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ABSTRACT

κ

κ ∼ 1

κ≫ 1

Nonmagnetic  impurity  scattering  is  known  to  shift  up  the  Ginzburg–
Landau parameter  of a superconductor. In this case, when the system is
initially in type I, it can change its magnetic response, crossing the intertype
domain with  between the two standard superconductivity types and
arriving at type II. In the present work we demonstrate that the impact of
disorder  can  be  much  more  profound  in  the  presence  of  the  multiband
structure of the charge carrier states. In particular, when the band diffusivi-
ties  differ  from each other,  the  intertype domain tends  to  expand signifi-
cantly, including points with  that belong to deep type-II in conven-
tional  single-band  superconductors.  Our  finding  sheds  light  on  the
nontrivial disorder effect and significantly complements earlier results on
the enlargement of the intertype domain in clean multiband superconduc-
tors.

Keywords  superconductivity, disorder, intertype superconductivity, two-
band model

 

ξ

λ κ = λ/ξ

κ T T

It is well-known that a nonmagnetic disorder can influence
the superconductive magnetic properties by altering the
characteristic lengths of a superconductor [1]. In particu-
lar,  the  Ginzburg–Landau  (GL)  coherence  length 
decreases  when  the  electron  mean-free  path  is  reduced.
At  the  same  time  the  London  magnetic  penetration
depth  increases. As a result, the ratio , referred
to  as  the  GL parameter,  increases  as  well.  In  this  case
the  system,  when  being  initially  in  type  I,  crosses  the
intertype (IT) domain between the two standard super-
conductivity types in the –  plane (  is the tempera-
ture)  and  exhibits  the  type-II  magnetic  response  at  a
sufficient  disorder.  This  feature  was  used  to  study  the
IT  superconductivity  and  its  boundaries  when  the
magnetic  properties  of,  e.g.,  Ta  and  Nb  were  modified
by  changing  the  amount  of  dissolved  nitrogen  [2].  The
IT  superconductivity  is  of  special  interest  since  it  is

κ ∼ 1

characterized  by  unconventional  magnetic  properties
and flux-condensate distributions which differ qualitatively
from those of the two standard superconductivity types.
A  number  of  studies  [3–22]  demonstrated  that  for
conventional materials, the IT physics manifests itself at

.

κ≫ 1

In  the  present  work  we  report  a  striking  example
when disorder does not only shift the system across the
IT regime. Here the interplay of the diffusive motion of
charge  carriers  with  the  multiband  structure  of  the
carrier  states  leads  to  qualitative  changes  in  the
magnetic-response phase diagram. When the band diffu-
sivities  differ  significantly  from  each  other  (as  e.g.  in
films of MgB2 [23]), the IT domain shows a giant expan-
sion.  As a  result,  it  can include large  values  of  the  GL
parameter ( ) that belong to deep type II in conven-
tional  single-band  superconductors.  Our  finding  signifi-
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cantly complements earlier results on the enlargement of
the  IT domain in  clean multiband superconductors  [14,
24, 25].

s

∆ν = ∆ν(r) ν = 1, 2

As  the  prototype  of  a  multiband  superconductor  we
choose the two-band system with the -wave pairing in
both  bands  and  Josephson-like  interband  pair  transfer.
To  describe  the  corresponding  IT  domain  in  the  dirty
limit, we employ the two-band Usadel equations [26]. To
avoid  unnecessary  complications  of  an  anisotropic  case,
the system is assumed to be isotropic. For simplicity we
neglect  the  interband  impurity  scattering  since  our
preliminary  results  demonstrates  that  it  can  produce
quantitative corrections but does not change the qualitative
picture.  Investigations  of  such  corrections  will  be
published  elsewhere.  Then,  the  equations  for  the  band-
dependent gap functions  read ( ) 

ℏωfν − ℏDν

2

(
gνD

2fν − fν∇2gν
)
= ∆νgν , (1)

gν = gν(r, ω) fν = fν(r, ω)

g2ν + |fν |2 = 1 ω

Dν

ν D = ∇− (i2e/ℏc)A

where  and  are  the  normal  and
anomalous  quasiclassic  (frequency-dependent)  Green
functions  related  to  one  another  by  the  normalization
condition ,  stands  for  the  fermionic
Matsubara  frequencies,  is  the  diffusion  coefficient
associated  with  band ,  and  is  the
gauge-invariant derivative. The Usadel equations (1) are
solved together with the self-consistency relation 

∆ν = 2πT
∑

ν′=1,2

gνν′Nν′

∑
ω>0

fν′ , (2)

gνν′

ǧ Nν

where  is  the  element  of  the  symmetric  coupling
matrix  and  is the band density of states (DOS).

