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ABSTRACT

Periodic structures structured as photonic crystals and optical  lattices are
fascinating  for  nonlinear  waves  engineering  in  the  optics  and  ultracold
atoms  communities.  Moiré  photonic  and  optical  lattices  —  two-dimen-
sional  twisted  patterns  lie  somewhere  in  between  perfect  periodic  struc-
tures  and  aperiodic  ones  —  are  a  new  emerging  investigative  tool  for
studying  nonlinear  localized  waves  of  diverse  types.  Herein,  a  theory  of
two-dimensional  spatial  localization  in  nonlinear  periodic  systems  with
fractional-order diffraction (linear nonlocality) and moiré optical lattices is
investigated. Specifically, the flat-band feature is well preserved in shallow
moiré  optical  lattices  which,  interact  with  the  defocusing  nonlinearity  of
the media, can support fundamental gap solitons, bound states composed
of several  fundamental solitons,  and topological  states (gap vortices)  with
vortex charge s = 1 and 2, all populated inside the finite gaps of the linear
Bloch-wave  spectrum.  Employing  the  linear-stability  analysis  and  direct
perturbed  simulations,  the  stability  and  instability  properties  of  all  the
localized  gap  modes  are  surveyed,  highlighting  a  wide  stability  region
within the first gap and a limited one (to the central part) for the third gap.
The  findings  enable  insightful  studies  of  highly  localized  gap  modes  in
linear  nonlocality  (fractional)  physical  systems  with  shallow  moiré
patterns that exhibit extremely flat bands.

Keywords  moiré  optical  lattices, gap  solitons  and  vortices, ultracold
atoms, Gross–Pitaevskii/nonlinear  fractional  Schrödinger  equation,
nonlinear fractional systems

 1   Introduction

In past years, periodic structures, such as photonic crystals
(waveguides and fibers) and lattices in optics and optical
lattices in the field of ultracold atoms, have been widely
used to  the  control  and manipulation  of  the  linear  and
nonlinear  properties  of  various  types  of  optical  and

matter  waves  [1–6].  Strikingly,  periodic  structures
provide  a  practical  pathway  to  combine  the  unique
properties  of  forbidden  band  gaps  and  the  media’s
nonlinearities, leading to the generation of localized gap
modes  in  the  form of  gap  solitons  (and  gap  vortices  in
two dimension) lying within the finite gaps of the under-
lying linear Bloch-wave spectrum under the self-defocusing
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(repulsive) nonlinearity [7–25]. Very recently, the forma-
tion  and  stabilization  of  various  localized  gap  modes
[26–34] in nonlinear fractional systems (where the fractional
diffraction is being a nonlocal integral operator [35–39])
with optical lattices are receiving growing interest.

