstates and eigen-
values. Finally, we show how to estimate operator
expected values for non-Hermitian systems.

2.1  Motivation

In an isolated quantum system, Hermiticity is a funda-

mental postulate in the framework of quantum mechan-
ics. This property guarantees that the expectation value
of the Hamiltonian with respect to a given quantum
state should be a real number. In contrast, for an open
physical system, the Hamiltonian operator describing
the system may not possess the property of Hermiticity
[40], i.e., H # H'. In this case, H and H' have distinct
sets of eigenstates, known as right eigenstates and left
eigenstates, respectively,

Hgh) =B, [gr), H L) =E;[vh), (1)

where E? is the complex conjugate of E, and n is the
spectral label. In the context of non-Hermitian physics,
{yr} and {y.} are referred to as biorthogonal basis
vectors, because a biorthogonal relationship exists
between left and right eigenstates [41],

in which ¢, = (¢} ¢) and 6,,, denote the Kronecker
delta function. When the system is in the quantum state
|4r), the expected value of the operator A can be
expressed as [40]

o (WAL
=)

It is worth noting that in the non-Hermitian case, the
expectation value of the Hamiltonian cannot be guaranteed
to be a real number. Computing the energy levels of
many-body systems using classical computers becomes
increasingly difficult as the system size grows. This is
due to the NP-hard problem for solving eigenvalues of
generic Hamiltonian, which scales exponentially with the
system size [17].

Quantum computing has great potential for solving
the eigenvalue problem of massive Hamiltonians using
the variational quantum eigensolver (VQE) algorithm.
VQE is a highly promising quantum algorithm for near-
term quantum computers, which can be utilized to
compute the ground state and low-lying excited states of
a given system. The VQE algorithm employs a parame-
terized quantum circuit to prepare a trial state, and the
expectation value of the Hamiltonian is measured.
Subsequently, the parameters of the trial state are opti-
mized iteratively on a classical computer to minimize
the cost function, which is designed based on the variational
principle in the variational quantum algorithm [42]. In
VQE, the energy of a system is commonly used to
construct the cost function. However, the classical opti-
mizer requires the expectation value to be a real number
when minimizing the cost function. Hence, while the
VQE algorithm has demonstrated great potential in
solving the eigenvalue problem of Hermitian Hamiltoni-
ans, it has limitations in solving non-Hermitian physical
systems due to the non-real expected value of such
systems.

(3)
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To surmount this obstacle, we introduce a cost function
in the variational quantum algorithm, which represents
the energy variance of the system. The energy variance
is zero if and only if the system is in an eigenstate. Thus,
we can get the eigenstates of the system and the corre-
sponding eigenvalues. Our algorithm facilitates the
application of the VQE algorithm to the computation of
non-Hermitian eigenenergies, enabling its use in a
broader range of physical systems. In the following, we
provide a detailed exposition of the algorithm.

2.2 Variational quantum eigensolver

Given an open physical system that can be described by
a non-Hermitian Hamiltonian H, our aim is to employ
quantum variational algorithms to compute the system’s
eigenvalues and eigenstates. To begin with, we employ
the Hermitianization technique to construct a Hermitian
Hamiltonian from the given non-Hermitian Hamiltonian
H

M(E) = (A - E*)(H — B), (4)

where E* is the complex conjugate of E. The variable F
in the Hamiltonian matrix M(FE) is a complex number,
which reflects the fact that the eigenvalues of the non-
Hermitian Hamiltonian are generally complex. Through
the construction method of Eq. (4), we obtain a Hermitian
Hamiltonian matrix M(E) that is non-negative. The
Hermitian Hamiltonian matrix M(E) is semi-positive
definite which satisfies

(M(E)) = (¢|(H! — E*)(H —~ E)|¢)) 2 0. (5)

As Eq. (5) shows, the expected value of M is actually
closely related to the variance energy of the Hamiltonian
H. The difference is that in (M (E)) the energy is param-
eterized. The condition for (M(E)) to be equal to zero is
if and only if

(H—E)|¢) =0. (6)