The  free  energy  density  for  the  system  of  interest  is
given by 

f =
B2

8π
+ ⟨∆⃗†, ǧ−1∆⃗⟩+

∑
ν=1,2

fν , (3)

B = ∇×A ∆⃗ = (∆1,∆2)
T

⟨., .⟩
ǧ−1

where  is  the  magnetic  field, 
with  the  scalar  product  in  the  band  vector  space,

 is the inverse of the coupling matrix and 

fν = 2πTNν

∑
ω>0

{
2ℏω(1− gν)− 2Re(f∗ν∆ν)

+
ℏDν

2

[
|Dfν |2 + (∇gν)

2
]}
. (4)

∆1(r) ∆2(r)

B(r) A(r)

The stationary point (minimum) of the free energy gives
the equilibrium spatial distributions of ,  and

 [and ].

τ = 1− T/Tc

To  calculate  the  boundaries  of  the  IT  domain,  we
employ  the  perturbation  expansion  of  the  two-band
Usadel formalism in the small deviation from the super-
conducting  critical  temperature .  It  was
shown  previously  for  clean  two-band  superconductors
[14, 17, 20]  that  many  important  details  regarding  the

τ

τ

τ

τ

intertype  superconductivity  can  be  obtained  already
from the leading correction to the GL theory in . The
derivation of this correction in the present case is similar
to  that  for  clean two-band superconductors  [14, 17, 19,
20, 25]. (For general details of the -expansion in single-
and multiband superconductors, see the papers [6, 27, 28]
and  [29, 30],  respectively.)  First,  one  represents  the
Green functions and the free energy density as series in
powers of the gap functions and their spatial derivatives.
The series are truncated so that to keep only the terms
that  contribute  to  the  leading  correction  to  the  GL
theory in . Second, based on the obtained expressions,
one derives  the -expansion of  the formalism up to the
leading correction to the GL theory.

Now, we employ the Usadel equations and invoke the
expansion  in  powers  of  the  gap  functions  and  their
spatial gradients (for more detail, see Appendix A). For
the free energy density one gets 

fν =
[
−NνA+ aν

(
τ +

τ2

2

)]
|∆ν |2 +

bν
2
(1 + 2τ)|∆ν |4

− cν |∆ν |6

3
+Kν(1 + τ)|D∆ν |2 −Qν |D2∆ν |2

− Lν

2

{
6|∆ν |2|D∆ν |2 +

[
∆2

ν(D
∗∆∗

ν)
2 + c.c.

]}
,

(5)

where 

a = −Nν , A = ln
2eγℏωD

πTc
, bν = Nν

7ζ(3)

8π2T 2
c

,

Kν = Nν
πℏDν

8Tc
, Qν =

(ℏDν)
2

2
bν ,

Lν = Nν
πℏDν

192T 3
c

, cν = Nν
93ζ(5)

128π4T 4
c

, (6)

Tc ωD

ζ(. . .)

γ = 0.577

τ

with  being  the  critical  temperature,  the  Debye
frequency,  the  Riemann  zeta  function,  and

. As is mentioned above, the series in Eq. (5) is
truncated  here  so  that  to  include  only  the  terms  that
contribute to the leading correction to the GL theory in
.

Kν , Qν Lν

Dν

Qν

∇×B B2

6 8

It  is  instructive  to  compare  the  free  energy  density
given by Eqs. (3) and (5) for the two-band system in the
dirty limit with the corresponding expansion of the free
energy density in the clean limit  [14, 25, 29, 30].  First,
the  coefficients ,  and  are  now  given  by  the
different  expressions  [see  Eq.  (6)]  including  the  band-
dependent  diffusivities .  Second,  the  set  of  the  three
terms  with  the  coefficient ,  calculated  for  the  clean
limit, is now reduced to the only term in Eq. (6): there
are no contributions proportional to  and , c.f.
Eq. (5) with Eq. (20) in Ref. [30]. Finally, the first term
in the figure braces in the last line of Eq. (5) has now a
numerical  factor  instead  of  in  the  clean  limit.
However,  in  general,  the  structure  of  the  free  energy
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τ

density  given  by  Eqs.  (3)  and  (5)  is  similar  to  that  of
the clean system. Thus, to obtain the -expansion of the
present microscopic formalism, we can employ a similar
calculation procedure.

τ

Based  on  the  previous  results  for  clean  two-band
superconductors [14, 29, 30], we introduce the -expansion
for the gap functions and fields in the form 

∆⃗ = τ1/2Ψ⃗ + τ3/2ψ⃗ + . . . , B = τB + τ2b+ . . . ,

A = τ1/2A+ τ3/2a+ . . . , (7)

Ψ⃗ = (Ψ1,Ψ2)
T B A

ψ⃗ = (ψ1, ψ2)
T b a

λ ξ

λ, ξ ∝ τ−1/2

r → τ1/2r

∇ → τ−1/2∇

Ψ⃗ ψ⃗

where  and  ( )  correspond  to  the  GL
theory  while  its  leading  correction  is  governed  by

 and  ( ).  In  addition,  the  magnetic  pene-
tration  depth  and  the  GL  coherence  length  are
divergent  as .  To  extract  this  dependence
from the spatial gradients, we introduce the spatial scaling

 and obtain the corresponding scaling factor for
the  spatial  derivatives  as .  Then,  based  on
Eqs. (3)–(7) [see also Appendix B], one gets the stationary
equations for  and  as 

ĽΨ⃗ = 0, Ľ = ǧ−1 −
(
N1A 0
0 N2A

)
(8)

and 

Ľψ⃗ + W⃗ = 0, (9)

W⃗ = (W1,W2)
T Wν = aνΨν + bν

2 Ψν |Ψν |2+
KνD2Ψν D = ∇− (i2e/ℏc)A
where  and 

, with .

