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ABSTRACT

Solving  non-Hermitian  quantum  many-body  systems  on  a  quantum
computer  by  minimizing  the  variational  energy  is  challenging  as  the
energy can be complex. Here, we propose a variational quantum algorithm
for  solving  the  non-Hermitian  Hamiltonian  by  minimizing  a  type  of
energy  variance,  where  zero  variance  can  naturally  determine  the  eigen-
values and the associated left and right eigenstates.  Moreover, the energy
is  set  as  a  parameter  in  the  cost  function  and  can  be  tuned  to  scan  the
whole  spectrum  efficiently  by  using  a  two-step  optimization  scheme.
Through numerical simulations, we demonstrate the algorithm for prepar-
ing  the  left  and  right  eigenstates,  verifying  the  biorthogonal  relations,  as
well as evaluating the observables. We also investigate the impact of quan-
tum noise on our algorithm and show that its performance can be largely
improved using error mitigation techniques. Therefore, our work suggests
an  avenue  for  solving  non-Hermitian  quantum  many-body  systems  with
variational quantum algorithms on near-term noisy quantum computers.

Keywords  quantum algorithm, non-Hermitian physics, quantum many-
body systems

 1   Introduction

The  exploration  of  non-Hermitian  physics  holds  great
importance  in  physics,  as  numerous  natural  physical
phenomena  exhibit  non-Hermitian  characteristics  [1].
Recently, much attention has been paid to non-Hermitian
physical  systems  due  to  their  exceptional  properties,
including PT symmetry breaking [2–5], skin effect [6–8],
topological  properties [9–12],  and others [13–16].  Never-
theless,  tackling the many-body non-Hermitian physical
systems presents a challenge for classical computers due

to  the  exponential  growth  of  Hilbert  space  [17].  While
tensor network provides a potential powerful method to
solve non-Hermitian systems [18–20], it is imperative to
limit  the  matrix  dimension  to  a  moderate  threshold
value to alleviate computational complexity [21].

Quantum computing has the potential to provide solu-
tions for hard problems [22–25]. For near-term quantum
computers,  variational  quantum  eigensolver  (VQE)  is
designed to solve eigenstates of many-body systems [26,
27].  It  can efficiently calculate the ground state [28–32]
and low-lying excited states [33–36] of a given Hamilto-
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nian. The efficacy of VQE algorithms is based on mini-
mizing the variational energy [28]. However, non-Hermitian
systems may not have a minimum energy as the eigenvalue
of the Hamiltonian may be a complex number, rendering
the conventional VQE not implementable. Alternatively,
the energy variance can be utilized as the cost function,
as  it  can  be  used  to  determine  an  eigenstate  since  any
eigenstate  is  characterized  by  zero  energy  variance  [37,
38]. This approach allows us to bypass the energy mini-
mization  issue  in  non-Hermitian  Hamiltonians  [39].
Therefore,  energy  variance  can  be  leveraged  as  a  cost
function to design the variational quantum algorithm to
effectively solve the non-Hermitian Hamiltonian.

Here, we develop a variational quantum algorithm for
solving  non-Hermitian  quantum  systems  by  using  a
cousin of  the energy variance as  the cost  function.  The
cost functon differs from the conventional energy variance
in  that  the  energy  is  parameterized  with  a  complex
number.  By zero-variance principle,  the eigenstates and
the corresponding eigenenergies can be obtained and self-
verified by minimizing the energy variance to zero.  For
efficient optimization, we adopt a two-step optimization
strategy, which allows the system to evolve towards the
target  quantum  state  by  adjusting  the  optimization
sequence  among  parameters.  The  effectiveness  of  the
algorithm  is  demonstrated  through  numerical  simula-
tions. Additionally, we investigate the impact of quantum
noise on the algorithm and improve its  performance by
incorporating error mitigation techniques. Therefore, our
work  highlights  the  significant  potential  of  quantum
variational  algorithms  for  simulating  non-Hermitian
physics.

The  rest  of  this  paper  is  organized  as  follows.  In
Section 2, we first introduce the non-Hermitian Hamilto-
nian in brief, and then propose the variational quantum
algorithm as  well  as  the  optimization.  In  Section  3,  we
present  the  results  of  the  numerical  simulation  of  the
algorithm,  analyze  the  effects  of  quantum  noise,  and
show the  improvements  using  error  mitigation.  Finally,
we draw conclusions in Section 4.

 2   Exploring the quantum variational
algorithm in non-Hermitian systems

In this section, we initially provide a concise introduction
to  the  non-Hermitian  systems  and  the  difficulties  in
utilizing  the  conventional  VQE  algorithm  in  this
scenario.  Then,  we present a quantum variational  algo-
rithm  that  is  suitable  for  the  non-Hermitian  Hamilto-
nian.  Afterwards,  a  two-step  optimization  strategy  is
proposed to determine the desired eigenstates and eigen-
values.  Finally,  we  show  how  to  estimate  operator
expected values for non-Hermitian systems.

 2.1   Motivation

In an isolated quantum system, Hermiticity is  a  funda-

Ĥ ̸= Ĥ† Ĥ Ĥ†

mental postulate in the framework of quantum mechan-
ics. This property guarantees that the expectation value
of  the  Hamiltonian  with  respect  to  a  given  quantum
state should be a real number. In contrast, for an open
physical  system,  the  Hamiltonian  operator  describing
the system may not possess the property of Hermiticity
[40],  i.e., .  In  this  case,  and  have  distinct
sets  of  eigenstates,  known  as  right  eigenstates  and  left
eigenstates, respectively, 

Ĥ |ψr
n⟩ = En |ψr

n⟩ , Ĥ†
∣∣ψl

n

⟩
= E∗

n

∣∣ψl
n

⟩
, (1)

E∗
n En n

{ψr
n} {ψl

n}

where  is  the  complex  conjugate  of  and  is  the
spectral  label.  In  the  context  of  non-Hermitian physics,

 and  are  referred  to  as  biorthogonal  basis
vectors,  because  a  biorthogonal  relationship  exists
between left and right eigenstates [41],  ⟨
ψl
m|ψr

n

⟩
= cnδmn, (2)

cn =
⟨
ψl
n|ψr

n

⟩
δmn

|ψr
n⟩ Â

in  which  and  denote  the  Kronecker
delta function. When the system is in the quantum state

,  the  expected  value  of  the  operator  can  be
expressed as [40] 

⟨Â⟩ = ⟨ψl
n|Â|ψr

n⟩
⟨ψl

n|ψr
n⟩

. (3)

It  is  worth  noting  that  in  the  non-Hermitian  case,  the
expectation value of the Hamiltonian cannot be guaranteed
to  be  a  real  number.  Computing  the  energy  levels  of
many-body  systems  using  classical  computers  becomes
increasingly  difficult  as  the  system  size  grows.  This  is
due  to  the  NP-hard  problem  for  solving  eigenvalues  of
generic Hamiltonian, which scales exponentially with the
system size [17].

Quantum  computing  has  great  potential  for  solving
the  eigenvalue  problem  of  massive  Hamiltonians  using
the  variational  quantum  eigensolver  (VQE)  algorithm.
VQE is a highly promising quantum algorithm for near-
term  quantum  computers,  which  can  be  utilized  to
compute the ground state and low-lying excited states of
a given system. The VQE algorithm employs a parame-
terized quantum circuit to prepare a trial state, and the
expectation  value  of  the  Hamiltonian  is  measured.
Subsequently, the parameters of the trial state are opti-
mized  iteratively  on  a  classical  computer  to  minimize
the cost function, which is designed based on the variational
principle  in  the  variational  quantum  algorithm  [42].  In
VQE,  the  energy  of  a  system  is  commonly  used  to
construct the cost function. However, the classical opti-
mizer requires the expectation value to be a real number
when  minimizing  the  cost  function.  Hence,  while  the
VQE  algorithm  has  demonstrated  great  potential  in
solving the eigenvalue problem of Hermitian Hamiltoni-
ans, it has limitations in solving non-Hermitian physical
systems  due  to  the  non-real  expected  value  of  such
systems.
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To surmount this obstacle, we introduce a cost function
in  the  variational  quantum algorithm,  which  represents
the energy variance of the system. The energy variance
is zero if and only if the system is in an eigenstate. Thus,
we can get the eigenstates of the system and the corre-
sponding  eigenvalues.  Our  algorithm  facilitates  the
application of the VQE algorithm to the computation of
non-Hermitian  eigenenergies,  enabling  its  use  in  a
broader  range  of  physical  systems.  In  the  following,  we
provide a detailed exposition of the algorithm.