This condition implies that the state vector |¢) is a right
eigenstate of the Hamiltonian H, with the corresponding
eigenvalue E. Likewise, if we want to solve the left
eigenstate, we only need to replace M(E) with M "(E),

M'(E) = (H — E)(H! — EY). (7)

The cost function for the variational quantum algorithm
can be designed as following:

L(6,B) = (p(O)| (H" — E*)(H — E) [¢(9))
= (V(0)] M(E) [¢(9)), (8)

where [(0)) = U(0)|0) and U(6) is a unitary operation,
which can be implemented with parameterized quantum
circuits. As presented in Eq. (8), the cost function
L(E,0) is equivalent to the expected value of M(E) in a
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Fig. 1 [Illustration of the variational quantum algorithm,
which can prepare the eigenstates and compute the corre-
sponding eigenenergies. The quantum circuit U(¢) is parame-
terized by 6 and should be performed on a quantum
computer. The variable parameters (E,¢) are updated and
optimized with classical computing in order to minimize the
cost function.

specific quantum state |14(6)). By decomposing M(E) as a
sum of Pauli operators and performing each Pauli
measurement alone, the cost function can be obtained
efficiently.

The cost function can be minimized with a hybrid
quantum-classical optimization method. As depicted in
Fig. 1, the U(9) is utilized to prepare the quantum state
[¥(0)) on the quantum computer. Subsequently, the
expected value of M(E) is measured, and classical opti-
mization techniques are applied to minimize the
expected value by updating the parameters (E,#). Upon
achieving a minimum value of the cost function, a right
eigenstate |(d)) of H and the corresponding eigenvalue
E are obtained.

2.3 Optimization strategy

For a given Hamiltonian H, there may exist multiple
sets of eigenstates and corresponding eigenvalues which
makes the cost function reach the minimum value of
zero. In general, when minimizing a cost function using
a classical optimizer, different initial parameter values
can lead to different solutions for the optimization prob-
lem. Therefore, in order to obtain a specific eigenstate,
such as the ground state, or the eigenstate with the
largest loss, we need to design reasonable optimization
schemes. To this end, we adopt a two-step optimization
strategy, which consists of two different optimization
processes. For convenience, we denote E as E, +iE;,
where E, is the real component and F; is the imaginary
component. Thus, the cost function £(E, ) can be repre-
sented as L(E,, E;, ).

As described in Algorithm 1, in the first step, we leave
the initial value of E, unchanged and update the parameters
E; and 6 to minimize the cost function; in the second
step, all parameters are updated together to minimize

Xu-Dan Xie, et al., Front. Phys. 19(4), 41202 (2024)
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Algorithm 1: Two-step optimization

Input: Input the initial energy value, I, = E ¢, L ;,
and the initial parameter set, 6.
1 while L( £, E;,0) has not converged do
2 0«6 alk;
3 E,—FE, —a €L :

4 end
5 while L( E:, Ei, 0) has not converged do
6 0—0 ak;

a6 >
7 E,‘<—E,'7(1€—£‘

oL
8 E,<—E,,7(x§‘f;
9 end
10 return £, E;, 0

the cost function to 0. Adopting the two-step optimization
strategy, we can obtain the eigenstate [¢(0)) of the
Hamiltonian A with high accuracy. The real component
of the corresponding eigenvalue E is very close to the
initial value E,,. To obtain the ground state of the
Hamiltonian H, it is necessary to set the real component
of E,y to a sufficiently small value. This is because the
ground state of the Hamiltonian has the lowest eigenenergy
(concerning the real part of the energy).

To properly set the initial value of E,., we need to estimate
the range of energy levels of the system. Given a general
Hamiltonian, it is always possible to express it as the
sum of Hermitian and anti-Hermitian components,

H= Hr + iHi, (9)
in which H, =3,b,0; and H; =Y, dyOx. {O;} are the
tensor product of Pauli operators, and the expected
value within the normalized quantum state adheres to
the inequality —1 < (O;) < 1. Therefore, we can directly
obtain the value range of the system energy,

:nin <E. < E;Anaw’ Evz’mn < E; < Einaw? (10)
where E;,mn = 72]' ‘bjlv E:naz = Zj ‘bj|7 E':nzn = 72]@ ‘dkl
and E! =3, |di. According to Eq. (10), we can

reasonably set the initial values of energy parameters
E.o=E!,,, which is sufficiently small for solving the
ground state with the two-step optimization.