On the other hand, moiré patterns, which connect the
periodic  (commensurate)  structures  and  aperiodic
(incommensurate)  ones,  as  an  artificially  stacking
twisted  configuration  of  two  periodic-lattice  structures
with  a  changeable  rotation  angle  between  them,  have
recently  gained  great  research  attention  in  many
branches of physics thanks to its unique functionalities,
including the so-called strongly correlated phenomena —
Mott  insulator  states  and  unconventional  superconduc-
tivity in magic-angle twisted bilayer graphene, flat band
physics,  etc.  [40, 41].  A  whole  new  field  of  research
referred  to  as  twistronics  has  thus  opened  [42].  Moiré
patterns  provide  unprecedented  capabilities  to  the
manipulation  of  electromagnetic/matter  waves  and
enable precisely control of light–matter interactions with
extraordinary optoelectronic properties that do not exist
in  single-layer  superlattices  (untwisted  structures)  [43].
Such  twisted  structures  have  pushed  deep  into  the
optics  and  photonics  territory;  particularly,  photonic
moiré lattices have firstly been imprinted in photorefractive
crystals using optical induction method and light’s locali-
zation  and  delocalization  [44]  as  well  as  geometry
induced optical soliton formation therein [45] have been
observed,  stopped-light  lasers  in  nanostructured  moiré
superlattice (optical magic-angle graphene) with remark-
able  figures  of  merit  have  been  demonstrated  [46].
Furthermore,  self-trapping  mechanisms  in  quadratic
nonlinear  media  [47]  and  light  bullets  [48]  as  well  as
vortex solitons [49] with commensurate–incommensurate
photonic  moiré  lattices  were  theoretically  revealed,
linear  and  nonlinear  light  localization  at  the  edges  of
moiré  lattices  were  observed  [50],  optical  properties  of
bilayer  graphene  moiré  superlattices  in  photonics  were
disclosed [51–54], and new understanding of electron-like
properties in ultracold atoms trapped by twisted optical
lattices  was  provided  [55–57],  other  nonlinear  effect
(high  harmonic  generation)  and  flat  band  localization
were  addressed  [58, 59].  Remarkably,  a  recent  study
proposed the creation of readily accessible moiré optical
lattices in atomic ensembles by means of atomic coherence
process  called  electromagnetically  induced  transparency
[60].  Experimentally,  the  atomic  Bose–Einstein  conden-
sates (BECs) have recently been made in twisted bilayer
optical lattices and the corresponding quantum simulation
as  transition  from  superfluid  to  Mott  insulator  was
observed [61]. Very recently, localized gap modes as gap
solitons and vortices in aperiodic [62],  periodic [63]  and
unique parity–time symmetric moiré optical lattices [64]
were theoretically revealed and checked numerically.

In this work, we investigate, theoretically and numeri-
cally,  the  formation,  structural,  and stability  properties
of  localized  gap  modes  in  nonlinear  fractional  systems

s

with two-dimensional (2D) shallow moiré optical lattices,
which  exhibit  extremely  flat  bands,  with  particularly
attention  to  the  fundamental  gap  solitons  and  their
architectural structures as bound states as well as topo-
logical  states  (gap  vortices)  with  imprinted  vortex
charge  =  1  and  2.  Highly  localized  feature  of  all  the
gap  modes  in  the  midst  of  underlying  linear  forbidden
gaps  are  addressed,  in  an  agreement  with  that  of  gap
solitons  in  deep  conventional  optical  lattices.  With  the
usage  of  linear-stability  analysis  and  direct  perturbed
simulations, we examine the (in-) stability properties of
all  the  predicted  localized  gap  modes  in  the  norm as  a
function  of  chemical  potential.  Our  findings  suggest  a
new  passage  to  study  highly  localized  gap  modes  in
nonlinear  periodic  systems  with  combined  effects  of
linear  nonlocality  and  shallow  moiré  patterns  that
exhibit extremely flat bands, and to compare them with
those results reported in deep lattices.

 2   The model

ψ

Our theory is in the framework of 2D nonlinear fractional
Schrödinger  equation (or  Gross–Pitaevskii  equation) for
mean-field  wave  function  of  particles  (light  waves  as
photons,  ultracold  atoms  as  BECs)  moving  by  Lévy
flights.  According  to  our  previous  literature  [34],  the
dimensionless model yields 

i
∂ψ

∂t
=

1

2

(
−∇2

)α/2
ψ + VOL(x, y)ψ + |ψ|2 ψ, (1)

F
F−1

where the fractional kinetic-energy operator is expressed
by the direct and inverse Fourier-transform operators, 
and ,  according  to  the  fractional Riesz  derivative
[66]:  (

−∇2
)α/2

f (R) ≡ F−1 [|K|α F (f)]

=
1

(2π)
2

∫ ∫
|K|α f̂ (K) exp (iK ·R) dK.

(2)

α 0 < α ≤ 2

α = 2

Here  is  the  Lévy  index  (LI)  with  values ,
representing  the  diffraction  order  (  being  the
conventional diffraction). Another form for the fractional
diffraction term reads [67] 

(−∆)
α
2 u (x) = Cd,αP.V.