 2.2   Variational quantum eigensolver

Ĥ

Ĥ

Given an open physical system that can be described by
a  non-Hermitian  Hamiltonian ,  our  aim  is  to  employ
quantum variational algorithms to compute the system’s
eigenvalues  and  eigenstates.  To  begin  with,  we  employ
the Hermitianization technique to construct a Hermitian
Hamiltonian from the given non-Hermitian Hamiltonian

  

M̂(E) = (Ĥ† − E∗)(Ĥ − E), (4)

E∗ E E

M(E)

M(E)

M(E)

where  is the complex conjugate of . The variable 
in  the  Hamiltonian  matrix  is  a  complex  number,
which reflects  the  fact  that  the  eigenvalues  of  the  non-
Hermitian  Hamiltonian  are  generally  complex.  Through
the construction method of Eq. (4), we obtain a Hermitian
Hamiltonian  matrix  that  is  non-negative.  The
Hermitian  Hamiltonian  matrix  is  semi-positive
definite which satisfies 

⟨M̂(E)⟩ = ⟨ψ| (Ĥ† − E∗)(Ĥ − E) |ψ⟩ ≥ 0. (5)

M̂

Ĥ ⟨M̂(E)⟩
⟨M̂(E)⟩

As  Eq.  (5)  shows,  the  expected  value  of  is  actually
closely related to the variance energy of the Hamiltonian

. The difference is that in  the energy is param-
eterized. The condition for  to be equal to zero is
if and only if 

(Ĥ − E) |ψ⟩ = 0. (6)

|ψ⟩
Ĥ

E

M̂(E) M̂ ′(E)

This condition implies that the state vector  is a right
eigenstate of the Hamiltonian , with the corresponding
eigenvalue .  Likewise,  if  we  want  to  solve  the  left
eigenstate, we only need to replace  with , 

M̂ ′(E) = (Ĥ − E)(Ĥ† − E∗). (7)

The cost function for the variational quantum algorithm
can be designed as following: 

L(θ, E) = ⟨ψ(θ)| (Ĥ† − E∗)(Ĥ − E) |ψ(θ)⟩
= ⟨ψ(θ)| M̂(E) |ψ(θ)⟩ , (8)

|ψ(θ)⟩ = U(θ) |0⟩ U(θ)

L(E, θ) M̂(E)

where  and  is  a  unitary  operation,
which can be implemented with parameterized quantum
circuits.  As  presented  in  Eq.  (8),  the  cost  function

 is equivalent to the expected value of  in a

|ψ(θ)⟩ M̂(E)specific quantum state . By decomposing  as a
sum  of  Pauli  operators  and  performing  each  Pauli
measurement  alone,  the  cost  function  can  be  obtained
efficiently.

U(θ)

|ψ(θ)⟩
M̂(E)

(E, θ)

|ψ(θ)⟩ Ĥ

E

The  cost  function  can  be  minimized  with  a  hybrid
quantum-classical  optimization  method.  As  depicted  in
Fig. 1, the  is utilized to prepare the quantum state

 on  the  quantum  computer.  Subsequently,  the
expected value of  is  measured,  and classical  opti-
mization  techniques  are  applied  to  minimize  the
expected value by updating the parameters . Upon
achieving a minimum value of the cost function, a right
eigenstate  of  and  the  corresponding  eigenvalue

 are obtained.

 2.3   Optimization strategy

Ĥ

E Er + iEi

Er Ei

L(E, θ)
L(Er, Ei, θ)

For  a  given  Hamiltonian ,  there  may  exist  multiple
sets  of  eigenstates  and corresponding eigenvalues  which
makes  the  cost  function  reach  the  minimum  value  of
zero. In general,  when minimizing a cost function using
a  classical  optimizer,  different  initial  parameter  values
can lead to different solutions for the optimization prob-
lem.  Therefore,  in  order  to  obtain  a  specific  eigenstate,
such  as  the  ground  state,  or  the  eigenstate  with  the
largest  loss,  we  need  to  design  reasonable  optimization
schemes. To this end, we adopt a two-step optimization
strategy,  which  consists  of  two  different  optimization
processes.  For  convenience,  we  denote  as ,
where  is the real component and  is the imaginary
component. Thus, the cost function  can be repre-
sented as .

Er

Ei θ

As described in Algorithm 1, in the first step, we leave
the initial value of  unchanged and update the parameters

 and  to  minimize  the  cost  function;  in  the  second
step,  all  parameters  are  updated  together  to  minimize

 

U(θ)

θ

(E, θ)

Fig. 1  Illustration  of  the  variational  quantum  algorithm,
which  can  prepare  the  eigenstates  and  compute  the  corre-
sponding eigenenergies. The quantum circuit  is parame-
terized  by  and  should  be  performed  on  a  quantum
computer.  The  variable  parameters  are  updated  and
optimized with classical computing in order to minimize the
cost function.
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|ψ(θ)⟩
Ĥ

E

Er0

Ĥ

Er0

the cost function to 0. Adopting the two-step optimization
strategy,  we  can  obtain  the  eigenstate  of  the
Hamiltonian  with high accuracy. The real component
of  the  corresponding  eigenvalue  is  very  close  to  the
initial  value .  To  obtain  the  ground  state  of  the
Hamiltonian , it is necessary to set the real component
of  to  a  sufficiently  small  value.  This  is  because  the
ground state of the Hamiltonian has the lowest eigenenergy
(concerning the real part of the energy).

ErTo properly set the initial value of , we need to estimate
the range of energy levels of the system. Given a general
Hamiltonian,  it  is  always  possible  to  express  it  as  the
sum of Hermitian and anti-Hermitian components, 

Ĥ = Ĥr + iĤi, (9)

Ĥr =
∑

j bjÔj Ĥi =
∑

k dkÔk {Ôj}

−1 ≤ ⟨Ôj⟩ ≤ 1

in  which  and .  are  the
tensor  product  of  Pauli  operators,  and  the  expected
value  within  the  normalized  quantum  state  adheres  to
the  inequality .  Therefore,  we  can  directly
obtain the value range of the system energy, 

Er
min ≤ Er ≤ Er

max, Ei
min ≤ Ei ≤ Ei

max, (10)

Er
min = −

∑
j |bj |, Er

max =
∑

j |bj |, Ei
min = −

∑
k |dk|

Ei
max =

∑
k |dk|

Er0 = Er
min

where 
and .  According  to  Eq.  (10),  we  can
reasonably  set  the  initial  values  of  energy  parameters

,  which  is  sufficiently  small  for  solving  the
ground state with the two-step optimization.

Er0

Er0

Er0

By  utilizing  Algorithm  1,  we  can  effectively  identify
an eigenstate whose eigenenergy is in close proximity to
the initial value . Consequently, by manipulating the
initial  value, ,  we  can  systematically  traverse  the
eigenstates of the Hamiltonian. In order to calculate the
ground state and the low-lying excited state, we adopted
the strategy described in Algorithm 2 (see Appendix A)
which is based on Algorithm 1. It first solves the ground
state  energy,  and  then  starts  from  the  ground  state
energy  to  find  the  low-lying  excited  state  step  by  step
through  gradually  increasing  the  value  of .  This
approach enables us to explore the complete spectrum.

Similar  to  the  process  for  determining  the  ground
state,  the  two-step  optimization  approach  can  also  be

Ei

Er θ

|ψ(θ)⟩
E

Ei0

Ei0 Ei0 = Ei
max

utilized  to  determine  the  eigenstate  with  the  greatest
absolute  value  of  the  imaginary  component  of  energy.
First,  we  keep  the  initial  value  of  constant  and
update the parameters  and ; then, all parameters are
updated  together  to  minimize  the  cost  function  to  0.
Then we can obtain the eigenstate , and the imaginary
component of the corresponding eigenvalue  is in close
proximity to its initial value . So we just need to set

 to a large value, .