Ľ

Equation (8) has a nontrivial solution when the deter-
minant of the matrix  is zero and we obtain 

(g22 − GN1A)(g11 − GN2A)− g212 = 0, Ψ⃗ = Ψ(r)ξ⃗,

(10)

G = g11g22 − g212 Ψ

ξ⃗ Ľ

ξ⃗

ξ⃗

where ,  is the Landau order parameter
that controls the two-band system in the GL approxima-
tion, and  is the eigenvector of  corresponding to its
zero eigenvalue. The normalization of  is not important
here  (the  observables  are  not  sensitive  to  it)  and  so,
there are various options to choose . Here we follow the
variant used in Ref. [14] and given by 

ξ⃗ =

(
S−1/2

S1/2

)
, S =

g22 − GN1A

g12
, (11)

S

0 ∞
where  controls  the  relative  weights  of  the  bands,
changing from  (only band 2) to  (only band 1).

Introducing the vector 

η⃗ =

(
S−1/2

−S1/2

)
, (12)

ξ⃗ η⃗

ψ⃗

so that  and  are linearly independent, one can represent
 as their linear combination given by 

ψ⃗ = ψξ(r)ξ⃗ + ψη(r)η⃗, (13)

ψξ ψη

ξ⃗

where  and  control the spatial  distributions of the
gap functions in the leading correction to the GL theory.
Projecting  Eq.  (9)  onto  and  utilizing  Eq.  (13),  one
gets the GL equation for the Landau order parameter as 

aΨ+ bΨ|Ψ|2 −KD2Ψ = 0, (14)

a =
∑

ν |ξν |2aν , K =
∑

ν |ξν |2Kν

b =
∑

ν |ξν |4bν
ξ1 = S−1/2 ξ2 = S1/2

where the coefficients , and
 are  averages  over  the  contributing  bands,

with  and .
η⃗

ψη Ψ

Projecting  Eq.  (9)  onto  and  keeping  in  mind
Eq. (13), we express  in terms of  as 

ψη = − G
4g12

(
αΨ+ βΨ|Ψ|2 − ΓD2Ψ

)
, (15)

α =
∑

ν η
∗
νξνaν , Γ =

∑
ν η

∗
νξνKν

β =
∑

ν η
∗
νξν |ξν |2bν η1 = S−1/2 η2 = −S1/2

with  the  coefficients ,  and
 [here  and ]. Using

Eq. (14), one can rearrange Eq. (15) as 

ψη = − G
4g12

(
aᾱΨ+ bβ̄Ψ|Ψ|2

)
, (16)

ᾱ = α
a − Γ

K β̄ = β
b − Γ

K ψη(r)

∆1(r) ∆2(r)

ξ1 ξ2
ξ

with  and .  Notice  that  is
responsible for the difference between the spatial profiles
of  and ,  i.e.,  it  determines  the  deviation  of
the band-dependent coherence lengths  and  from the
GL  coherence  length ,  see  the  discussion  in  Refs.  [14,
25].

ψξ

τ

ψη Ψ

A

The leading correction to the GL contribution in the
free energy density does not involve the terms depending
on .  Thus,  to  calculate  the  free  energy  within  the
extended  GL  formalism,  involving  the  GL  contribution
and its leading correction in , one needs to know only
the  solution  to  the  GL formalism (as  depends  on 
and ),  see the details  in the previous papers for clean
two-band systems [14, 25]. The Landau order parameter
obeys  the  first  GL  equation  given  by  Eq.  (14).  The
second GL equation (the current equation) reads 

∇× B =
4π

c
j, j =

4eK
ℏ

Im[Ψ∗DΨ]. (17)

Using  solutions  for  Eqs.  (14)  and  (17)  and  employing
Eq.  (16),  one  gets  the  stationary  free  energy  density
necessary  to  investigate  the  IT  physics  in  dirty  two-
band superconductors.