∫
R2

u (x)− u (x′)

|x− x′|d+α
dx′, (3)

|x− x′| x

x′ Cd,α

where P.V.  stands  for  the  Cauchy  principal  value,  and
 denotes the Euclidean distance between points 

and . The normalization constant  is defined as 

Cd,α =
2α−1αΓ ((d+ α)/2)√

πdΓ (1− α/2)
, (4)

Γwith  being  the  Gamma  function.  It  is  relevant  to
stress that the fractional diffraction term (and thus the
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α 0 < α ≤ 2

fractional quantum mechanics) can be realized in quantum
and  condensed  matter  physics  if  the  Lévy  flights  are
substituted  for  the  Brownian  trajectories  in  Feynman
path integrals [68–72]. In experiments, linear propagation
of self-accelerating Airy pulses was realized in the optical
Lévy waveguide with different values of LI  ( )
[39].

VOL(x, y)The  2D  moiré  optical  lattice,  in  Eq.  (1),
under consideration yields 

VOL(x, y) = ϵ1(cos2x+ cos2y) + ϵ2(cos2x′ + cos2y′),
(5)

ϵ1,2 > 0

π

p = ϵ2/ϵ1 ϵ1 = 2

θ

(x, y) (x′, y′)

here  being  depth  (strength)  of  the  two  optical
lattices with periodicity . The strength contrast of the
two  sublattices  is  thus  given  by ,  with 
throughout.  A  relative  twisted  angle  associates  the

 plane with  plane, following  (
x′

y′

)
=

(
cos θ − sin θ
sin θ cos θ

)(
x
y

)
. (6)

θ = arctan[2mn/(m2 − n2)]

(m2 − n2, 2mn,m2 + n2)

(m,n)

θ = arctan(3/4) θ = arctan(5/12)
(3, 1) (5, 1)

It  can  be  seen  that  the  moiré  optical  lattice  Eq.  (5)
preserves  the  square  lattice  property  as  long  as  the
Pythagorean  angle  is  satisfied,
with  the  Pythagorean  triples  at
natural numbers . Without loss of generality, below
we  restrict  our  discussion  to  the  scenarios  of

 and  at  natural  numbers
 and , respectively.

ϕ µ

ψ = ϕe−iµt
The stationary solution  with chemical potential  of

Eq. (1) is solved as , yielding 

µϕ =
1

2

(
−∇2

)α/2
ϕ+ VOL(x, y)ϕ+ |ϕ|2 ϕ. (7)

N =
∫ ∫

|ϕ |2 dxdy

For illustration, we define the norm (number of atoms in
BECs or  power  in  nonlinear  optics)  for  such stationary
solution as .

ψ = [ϕ+ ρ exp (λt)+
ϱ∗ exp (λ∗t)] exp (−iµt) ϕ

ρ ϱ

λ

The  stability  property  is  critical  for  a  soliton,  the
usual  evaluated  way  relies  on  linear-stability  analysis.
To  this,  we  perturb  the  solution  as 

, where  is the unperturbed solution
obtained in Eq.  (7),  and  are small  perturbations at
eigenvalue .  We substitute it  into the Eq. (1) and get
the linear eigenvalue equations:  (

L ϕ2

−ϕ∗2 −L

)(
ρ
ϱ

)
= iλ

(
ρ
ϱ

)
, (8)

L = −µ+ 1
2

(
−∇2

)α/2
ϕ+ 2|ϕ|2 + VOL(x, y)

Re(λ) = 0

where .  The
judgement follows the rule that the solutions are stable
provided  that  all  the  real  parts  of  the  eigenvalues,
obtained from Eq. (8),  are nothing [ ];  they are
unstable otherwise.

Before presenting the numerical  results,  we introduce
our numerical recipes here. First, we construct stationary
localized solution from Eq. (7) by means of the modified
squared-operator iteration method proposed in Ref. [65].

Second,  its  stability  is  measured  by  solving  the  linear-
stability  eigenvalue  problem [Eq.  (8)]  via  Fourier  collo-
cation method [65]. Lastly, the direct perturbed simulations
of [Eq. (1)] via fourth-order Runge–Kutta method would
tell us the stability reality.