 2.4   Biorthogonal relations and operator expected values

As shown in Eq. (2), there is a biorthogonal relationship
between  the  left  and  right  eigenvectors  of  the  non-
Hermitian  Hamiltonian.  Under  the  biorthogonal  basis,
the  expected  value  of  the  operator  is  not  directly
measurable as in the Hermitian case. In this section, we
will describe in detail how to use the Hadamard test to
verify the biorthogonal  relationship and determined the
expected value of the given operator in a eigenstate.

∣∣ψl
n

⟩
|ψr

n⟩ Ĥ

Initially,  we employ a variational  quantum algorithm
to generate both the left eigenstates  and right eigen-
states  of the Hamiltonian  on a quantum computing
device 

|ψr
n⟩ = U(θrn) |0⟩ ,

∣∣ψl
m

⟩
= U(θlm) |0⟩ , (11)

U(θln) U(θrn)

|ψl
n⟩ |ψr

n⟩

|ψr
n⟩∣∣ψl

n

⟩

where  and  are  the  parameterized  quantum
circuits  associated  with  the  eigenstates  and ,
respectively.  The  biorthogonality  of  the  eigenstates  of
the non-Hermitian Hamiltonian can be verified through
the evaluation of fidelity.  The fidelity between  and

 can be described as 

F =
√
|| ⟨ψl

m|ψr
n⟩ || =

√
|cn|2δm,n

=
√
|| ⟨0|U†(θlm)U(θrn)|0⟩ ||. (12)

ÂSuppose  that  the  operator  can  be  expressed  as  a
linear combination of Pauli operators 

Â =
∑
i

aiÔi, (13)

Ôi

Â

|ψr
n⟩

where  denotes  a  Pauli  operator.  According  to  the
Eq.  (3),  the  expected  value  of  the  operator  in  the
eigenstate  is given by 

⟨Â⟩ = ⟨ψl
n|Â|ψr

n⟩
⟨ψl

n|ψr
n⟩

=

∑
i
ai⟨ψl

n|Ôi|ψr
n⟩

⟨ψl
n|ψr

n⟩
. (14)

Â⟨
ψl
m|ψr

n

⟩
⟨ψl

n|Ôi|ψr
n⟩

⟨ψl
n|Ô|ψr

n⟩

As shown in Eq. (12) and Eq. (14), to figure out the
fidelity  and  the  expected  value  of  the  operator ,  we
just have to obtain the values of  and .
As portrayed in Fig. 2(a), the quantum circuit at hand
possesses the capability to obtain the real component of

 through the Hadamard test.  Upon performing
a  measurement  on  the  first  qubit,  the  probability  of
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|0⟩finding the system in the state  is given by [43] 

Pr(0) =
1

2
+

1

2
ℜ(⟨0|U†(θlm)ÔU(θrn)|0⟩)

=
1

2
+

1

2
ℜ(⟨ψl

m|Ô|ψr
n⟩). (15)

⟨
0|U†(θlm)U(θrn)|0

⟩
|0⟩

On the other hand, as depicted in Fig. 2(b), the afore-
mentioned  quantum  circuit  can  employ  the  Hadamard
test  to  obtain  the  imaginary  part  of .
The probability of observing the state  after measuring
the first qubit can be expressed as follows [44]: 

Pi(0) =
1

2
− 1

2
ℑ(⟨0|U†(θlm)ÔU(θrn)|0⟩)

=
1

2
− 1

2
ℑ(⟨ψl

m|Ô|ψr
n⟩). (16)

⟨ψl
m|Ô|ψr

n⟩Thus, the value of  can be obtained, 

⟨ψl
m|Ô|ψr

n⟩ = ℜ(⟨ψl
m|Ô|ψr

n⟩) + i ℑ(⟨ψl
m|Ô|ψr

n⟩)
= 2Pr(0)− 1 + i [ 2− Pi(0)]. (17)

⟨ψl
m|ψr

n⟩
Ô = Î

The  overlapping  can  be  obtained  by  setting
.

 3   Simulation results

In this section, we will utilize a standard non-Hermitian
Hamiltonian  as  a  demonstration  of  our  algorithm.  To
investigate  the  performance  of  our  algorithm,  we
conduct numerical simulations under different conditions.
Additionally,  we  assess  the  algorithm’s  practicality  on
noisy  intermediate-scale  quantum device  by  considering
the effects of quantum noise and utilizing error mitigation
techniques  to  enhance its  accuracy.  We carried out  the

numerical  simulations  using  the  open-source  package
Qibo [45] and QuTiP [46].

 3.1   Performance of quantum algorithm

z

The  selected  non-Hermitian  lattice  model  is  the  Ising
quantum spin chain in the presence of  a magnetic  field
in  the -direction  as  well  as  a  longitudinal  imaginary
field [47]. This model can be described by the following
Hamiltonian: 

Hλ,κ = −1

2

L∑
j

(λσx
j σ

x
j+1 + σz

j + iκσx
j ), (18)

λ, κ ∈ Rwhere .  To implement the Hamiltonian of  inter-
est,  we  device  a  unitary  quantum  circuit,  which  is
composed  of  a  series  of  single  qubit  rotation  gates  and
two-qubit rotation gates. The design of the circuit is as
follows [48, 49]: 

U(θ) =
P∏

j=1

Uj(θj),

Uj(θj) = e−iHxx(αj)e−iHz(βj)e−iHx(γj), (19)

Hxx(αj)=
∑

l αj,lXlXl+1 Hz(βj)=
∑

l βj,lZl Hx(γj) =∑
l γj,lXl θj = (αj , βj , γj)

where , , 
 and  is the parameter set used to

control the rotation angle of quantum gates.

P

Figure  3 demonstrates  that  the  accuracy  of  the
computed  cost  function  by  our  quantum  algorithm
improves  as  the  depth  of  the  quantum  circuit 
increases,  ultimately  approaching  zero.  This  indicates
that  the  obtained  eigenstates  and  corresponding  eigen-
values  become  increasingly  accurate.  The  observed
improvement  can  be  attributed  to  the  increased  com-
plexity and expressiveness of the circuit, which facilitate
a  more  faithful  encoding  of  the  target  Hamiltonian’s
properties [50].

 

⟨0|U†(θlm)ÔU(θrn)|0⟩

⟨0|U†(θlm)ÔU(θrn)|0⟩
π
2

Fig. 2  (a) The quantum circuit diagram for the real part
of  by  the  Hadamard  test,  in  which  H
denotes  the  Hadamard  gate. (b) The  quantum  circuit
diagram for the imaginary part of  by the
Hadamard test, in which S denotes the  phase gate.

 
L(E, θ)

P L

λ = 1, κ = 0.8

Fig. 3  The logarithm of the cost function  as a function
of  the  circuit  depth ,  for  various  system  sizes .  Here,

.
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|ψ0⟩ = U(θ0)|0⟩

θ0

The  number  of  iterations  is  an  important  metric  for
variational  algorithms.  To  investigate  the  relationship
between  the  iteration  count  and  the  system  size,  we
employ  the  quantum algorithm to  compute  the  ground
state  for  systems of  various  sizes.  The closer  the initial
state  is to the target state, the quicker the
quantum  algorithm  can  achieve  the  desired  outcome,
resulting  in  fewer  required  iterations.  Consequently,
different  initial  parameters  lead  to  varying  iteration
counts. To ensure the reliability, we conduct 20 numerical
simulations  and  take  an  average  of  their  outcomes,
where  the  initial  parameters  for  each  simulation  are
randomly  generated.  As  illustrated  in Fig.  4,  the
required  number  of  iterations  for  the  loss  function
converging  to  its  minimum  value  increases  with  an
increasing of the system size.

Hλ,κ

κ

We utilize the quantum variational algorithm to evaluate
the  energy  spectrum  of ,  as  shown  in Fig.  5.  To
compute  the  ground  state  and  low-lying  excited  states,
we  employ  the  method  outlined  in  Algorithm  2.  This
involves initially obtaining the ground state energy and
subsequently  using  it  as  a  starting  point  to  determine
the low-lying excited states step by step. The outcomes
exhibit  strong  conformity  with  the  corresponding  exact
values,  thereby  providing  compelling  evidence  for  the
effectiveness of our algorithm in computing non-Hermitian
Hamiltonian  eigenvalues.  Additionally,  the  data
presented in Fig. 5(a) manifest a gradual convergence of
the  energy  levels  for  both  the  ground  and  the  first
excited states with increasing values of , which culminates
at  the  exceptional  point.  Furthermore, Fig.  5(b)
discloses  that  beyond  the  exceptional  point,  both  the
ground and the first  excited states feature the presence
of imaginary components in their energy levels, indicating

the occurrence of a real-to-complex spectral transition at
the exceptional point.