By utilizing Algorithm 1, we can effectively identify
an eigenstate whose eigenenergy is in close proximity to
the initial value E,o,. Consequently, by manipulating the
initial value, E,;, we can systematically traverse the
eigenstates of the Hamiltonian. In order to calculate the
ground state and the low-lying excited state, we adopted
the strategy described in Algorithm 2 (see Appendix A)
which is based on Algorithm 1. It first solves the ground
state energy, and then starts from the ground state
energy to find the low-lying excited state step by step
through gradually increasing the value of E,,. This
approach enables us to explore the complete spectrum.

Similar to the process for determining the ground
state, the two-step optimization approach can also be

utilized to determine the eigenstate with the greatest
absolute value of the imaginary component of energy.
First, we keep the initial value of E; constant and
update the parameters E, and 6; then, all parameters are
updated together to minimize the cost function to 0.
Then we can obtain the eigenstate |+ (6)), and the imaginary
component of the corresponding eigenvalue E is in close
proximity to its initial value E;;. So we just need to set
Ey to a large value, E;y = E¢,

ax’

2.4  Biorthogonal relations and operator expected values

As shown in Eq. (2), there is a biorthogonal relationship
between the left and right eigenvectors of the non-
Hermitian Hamiltonian. Under the biorthogonal basis,
the expected value of the operator is not directly
measurable as in the Hermitian case. In this section, we
will describe in detail how to use the Hadamard test to
verify the biorthogonal relationship and determined the
expected value of the given operator in a eigenstate.

Initially, we employ a variational quantum algorithm
to generate both the left eigenstates |¢,) and right eigen-
states [¢7) of the Hamiltonian A on a quantum computing
device

[n) = U0,)10),  |v5,) = U(6],)10), (11)

where U(6),) and U(¢7) are the parameterized quantum
circuits associated with the eigenstates [¢!) and [|¢7),
respectively. The biorthogonality of the eigenstates of
the non-Hermitian Hamiltonian can be verified through
the evaluation of fidelity. The fidelity between |¢7) and
|¢,) can be described as

F = JIL1vn) 1| = Viealdm,n
= /I0[U(81,)U 87)[0) ||

Suppose that the operator A can
linear combination of Pauli operators

A = Zaioi,

where O; denotes a Pauli operator. According to the
Eq. (3), the expected value of the operator A in the
eigenstate |7 ) is given by

(i) = WhlAlgr) D ailwhlOiy)
I N AT

As shown in Eq. (12) and Eq. (14), to figure out the
fidelity and the expected value of the operator A, we
just have to obtain the values of (¢! [¢r) and (¥}]0;[¢7).
As portrayed in Fig. 2(a), the quantum circuit at hand
possesses the capability to obtain the real component of
(L |OJyr) through the Hadamard test. Upon performing
a measurement on the first qubit, the probability of

(12)

be expressed as a

(13)

(14)
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Fig. 2 (a) The quantum circuit diagram for the real part
of (0|Ut(6%,)0U(63)|0) by the Hadamard test, in which H
denotes the Hadamard gate. (b) The quantum circuit
diagram for the imaginary part of (0|U'(6,)OU(67)|0) by the
Hadamard test, in which S denotes the Z phase gate.

finding the system in the state |0) is given by [43]

1 1 .

PA(0) = 5 + SRUOIUT(@,)0U 6;)]0))

= 2+ SR(LI0D)

On the other hand, as depicted in Fig. 2(b), the afore-
mentioned quantum circuit can employ the Hadamard
test to obtain the imaginary part of (0|UT(6,)U(65)[0).
The probability of observing the state |0) after measuring
the first qubit can be expressed as follows [44]:

(15)

P(0) = 5 — 3 SO (6,)0U(65)10)
1 1 A
= 5 — 5 S(WLI0W)). (16)
Thus, the value of (¢!, |OJyr) can be obtained,
(5 101n) = R, 0107)) +1 S((¥r,[017,))
=2P.(0)—1+i[2— Py(0)]. (17)

The overlapping (! [¢7) can be obtained by setting

O=1.