 3   Numerical results and discussion

 3.1   Linear band-gap properties

θ=arctan(3/4) θ=arctan(5/12)

The  linear  band-gap  structure  of  the  2D  moiré  square
optical  lattices  in Eq.  (5)  can be sought by solving the
linearized Eq. (7) (discarding the last term). Figures 1(a)
and (b) display the contour plots of such moiré lattices
under the twisted angle  and 
respectively,  the  corresponding  band-gap  structures  are
shown  in Figs.  1(c)  and  (d)  in  the  reciprocal  lattice
space given by Fig.  1(e).  We are aware from Figs.  1(c)
and (d) that the appearance of flat bands and wide first
finite  gap  and  the  third  one,  while  the  second  gap  is

 

θ

θ = arctan(3/4) θ = arctan(5/12)

µ K
α = 1.6

Γ

µ α

p α = 1.3 θ = arctan(3/4)

Fig. 1  Band-gap  structures  of  2D  moiré  square  optical
lattices  at  different  twisted  angles  in  fractional  systems.
Contour  shapes  of  the  moiré  lattice  (shaded  blue,  lattice
potential  minima;  shaded  red,  lattice  potential  maxima)  at

 (a) and  (b) in  real  space,  the
corresponding  band-gap  structures,  expressed  as  chemical
potential  vs. Bloch quasi-momentum  in reciprocal lattice
space,  at  are  depicted  in (c) and (d) respectively.
(e) The first reduced Brillouin zone in the reciprocal lattice
space;  X,  M,  and  being  the  high-symmetry  points.
(f) Dependencies of  on Lévy index , and (g) on strength
contrast  at , and . Regions I, II and III
represent respectively the first, second, and third band gaps.
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α

θ = arctan(3/4)

p

very  narrow  under  a  relatively  lattice  depth.  With  an
increase  of  Lévy  index  but  at  a  given  twisted  angle
[ ],  the  band-gap  structure  becomes  more
complicated  and  more  and  more  narrow  gaps  open,
according  to Fig.  1(f).  Interestingly,  when  increasing
strength contrast  of the two sublattices, both the first
and  third  finite  gaps  widen,  while  the  second  gap
narrows,  as  can  be  clearly  seen  from Fig.  1(g).  These
linear spectra demonstrate that the moiré optical lattices
can be a breeding ground for the emergence of flat bands
and  band-gap  engineering  as  well  as  the  control  of
nonlinear wave localization (as will be shown below).

Before continuing, it is relevant to give the definition
of  localized  gap  modes  (including  but  not  limited  to
fundamental gap solitons and gap vortices) for readable
and  for  public  understanding.  The  localized  gap  modes
are  localized modes  (could be excited as  various  forms)
populated inside the finite gaps of the underlying linear
Bloch  spectrum  of  the  nonlinear  periodic  physical
models,  they share  some similarities  of  solitons  and are
existed  because  of  an  exquisite  balance  can  be  made
between the linear diffraction/dispersion, periodic poten-
tials and nonlinearity (of the system).

 3.2   Fundamental gap solitons

θ = arctan(3/4)

α

N

µ p = 0.3

N(µ)

dN/dµ >
0

N

α

As usual, we initially consider the first type of localized
gap  modes  lying  inside  the  finite  gaps  of  the
Pythagorean  moiré  optical  lattices  [Eq.  (5)]  under  a
twisted angle . Such modes are fundamental
gap solitons with isotropic profile, a characteristic example
of  which  is  provided  in Fig.  2(a).  By  means  of  linear-
stability  analysis  and  the  direct  perturbed  simulations,
we  find  that  they  are  stable  when  being  excited  in  the
midst  of  the  given  finite  gaps  while  are  unstable  near
the edges of flat bands, the latter case with more multiple
side peaks is shown in Fig. 2(b). As pointed out elsewhere
in previous publications [29, 30], the small Lévy index 
can  greatly  influence  the  structure  of  the  localized  gap
modes,  which  exhibits  multiple  modulated  ripples,  as
figured out in Fig. 2(c). Systematic and detailed numerical
calculations  have  helped  us  to  build  the  relationship
between the number of atoms (or norm ) and chemical
potential  at  for  fundamental  gap  solitons,
according to Fig. 2(d). It is observed that the curve 
matches  the  empirical  stability  criterion,  the  so-called
“anti-Vakhitov–Kolokolov” (anti-VK) criterion, 
, a necessary but not a sufficient condition for deciding