Hc

Now  we  turn  to  the  problem  of  switching  between
superconductivity  types  I  and  II.  It  is  well-known  that
type II differs from type I by the possibility to develop
the  mixed  state  where  a  magnetic  field  penetrates  the
interior of a superconductor so that the superconducting
condensate is specified by a nonuniform spatial distribu-
tion. To calculate the boundary between types I and II,
one  needs  to  compare  the  Gibbs  free  energy  of  the
Meissner  state  at  the  thermodynamic  critical  field 
with that of a specific spatial configuration of the super-
conducting  condensate  [14, 25].  For  example,  one  can
choose the single-vortex configuration and calculate the
corresponding  Gibbs  free  energy  difference  between  the
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κ = κ0 = 1/
√
2

nonuniform and Meissner states. When this difference is
positive, the system is in type I. When it is negative, we
arrive at type II. There are several ways to calculate the
set  of  the  parameters  corresponding  to  the  boundary
between types I and II. Within the GL theory all these
ways yield the same result: the boundary between types
I and II is specified by the relation .

κ∗(T ) κ T

(κ0, Tc)

Tc

This  is  not  the  case  beyond the  GL theory:  here  the
above ways of calculating the boundary between types I
and  II  result  in  different  lines  in  the –  plane.
All  these  lines  intersect  at  the  point ,  which  is
called the Bogomolnyi point (B-point). When the system
approaches  the  B-point,  it  is  governed  by  the  self-dual
GL  theory  given  by  the  two  Bogomolnyi  (self-duality)
equations.  The  fundamental  feature  of  the  B-point  is
that  the  corresponding  equilibrium  state  is  degenerate,
hiding  an  infinite  number  of  various  exotic  vortex
configurations  being  degenerate  solutions  of  the  Bogo-
molnyi equations [20]. Below  the degeneracy is lifted
and successive self-dual configurations shape the internal
structure of the IT domain and determine its unconven-
tional  superconductive  magnetic  properties  [14, 17, 20,
25].

The  difference  between  the  Gibbs  free  energies  of  a
nonuniform  condensate  configuration  and  the  Meissner
state writes as 

G =

∫
g d3r, g = f +

H2
c

8π
− HcB

4π
, (18)

H = (0, 0,Hc)

B = (0, 0, B)

with  the  applied  and  internal  fields  and
.  Here  the  thermodynamic  critical  field  is

given by 

Hc

τHc
= 1− τ

(
1

2
+

ac

3b2
+

Ga
4g12

(ᾱ− β̄)2
)
+ . . . , (19)

Hc =
√
4πa2/b

c =
∑

ν |ξν |6cν Hc

τ

with the GL thermodynamic critical  field 
and .  Notice  that  should  be  multiplied
by  to  get  back  to  the  standard  definition  of  the  GL
thermodynamic critical field.

τ G
τ

δκ = κ− κ0
κ0

Using the -expansion approach,  we represent  as  a
series  in ,  and keep only the leading correction to the
GL  contribution  (see  Appendix  B).  In  addition,  we
employ the expansion in the small deviation ,
as our study is  focused on the IT domain near .  The
relevant  details  are  similar  to  those  in  the  calculations
for clean two-band superconductors and can be found in
Refs.  [14, 25].  Then, the Gibbs free energy difference is
obtained as 

G

τ2
= −

√
2 I δκ+ τ

{[
Q̄ − c̄+ Ḡβ̄(2ᾱ− β̄)

]
I

+
[3
2
L − c̄− Q̄ − Ḡβ̄2

]
J
}
+ . . . . (20)

G H2
cλ

2L/(2π) L

z

where  is  given  in  units  of ,  with  the
system size in the  direction, the dimensionless coefficients
are defined as 

c̄ =
ca

3b2
, Q̄ =

Qa
K2

, L̄ =
La
Kb

, Ḡ =
Ga
4g12

, (21)

Q =
∑

ν |ξν |2Qν , L =
∑

ν |ξν |4Lν I
J
with . The integrals  and

 are given by 

I =

∫
|Ψ|2

(
1− |Ψ|2

)
d2r, J =

∫
|Ψ|4

(
1− |Ψ|2

)
d2r,

(22)

Ψ

κ = κ0
Ψ0 =

√
−a/b

G = 0

where  is a solution of the GL equations for a particular
condensate configuration at , it is given in units of

.  Using  Eq.  (20),  we find the  corresponding
critical GL parameter from  as 

κ∗ = κ0

{
1 + τ

[
Q̄ − c̄+ Ḡβ̄(2ᾱ− β̄)

+

(
3

2
L̄ − c̄− Q̄ − Ḡβ̄2

)
J
I

]
+ . . .

}
. (23)

Utilizing  a  particular  condensate-field  configuration,  we
can  now  find  the  corresponding  critical  GL  parameter,
taking  account  of  the  leading  correction  to  the  GL
theory.

κ

κ = κ0 Ψ

I J

Notice  that  the  dimensionless  GL  formalism  involves
only one parameter, i.e.,  the GL parameter . It means
that  for  any  particular  mixed-state  configuration  taken
at  the  spatial  distribution  of  is  the  same  in
both the clean and dirty limits. Then, in our subsequent
analysis  we  can  employ  the  values  of  and  found
previously for the clean two-band case.