3 Simulation results

In this section, we will utilize a standard non-Hermitian
Hamiltonian as a demonstration of our algorithm. To
investigate the performance of our algorithm, we
conduct numerical simulations under different conditions.
Additionally, we assess the algorithm’s practicality on
noisy intermediate-scale quantum device by considering
the effects of quantum noise and utilizing error mitigation
techniques to enhance its accuracy. We carried out the

Fig. 3 Thelogarithm of the cost function £(E, ) as a function
of the circuit depth P, for various system sizes L. Here,
A=1,k=08.

numerical simulations using the open-source package
Qibo [45] and QuTiP [46].

3.1  Performance of quantum algorithm

The selected non-Hermitian lattice model is the Ising
quantum spin chain in the presence of a magnetic field
in the z-direction as well as a longitudinal imaginary
field [47]. This model can be described by the following

Hamiltonian:

Hyp=— (18)

N =

L
xT xT z : xT
Z(/\aj 041 + 05 +ikoj ),
J

where )\, x € R. To implement the Hamiltonian of inter-
est, we device a unitary quantum circuit, which is
composed of a series of single qubit rotation gates and
two-qubit rotation gates. The design of the circuit is as
follows [48, 49]:

U(9) = H U;(0;),

U; 0;) = e Haz(aj) o —1H: (8)) o —iHz (“/j)’

i (19)

where wa(aj):Zl ;1 X1 X1, HZ(ﬁj):Zl 5jﬁlZl7 Hz('Yj) =
>750X and 6; = (ay, Bj,7,) is the parameter set used to
control the rotation angle of quantum gates.

Figure 3 demonstrates that the accuracy of the
computed cost function by our quantum algorithm
improves as the depth of the quantum circuit P
increases, ultimately approaching zero. This indicates
that the obtained eigenstates and corresponding eigen-
values become increasingly accurate. The observed
improvement can be attributed to the increased com-
plexity and expressiveness of the circuit, which facilitate
a more faithful encoding of the target Hamiltonian’s
properties [50].

Xu-Dan Xie, et al., Front. Phys. 19(4), 41202 (2024)
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Fig. 4 The variability of iterations in proportion to system
size. As the system size expands, there is a corresponding 0.1 "
increase in the requisite number of iterations for the loss N
function to converge to its minimum value. For various -0.2 *
A
system sizes L, we set the depth of the quantum circuit P . - . . . n
0.00 0.04 0.08 0.12 0.16 0.20

equal to L in order to ensure the convergence of the loss
function to zero. Here, A = 1,k = 0.8.

The number of iterations is an important metric for
variational algorithms. To investigate the relationship
between the iteration count and the system size, we
employ the quantum algorithm to compute the ground
state for systems of various sizes. The closer the initial
state |1g) = U(00)|0) is to the target state, the quicker the
quantum algorithm can achieve the desired outcome,
resulting in fewer required iterations. Consequently,
different initial parameters lead to varying iteration
counts. To ensure the reliability, we conduct 20 numerical
simulations and take an average of their outcomes,
where the initial parameters 6, for each simulation are
randomly generated. As illustrated in Fig. 4, the
required number of iterations for the loss function
converging to its minimum value increases with an
increasing of the system size.

We utilize the quantum variational algorithm to evaluate
the energy spectrum of H, ., as shown in Fig. 5. To
compute the ground state and low-lying excited states,
we employ the method outlined in Algorithm 2. This
involves initially obtaining the ground state energy and
subsequently using it as a starting point to determine
the low-lying excited states step by step. The outcomes
exhibit strong conformity with the corresponding exact
values, thereby providing compelling evidence for the
effectiveness of our algorithm in computing non-Hermitian
Hamiltonian  eigenvalues. Additionally, the data
presented in Fig. 5(a) manifest a gradual convergence of
the energy levels for both the ground and the first
excited states with increasing values of x, which culminates
at the exceptional point. Furthermore, Fig. 5(b)
discloses that beyond the exceptional point, both the
ground and the first excited states feature the presence
of imaginary components in their energy levels, indicating

Fig. 5 The energy levels of H, , as a function of «, in the
case L =4,)=1. (a) Illustrates the real component of the
energy levels, while (b) depicts the imaginary part of the
energy levels. Those lines denoted by FEy, Ei, E» and E; are
obtained by exact diagonalization.

the occurrence of a real-to-complex spectral transition at
the exceptional point.