the  stability  of  gap  solitons  in  nonlinear  physical
systems  with  periodic  potentials  (photonic  crystals/
lattices and optical lattices) and repulsive nonlinearity [3,
14, 16–19, 73]. Note, particularly, that, in Fig. 2(d) the
necessary  for  generating  a  gap  soliton  can  be  small
enough,  contenting  with  the  recent  experimental  obser-
vations of low power existence threshold for optical soliton
formation controlled by angle twisting in photonic moiré
optical lattices [52]. By simply increasing the LI  from

N0  to  2,  the  gap  soliton’s  norm  fluctuates  and  then
decreases,  according  to Fig.  2(e).  Our  direct  perturbed
evolutions  in  dynamical  model  [Eq.  (1)]  verify  that  the
fundamental  gap  modes  are  exceptionally  stable,  with
unstable ones only near the band edges.

 3.3   Bound states composing of several gap solitons

s

N(µ)

We  next  investigate  the  formation  and  property  of
complex soliton structures that consist of several funda-
mental  gap  solitons;  such  modes  can  also  be  named  as
gap-soliton clusters. Typical profiles of the bound states
of  four-  and  three-soliton  complexes  are  shown  in
Figs.  3(a),  (b),  and (c),  displayed  in  the  second line  of
Fig.  3 are  their  corresponding  contour  plots.  It  is  seen
that,  owning  to  the  structural  twisting  of  the  moiré
lattices,  these  bound  states  are  twisting  localized  gap
modes with their centers deviate from coordinate origin
(0,0). The bound states of several-soliton complexes and
the vortex gap solitons carried with topological charge 
reported below manifest the twisting property of localized
multiple-soliton  modes  formed in  the  platform of  moiré
lattices.  The  curve  of  these  two  classes  of  bound
states  is  collected  in Fig.  3(d),  showing  the  increasing
dependence within the finite gaps and a steeply increase
close to the gap edges where exist stronger Bragg scattering
and  to  compensate  it  a  larger  number  of  atoms  is
required  accordingly.  Once  again,  the  bound  states  of
several-gap-soliton complexes have wide stability regions
within  the  midst  of  gaps,  exemplified  by our  perturbed

 

N µ

α

µ = 2.5

N = 17.4 α = 1.3 µ = 4.02 N = 144.1 α = 1.3

µ = 2.6 N = 38.98 α = 0.4 N

µ α

λ(R)

θ = arctan(3/4)

Fig. 2  Shapes  of  2D  fundamental  gap  solitons  and  the
dependencies  of  norm  on  chemical  potential  and  Lévy
index  in 2D moiré square optical lattices. (a–c) Characteristic
shapes  of  fundamental  gap  solitons  (GPs)  at:  (a) ,

 and ;  (b) ,  and ;
(c) ,  and . (d) Norm  vs. chemical
potential , and (e) vs. Lévy index ( ). The linear-stability
eigenvalues of gap solitons, expressed by the largest real part
of  the  perturbation  growth  rate, ,  are  shown  as  red
dashed line in (d).  to all.
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evolutions  through  directly  solving  dynamical  model
[Eq. (1)], as given below.