Hc

Hc2

Hc = Hc2 Ψ → 0

κ∗2
J ≪ I

One  of  the  possibilities  to  calculate  the  boundary
between  types  I  and  II  is  to  consider  the  appearance/
disappearance of a nonuniform (mixed) superconducting
state for the fields above . As such states exist below
the  upper  critical  field ,  it  means  that  we  need  to
check the condition . In this case  and so,
to  get  the  corresponding  critical  GL  parameter ,  one
needs to utilize  [14] in Eq. (23).

Hc = Hc1 Hc1

J /I = 0.735

κ∗1

We can  also  choose  the  single-vortex  solution  as  the
reference  spatial  configuration  and  check  when  it  is
favourable versus the Meissner state.  This is equivalent
to the condition , where  is the lower critical
field  [14].  Inserting  the  corresponding  ratio 
[14] in Eq. (23), we find the critical parameter .

J /I = 0.559

κ∗s

When using the condition of the zero surface energy of
a  flat  domain  wall  between  the  superconductive  and
normal  states,  one  finds  [14].  This  ratio  is
then plugged in Eq. (23), which yield .

J /I = 2

κ∗li

Finally, there also exists the useful condition of changing
the  sign  of  the  long-range  interaction  between  vortices.
This condition results in  [14], and adopting this
ratio in Eq. (23), we obtain .

κ T

As  these  critical  GL  parameters  differ  from  one
another, they yield different boundaries between types I
and II beyond the GL theory. This difference shapes the
internal structure of the IT domain in the –  plane. To
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S

θ = D2/D1 χ = N2/N1

find  these  boundaries,  one  needs  to  explicitly  calculate
the dimensionless coefficients defined in Eq. (21). These
coefficients depend on the three parameters:  given by
Eq.  (11)  and  the  ratios  and .
Eq. (11) yields 

S =
1

2λ12

[
λ22 −

λ11
χ

+

√(
λ22 −

λ11
χ

)2

+ 4
λ212
χ

]
, (24)

λνν′ = gνν′(N1 +N2)

κ T

λij χ θ

λ11 = 1.91, λ22 = 0.477λ12 = 0.204 χ = 1.37

∼ 200

where .  Hence,  to get the boundaries
of  the IT domain in the –  plane,  we need to specify
the  dimensionless  couplings  together  with  and .
Below,  for  the  sake  of  illustration,  we  use  the  set

,  and .  These
values  are  extracted from the  data  used for  MgB2 [31].
The  ratio  of  the  band  diffusivities  is  treated  as  a  free
parameter  here.  We remark that this  ratio  can be very
large,  up  to ,  as  in  dirty  films  of  MgB2 [23].  It  is
important  to  note  that  the  choice  of  the  dimensionless
couplings  and  the  DOS  ratio  is  not  decisive  for  our
conclusions,  and  similar  results  are  obtained  for  other
variants.

κ∗2, κ
∗
1, κ

∗
s κ∗li

τ

θ

κ∗li κ∗2 κ T θ = 5

200

θ θ ∼ 1

θ

κ = 7− 8

T = 0.5Tc κ

Our results for  and  are shown in Figs. 1(a)
–(c).  In Fig.  1(a)  one  can  see  the -derivatives  of  the
critical  GL  parameters  as  functions  of .  In Figs.  1(b)
and  (c)  the  upper  and  lower  boundaries  of  the  IT
domain (  and ) are shown in the –  plane for 
and ,  respectively.  The  main  result  of  our  present
investigation  is  that  the  IT  domain  systematically
expands with increasing the ratio of the band diffusivities
. Being nearly negligible at  [see Fig. 1(a)], it occupies

a significant part  of  the phase diagram for  large values
of .  For  example,  from Fig.  1(c)  one  can  see  that  our
diffusive  two-band system with  belongs  to  the
IT  domain  at  while  such -values  are
commonly  thought  to  be  in  type  II.  It  has  been shown
for  clean  single-band  superconductors  [14]  that  the

0.5Tc

0.5Tc

results  for  the  critical  GL parameters  derived  from the
extended GL theory are in a good quantitative agreement
with the microscopic theory and the experimental results
at  temperatures  down  to .  Since  the  microscopic
theory is known to generally agree with the GL formalism
over  a  wider  temperature  range  as  compared  to  the
clean limit,  we can expect  that  our  results  are  valid  at
least down to temperatures around .

θ ≲ 1

∆κ ∼ 0.01

κ∗2

Hc2 < Hc

θ > 3

κ∗li

κ∗s(T )

κ∗s(T )

For  the IT domain is nearly negligible with the
width of about  (invisible in the figure) and its
upper boundary is given by . This is similar to the IT
domain  in  a  diffusive  single-band  system,  where

,  and  the  first  order  transition  is  expected  at
the upper critical field [7, 8]. However, for  the situa-
tion changes qualitatively so that the upper IT boundary
corresponds to the sign change of the long-range interaction
between vortices (controlled by ),  similarly to the IT
domain in clean single-band and two-band superconduc-
tors. Based on the previous study for clean systems [14,
17, 20, 25],  we can conclude that the IT vortex matter
in dirty two-band superconductors with sufficiently large
ratios  of  the  band  diffusion  coefficients  exhibits  the
formation of vortex clusters, and vortex chains in the IT
subdomain  above  while  vortex  liquid  droplets
proliferate in the IT subdomain below .  According
to the conclusions of Refs. [14, 17, 20, 25], the appearance
of  such  exotic  vortex  configurations  is  connected  with
the self-dual nature of the B-point [14].