Hλ,κ L = 3

Using our variational quantum algorithm, we are able
to prepare both the right and left eigenstates of a given
Hamiltonian  on  a  quantum  device.  Utilizing  the
Hadamard test, we can calculate the fidelity between the
two  eigenstates.  As  shown  in Fig.  6,  we  have  obtained
the fidelity between the left and right eigenstates of the
Hamiltonian  with ,  which  confirms  the
biorthogonal relationship between the eigenstates of the
non-Hermitian  Hamiltonian.  As  can  be  seen  from
Table 1, the results obtained by the quantum algorithm
are in good agreement with the exact values. This verifies
that our quantum algorithm is suitable for studying non-
Hermitian physical systems.

 

L P

L

λ = 1, κ = 0.8

Fig. 4  The variability of iterations in proportion to system
size.  As  the  system  size  expands,  there  is  a  corresponding
increase  in  the  requisite  number  of  iterations  for  the  loss
function  to  converge  to  its  minimum  value.  For  various
system  sizes ,  we  set  the  depth  of  the  quantum  circuit 
equal  to  in  order  to  ensure  the  convergence  of  the  loss
function to zero. Here, .  

Hλ,κ κ

L = 4, λ = 1

E0 E1 E2 E3

Fig. 5  The energy levels of  as a function of , in the
case . (a) Illustrates  the  real  component  of  the
energy  levels,  while (b) depicts  the  imaginary  part  of  the
energy levels.  Those lines denoted by , ,  and  are
obtained by exact diagonalization.

 
|ψr

n⟩
∣∣ψl

n

⟩
κ = 0.4

κ = 0.2 L = 3, λ = 1

Fig. 6  The  fidelity  between  and  for  in
(a) and  in (b). Here .
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Ĥ = Hλ,κ

In Section 2.4, we introduce an approach to determine
the  expected  value  of  the  operator  by  means  of  the
Hadamard  test.  To  ascertain  the  soundness  of  our
methodology, we proceed to evaluate the expected value
of the Hamiltonian operator  under biorthogonal
base vectors. As depicted in Fig. 7, our quantum algorithm
yields  results  that  are  in  excellent  agreement  with  the
exact  values,  thus  attesting  to  the  efficacy  of  our  algo-
rithm.

 3.2   Error mitigation

p1

Quantum  noise  is  a  major  challenge  for  implementing
quantum algorithms on current quantum processors [51].
To evaluate and optimize the quamtun algorithms, it is
crucial to consider the noise impact in numerical simula-
tions.  For  demonstration,  we adopt  a  noise  model  with
depolarization (analysis of other noise models as well as
the  error  mitigation  can  be  seen  in  Appendix  B).  The
quantum circuit consists primarily of single-qubit quantum
gates  and  two-qubit  quantum  gates.  Therefore,  in  the
numerical simulations, after applying a single-qubit gate,
noise in the form of depolarization can be added to each
qubit with a probability of , 

ε(ρ) = (1− p1)ρ+
p1
3
(XρX + Y ρY + ZρZ). (20)

p2

Similarly, after applying a two-qubit gate, depolarization
noise  can be  added to  each qubit  with  a  probability  of

.

p1 = 0.001

In  order  to  study  the  influence  of  noise  on  quantum
algorithms, we set the noise rate of single-qubit quantum
gate , and the rate of noise of two-qubit quantum

p2 = 0.01

Er Ei

Er Ei

gate .  Since  the  cost  function  involves  many
parameters, it is a great challenge to reveal the individual
impact of each parameter. To showcase the influence of
noise  on  the  cost  function  landscape,  we  specifically
chose  the  energy  parameters  and  as  variables.
These  two  parameters  not  only  play  a  role  in  the  loss
function but also represent the system’s energy, a crucial
quantity we want to investigate. It is useful for investigating
how quantum noises can affect the optimized energy. In
Fig.  8,  we  illustrate  the  variations  of  the  cost  function
with respect to  and ,  both in the absence of noise
and in the presence of noise. The impact of noise exposure
on the cost function landscape is not substantial. Never-
theless,  the  landscape’s  overall  elevation  resulting  from
such  exposure  prevents  the  attainment  of  a  minimum
loss  value  of  zero.  It  is  worth  noting  that  the  optimal
solution for energy may undergo some variations in the
presence of noise. This suggests that when implementing
our algorithm on a noisy quantum device,  the obtained
results  are  likely  to  deviate  to  some  extent  from  the
ideal ones in the noiseless case.

In order to enhance the performance of quantum algo-
rithms  on  noisy  quantum  devices,  we  utilize  an  error-
mitigation  technique  known  as  Richardson’s  deferred
method  [52, 53],  which  does  not  need  extra  quantum
resources  and  can  significantly  reduce  the  error  in  the
expected  value  of  the  observation  caused  by  quantum
noise. As depicted in Fig. 9, we investigate the variations

|ψr
n⟩

∣∣ψl
n

⟩
κ = 0.4 κ = 0.2

L = 3, P = 3, λ = 1

Table  1  Fidelity  between  the  right  eigenstates  and  the  left  eigenstates ,  with  and ,  respectively.
Here .

n = 0 n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7

κ = 0.4VQA ( ) 0.7988 0.7988 0.9165 0.7719 0.7719 0.9165 0.7978 0.7994
Exact 0.7988 0.7988 0.9165 0.7719 0.7719 0.9165 0.7979 0.7994
κ = 0.2VQA ( ) 0.1680 0.1680 0.9798 0.5822 0.5821 0.9798 0.9537 0.9541

Exact 0.1681 0.1681 0.9798 0.5821 0.5821 0.9798 0.9537 0.9541

 

Hλ,κ κ = 0.4 κ = 0.2

L = 3, λ = 1

Fig. 7  The  expected  value  of  the  Hamiltonian  operator
 according  to  Eq.  (14)  for  in (a) and  in

(b). Here .

 
Fig. 8  Illustration  of  effects  of  quantum  noises  on  the
landscapes  for  the  real  and  imaginary  part  of  the  energy
parameter.  The  left  and  right  plots  depict  the  landscape
without  noise  and  under  the  depolarization  noise,  respec-
tively. The red star in the figure is the minimum value of the
loss  function,  which  corresponds  to  the  optimal  energy
parameter. A comparison shows that noise will lead to a shift
of the optimized energy.
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of  multiple  variables  in  the  optimization  process  with
respect  to  the  number  of  iterations.  Specifically,  we
observe  that  in  the  presence  of  noise,  the  cost  function
fails to converge to zero due to the elevation of the cost
function  landscape  caused  by  noise,  as  illustrated  in
Fig. 9(a). To address this issue, we apply error mitigation
techniques, which results in a smaller cost function value
that approaches the ideal case, indicating an improvement
in  the  algorithm  performance.  Our  findings  are  further
supported by Figs. 9(b) and (c), which demonstrate that
the  energy  eigenvalues  obtained  using  error  mitigation
techniques  are  consistent  with  those  in  the  ideal  case.
Although  error  mitigation  techniques  can  reduce  the
adverse  effects  of  quantum  noise  on  energy  measure-
ments,  they  cannot  entirely  eliminate  quantum  noise,
and  thus  there  is  no  significant  improvement  in  the
fidelity  between  the  resulting  eigenstates  and  those  in
the ideal case.