Using our variational quantum algorithm, we are able
to prepare both the right and left eigenstates of a given
Hamiltonian on a quantum device. Utilizing the
Hadamard test, we can calculate the fidelity between the
two eigenstates. As shown in Fig. 6, we have obtained
the fidelity between the left and right eigenstates of the
Hamiltonian H,, with L =3, which confirms the
biorthogonal relationship between the eigenstates of the
non-Hermitian Hamiltonian. As can be seen from
Table 1, the results obtained by the quantum algorithm
are in good agreement with the exact values. This verifies
that our quantum algorithm is suitable for studying non-
Hermitian physical systems.

(@
7

—_
=
~

7
6
5
4
3
2
1
0

S = N W A N

0 1

2 3 45 6 7 01 2 3 4 5 6 7
m m

Fig. 6 The fidelity between [¢;) and |¢}) for k=04 in
(a) and k =0.21in (b). Here L =3, A = 1.
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Table 1 Fidelity between the right eigenstates |1;) and the left eigenstates |1/;ﬁl>7 with x =0.4 and k= 0.2, respectively.

Here L=3,P=3 =1

n= n=1 n=2 n = n=4 n = n= n =

VQA (k=0.4) 0.7988 0.7988 0.9165 0.7719 0.7719 0.9165 0.7978 0.7994

Exact 0.7988 0.7988 0.9165 0.7719 0.7719 0.9165 0.7979 0.7994

VQA (k=10.2) 0.1680 0.1680 0.9798 0.5822 0.5821 0.9798 0.9537 0.9541

Exact 0.1681 0.1681 0.9798 0.5821 0.5821 0.9798 0.9537 0.9541
@ 47s (b) s @ -1/ 4

+ VQA 0.04e x VQA
é\ 0.2 p o Exact 0024 o Exact 3
? 0.0 <] ® o o 0.00- ® ® ® ® ) )
" 02 ? ~0.021

1

5 e e S S — 3 4

-1.6 08 00 08 16 -1.6 08 00 08 1.6 )

Re ((H)) Re ((H))

Fig. 7 The expected value of the Hamiltonian operator
H, . according to Eq. (14) for k =04 in (a) and x=0.2 in
(b). Here L=3,A=1.

In Section 2.4, we introduce an approach to determine
the expected value of the operator by means of the
Hadamard test. To ascertain the soundness of our
methodology, we proceed to evaluate the expected value
of the Hamiltonian operator H = H A under biorthogonal
base vectors. As depicted in Fig. 7, our quantum algorithm
yields results that are in excellent agreement with the
exact values, thus attesting to the efficacy of our algo-
rithm.

3.2 Error mitigation

Quantum noise is a major challenge for implementing
quantum algorithms on current quantum processors [51].
To evaluate and optimize the quamtun algorithms, it is
crucial to consider the noise impact in numerical simula-
tions. For demonstration, we adopt a noise model with
depolarization (analysis of other noise models as well as
the error mitigation can be seen in Appendix B). The
quantum circuit consists primarily of single-qubit quantum
gates and two-qubit quantum gates. Therefore, in the
numerical simulations, after applying a single-qubit gate,
noise in the form of depolarization can be added to each
qubit with a probability of p;,

e(p) = (1—p1)p+ %(pr YYPY + ZpZ).  (20)
Similarly, after applying a two-qubit gate, depolarization
noise can be added to each qubit with a probability of
D2

In order to study the influence of noise on quantum
algorithms, we set the noise rate of single-qubit quantum
gate p; = 0.001, and the rate of noise of two-qubit quantum