κ T

In summary, we have considered the nontrivial disorder
effect appearing due to the interplay between the diffusive
motion of charge carriers and the multiband structure of
the  single-particle  states.  Our  results  demonstrate  that
when the band diffusion coefficient in the weaker band is
significantly  larger  than  that  of  the  stronger  band,  the
nonmagnetic impurity scattering leads to a huge expansion
of the IT domain between the standard superconductivity
types in the –  plane. In our study we have considered

 
κ T τ

θ = D2/D1 κ T

θ = 5 200 κ∗
li(T ) κ∗

2(T )

T ∼ 0.5Tc

T = 0.5Tc

Fig. 1  The IT domain in the –  phase diagram. Panel (a) demonstrates the -derivatives of the GL critical parameters
(for their definitions, see the text) versus the ratio . Panels (b) and (c) show the IT domain in the –  plane for

 and ; the upper boundary is given by  whereas the lower boundary is . We remark that for single-band
superconductors, the experimental results for the boundaries of the IT domain are in good agreement with the calculations of
the extended GL theory down to  [14], this is why our results in panels (b) and (c) are given by the dashed lines
below .
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the  minimal  two-band  diffusive  model  with  the -wave
pairing  in  both  bands  that  are  coupled  via  Josephson-
like interband pair transfer, while the interband impurity
scattering  is  not  included.  However,  our  preliminary
study  makes  it  possible  to  conclude  that  the  effect  of
interest  is  generic  and  the  qualitative  results  are  not
sensitive to the interband scattering. Furthermore, the -
wave  pairing  is  not  crucial  for  our  conclusions.  Notice
that the B-point is also present in the case of the -wave
pairing.  Finally,  our  findings  complement  the  previous
results  on  the  enlargement  of  the  IT  domain  in  clean
multiband  superconductors  that  takes  place  when  the
Fermi velocity of the weaker band is significantly larger
than that of the stronger band [14, 25].
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Appendix A: Expansion in powers of the
band gap functions and their gradients

1. Expansion of the Green functions

τ

τ = 1− T/Tc

gν(r, ω) fν(r, ω)

∆ν(r)

The  first  step  in  the  derivation  of  the -expansion
( , the proximity to the critical temperature)
for the diffusive superconductor two-band model [26], is
the expansion of the Green functions  and 
in powers of the band gap function  and its gradi-
ents. This expansion is sought in the form 

gν =g(0)ν + g(2)ν + g(4)ν + . . . ,

fν =f (1)ν + f (3)ν + f (5)ν + . . . , (A1)

g
(2n)
ν f

(2n+1)
ν ∆2n

ν ∆2n+1
ν

n = 0, 1, 2, . . .

∇
D = ∇− (i2e/ℏc)A ∆ν

g2ν + |fν |2 = 1

where  and  are of the orders of  and ,
respectively (with ). One also keeps in mind
that  the  spatial  gradient  and gauge-invariant  spatial
derivative  are  of  the  order  of .
Inserting Eq. (A1) in the two-band Usadel equations [see
Eq.  (1)  in  the  article]  and  using  the  accompanying
normalization condition , one obtains 

g(0)ν =1, g(2)ν = − |∆ν |2

2(ℏω)2
,

g(4)ν =
3|∆ν |4

8(ℏω)4
− Dν

2ℏ2ω3
Re

(
∆∗

νD
2∆ν

)
(A2)

and 

f (1)ν =
∆ν

ℏωn
, f (3)ν =

Dν

2ℏω2
D2∆ν − ∆ν |∆ν |2

2(ℏω)3
,

f (5)ν =
3∆ν |∆ν |4

8(ℏω)5
+

D2
ν

4ℏω3
D2(D2∆ν)

− Dν

4ℏ3ω4

[
3|∆ν |2D2∆ν + 2∆ν |D∆ν |2

+ 2∆∗
ν(D∆ν)

2 +∆2
ν(D

2∆ν)
∗
]
. (A3)

We remark that only the terms contributing to the leading
correction  to  the  Ginzburg–Landau  (GL)  theory  are
highlighted in Eqs. (A1)–(A3).

2. Expansion of the free energy density

Here we outline the derivation of the free-energy expansion
in powers of the band-dependent gap functions and their
spatial  gradients.  To  get  this  expansion,  one  inserts
Eqs. (A1)–(A3) in Eq. (4) of the article. However, before
proceeding to this calculation, we need to rearrange the
last term in the brackets of Eq. (4).