 4   Conclusion

In conclusion,  we have proposed a variational  quantum
algorithm for  solving the eigenvalues  and eigenstates  of

non-Hermitian Hamiltonian by utilizing the zero-variance
variational principle. We have also developed a two-step
optimization  method  to  efficiently  compute  specific
eigenvectors and eigenvalues. Through numerical simula-
tions,  we  have  demonstrated  the  effectiveness  of  our
algorithm in computing the eigenvalues of non-Hermitian
Hamiltonian and estimating the expected value of operator
for non-Hermitian systems. Moreover, we have investigated
the  impact  of  quantum  noise  on  our  algorithm  and
incorporates  error  mitigation  techniques  to  improve  its
performance. Overall, our work showcases the feasibility
for  simulating  non-Hermitian  many-body  physics  on
near-term quantum computers.
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Appendix A: Spectrum scanning

Er0 Er0

Er0

Using Algorithm 1, we can efficiently locate an eigenstate
with an eigenenergy that is close to the initial estimate

. Therefore, by adjusting the initial estimate, , we
can systematically explore the eigenstates of the Hamil-
tonian. To compute the ground state and the low-lying
excited  states,  we  employed  the  strategy  outlined  in
Algorithm  2  based  on  Algorithm  1.  It  first  determines
the  ground  state  energy,  and  then  iteratively  searches
for  the  low-lying  excited  states  by  incrementing  the
value  of  from  the  ground  state  energy.  This
approach enables us to obtain the complete spectrum.

 Appendix B: Noise and the error mitigation

B1  Bit-flip noise

The bit-flip noise on a qubit can be represented as 

ε1(ρ) = (1− p)ρ+ pXρX, (21)

p

p1 = 0.003

p2 = 0.03

where  is  the  probability  of  noise  occurrence.  In  our
numerical simulations, we set the noise probability for a
single-qubit gate as , and for a two-qubit gate
as , aiming to investigate the impact of noise on
quantum algorithms.

As  illustrated  in Fig.  A1,  the  energy  eigenvalues
generated  by  the  quantum  algorithm  display  evident
variations  in  the  presence  of  bit-flip  noise,  deviating
from  the  scenario  without  noise.  Additionally,  the
fidelity of the prepared quantum eigenstates undergoes a

 

E

E

L = 4, P = 4, λ = 1, κ = 0.4

Fig. 9  Comparison  of  optimization  processes  for  ideal,
depolarizing  noisy  and  mitigated  variational  quantum  algo-
rithm.  The  figure  illustrates  the  impact  of  depolarization
noise  on  quantum  algorithms  and  the  effectiveness  of  noise
mitigation techniques. (a) The cost function as a function of
the  number  of  iterations. (b) The  fidelity  respect  to  target
ground  state  as  a  function  of  the  number  of  iterations.
(c) The real component of the energy  as a function of the
number  of  iterations. (d) The  imaginary  component  of  the
energy  as  a  function  of  the  number  of  iterations.  In  all
cases .
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reduction.  After  applying  error  mitigation  techniques,
the  energy  eigenenergies  obtained  exhibit  a  heightened
level of closeness to the ideal condition. This shows the
efficacy  of  the  error  mitigation  approach  in  alleviating
the  negative  impact  induced  by  bit-flip  noise.  Because
noise mitigation techniques cannot completely eliminate
the noise of quantum devices, the fidelity of the eigenstates
obtained by quantum algorithms has not been improved.

B2  Phase-flip noise

|ϕ⟩ = α0|0⟩+ α1|1⟩ |ψ⟩ = α0|0⟩ − α1|1⟩
p

Another  important  type  of  quantum noise  is  phase-flip
noise.  The  phase-flip  transforms  the  qubit  state

 into , with a probability
. The noise of phase-flip on a qubit can be written as 

ε1(ρ) = (1− p)ρ+ pZρZ, (22)

p1 = 0.003 p2 = 0.03

In our numerical simulations, we set the noise probability
 for the single-qubit gate and  for the

two-qubit gate.
As shown in Fig. A2, under the influence of phase flip

noise, the fidelity between the prepared quantum eigenstate
and the target state has declined. Meanwhile, compared
with the situation without noise, the energy eigenvalues
obtained by quantum algorithms exhibit a certain degree
of deviation under the influence of noise. Error mitigation
techniques  can  reduce  measurement  errors,  but  cannot
eliminate the noise of quantum devices. Therefore, after
using error mitigation techniques, the energy eigenvalues
obtained  by  quantum algorithms  are  more  accurate,  as
shown  in Figs.  A2(c)  and  (d).  However,  the  fidelity  of
the prepared eigenstates has not been improved.

 

L = 4,

P = 4, λ = 1, κ = 0.4

Fig. A1  Bit-flip  noise  and  its  error  mitigation.  In (a–
d) the dependence of the cost function, the fidelity, the real
and the imaginary components of the energy with the iteration
count  are  shown  respectively.  In  all  cases 

.

 

 
Fig. A2  Phase-flip noise and its error mitigation. All other
setups are the same as Fig. A2.
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In summary, error mitigation techniques can assist us
in  obtaining  more  accurate  energy  eigenvalues,  but
improving  the  fidelity  of  the  eigenstates  remains  chal-
lenging.  We  look  forward  to  the  development  of  more
advanced  quantum  computers  in  the  future,  where  our
algorithm can perform even more effectively.

References 

 Y.  Ashida,  Z.  Gong,  and  M.  Ueda, Non-Hermitian
physics, Adv. Phys. 69(3), 249 (2020)

1.

 A. Guo, G. J. Salamo, D. Duchesne, R. Morandotti, M.
Volatier-Ravat,  V.  Aimez,  G.  A.  Siviloglou,  and D.  N.
Christodoulides, Observation of PT-symmetry  breaking
in  complex  optical  potentials, Phys.  Rev.  Lett. 103(9),
093902 (2009)

2.

 C. M. Bender, Making sense of non-Hermitian Hamilto-
nians, Rep. Prog. Phys. 70(6), 947 (2007)

3.

 P.  Dorey,  C.  Dunning,  and  R.  Tateo,  Spectral  equiva-
lences, Bethe ansatz equations, and reality properties in
PT-symmetric quantum mechanics, J. Phys. Math. Gen.
34(28), 5679 (2001)

4.

 Ş.  K.  Özdemir,  S.  Rotter,  F.  Nori,  and  L.  Yang,
Parity‒time  symmetry  and  exceptional  points  in
photonics, Nat. Mater. 18, 783 (2019)

5.

 S.  Yao  and  Z.  Wang, Edge  states  and  topological
invariants  of  non-Hermitian  systems, Phys.  Rev.  Lett.
121(8), 086803 (2018)

6.

 Z. Wang, L. J. Lang, and L. He, Emergent Mott insulators
and  non-Hermitian  conservation  laws  in  an  interacting
bosonic  chain  with  noninteger  filling  and  nonreciprocal
hopping, Phys. Rev. B 105(5), 054315 (2022)

7.

 H. Jiang, L. J. Lang, C. Yang, S. L. Zhu, and S. Chen,
Interplay  of  non-Hermitian  skin  effects  and  Anderson
localization in nonreciprocal quasiperiodic lattices, Phys.
Rev. B 100(5), 054301 (2019)

8.

 L. J. Lang, X. Cai, and S. Chen, Edge states and topological
phases  in  one-dimensional  optical  superlattices, Phys.
Rev. Lett. 108(22), 220401 (2012)

9.

 D. W. Zhang, L. Z. Tang, L. J. Lang, H. Yan, and S. L.
Zhu, Non-Hermitian  topological  Anderson  insulators,
Sci. China Phys. Mech. Astron. 63(6), 267062 (2020)

10.

 L.  Z.  Tang,  G.  Q.  Zhang,  L.  F.  Zhang,  and  D.  W.
Zhang, Localization  and  topological  transitions  in  non-
Hermitian  quasiperiodic  lattices, Phys.  Rev.  A 103(3),
033325 (2021)

11.

 L.  Z.  Tang,  L.  F.  Zhang,  G.  Q.  Zhang,  and  D.  W.
Zhang, Topological  Anderson  insulators  in  two-dimen-
sional  non-Hermitian disordered systems, Phys. Rev. A
101(6), 063612 (2020)

12.

 W.  Heiss, Exceptional  points  of  non-Hermitian  opera-
tors, J. Phys. Math. Gen. 37(6), 2455 (2004)

13.

 F.  Song,  S.  Yao,  and  Z.  Wang, Non-Hermitian  skin
effect  and  chiral  damping  in  open  quantum  systems,
Phys. Rev. Lett. 123(17), 170401 (2019)

14.

 J. Feinberg and A. Zee, Non-Hermitian localization and
delocalization, Phys. Rev. E 59(6), 6433 (1999)

15.

 A. del Campo, I. L. Egusquiza, M. B. Plenio, and S. F.
Huelga, Quantum speed limits in open system dynamics,

16.