Fig. 8 Illustration of effects of quantum noises on the
landscapes for the real and imaginary part of the energy
parameter. The left and right plots depict the landscape
without noise and under the depolarization noise, respec-
tively. The red star in the figure is the minimum value of the
loss function, which corresponds to the optimal energy
parameter. A comparison shows that noise will lead to a shift
of the optimized energy.

gate py =0.01. Since the cost function involves many
parameters, it is a great challenge to reveal the individual
impact of each parameter. To showcase the influence of
noise on the cost function landscape, we specifically
chose the energy parameters E, and E; as variables.
These two parameters not only play a role in the loss
function but also represent the system’s energy, a crucial
quantity we want to investigate. It is useful for investigating
how quantum noises can affect the optimized energy. In
Fig. 8, we illustrate the variations of the cost function
with respect to E, and FE;, both in the absence of noise
and in the presence of noise. The impact of noise exposure
on the cost function landscape is not substantial. Never-
theless, the landscape’s overall elevation resulting from
such exposure prevents the attainment of a minimum
loss value of zero. It is worth noting that the optimal
solution for energy may undergo some variations in the
presence of noise. This suggests that when implementing
our algorithm on a noisy quantum device, the obtained
results are likely to deviate to some extent from the
ideal ones in the noiseless case.

In order to enhance the performance of quantum algo-
rithms on noisy quantum devices, we utilize an error-
mitigation technique known as Richardson’s deferred
method [52, 53], which does not need extra quantum
resources and can significantly reduce the error in the
expected value of the observation caused by quantum
noise. As depicted in Fig. 9, we investigate the variations
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41202-7



Fe > FRONTIERS OF PHYSICS

RESEARCH ARTICLE

LE, 0 Fidelity

(@) 15 - (b)1.0

0.8 -
10 4
0.6 4

0.4 -

@
—0.25 1

-0.507 [V

—0.75 4

—1.00 1
150 0 50 100
Iteration count

100 150

Iteration count

Fig. 9 Comparison of optimization processes for ideal,
depolarizing noisy and mitigated variational quantum algo-
rithm. The figure illustrates the impact of depolarization
noise on quantum algorithms and the effectiveness of noise
mitigation techniques. (a) The cost function as a function of
the number of iterations. (b) The fidelity respect to target
ground state as a function of the number of iterations.
(c) The real component of the energy E as a function of the
number of iterations. (d) The imaginary component of the
energy E as a function of the number of iterations. In all
cases L=4,P=4,A=1,k=04.

of multiple variables in the optimization process with
respect to the number of iterations. Specifically, we
observe that in the presence of noise, the cost function
fails to converge to zero due to the elevation of the cost
function landscape caused by noise, as illustrated in
Fig. 9(a). To address this issue, we apply error mitigation
techniques, which results in a smaller cost function value
that approaches the ideal case, indicating an improvement
in the algorithm performance. Our findings are further
supported by Figs. 9(b) and (c¢), which demonstrate that
the energy eigenvalues obtained using error mitigation
techniques are consistent with those in the ideal case.
Although error mitigation techniques can reduce the
adverse effects of quantum noise on energy measure-
ments, they cannot entirely eliminate quantum noise,
and thus there is no significant improvement in the
fidelity between the resulting eigenstates and those in
the ideal case.

4 Conclusion

In conclusion, we have proposed a variational quantum
algorithm for solving the eigenvalues and eigenstates of

non-Hermitian Hamiltonian by utilizing the zero-variance
variational principle. We have also developed a two-step
optimization method to efficiently compute specific
eigenvectors and eigenvalues. Through numerical simula-
tions, we have demonstrated the effectiveness of our
algorithm in computing the eigenvalues of non-Hermitian
Hamiltonian and estimating the expected value of operator
for non-Hermitian systems. Moreover, we have investigated
the impact of quantum noise on our algorithm and
incorporates error mitigation techniques to improve its
performance. Overall, our work showcases the feasibility
for simulating non-Hermitian many-body physics on
near-term quantum computers.
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Appendix A: Spectrum scanning

Using Algorithm 1, we can efficiently locate an eigenstate
with an eigenenergy that is close to the initial estimate
E,o. Therefore, by adjusting the initial estimate, E,q, we
can systematically explore the eigenstates of the Hamil-
tonian. To compute the ground state and the low-lying
excited states, we employed the strategy outlined in
Algorithm 2 based on Algorithm 1. It first determines
the ground state energy, and then iteratively searches
for the low-lying excited states by incrementing the
value of E, from the ground state energy. This
approach enables us to obtain the complete spectrum.