First, we obtain
  ∫

ℏDν

2

[
|Dfν |2 + (∇gν)

2
]
d3r

=

∫
ℏDν

2

(
− f∗νD

2fν − gν∇2gν
)
d3r, (A4)

where  surface  integrals,  obtained  by  virtues  of  Gauss’s
theorem,  vanish.  Then,  using  the  Usadel  equation  [see
Eq. (1) in the article], one gets
  ∫

ℏDν

2

[
|Dfν |2 + (∇gν)

2
]
d3r

=

∫ (
f∗ν∆ν + ℏωgν − 2ℏω + ℏDν∇2gν

2gν

)
d3r. (A5)

τ3In addition, to keep only the terms up to the order  in
the free energy, it is enough to use the approximations
  ∫

d3r
∇2gν
gν

=

∫
d3r

(∇gν)
2

g2ν
≃

∫
d3r(∇gν)

2,

gν ≃ 1− |fν |2

2
− |fν |4

8
− |fν |6

16
, (A6)

where the latter expression follows from the normalization
condition. Finally, we get the approximate expression
  ∫

ℏDν

2

[
|Dfν |2 + (∇gν)

2
]
d3r ≃

∫
d3r

[
f∗ν∆ν

+ ℏω
(
|fν |2 +

|fν |4

2
+

3|fν |6

8

)
− ℏDν

2
(∇gν)

2

]
, (A7)

Now, inserting Eqs. (A1)–(A3) and (A7) in Eq. (4) of
the article, we get
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fν =2πTNν

∑
ω>0

{
− |∆ν |2

ℏω
+

|∆ν |4

4(ℏω)3
− |∆ν |6

8(ℏω)5

+
ℏDν

2(ℏω)2
|D∆ν |2 −

(ℏDν)
2

4(ℏω)3
|D2∆ν |2

− ℏDν

8(ℏω)4
[
6|∆ν |2|D∆ν |2 +∆2

ν(D
∗∆∗

ν)
2

+∆∗2
ν (D∆ν)

2
]}
. (A8)

ωThen, we calculate the sums over  as 

2πT
∑
ω>0

1

ℏω
= ln

2eγℏωD

πT
, 2πT

∑
ω>0

1

(ℏω)2
=

π

4T
,

2πT
∑
ω>0

1

(ℏω)3
=

7ζ(3)

4π2T 2
, 2πT

∑
ω>0

1

(ℏω)4
=

π

48T 3
,

2πT
∑
ω>0

1

(ℏω)5
=

31ζ(5)

16π4T 4
,

(A9)

ωD ζ(. . .)

γ = 0.577

where  is the Debye frequency,  is the Riemann
zeta function, and .

τ

Finally, using Eqs. (A8) and (A9), one gets Eq. (5) of
the  manuscript.  Notice  that  only  the  terms  that
contribute to the leading correction to the GL theory (in
the -expansion) are retained in this equation.

 

τAppendix B: The  -expansion

1. The free energy functional

τ

∆⃗T = (∆1,∆2)

Now  we  employ  the -expansion  of  the  gap  functions
and fields in the form [ ] 

∆⃗ = τ1/2Ψ⃗ + τ3/2ψ⃗ + τ5/2φ⃗+ . . . ,

A = τ1/2A+ τ3/2a+ . . . ,

B = τB + τ2b+ . . . , (B1)

Ψ⃗ = (Ψ1,Ψ2)
T B A

ψ⃗ = (ψ1, ψ2)
T b a

φ⃗ = (φ1, φ2)

φ⃗

τ

τ

where  and  ( ) are the GL contributions
to the gap functions and fields while the leading corrections
are governed by  and  ( ).  Below we need
also  the  next-to-leading  correction  to  the  gap  functions

, which are not introduced in the article. The
point is that  appears in the leading correction to the
GL theory in the -expansion of the free energy functional
but does not contribute to the stationary free energy. In
addition, we introduce the -scaling of the spatial coor-
dinates; for more detail, see the discussion after Eq. (7)
in the article and see also the papers about the extended
GL formalism for clean systems [14, 20, 25, 28, 30].

τThe  corresponding -expansion  of  the  free  energy
density is written as 

f = τ2
[
τ−1f(−1) + f(0) + τf(1) + . . .

]
. (B2)

For the lowest-order term we have 

f(−1) = Ψ⃗†ĽΨ⃗, (B3)

Ľwhere  the  matrix  is  given  by  Eq.  (8)  of  the  article.
The next order is given by 

f(0) =
B2

8π
+

(
Ψ⃗†Ľψ⃗ + c.c.

)
+

∑
ν=1,2

f(0)ν , (B4)

where 

f
(0)
ν = aν |Ψν |2 +

bν
2
|Ψν |4 +Kν |DΨν |2, (B5)

D = ∇− (i2e/ℏc)A aν , bν Kνwith .  The  coefficients ,  and 
are defined by Eq. (6) of the article.

f(1)Finally,  is given by 

f(1) =
B · b
4π

+
(
Ψ⃗†Ľφ⃗+ c.c.