 3.4   Vortex gap solitons with topological charge s = 1, 2

π/2

2π s = 1

s = 2 4π

The bound states of several gap solitons reported above
are  localized  modes  without  phase  connecting,  when
introducing  phase  to  combine  all  the  bright  peaks,  the
vortex  gap  solitons  (or  gap  vortices)  are  generated.  To
launch  vortex  solutions,  it  is  relevant  to  associate  the
rotational  symmetry  of  the  physical  system  with  the
topological  charge  of  states,  as  pointed  out  in  previous
literature [74].  The simplest type of vortex gap solitons
is the one with quadruple structures, which are rhombic
sets of four fundamental gap solitons, zero in the center,
and  spaced  by  phase  shifts  between  each,  forming
the  entire phase circulation (topological charge ).
Characteristic  profiles  of  such  vortex  gap  solitons  are
displayed in Figs. 4(a) and (b). For the case of topological
charge , the phase circulation is , and the associated
vortex gap solitons could be built as sets of eight bright
peaks,  as  sampled  in Figs.  4(c)  and  (d).  In  the  second
and third  lines  of  the  figure,  we have  shown the  corre-
sponding contour plots of profiles and phase distributions

 
N µ

α = 1.3

N µ

µ = 2.2 N = 20.85

µ = 3.47 N = 145.3 µ = 2.2 N = 14.72

Fig. 3  Shapes  and  norm  vs.  chemical  potential  of
bound-state  GSs  in  2D  moiré  square  optical  lattices  in
nonlinear fractional system with Lévy index . The 3D
shapes (top), aerial views (central) and  vs.  (bottom) of
bound-state  GSs.  Parameters: (a) , ;
(b) , ; (c) , . Marked points
in (d) correspond to bound states shown in (a), (b), and (c);
the  first  two  are  quadruple  gap  modes,  the  latter  is  triple
mode of structure.

 
s

α = 1.3

µ = 2.3 N = 31.67 µ = 3.5 N = 306.52 µ = 2.4 N = 133.78 µ = 3.85 N = 1306

s = 1 s = 2

Fig. 4  Shapes and topological phases of vortex gap solitons with imprinted vorticity  in 2D moiré square optical lattices in
nonlinear fractional system with Lévy index . The 3D shapes (top), aerial views (second line), phase structures (third
line).  Parameters: (a) , ; (b) , ; (c) , ; (d) , .  Vorticity

 for (a, b) and  for (c, d). The vortex solutions in (a, b, c, d) correspond respectively to the marked points (G, H, I,
J) from Fig. 5(a).
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s = 2

N(µ)

s = 1 s = 2

dN/dµ > 0 N(α)

s = 1

of  these  vortex  gap  solitons  imprinted  with .  The
 dependences of these vortex gap solitons with topo-

logical  charge  and  are  summed in Fig.  5(a),
which  follows  once  again  the  anti-VK  criterion,

 [3, 14, 16, 17, 18, 19, 73].  And  the 
dependence of these vortex gap solitons with topological
charge  are summed in Fig. 5(b).

Stability  and  instability  properties  of  these  vortices
are  confirmed  in  direct  perturbed  simulations  of
dynamic equation [Eq. (1)], stressing that they are very

stable in finite gaps and are unstable close to the edge of
gaps.

 3.5   Perturbed dynamics of fundamental gap solitons and
bound states

N

To illustrate the general rule of direct perturbed dynamics
of  the  localized  gap  modes  thus  found  in  moiré  optical
lattices, Figs.  6(a)  and  (b)  depict,  respectively,  profiles
of  the  stable  and  unstable  fundamental  gap  solitons
populated within the first finite gap and near the band
edge, and the associated perturbed dynamics and  vs.
time  are  shown  in  the  second  line.  It  is  observed  that
the unstable gap solitons are close to the band edge and
side peaks increase during the unstable evolutions, while
the  stable  one  can  keep  their  norm (number  of  atoms)
almost constant and is accompanied by a weak number
fluctuation.

s = 1

As  far  as  the  bound  states,  which  consist  of  the
arrangement  of  several  fundamental  gap  solitons,  are
concerned, their profiles, stability and instability dynamics
of four-soliton complexes are displayed in Figs. 6(c) and
(d)  and  the  following  second  and  third  lines,  showing
that  they  resemble  very  much  with  their  fundamental
ones in the process of perturbed evolutions. We emphasize
that  the  evolutional  cases  of  vortex  gap  solitons  are
resembled  the  same  stable  and  unstable  dynamical
processes,  according to stable  and unstable  examples  of
vortex gap solitons with vorticity  in Figs. 6(e) and
(f).