Phys. Rev. Lett. 110(5), 050403 (2013)
 F. Barahona, On the computational complexity of Ising
spin  glass  models, J.  Phys.  Math.  Gen. 15(10),  3241
(1982)

17.

 G.  Chen,  F.  Song,  and  J.  L.  Lado, Topological  spin
excitations in non-Hermitian spin chains with a generalized
kernel  polynomial  algorithm, Phys.  Rev.  Lett. 130(10),
100401 (2023)

18.

 D. Jaschke, S. Montangero, and L. D. Carr, One-dimen-
sional  many-body  entangled  open  quantum  systems
with  tensor  network  methods, Quantum  Sci.  Technol.
4(1), 013001 (2018)

19.

 M. T. Fishman, L. Vanderstraeten, V. Zauner-Stauber,
J.  Haegeman,  and  F.  Verstraete, Faster  methods  for
contracting  infinite  two-dimensional  tensor  networks,
Phys. Rev. B 98(23), 235148 (2018)

20.

 R.  Orús, A  practical  introduction  to  tensor  networks:
Matrix  product  states  and  projected  entangled  pair
states, Ann. Phys. 349, 117 (2014)

21.

 S. Wiesner, Simulations of many-body quantum systems
by  a  quantum  computer,  arXiv:  quant-ph/9603028
(1996)

22.

 D.  Poulin  and  P.  Wocjan, Preparing  ground  states  of
quantum many-body  systems  on  a  quantum computer,
Phys. Rev. Lett. 102(13), 130503 (2009)

23.

 D.  S.  Abrams  and  S.  Lloyd, Simulation  of  many-body
Fermi systems on a universal quantum computer, Phys.
Rev. Lett. 79(13), 2586 (1997)

24.

 A. Smith, M. Kim, F. Pollmann, and J. Knolle, Simulating
quantum  many-body  dynamics  on  a  current  digital
quantum computer, npj Quantum Inf. 5, 106 (2019)

25.

 A. Peruzzo, J. McClean, P. Shadbolt, M. H. Yung, X. Q.
Zhou, P. J. Love, A. Aspuru-Guzik, and J. L. O’brien,
A variational eigenvalue solver on a photonic quantum
processor, Nat. Commun. 5(1), 4213 (2014)

26.

 A. Kandala,  A.  Mezzacapo,  K.  Temme,  M. Takita,  M.
Brink, J. M. Chow, and J. M. Gambetta, Hardware-effi-
cient  variational  quantum  eigensolver  for  small
molecules and quantum magnets, Nature 549(7671), 242
(2017)

27.

 J. Tilly, H. Chen, S. Cao, D. Picozzi, K. Setia, Y. Li, E.
Grant,  L.  Wossnig,  I.  Rungger,  G.  H.  Booth,  and  J.
Tennyson, The  variational  quantum  eigensolver:  A
review of methods and best practices, Phys. Rep. 986, 1
(2022)

28.

 D.  A.  Fedorov,  B.  Peng,  N.  Govind,  and  Y.  Alexeev,
VQE method: A short survey and recent developments,
Mater. Theory 6(1), 2 (2022)

29.

 P. J. O’Malley, R. Babbush, I. D. Kivlichan, J. Romero,
J.  R.  McClean,  R.  Barends,  J.  Kelly,  P.  Roushan,  A.
Tranter,  N.  Ding,  B.  Campbell,  Y.  Chen,  Z.  Chen,  B.
Chiaro,  A.  Dunsworth,  A.  G.  Fowler,  E.  Jeffrey,  E.
Lucero,  A.  Megrant,  J.  Y.  Mutus,  M. Neeley,  C.  Neill,
C. Quintana, D. Sank, A. Vainsencher, J. Wenner, T. C.
White, P. V. Coveney, P. J. Love, H. Neven, A. Aspuru-
Guzik, and J. M. Martinis, Scalable quantum simulation
of molecular energies, Phys. Rev. X 6(3), 031007 (2016)

30.

 J.  L.  Bosse  and  A.  Montanaro, Probing  ground-state
properties  of  the  kagome  antiferromagnetic  Heisenberg
model using the variational quantum eigensolver, Phys.
Rev. B 105(9), 094409 (2022)

31.

FRONTIERS OF PHYSICS RESEARCH ARTICLE

41202-10   Xu-Dan Xie, et al., Front. Phys. 19(4), 41202 (2024)

 