)
+ ψ⃗†Ľψ⃗

+
∑
ν=1,2

(
f
(1)
ν,1 + f

(1)
ν,2

)
, (B6)

where 

f
(1)
ν,1 =

aν
2

|Ψν |2 + bν |Ψν |4 +Kν |DΨν |2 −Qν |D2Ψν |2

− Lν

2

[
6 |Ψν |2|DΨν |2 +Ψ2

ν(D∗Ψ∗
ν)

2

+Ψ∗2
ν (DΨν)

2
]
− cν

3
|Ψν |6

(B7)

and 

f
(1)
ν,2 =

(
aν + bν |Ψν |2

)(
Ψνψ

∗
ν + c.c.

)
+Kν

[(
DΨν ·D∗ψ∗

ν + c.c.
)
− a · iν

]
, (B8)

iν = 4eIm[Ψ∗
νDΨν ]/ℏcwhere .

τ

f(−1)

Ψ⃗†Ľφ⃗+ c.c. f(1) Ψ ψ

τ3 ψ

ξ⃗ η⃗ ψ⃗ = ψξ ξ⃗ + ψη η⃗

ψη

ψη Ψ

τ3

Using  the -expansion  of  the  free  energy  functional
given  by  Eqs.  (B2)–(B8),  one  gets  the  stationary  point
equations, see Eqs. (5) and (6) in the article. According
to Eq. (5), we find that the contribution  is exactly
equal  to  zero  at  the  stationary  point.  In  addition,  the
term  is also zero in . Thus, only  and 
make a contribution to the free energy density up to the
order . Moreover,  is written as the linear combination
of  and  as ,  see  also  Eq.  (13)  in  the
article.  Then,  one  can  find  [14, 25, 30]  that  only 
contributes  to  the  leading  correction  to  the  GL  theory
and furthermore,  is expressed in terms of , see Eqs.
(15)  and  (16)  in  the  main  article.  Thus,  to  find  the
stationary free energy up to the leading correction to the
GL  theory  (this  corrections  is  of  the  order  of ),  one
needs  to  use  only  the  stationary  solution  of  the  GL
formalism.

2. The Gibbs free energy difference

Using  the  stationary  free  energy,  one  calculates  the
Gibbs  free  energy  difference  given  by  Eq.  (18)  in  the
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article.  To  simplify  the  calculations,  we  introduce  the
dimensionless quantities 

r̃ =
r

λ
√
2
, B̃ =

κ
√
2

Hc
B, Ã =

κ

Hcλ
A,

Ψ̃ =
Ψ

Ψ0
, f̃ =

4π f

Hc
, g̃ =

4π g

Hc
, (B9)

Ψ0 =
√
−a/b
Hc

τ

ξ

λ

where  is  the  uniform  solution  of  the  GL
formalism and  is the GL thermodynamic critical field,
see Eq. (19) in the article. Below we utilize these dimen-
sionless  quantities  without  tilde,  for  simplicity.  Notice
that we use the -scaled spatial coordinates and so, the
GL  coherence  length  and  the  London  penetration
depth  are scaled accordingly.

τThe series in  for the Gibbs free energy difference is
sought in the form 

g = τ2
[
g(0) + τg(1) + . . .

]
, (B10)

where the lowest order (GL) contribution is given by 

g(0) =
1

2

(
B
κ
√
2
− 1

)2

+
1

2κ2
|DΨ|2 − |Ψ|2 + 1

2
|Ψ|4,

(B11)

B = |B|
D = ∇+ iA

where  and  the  dimensionless  gauge-invariant
derivative is given by . The leading correction
to the GL theory reads 

g(1) =

(
B
κ
√
2
− 1

)[
1

2
+ c̄+ Ḡ(ᾱ− β̄)2

]
+ Ḡ|Ψ|2

×
(
ᾱ− β̄|Ψ|2

)2 − 1

2
|Ψ|2 + |Ψ|4 + 1

2κ2
|DΨ|2

+
Q̄
4κ4

|D2Ψ|2 + L̄
4κ2

{
6|Ψ|2|DΨ|2

+
[
Ψ2(D∗Ψ∗)2 + c.c.

]}
+ c̄

∣∣Ψ∣∣6,
(B12)

c̄, Q̄, L̄ Ḡwhere  the  dimensionless  coefficients ,  and  are
given by Eq. (21) of the article.

δκ = κ− κ0 κ = κ0 = 1/
√
2

κ = κ0
δκ

Using Eqs. (B10)–(B12) and introducing the expansion
in  (with ,  see  the  article),  one
gets Eq. (20). This makes it possible to employ the self-
duality Bogomolnyi equations [14, 25], as the GL theory
is  reduced  to  these  equations  at .  The  relevant
details  of  the  perturbation  expansion  in  and  the
corresponding calculations are discussed in the previous
papers  on  the  IT  domain  in  clean  superconductors  [14,
25].
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