 
N µ α = 1.3

α µ = 2.6

s

s = 1 s = 2

s = 1

Fig. 5  Norm  vs. chemical potential  (a) ( ) and
Lévy  index  (b) ( )  of  vortex  gap  solitons  with
imprinted vorticity . Other parameters: (a) vorticity (topo-
logical  charge)  for  black  line  and  for  red  dashed
line; (b) .

 
s = 1

µ = 2.5, N = 13.61 µ = 4.02, N = 140.9

µ = 2.2, N = 20.85 µ = 3.47, N = 145.3 µ = 2.3, N = 31.67 µ = 3.5, N = 306.52

Fig. 6  Dynamics  of  fundamental  GSs (a,  b),  higher-order  GSs (c,  d),  and  gap  vortices  with  vorticity  (e,
f) supported  by  the  2D  moiré  square  optical  lattices.  Other  parameters:  (a) ;  (b) ;
(c) ; (d) ; (e) ; (f) .
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 3.6   Localized gap modes supported by moiré optical
lattices under non-Pythagorean angle

θ = arctan(3/4)− 0.1 θ = arctan(3/4)
θ = arctan(3/4) + 0.1

θ = arctan(3/4)− 0.1

It  is  also  an  interesting  issue  to  address  the  formation
and  dynamics  of  localized  gap  modes  in  the  physical
framework of  nonlinear  fractional  media with 2D moiré
optical  lattices  but  under  the  condition  of  non-
Pythagorean angle. As pointed out in previous publication
[43],  the  width  of  finite  gaps  of  the  underlying  linear
spectrum  shrinks  greatly  by  tuning  to  the  non-
Pythagorean angles, it is therefore a good choice to just
launch a localized gap mode for the moiré square optical
lattices  with  twist  angle  just  slightly  deviates  from the
Pythagorean  one.  The  contour  shapes  of  the  moiré
lattice  with  different  twisted  angles  are  displayed  in
Figs.  7(a),  (b)  and  (c),  corresponding  respectively
to  (a),  (b)  and

 (c),  showing  the  losing  of  spatial
translation periodicity for the former and the last, both
of which deviate from a perfect periodic one [the middle,
Fig.  7(b)].  As  an  example,  in Figs.  7(d)  and  (e),  we
display the formation of stable and unstable fundamental
gap  solitons  supported  by  non-periodic  moiré  optical
lattices  with  twist  angle ,  the  corre-
sponding  time  evolutions  of  both  gap  solitons  are  very
similar to those presented in Fig. 6, demonstrating that
the  stable  one  keeps  its  coherence,  while  the  unstable
one diverges.

 4   Conclusion

s

In  summary,  we have  addressed,  numerically  and theo-
retically,  the  nonlinear  localization  of  Bose–Einstein
condensates (BECs) or nonlinear light wave propagation
in nonlinear fractional media with 2D moiré square optical
lattices,  investigating  the  structural  properties  and
dynamics of various localized gap modes like fundamental
gap  solitons,  bound  states  of  three-  and  four-soliton
complexes, gap vortices with vortex charge  = 1 and 2.
The latter two classes of gap modes are twisting modes
since  the  twisting  structural  property  of  moiré  lattices.
All these localized gap modes are stable inside the finite
gaps  and  are  unstable  approach  the  flat  Bloch  bands,
basing  on  our  linear-stability  analysis  and  systematic
direct  perturbed  evolutions.  The  results  predicted  here
could  expand  our  understanding  of  soliton  physics  in
nonlinear  periodic  physical  systems  having  two  linear
tunable degrees of freedom: linear nonlocality (fractional-
order  diffraction)  and  twisted  shallow  moiré  patterns
that exhibit extremely flat bands and could be useful in
the  comparison  with  the  similarities  and  differences  of
those  reported  in  literature  with  very  deep  but
untwisted conventional lattices.
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