https://doi.org/10.1080/00018732.2021.1876991
https://doi.org/10.1080/00018732.2021.1876991
https://doi.org/10.1080/00018732.2021.1876991
https://doi.org/10.1080/00018732.2021.1876991
https://doi.org/10.1080/00018732.2021.1876991
https://doi.org/10.1103/PhysRevLett.103.093902
https://doi.org/10.1103/PhysRevLett.103.093902
https://doi.org/10.1103/PhysRevLett.103.093902
https://doi.org/10.1103/PhysRevLett.103.093902
https://doi.org/10.1103/PhysRevLett.103.093902
https://doi.org/10.1103/PhysRevLett.103.093902
https://doi.org/10.1103/PhysRevLett.103.093902
https://doi.org/10.1103/PhysRevLett.103.093902
https://doi.org/10.1088/0034-4885/70/6/R03
https://doi.org/10.1088/0034-4885/70/6/R03
https://doi.org/10.1088/0034-4885/70/6/R03
https://doi.org/10.1088/0034-4885/70/6/R03
https://doi.org/10.1088/0034-4885/70/6/R03
https://doi.org/10.1088/0034-4885/70/6/R03
https://doi.org/10.1088/0305-4470/34/28/305
https://doi.org/10.1088/0305-4470/34/28/305
https://doi.org/10.1088/0305-4470/34/28/305
https://doi.org/10.1088/0305-4470/34/28/305
https://doi.org/10.1038/s41563-019-0304-9
https://doi.org/10.1038/s41563-019-0304-9
https://doi.org/10.1038/s41563-019-0304-9
https://doi.org/10.1038/s41563-019-0304-9
https://doi.org/10.1038/s41563-019-0304-9
https://doi.org/10.1038/s41563-019-0304-9
https://doi.org/10.1038/s41563-019-0304-9
https://doi.org/10.1103/PhysRevLett.121.086803
https://doi.org/10.1103/PhysRevLett.121.086803
https://doi.org/10.1103/PhysRevLett.121.086803
https://doi.org/10.1103/PhysRevLett.121.086803
https://doi.org/10.1103/PhysRevB.105.054315
https://doi.org/10.1103/PhysRevB.105.054315
https://doi.org/10.1103/PhysRevB.105.054315
https://doi.org/10.1103/PhysRevB.105.054315
https://doi.org/10.1103/PhysRevB.105.054315
https://doi.org/10.1103/PhysRevB.105.054315
https://doi.org/10.1103/PhysRevB.105.054315
https://doi.org/10.1103/PhysRevB.100.054301
https://doi.org/10.1103/PhysRevB.100.054301
https://doi.org/10.1103/PhysRevB.100.054301
https://doi.org/10.1103/PhysRevB.100.054301
https://doi.org/10.1103/PhysRevB.100.054301
https://doi.org/10.1103/PhysRevLett.108.220401
https://doi.org/10.1103/PhysRevLett.108.220401
https://doi.org/10.1103/PhysRevLett.108.220401
https://doi.org/10.1103/PhysRevLett.108.220401
https://doi.org/10.1103/PhysRevLett.108.220401
https://doi.org/10.1007/s11433-020-1521-9
https://doi.org/10.1007/s11433-020-1521-9
https://doi.org/10.1007/s11433-020-1521-9
https://doi.org/10.1103/PhysRevA.103.033325
https://doi.org/10.1103/PhysRevA.103.033325
https://doi.org/10.1103/PhysRevA.103.033325
https://doi.org/10.1103/PhysRevA.103.033325
https://doi.org/10.1103/PhysRevA.103.033325
https://doi.org/10.1103/PhysRevA.103.033325
https://doi.org/10.1103/PhysRevA.101.063612
https://doi.org/10.1103/PhysRevA.101.063612
https://doi.org/10.1103/PhysRevA.101.063612
https://doi.org/10.1103/PhysRevA.101.063612
https://doi.org/10.1103/PhysRevA.101.063612
https://doi.org/10.1088/0305-4470/37/6/034
https://doi.org/10.1088/0305-4470/37/6/034
https://doi.org/10.1088/0305-4470/37/6/034
https://doi.org/10.1088/0305-4470/37/6/034
https://doi.org/10.1088/0305-4470/37/6/034
https://doi.org/10.1088/0305-4470/37/6/034
https://doi.org/10.1103/PhysRevLett.123.170401
https://doi.org/10.1103/PhysRevLett.123.170401
https://doi.org/10.1103/PhysRevLett.123.170401
https://doi.org/10.1103/PhysRevLett.123.170401
https://doi.org/10.1103/PhysRevE.59.6433
https://doi.org/10.1103/PhysRevE.59.6433
https://doi.org/10.1103/PhysRevE.59.6433
https://doi.org/10.1103/PhysRevE.59.6433
https://doi.org/10.1103/PhysRevE.59.6433
https://doi.org/10.1103/PhysRevLett.110.050403
https://doi.org/10.1103/PhysRevLett.110.050403
https://doi.org/10.1103/PhysRevLett.110.050403
https://doi.org/10.1088/0305-4470/15/10/028
https://doi.org/10.1088/0305-4470/15/10/028
https://doi.org/10.1088/0305-4470/15/10/028
https://doi.org/10.1088/0305-4470/15/10/028
https://doi.org/10.1088/0305-4470/15/10/028
https://doi.org/10.1088/0305-4470/15/10/028
https://doi.org/10.1103/PhysRevLett.130.100401
https://doi.org/10.1103/PhysRevLett.130.100401
https://doi.org/10.1103/PhysRevLett.130.100401
https://doi.org/10.1103/PhysRevLett.130.100401
https://doi.org/10.1103/PhysRevLett.130.100401
https://doi.org/10.1103/PhysRevLett.130.100401
https://doi.org/10.1103/PhysRevLett.130.100401
https://doi.org/10.1088/2058-9565/aae724
https://doi.org/10.1088/2058-9565/aae724
https://doi.org/10.1088/2058-9565/aae724
https://doi.org/10.1088/2058-9565/aae724
https://doi.org/10.1088/2058-9565/aae724
https://doi.org/10.1088/2058-9565/aae724
https://doi.org/10.1103/PhysRevB.98.235148
https://doi.org/10.1103/PhysRevB.98.235148
https://doi.org/10.1103/PhysRevB.98.235148
https://doi.org/10.1103/PhysRevB.98.235148
https://doi.org/10.1016/j.aop.2014.06.013
https://doi.org/10.1016/j.aop.2014.06.013
https://doi.org/10.1016/j.aop.2014.06.013
https://doi.org/10.1016/j.aop.2014.06.013
https://doi.org/10.1016/j.aop.2014.06.013
https://doi.org/10.1016/j.aop.2014.06.013
https://doi.org/10.1103/PhysRevLett.102.130503
https://doi.org/10.1103/PhysRevLett.102.130503
https://doi.org/10.1103/PhysRevLett.102.130503
https://doi.org/10.1103/PhysRevLett.102.130503
https://doi.org/10.1103/PhysRevLett.79.2586
https://doi.org/10.1103/PhysRevLett.79.2586
https://doi.org/10.1103/PhysRevLett.79.2586
https://doi.org/10.1103/PhysRevLett.79.2586
https://doi.org/10.1103/PhysRevLett.79.2586
https://doi.org/10.1038/s41534-019-0217-0
https://doi.org/10.1038/s41534-019-0217-0
https://doi.org/10.1038/s41534-019-0217-0
https://doi.org/10.1038/s41534-019-0217-0
https://doi.org/10.1038/s41534-019-0217-0
https://doi.org/10.1038/s41534-019-0217-0
https://doi.org/10.1038/ncomms5213
https://doi.org/10.1038/ncomms5213
https://doi.org/10.1038/ncomms5213
https://doi.org/10.1038/ncomms5213
https://doi.org/10.1038/ncomms5213
https://doi.org/10.1038/nature23879
https://doi.org/10.1038/nature23879
https://doi.org/10.1038/nature23879
https://doi.org/10.1038/nature23879
https://doi.org/10.1038/nature23879
https://doi.org/10.1038/nature23879
https://doi.org/10.1038/nature23879
https://doi.org/10.1038/nature23879
https://doi.org/10.1016/j.physrep.2022.08.003
https://doi.org/10.1016/j.physrep.2022.08.003
https://doi.org/10.1016/j.physrep.2022.08.003
https://doi.org/10.1016/j.physrep.2022.08.003
https://doi.org/10.1016/j.physrep.2022.08.003
https://doi.org/10.1016/j.physrep.2022.08.003
https://doi.org/10.1186/s41313-021-00032-6
https://doi.org/10.1186/s41313-021-00032-6
https://doi.org/10.1186/s41313-021-00032-6
https://doi.org/10.1103/PhysRevX.6.031007
https://doi.org/10.1103/PhysRevX.6.031007
https://doi.org/10.1103/PhysRevX.6.031007
https://doi.org/10.1103/PhysRevX.6.031007
https://doi.org/10.1103/PhysRevX.6.031007
https://doi.org/10.1103/PhysRevB.105.094409
https://doi.org/10.1103/PhysRevB.105.094409
https://doi.org/10.1103/PhysRevB.105.094409
https://doi.org/10.1103/PhysRevB.105.094409
https://doi.org/10.1103/PhysRevB.105.094409
https://doi.org/10.1103/PhysRevB.105.094409


 J.  Kattemölle  and  J.  van  Wezel, Variational  quantum
eigensolver  for  the  Heisenberg  antiferromagnet  on  the
kagome lattice, Phys. Rev. B 106(21), 214429 (2022)

32.

 K.  M.  Nakanishi,  K.  Mitarai,  and  K.  Fujii, Subspace-
search  variational  quantum  eigensolver  for  excited
states, Phys. Rev. Res. 1(3), 033062 (2019)

33.

 O. Higgott, D. Wang, and S. Brierley, Variational quantum
computation of excited states, Quantum 3, 156 (2019)

34.

 S. Liu, S. X. Zhang, C. Y. Hsieh, S. Zhang, and H. Yao,
Probing  many-body  localization  by  excited-state  varia-
tional  quantum  eigensolver, Phys.  Rev.  B 107(2),
024204 (2023)

35.

 Q. X. Xie, S. Liu, and Y. Zhao, Orthogonal state reduction
variational eigensolver for the excited-state calculations
on  quantum  computers, J.  Chem.  Theory  Comput.
18(6), 3737 (2022)

36.

 D. B. Zhang, B. L. Chen, Z. H. Yuan, and T. Yin, Vari-
ational quantum eigensolvers by variance minimization,
Chin. Phys. B 31(12), 120301 (2022)

37.

 B.  L.  Chen  and  D.  B.  Zhang, Variational  quantum
eigensolver with mutual variance-Hamiltonian optimiza-
tion, Chin. Phys. Lett. 40(1), 010303 (2023)

38.

 Z. Guo, Z. T. Xu, M. Li, L. You, and S. Yang, Variational
matrix  product  state  approach  for  non-Hermitian
system  based  on  a  companion  Hermitian  Hamiltonian,
arXiv: 2210.14858 (2022)

39.

 N.  Moiseyev,  Non-Hermitian  Quantum  Mechanics,
Cambridge: Cambridge University Press, 2011

40.

 S. Banach, Theory of Linear Operations, Elsevier, 198741.
 M. Cerezo, A. Arrasmith, R. Babbush, S. C. Benjamin,
S. Endo, K. Fujii, J. R. McClean, K. Mitarai, X. Yuan,
L.  Cincio,  and  P.  J.  Coles, Variational  quantum  algo-
rithms, Nat. Rev. Phys. 3(9), 625 (2021)

42.

 R.  Cleve,  A.  Ekert,  C.  Macchiavello,  and  M.  Mosca,43.

Quantum  algorithms  revisited, Proc.  Royal  Soc.  A
454(1969), 339 (1998)
 K.  Bharti  and  T.  Haug, Quantum-assisted  simulator,
Phys. Rev. A 104(4), 042418 (2021)

44.