Appendix B: Noise and the error mitigation

B1 Bit-flip noise

The bit-flip noise on a qubit can be represented as
ei(p) = (1 —p)p+pXpX,

where p is the probability of noise occurrence. In our
numerical simulations, we set the noise probability for a
single-qubit gate as p; = 0.003, and for a two-qubit gate
as pp = 0.03, aiming to investigate the impact of noise on
quantum algorithms.

As illustrated in Fig. Al, the energy eigenvalues
generated by the quantum algorithm display evident
variations in the presence of bit-flip noise, deviating
from the scenario without noise. Additionally, the
fidelity of the prepared quantum eigenstates undergoes a

(21)
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Fig. A1l Bit-flip noise and its error mitigation. In (a—
d) the dependence of the cost function, the fidelity, the real
and the imaginary components of the energy with the iteration
count are shown respectively. In all cases L =4,
P=4,)=1k=04.

Algorithm 2: Spectrum scanning
Input: E,, E;, 0, n, OF, step
/I to solve the ground state energy,
set £, to a sufficiently small value;
1 (E,,E;,0)=algorithm 1(E,, E;, 6);
2 output(Z,, L ;,0) ;
// first, solve the ground state
energy;
Ji=1;
4 whilei < n do
5 Et@mp = Er;
E,.=E, + 0E;
(E,,E;,0)=algorithm 1(£,,E;,0) ;
if I/, # Eemp then
output(E£,,E;,0) ;
// solve the i-th excited state
energy ;
10 i=i+l1;
11 oF = step;
12 if £; > 0 then
13 E,‘ = *E,’;
14 while L( E, E;, ) has not converged do
15 | 60— 97(1705(%;}5”5);
16 end
17 output(£,,E;,6) ;
// solve the i-th excited
state energy ;
18 i=i+l;
19 oL = step;
20 end
21 else
22 | OE = OF + step;
23 end
24 end

N=JN--NEN -\

Iteration count Iteration count
Fig. A2 Phase-flip noise and its error mitigation. All other
setups are the same as Fig. A2.

reduction. After applying error mitigation techniques,
the energy eigenenergies obtained exhibit a heightened
level of closeness to the ideal condition. This shows the
efficacy of the error mitigation approach in alleviating
the negative impact induced by bit-flip noise. Because
noise mitigation techniques cannot completely eliminate
the noise of quantum devices, the fidelity of the eigenstates
obtained by quantum algorithms has not been improved.

B2 Phase-flip noise

Another important type of quantum noise is phase-flip
noise. The phase-flip transforms the qubit state
[¢) = ]0) + a1 |1) into 1)) = a|0) — a1 1), with a probability
p. The noise of phase-flip on a qubit can be written as

e1(p) = (1 —=p)p+pZpZ, (22)

In our numerical simulations, we set the noise probability
p1 = 0.003 for the single-qubit gate and py = 0.03 for the
two-qubit gate.

As shown in Fig. A2, under the influence of phase flip
noise, the fidelity between the prepared quantum eigenstate
and the target state has declined. Meanwhile, compared
with the situation without noise, the energy eigenvalues
obtained by quantum algorithms exhibit a certain degree
of deviation under the influence of noise. Error mitigation
techniques can reduce measurement errors, but cannot
eliminate the noise of quantum devices. Therefore, after
using error mitigation techniques, the energy eigenvalues
obtained by quantum algorithms are more accurate, as
shown in Figs. A2(c) and (d). However, the fidelity of
the prepared eigenstates has not been improved.

Xu-Dan Xie, et al., Front. Phys. 19(4), 41202 (2024)
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In summary, error mitigation techniques can assist us
in obtaining more accurate energy eigenvalues, but
improving the fidelity of the eigenstates remains chal-
lenging. We look forward to the development of more
advanced quantum computers in the future, where our
algorithm can perform even more effectively.
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