 S.  Efthymiou,  S.  Ramos-Calderer,  C.  Bravo-Prieto,  A.
Pérez-Salinas,  D.  García-Martín,  A.  Garcia-Saez,  J.  I.
Latorre, and S. Carrazza, Qibo: A framework for quantum
simulation  with  hardware  acceleration, Quantum  Sci.
Technol. 7(1), 015018 (2022)

45.

 J. R. Johansson, P. D. Nation, and F. Nori, QuTiP: An
open-source Python framework for the dynamics of open
quantum  systems, Comput.  Phys.  Commun. 183(8),
1760 (2012)

46.

 G. Gehlen, Critical and off-critical conformal analysis of
the Ising quantum chain in an imaginary field, J. Phys.
Math. Gen. 24(22), 5371 (1991)

47.

 P.  B.  Sousa  and  R.  V.  Ramos,  Universal  quantum
circuit  for n-qubit  quantum  gate:  A  programmable
quantum gate, arXiv: quant-ph/0602174 (2006)

48.

 X. D.  Xie,  X.  Guo,  H.  Xing,  Z.  Y.  Xue,  D.  B.  Zhang,
and S. L. Zhu, Variational thermal quantum simulation
of  the  lattice  Schwinger  model, Phys.  Rev.  D 106(5),
054509 (2022)

49.

 T. Haug, K. Bharti, and M. Kim, Capacity and quantum
geometry  of  parametrized  quantum  circuits, PRX
Quantum 2(4), 040309 (2021)

50.

 J.  Preskill, Quantum  computing  in  the  NISQ  era  and
beyond, Quantum 2, 79 (2018)

51.

 L.  F.  Richardson  and  J.  A.  Gaunt, VIII.  The  deferred
approach to the limit, Philos. Trans. Royal Soc. Ser. A
226(636‒646), 299 (1927)

52.

 K. Temme, S. Bravyi, and J. M. Gambetta, Error miti-
gation for short-depth quantum circuits, Phys. Rev. Lett.
119(18), 180509 (2017)

53.

RESEARCH ARTICLE FRONTIERS OF PHYSICS

Xu-Dan Xie, et al., Front. Phys. 19(4), 41202 (2024)   41202-11

 

https://doi.org/10.1103/PhysRevB.106.214429
https://doi.org/10.1103/PhysRevB.106.214429
https://doi.org/10.1103/PhysRevB.106.214429
https://doi.org/10.1103/PhysRevB.106.214429
https://doi.org/10.1103/PhysRevB.106.214429
https://doi.org/10.1103/PhysRevB.106.214429
https://doi.org/10.1103/PhysRevResearch.1.033062
https://doi.org/10.1103/PhysRevResearch.1.033062
https://doi.org/10.1103/PhysRevResearch.1.033062
https://doi.org/10.1103/PhysRevResearch.1.033062
https://doi.org/10.1103/PhysRevResearch.1.033062
https://doi.org/10.1103/PhysRevResearch.1.033062
https://doi.org/10.22331/q-2019-07-01-156
https://doi.org/10.22331/q-2019-07-01-156
https://doi.org/10.22331/q-2019-07-01-156
https://doi.org/10.22331/q-2019-07-01-156
https://doi.org/10.22331/q-2019-07-01-156
https://doi.org/10.1103/PhysRevB.107.024204
https://doi.org/10.1103/PhysRevB.107.024204
https://doi.org/10.1103/PhysRevB.107.024204
https://doi.org/10.1103/PhysRevB.107.024204
https://doi.org/10.1103/PhysRevB.107.024204
https://doi.org/10.1103/PhysRevB.107.024204
https://doi.org/10.1103/PhysRevB.107.024204
https://doi.org/10.1021/acs.jctc.2c00159
https://doi.org/10.1021/acs.jctc.2c00159
https://doi.org/10.1021/acs.jctc.2c00159
https://doi.org/10.1021/acs.jctc.2c00159
https://doi.org/10.1021/acs.jctc.2c00159
https://doi.org/10.1088/1674-1056/ac8a8d
https://doi.org/10.1088/1674-1056/ac8a8d
https://doi.org/10.1088/1674-1056/ac8a8d
https://doi.org/10.1088/1674-1056/ac8a8d
https://doi.org/10.1088/0256-307X/40/1/010303
https://doi.org/10.1088/0256-307X/40/1/010303
https://doi.org/10.1088/0256-307X/40/1/010303
https://doi.org/10.1088/0256-307X/40/1/010303
https://doi.org/10.1088/0256-307X/40/1/010303
https://doi.org/10.1088/0256-307X/40/1/010303
https://doi.org/10.1088/0256-307X/40/1/010303
https://doi.org/10.1038/s42254-021-00348-9
https://doi.org/10.1038/s42254-021-00348-9
https://doi.org/10.1038/s42254-021-00348-9
https://doi.org/10.1038/s42254-021-00348-9
https://doi.org/10.1038/s42254-021-00348-9
https://doi.org/10.1038/s42254-021-00348-9
https://doi.org/10.1098/rspa.1998.0164
https://doi.org/10.1098/rspa.1998.0164
https://doi.org/10.1098/rspa.1998.0164
https://doi.org/10.1103/PhysRevA.104.042418
https://doi.org/10.1103/PhysRevA.104.042418
https://doi.org/10.1103/PhysRevA.104.042418
https://doi.org/10.1088/2058-9565/ac39f5
https://doi.org/10.1088/2058-9565/ac39f5
https://doi.org/10.1088/2058-9565/ac39f5
https://doi.org/10.1088/2058-9565/ac39f5
https://doi.org/10.1088/2058-9565/ac39f5
https://doi.org/10.1016/j.cpc.2012.02.021
https://doi.org/10.1016/j.cpc.2012.02.021
https://doi.org/10.1016/j.cpc.2012.02.021
https://doi.org/10.1016/j.cpc.2012.02.021
https://doi.org/10.1016/j.cpc.2012.02.021
https://doi.org/10.1016/j.cpc.2012.02.021
https://doi.org/10.1016/j.cpc.2012.02.021
https://doi.org/10.1088/0305-4470/24/22/021
https://doi.org/10.1088/0305-4470/24/22/021
https://doi.org/10.1088/0305-4470/24/22/021
https://doi.org/10.1088/0305-4470/24/22/021
https://doi.org/10.1088/0305-4470/24/22/021
https://doi.org/10.1103/PhysRevD.106.054509
https://doi.org/10.1103/PhysRevD.106.054509
https://doi.org/10.1103/PhysRevD.106.054509
https://doi.org/10.1103/PhysRevD.106.054509
https://doi.org/10.1103/PhysRevD.106.054509
https://doi.org/10.1103/PhysRevD.106.054509
https://doi.org/10.1103/PRXQuantum.2.040309
https://doi.org/10.1103/PRXQuantum.2.040309
https://doi.org/10.1103/PRXQuantum.2.040309
https://doi.org/10.1103/PRXQuantum.2.040309
https://doi.org/10.1103/PRXQuantum.2.040309
https://doi.org/10.22331/q-2018-08-06-79
https://doi.org/10.22331/q-2018-08-06-79
https://doi.org/10.22331/q-2018-08-06-79
https://doi.org/10.22331/q-2018-08-06-79
https://doi.org/10.22331/q-2018-08-06-79
https://doi.org/10.1098/rsta.1927.0008
https://doi.org/10.1098/rsta.1927.0008
https://doi.org/10.1098/rsta.1927.0008
https://doi.org/10.1098/rsta.1927.0008
https://doi.org/10.1098/rsta.1927.0008
https://doi.org/10.1098/rsta.1927.0008
https://doi.org/10.1103/PhysRevLett.119.180509
https://doi.org/10.1103/PhysRevLett.119.180509
https://doi.org/10.1103/PhysRevLett.119.180509
https://doi.org/10.1103/PhysRevLett.119.180509
https://doi.org/10.1103/PhysRevLett.119.180509

	1 Introduction
	2 Exploring the quantum variational algorithm in non-Hermitian systems
	2.1 Motivation
	2.2 Variational quantum eigensolver
	2.3 Optimization strategy
	2.4 Biorthogonal relations and operator expected values

	3 Simulation results
	3.1 Performance of quantum algorithm
	3.2 Error mitigation

	4 Conclusion
	Declarations
	Acknowledgements
	Appendix A: Spectrum scanning
	Appendix B: Noise and the error mitigation
	References

